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Abstract

This paper develops a search-theoretic dynamic dual-currency model featur-

ing endogenous currency substitution as a function of jointly-determined �scal

and monetary policy. Benevolent governments, unable to commit to future

policies, weigh distortion-smoothing and time-consistency, where steady-state

public expenditures, public debt, labor taxation, and in�ation are determined

using the notion of a Markov-perfect equilibrium. Currency substitution arises

endogenously following cross-country di�erences in fundamentals, characteriz-

ing the relationship between payment patterns, �scal, and monetary policy.

An extension incorporating 'de jure' dollarization eliminates time-consistency

concerns and reduces the objective of the government to distortion-smoothing

exclusively.
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1 Introduction

The usage of alternative media of exchange in transactions has been of interest to economists for

centuries, dating back to the in�uential work of Jevons (1875) and Menger (1892). Early on it

was well understood that aside from regulations, payment patterns are an outcome of individual

decisions made by economic agents and policies imposed by o�cial authorities. Recent advances

in monetary search theory, surveyed in Lagos et al. (2017), provide microfoundations for said

strategies by tying the individuals' choices to preferences and technologies. As a result, not only

does a medium of exchange arise endogenously if markets are subject to a distinct set of frictions,

but further can agents' optimal portfolio choices and payment strategies be tied to the innate

characteristics of each asset. Not surprisingly, in equilibrium, a widely recognizable object proves

to be superior at facilitating trade than a more opaque alternative, unless the expected rate of

return of the latter warrants its authentication.1

The distinct microfoundations make monetary search theory well-suited to study endogenous

currency substitution. Recent examples include Lester et al. (2012) and Zhang (2014). To date,

however, these advances almost exclusively restrict their attention to monetary policy.2 Fiscal

policy considerations, speci�cally the trade-o� between distortion-smoothing and time-consistency

following Barro (1979) and Lucas and Stokey (1983), remain predominantly absent.3 This paper

aims to close this gap by answering a set of questions. First and foremost, under what circum-

stances does currency substitution arise endogenously? Is currency substitution purely a monetary

phenomenon or can it originate from �scal imbalances? And if so, can it aggravate �scal imbal-

ances? What are its implications for government �nancing � domestic and abroad? And lastly,

what is the role of commitment, i.e., do policy prescriptions di�er from the Ramsey literature if

the government is unable to commit to future policies?

To answer these questions, I embed the work of Martin (2011) � explicitly modeling �scal and

monetary policy under limited commitment � into a dynamic two-country dual-currency framework

featuring endogenous currency substitution along the lines of Lester et al. (2012). Using the no-

tion of a Markov-perfect equilibrium, optimal policy is determined following the primal approach.

Governments, unable to commit to policies beyond the current term, �nance public expenditures

with distortionary labor taxation, public debt, and seigniorage revenue. They do so by weighing

distortion-smoothing and time-consistency. In other words, government policy results from the

1Prominent examples go back to the uncertainty regarding the weight and purity of coins and gemstones in ancient times. More
recent examples include the counterfeiting of paper currencies and information frictions regarding the quality of exotic �nancial assets
used in transactions. See e.g. Brunner and Meltzer (1971), Alchian (1977), Williamson and Wright (1994), Banerjee and Maskin (1996),
Kim (1996), and Berentsen and Rocheteau (2004) for studies on the relationship between authentication, recognizability, and liquidity.

2Earlier theoretical work relating currency substitution to in�ation di�erentials includes Calvo and Rodriguez (1977), Girton and
Roper (1981), Chen and Tsaur (1983), Chen et al. (1989), Végh (1989), Guidotti and Rodriguez (1992), Chang (1994), Savastano (1996),
Uribe (1997), Engineer (2000), Martin (2006). An overview of the early empirical literature is provided by Calvo and Végh (1992).

3A notable exception is Sims (2001) studying the �scal consequences of dollarization in the case of Mexico by introducing the �scal
theory of the price level into a Barro (1979) tax-smoothing model. Explicit foundations of money, and thus the transmission channel of
monetary policy to payment patterns, however, remain absent.

1



interaction of monetary policy and public debt, where cross-country heterogeneities in the pref-

erence for public goods yield international di�erences in allocations. Anticipating future policies,

private citizens accumulate portfolios of domestic and foreign currency alongside illiquid nominal

government bonds in a Walrasian market to subsequently trade them for consumption in a local

decentralized market. While local currency is always accepted locally, the acceptance of foreign

currency hinges upon the trading partner's ex-ante investment into an authentication technology.4

As a result, the internationalization of currencies is an outcome of both, decisions made by private

citizens and policies introduced by o�cial authorities, and does not rely on restrictions imposed

exogenously. Furthermore, it originates from cross-country di�erences in fundamentals rather than

ad-hoc assumptions on in�ation di�erentials.

The presented framework provides a rich set of new insights. To set the stage, let us start with

the key properties of the Markov-perfect monetary equilibrium. Given the governments' inability

to commit to policies beyond the current term, if there are expected distortions in the future, a

government has an incentive to smooth distortions over time, and thus will not implement socially-

e�cient allocations in the current period. As a consequence, due to a positive relationship between

in�ation and public debt, the Friedman rule is not sustainable, and thus, independent of currency

substitution, steady states are constrained-e�cient featuring positive net nominal liabilities, labor

taxation, and in�ation. Furthermore, in the steady state, the allocations are robust to commitment

frictions, and thus endowing the government with commitment power would not change long-run

allocations.5

To assess the e�ects of currency substitution on government policy, a distinction between

an interior solution and the limiting cases in which either none or all producers accept foreign

currency in transactions is necessary. If local producers exclusively accept local currency, i.e., if

there is no currency substitution, then domestic and foreign policies are fully independent. Once a

subset of local producers accepts foreign currency, given global market clearing conditions, domes-

tic and foreign prices become intertwined. A strategic complementarity between the producers'

authentication decision and the consumers' portfolio choice imposes a constraint on the domestic

government's ability to generate seigniorage revenue, and thus to condition monetary policy on

public debt choices. In the steady state, the government trades o� the incentive to smooth dis-

tortions inter-temporally against the negative e�ects on the demand for its own currency. The

existence of the interior solution hinges upon the costliness of authentication, while persistence is

determined by the required frequency of the investment. In the limiting case where domestic cur-

4Implicitly, this modeling choice assumes that foreign currency can be counterfeited at no cost and is thus rejected in transactions
unless veri�ed. Relaxing this assumption, i.e., assuming counterfeiting of foreign currency is costly, would result in foreign currency
trading with a positive probability even in the absence of costly veri�cation. See Rocheteau (2008), Li and Rocheteau (2010), Lester
et al. (2012), Li et al. (2012), and Gomis-Porqueras et al. (2017) for a discussion of costly counterfeiting equilibria.

5The monetary policy prescription suggesting a positive nominal interest rate is in line with Aruoba and Chugh (2010) embedding
a Ramsey problem into the Lagos and Wright (2005) structure. A detailed discussion comparing the result to the optimality of the
Friedman rule prescribed by e.g. Chari et al. (1991) is provided in Section 4.1. The corresponding Ramsey problem is solved in the
Appendix.
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rency ceases to be valued, the domestic government loses its ability to �nance expenditures using

seigniorage revenue and debt denominated in the domestic currency, and thus has to rely solely

on revenue generated via labor taxation. Said limiting case motivates government transaction

policies to anchor the local demand for domestic currency, as previously formalized by Aiyagari

and Wallace (1997) and Li and Wright (1998). Furthermore, it warrants a discussion contrasting

the presented economy to an economy in which currency substitution is 'de jure' imposed.

Next to the policy implications for the domestic government, the model further provides

important insights into the foreign country's best response to domestic strategies. If a country

successfully manages to have its currency accepted internationally, national welfare unambiguously

increases due to the additional seigniorage revenue imported from abroad. The increased global

demand relaxes the government's budget constraint, thus a�ecting foreign �scal and monetary

policy. In the steady state, the foreign government trades o� the incentive to push distortions into

the future against the cost of losing the international status of its currency, and thus the ability

to import seigniorage revenue from abroad.6

To compare the allocations of agent-driven currency substitution to the case in which currency

substitution is imposed by o�cial authorities, an extension studies 'de jure' dollarization. If a

government abandons its currency to o�cially adopt the foreign currency as the legal tender, it gives

up its ability to tailor monetary policy to the aggregate state and thus relies exclusively on revenue

generated via taxation and debt. As a result, time-consistency concerns disappear, reducing the

government's objective to inter-temporal distortion-smoothing exclusively. In general, it does so

if the increased trade volume warrants giving up its monetary independence. Since agent-driven

currency substitution imposes a constraint on the government's ability to in�ate away nominal

liabilities, said trade-o� weakens. In the limiting case in which domestic agents stop valuing

domestic currency altogether, 'de jure' dollarization proves to be a viable option, as it allows the

government to regain the ability to smooth distortions inter-temporally by issuing public debt

denominated in the foreign currency.

The rest of the paper is organized as follows: Section 1.1 reviews the related literature. Section

2 characterizes the economy and determines the monetary equilibrium. Government policies and

steady states are determined in Section 3 and 4, respectively. A discussion relating the testable

implications of the theory to empirical observations is provided in Section 5. Lastly, Section 6

concludes.

1.1 Related Literature

The theory draws from two strands of literature: government policy under limited commitment

and dual-currency systems. Here I discuss the theoretical literature closest to my work. Empirical

6A similar result, trading o� of the temptation to in�ate against the negative demand e�ects, has been identi�ed by Li and Matsui
(2009) and Zhang (2014) in monetary models.
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evidence follows in Section 5.

Starting with the literature on government policy, the paper builds on the in�uential work of

Barro (1979) and Lucas and Stokey (1983) highlighting the importance of government debt as a

bu�er to smooth distortions over time. Their approach, however, relies on the assumption that

governments can commit to future policies, causing time-inconsistency and making the analysis

ill-suited as a positive theory, despite valuable normative insights.7 Among the �rst to relax the

commitment assumption were Ortigueira (2006) and Klein et al. (2008), characterizing Markov-

perfect equilibria in frameworks of optimal taxation. Jointly determined �scal and monetary

policy, on the other hand, were studied by Díaz-Giménez et al. (2008), Martin (2009, 2011, 2013),

and Niemann (2011), where Martin (2011, 2013) are the papers closest to mine. In a Lagos and

Wright (2005) monetary model with competitive markets, Martin (2011) studies the determination

of government policy under limited commitment, extended to incorporate �nancial intermediation

and trading frictions in Martin (2013). This paper embeds these insights into a two-country dual-

currency model to analyze the e�ects of currency substitution on domestic and foreign monetary

and �scal policy.

By analyzing co-existing media of exchange, the paper further draws from the literature on

dual-currency systems. For brevity, I restrict the attention to the advances featuring two-country

dual-currency models focusing on transactional motives.8 Building on Kiyotaki and Wright (1993),

the �rst search-theoretic two-country dual-currency framework was provided by Matsuyama et al.

(1993), later on extended by Zhou (1997) to allow for currency exchange. The indivisibility of both

goods and money, however, precluded a discussion of prices and exchange rates, motivating the

work by Trejos and Wright (1995, 1996) and Camera and Winkler (2003), featuring divisible goods

alongside indivisible �at money. The �rst two-country dual-currency model with both divisible

goods and �at money was provided by Head and Shi (2003), extending the large household model by

Shi (1999). Unlike the paper at hand, however, both currencies are perfectly recognizable and the

determinacy of the exchange rate hinges on search frictions. The paper closest to mine, featuring

perfectly-divisible currencies, is Zhang (2014). Building on Lester et al. (2012) to incorporate costly

authentication, Zhang (2014) studies the strategic interaction between monetary authorities under

currency substitution in line with Li and Matsui (2009) and Liu and Shi (2010). However, the

framework exclusively features monetary policy and thus remains silent about the inter-temporal

trade-o�s between distortion-smoothing and time-consistency arising from �scal considerations �

a channel present in the paper at hand.

7If the government has commitment power, conditional on an initial debt choice, any debt level can be supported in the long run,
yielding counterfactually smooth nominal interest rates and taxes. Removing the government's commitment power resolves said issue.

8Single country frameworks with competing media of exchange are vast. See Trejos and Wright (1996) and Craig and Waller (2000)
for a survey of the earliest search-theoretic dual-currency frameworks. Outside of monetary search theory, the paper further embodies
insights by Kindleberger (1967) and Krugman (1984). Dual-currency cash-in-advance models are surveyed in Obstfeld and Rogo�
(1996). Transactional motives aside, recent studies analyzing �nancial liability dollarization to hedge exchange rate risks, distinguishing
between �rms and households, are provided by Bocola and Lorenzoni (2020) and Montamat (2020), respectively.
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2 The Economy

2.1 Environment

Consider a two-country dual-currency variant of the monetary framework proposed by Lagos and

Wright (2005). Time is discrete, continues forever, and each period is divided into two sequentially

opening markets: a decentralized market (DM) and a centralized market (CM), as visualized in

Figure 1. In each market, a perishable good is produced and consumed. While exchange in the

CM occurs in a competitive Arrow-Debreu fashion, in the DM agents meet bilaterally at random

and bargain over the terms of trade.

Decentralized Market Centralized Market

Policy announcement: {B′, µ, τ, g}

Bilateral matching and bargaining Public good provision, g

Labor taxation, τ

Monetary injections, µ

Portfolio choice

Authentication technology investment, k

Figure 1: Timing of events in a representative period

There are two countries, domestic and foreign j ∈ {d, f}, each populated by a unit measure of

in�nitely-lived agents evenly divided between nj = 1/2 consumers and 1 − nj producers denoted

by the superscripts i ∈ {c, p}. All agents are immobile, preventing them from trading in the other

country's DM.9 Exchange in the CM, on the other hand, is unrestricted.

In the DM, consumers and producers meet bilaterally at random with probability one. Con-

sumers want to consume a local search good x ∈ R+ but cannot produce, while producers can

produce but do not want to consume. The utility of consumption, u(x), is strictly increasing and

concave with ux > 0 > uxx, u(0) = 0, ux(0) = ∞, and ux(∞) = 0. The DM cost function, −x,
in turn, is linear, where e�ciency occurs for x̂ ∈ (0,∞) solving ux(x̂) = 1. In the CM, all agents

consume and produce a numéraire good c ∈ R+. The utility of consumption, U(c), is strictly

increasing and concave with Uc > 0 > Ucc, U(0) = 0, Uc(0) = ∞, and Uc(∞) = 0. The production

technology is linear in hours worked, where the disutility of labor is given by −ah with h hours

worked and a > 0. Let the socially-e�cient consumption ĉ ∈ (0,∞) solve Uc(ĉ) = a.

Apart from consumers and producers, there is a benevolent government in each country sup-

plying a local public good g ∈ R+ in the CM, where g is transformed one-to-one from the numéraire

good. Agents draw utility ηv(g) of consuming the public good, where v(g) is strictly increasing

and concave with vg > 0 > vgg, v(0) = 0, vg(0) = ∞, and vg(∞) = 0, and the parameter η > 0

9See e.g. Zhang (2014) for a discussion of an open-economy model with mobile consumers and immobile producers.
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represents the country's citizens' preference for the public good. Let the �rst-best public good

provision, ĝ ∈ (0,∞), be such that ηvg(ĝ) = a. The discount factor across periods is β = (1+r)−1,

where r > 0 is the rate of time preference, characterizing the consumers' and producers' expected

lifetime utilities, E
∑∞

t=0 β
t[u(xt)+U(ct)+ ηv(gt)−aht] and E

∑∞
t=0 β

t[−xt+U(ct)+ ηv(gt)−aht],

where preferences are additively separable for tractability.

To �nance public expenditures g, a government may use three �nancing channels: (i) dis-

tortionary labor taxation τ in the CM, (ii) print perfectly divisible domestic currency at rate µ

(seigniorage revenue), and (iii) issue perfectly divisible one-period nominal bonds, b, redeemable

in the country's currency in period t + 1. Policies are announced at the beginning of each period

before the DM opens. A government can commit to policies within a period but not future poli-

cies. Furthermore, it remains inactive in the DM and only actively participates in the CM. Going

forward, we consider a Markov-perfect equilibrium in which policies are a function of fundamentals

only - see e.g. Maskin and Tirole (2001). In doing so, the monetary authority accommodates the

decisions of the �scal authority, allowing us to look at a consolidated budget constraint for each

country, j ∈ {d, f}:
ϕj(1 +Bj) + gj = τjhj + ϕj(1 + µj)(1 + qjB

′
j). (1)

All nominal variables � except for bond prices � are normalized by the aggregate currency stock,

Amj
. Thus, today's aggregate currency supply is equal to Amj

/Amj
= 1, and tomorrow's is

A′
mj
/Amj

= 1 + µj, where 'primes' denote variables evaluated in the following period. Today's

aggregate bonds-to-money ratio is Bj = Abj/Amj
with Abj denoting today's aggregate bond supply,

qj is the issuance price for one nominal bond that pays out one unit of the country's currency

to the bearer in the subsequent CM, and 1/ϕj is the normalized price of the numéraire good.

Lastly, the nominal exchange rate, de�ned as the price of foreign currency in terms of domestic

currency, is e ≡ ϕf/ϕd.
10 The above budget constraint restricts a government's policy choices to

(B′
j, µj, τj, gj), taking as given the current bonds-to-money ratio, Bj, inherited from its past self,

and the assumption that agents respond optimally to current and (anticipated) future policy, as

re�ected in prices and the labor supply. Lastly, note that the stock of bonds and currency does

not need to grow at the same rate, i.e., the bonds-to-money ratio does not need to be constant

over time and a government is free to choose it every period, provided it satis�es (1) in a monetary

equilibrium.

Agents are anonymous, lack commitment, and there is no enforcement technology in place.

Further, bilateral matches are dissolved at the end of each DM, precluding credit arrangements

and asking for an instantaneous settlement. Hence, for gains from trade to be realized in the

DM, a medium of exchange is essential.11 Since all goods are perishable and governments do not

participate in the DM (and thus cannot provide veri�cation or intermediation services), the only

10Note that since market clearing in the CM implies that the law of one price holds, consumers and producers can trade currencies
at the market-clearing exchange rate allowing the CM to function as a competitive foreign exchange market.

11An in-depth discussion is provided by Kocherlakota (1998), Wallace (2001), and Shi (2006).
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available forms of money are domestic and foreign currency.12 While domestic currency is accepted

with probability one by domestic producers, the acceptance of foreign currency is conditional on a

domestic producer's ex-ante investment in an authentication technology at a �ow cost k ≥ 0. At

the beginning of the DM, before matches are formed, each producer draws an idiosyncratic cost

k, where k is distributed according to the density function f(k) over the interval k ∈ [k, k̄] with

f(k) ≥ 0 and ∫ k̄k f(k)dk = 1.13 Let α ∈ [0, 1] denote the share of a country's producers accepting

both domestic and foreign currency, and 1−α the share of a country's producers accepting domestic

currency exclusively.14

2.2 Value Functions

Domestic and foreign agents enter the CM with normalized nominal wealth ω ≡ ϕd(md + bd) +

ϕf (mf + bf ) and ω̆ ≡ ϕd(m̆d + b̆d) + ϕf (m̆f + b̆f ), respectively, consisting of individual money

and bond balances, (mj, bj) and (m̆j, b̆j). The CM and DM value functions of domestic (foreign)

agents are denoted by W i
d(ω) and V

i
d (ω) (W

i
f (ω̆) and V

i
f (ω̆)), respectively. Going forward, all value

functions are presented for the domestic agents only but can be mirrored to study the decisions of

foreign agents.

A domestic agent, i ∈ {c, p}, entering the CM with normalized nominal wealth ω solves:

W i
d(ω) = max

cd,hd,m
′
j ,b

′
j

U(cd) + ηdv(gd)− adhd + βV i
d (m

′
d,m

′
f , b

′
d, b

′
f ), (2)

s.t. (1− τd)hd + ω = cd + ϕd(1 + µd)(m
′
d + qdb

′
d) + ϕf (1 + µf )(m

′
f + qfb

′
f ), (3)

where:

V c
d (md,mf , bd, bf ) = αd

[
u(xd,2) +W c

d (ω − dd − df )
]
+ (1− αd)

[
u(xd,1) +W c

d (ω − dd)
]
, (4)

represents the consumers' continuation value of entering the DM with a normalized portfolio

(md,mf , bd, bf ), xd,1(dd) the quantity of domestic search goods �nanced with domestic currency

only, xd,2(dd, df ) the quantity of domestic search goods �nanced with both domestic and foreign

currency, and dj ∈ [0,mj] the amount of currency transferred. Agents choose their labor supply,

consumption, and portfolio to maximize their discounted lifetime utility subject to the budget

constraint (3). Note that the composition of the nominal wealth when entering the CM is irrelevant

since bonds are redeemed for �at money at par. The composition of the nominal wealth carried

12Since bonds are book entries only, bonds cannot be used as a medium of exchange without veri�cation. See Aruoba and Chugh
(2010), Berentsen and Waller (2011), and Martin (2011) for that matter.

13Aside from authentication, there is a variety of costs associated with accepting new media of exchange (see Lotz and Rocheteau
(2002) for an overview). Examples include time spent learning how to use the new means of payment, keeping up with exchange rates,
and the costs of installing and maintaining new technologies. Heterogeneity of these costs across producers can occur for di�erent
degrees of sophistication.

14Once a consumer and a producer are matched, it is common knowledge whether the producer invested, and thus foreign currency
is rejected unless the authentication cost was incurred. This formalization is in line with the work by Chang (1994), Engineer (2000),
Martin (2006), Lester et al. (2012), and Zhang (2014).
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into the DM, on the other hand, matters since only domestic currency, md, and, conditional on

the producer's investment, foreign currency, mf , can be used to settle transactions. Since W c
d (ω)

is linear in current wealth, i.e., W c
d,mj

= W c
d,bj

= adϕj(1 − τd)
−1, a consumer's future portfolio,

(m′
d,m

′
f , b

′
d, b

′
f ), is independent of current �nancial wealth, ω. Substituting (3) and (4) into (2)

and updating reduces the consumer's portfolio choice to:

max
m′

d,m
′
f ,b

′
d,b

′
f

− ad(1− τd)
−1

∑
j=d,f

[
m′

j[ϕj(1 + µj)/β − ϕ′
j] + b′j[ϕjqj(1 + µj)/β − ϕ′

j]
]

+ α′
d∆

c
d,2(m

′
d,m

′
f ) + (1− α′

d)∆
c
d,1(m

′
d),

(5)

where m′
j[ϕj(1 + µj)/β − ϕ′

j] represents the opportunity cost of carrying currency across a period,

b′j[ϕjqj(1 + µj)/β − ϕ′
j] the cost of holding nominal bonds, and ∆c

d,1(m
′
d) (∆

c
d,2(m

′
d,m

′
f )) the con-

sumer's surplus in a single (dual) currency match determined via bilateral bargaining in Section

2.3. Note from (5) that all consumers in a country leave the CM with the same money and bond

balances, (md,mf , bd, bf ).
15 Furthermore, if V c

d,b′j
< V c

d,m′
j
, then bonds are only held if agents are

compensated for their illiquidity, i.e., if qj < 1.16 Lastly, since producers have no use for currency

in the DM, it is evident from (5) that positive balances are only held if the rate of return on

currency and bonds is positive, i.e., if ϕj(1 + µj)/β < ϕ′
j and ϕjqj(1 + µj)/β < ϕ′

j.

2.3 Bargaining Game

For producers to invest in the costly authentication technology, the pricing mechanism in the DM

must allow them to extract a fraction of the match surplus. The terms of trade in the domestic

and the foreign DM, (xd,1, xd,2, dd, df ) and (xf,1, xf,2, d̆d, d̆f ), are determined according to Kalai's

(1977) proportional bargaining rule and depend on the consumers' currency balances, (md,mf ) and

(m̆d, m̆f ), and the producers' acceptance strategies. Given the linearity of the CM value function

(2), the bargaining problem in the domestic DM solves:

(xd,1, xd,2, dd, df ) ∈ arg max
xd,1,xd,2,dd,df

Idu(xd,2) + (1− Id)u(xd,1)−
ad

(1− τd)
[ϕddd + Idϕfdf ], (6)

s.t. (1− θ)

[
Idu(xd,2) + (1− Id)u(xd,1)−

ad
(1− τd)

[ϕddd + Idϕfdf ]

]
= θ

[
−Idxd,2 − (1− Id)xd,1 +

ad
(1− τd)

[ϕddd + Idϕfdf ]

]
,

(7)

s.t. dd ∈ [0,md], df ∈ [0,mf ], (8)

15If the domestic and the foreign currency end up being perfect substitutes, consumers in a country could strictly speaking hold
di�erent portfolios, but they will have the same real value.

16The marginal values of entering the DM with money and bonds, βV c
d,m′

j
= ad(1+µj)ϕj(1− τd)

−1 and βV c
d,b′j

= ad(1+µj)ϕjqj(1−

τd)
−1, follow from the �rst-order conditions of (2), where V c

d,b′j
< V c

d,m′
j
if and only if qj < 1.
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where θ ∈ (0, 1) denotes the consumer's bargaining power, (xd,1, xd,2) the number of consumption

goods acquired, (dd, df ) the amount of currency transferred, and Id ∈ {0, 1} is an indicator function
equal to one if the domestic consumer is in a dual currency match and zero otherwise. Eq. (7)

ensures that the total surplus is split proportionally between the consumer and the producer, and

(8) represents the domestic consumer's feasibility constraints. Solving (7) for ad(1− τd)
−1[ϕddd +

Idϕfdf ] and plugging into (6) and (8) reduces the bargaining problem in the domestic DM to:

(xd,1, xd,2) ∈ arg max
xd,1,xd,2

Idθ[u(xd,2)− xd,2] + (1− Id)θ[u(xd,1)− xd,1], (9)

s.t. IdΦ(xd,2) + (1− Id)Φ(xd,1) ≤ ad(1− τd)
−1[ϕdmd + Idϕfmf ], (10)

with Φ(x) ≡ (1− θ)u(x) + θx. The terms of trade in the foreign DM, (xf,1, xf,2, d̆d, d̆f ), arise from

an analogous problem solving:

(xf,1, xf,2) ∈ arg max
xf,1,xf,2

Ifθ[u(xf,2)− xf,2] + (1− If )θ[u(xf,1)− xf,1], (11)

s.t. IfΦ(xf,2) + (1− If )Φ(xf,1) ≤ af (1− τf )
−1[ϕfm̆f + Ifϕdm̆d]. (12)

De�nition 1. An equilibrium of the bargaining game in the domestic and the foreign DM is a set

of strategies, (xd,1, xd,2, dd, df ) and (xf,1, xf,2, d̆d, d̆f ), such that the terms of trade, (xd,1, xd,2, dd, df )

and (xf,1, xf,2, d̆d, d̆f ), are a solution to the bargaining problems (9)-(10) and (11)-(12), respectively.

Let us distinguish between single currency matches, Ij = 0, and dual currency matches,

Ij = 1, starting with Ij = 0. If (10) and (12) do not bind, then gains from trade are maximized

and consumption is at the �rst-best level, xd,1 = xf,1 = x̂, suggesting ad(1 − τd)
−1ϕddd = af (1 −

τf )
−1ϕf d̆f = (1 − θ)u(x̂) + θx̂. If (10) and (12) bind, then xd,1 < x̂ and xf,1 < x̂ solve Φ(xd,1) =

ad(1 − τd)
−1ϕdmd and Φ(xf,1) = af (1 − τf )

−1ϕfm̆f , respectively. Vice versa, if the consumer is

in a dual currency match, i.e., if Ij = 1, then xd,2 = xf,2 = x̂ solve ad(1 − τd)
−1[ϕddd + ϕfdf ] =

af (1 − τf )
−1[ϕdd̆d + ϕf d̆f ] = (1 − θ)u(x̂) + θx̂ if (10) and (12) do not bind, and Φ(xd,2) = ad(1 −

τd)
−1[ϕdmd+ϕfmf ] and Φ(xf,2) = af (1−τf )−1[ϕdm̆d+ϕfm̆f ] with xd,2 < x̂ and xf,2 < x̂ otherwise.

2.4 Foreign Currency Acceptance Decision

Having determined the agents' portfolio choice in the CM and the terms of trade in the DM, let us

now turn to the producers' decision to invest in the authentication technology and accept foreign

currency. Given the consumers' portfolio choice, (5), consider the situation in which all domestic

consumers enter the DM with the same normalized portfolio (md,mf , bd, bf ). A producer invests

if:

Πd(αd) ≡ (1− θ)
[
u(xd,2(αd))− xd,2(αd)− [u(xd,1(αd))− xd,1(αd)]

]
≥ kd, (13)
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i.e., if the producer's surplus of accepting foreign currency, Πd(αd), exceeds the investment cost,

kd. Since the DM allocations, (xd,1, xd,2), solve the consumer's portfolio choice in (5) for a given

αd, both xd,1(αd) and xd,2(αd) are a function of the producers' acceptance strategies. For a given

(xd,1, xd,2), contrarily, the share of producers accepting foreign currency, αd, satis�es one of the

following con�gurations:

αd


= 0 if Πd < k

∈ (0, 1) if Πd ∈ [k, k̄)

= 1 if Πd ≥ k̄,

(14)

where a producer invests with an arbitrary probability Λ ∈ [0, 1] under indi�erence, i.e., if kd

satis�es Πd(αd) = kd.
17 In words, if the cost of the investment exceeds the bene�ts for all producers,

no producer invests, and thus foreign currency is not accepted domestically. Vice versa, if the

producers' bene�t exceeds the cost for all producers, then all producers invest and foreign currency

is accepted with probability one. Note that if αd = 1 and xf,1 > xd,1, then the demand for domestic

currency is zero, and thus the domestic currency ceases to be valued in equilibrium. An interior

solution with αd ∈ (0, 1), i.e., an equilibrium in which both currencies are valued, is guaranteed

for an intermediate range where producers drawing a low cost invest and producers drawing a high

cost do not, providing a natural anchor for the domestic currency.18

Given the properties of αd, multiple equilibria can exist due to a strategic complementarity

between the producers' investment decision and the consumers' demand for currency, re�ected in

the prices ϕd and ϕf . Intuitively, if αd is low, then the foreign currency is fairly illiquid in the

domestic DM, and thus its price ϕf is (relatively) low due to the low domestic demand. As a result,

few producers �nd it worthwhile to invest. As αd increases, the foreign currency becomes more

liquid domestically, causing consumers to reallocate their portfolios towards the foreign currency

in the CM. As a result, ϕf (ϕd) increases (decreases), increasing Πd(αd). Therefore, an increase in

αd increases the producers' incentive to invest, i.e., ∂Πd/∂αd > 0.

It is important to point out that theoretically one could envision an environment with a

myriad of foreign currencies, mj. In equilibrium, assuming each currency needs to be authenticated

separately, a producer would choose to authenticate the pair, (mj, kj), yielding the highest gains

from trade. For that reason, this paper abstains from explicitly modeling a vector of alternative

media of exchange, and restricts attention to a dual currency system instead.19

17Note that for θ = 1, i.e., if the terms of trade in the DM are characterized by consumers' take-it-or-leave-it o�ers, then, unless
k̄ = 0, foreign currency will never be accepted in equilibrium.

18The distribution of costs, f(k), with k ∈ [k, k̄] guarantees the stability of the interior solution, α ∈ (0, 1). If the cost was degenerate,
i.e., if k = κ for all producers in a country, then α ∈ (0, 1) i� Π = κ, and thus for an arbitrarily small deviation κ+ ϵ, α = 1 (α = 0) if
ϵ < 0 (ϵ > 0). This is consistent with information costs à la Lester et al. (2012), the Zhu and Wallace (2007) trading mechanism, and
Aiyagari et al. (1996) government agents. The latter, i.e., government agents prohibited from accepting foreign currency in transactions,
can be formalized with a positive share of producers consistently drawing a large kd satisfying kd > Πd.

19Arguably, in the presence of unexpected shocks and policy changes, there could arise an insurance motive to authenticate multiple
currencies. Albeit an important question, this paper abstains from such shocks and thus leaves the analysis incorporating a vector of
currencies for future research.
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Lastly, note that by assuming a �ow cost, dollarization is reversible. In contrast, if kd con-

stitutes a one-time payment in the �rst period, then, provided Πd ≥ k in t = 0, the domestic

economy experiences hysteresis and remains dollarized with αd ∈ (0, 1] in all future periods, even

if Πd < k in t = 1, ...,∞. This alternative formalization con�rms the persistence of dollarization

presented by Uribe (1997) in a cash-in-advance model with increasing returns to scale, as well as

the stylized model by Guidotti and Rodriguez (1992).

2.5 Monetary Equilibrium

In foresight of the Markov-perfect equilibrium, let us determine the CM prices of the domestic

and the foreign currency, ϕd and ϕf , the growth rates of the currency supply, µd and µf , the bond

prices, qd and qf , and the labor tax rates, τd and τf . De�nition 2 de�nes the monetary equilibrium.

Let (md,mf , bd, bf ) and (m̆d, m̆f , b̆d, b̆f ) denote a domestic and a foreign consumer's portfolio, re-

spectively, (xd,1, xd,2, dd, df ) and (xf,1, xf,2, d̆d, d̆f ) their corresponding terms of trade in the DM,

{αd, αf} the domestic and foreign producers' acceptance strategies, and ndmj + nfm̆j = 1 and

ndbj + nf b̆j = Bj the normalized market clearing conditions ensuring that the global supply of

currency and bonds equals the global demand.

De�nition 2. A monetary equilibrium is a list of portfolios {(md,mf , bd, bf ), (m̆d, m̆f , b̆d, b̆f )},
quantities traded {(xd,1, xd,2, dd, df ), (xf,1, xf,2, d̆d, d̆f )}, producers' strategies {αd, αf}, and market

clearing conditions such that:

(i) {(xd,1, xd,2, dd, df ), (xf,1, xf,2, d̆d, d̆f )} solve the bargaining problems in (9)-(10) and (11)-(12);

(ii) {αd, αf} solves the producers' acceptance decision in (13) satisfying (14);

(iii) {(md,mf , bd, bf ), (m̆d, m̆f , b̆d, b̆f )} solves the consumers' portfolio choice in (5); and

(iv) market clearing satis�es ndmj + nfm̆j = Amj
/Amj

= 1 and ndbj + nf b̆j = Abj/Amj
= Bj.

Lemma 1. For j = {d, f} a monetary equilibrium is spanned by a triple {Φ(xj,1), Φ(xj,2),

Ω(xj,1, xj,2)} in (15)-(20) with the equilibrium prices and policy variables:

τj = 1− aj
Uc(cj)

, (15)

ϕj = nj
Φ(xj,1)

Uc(cj)
+ n−j

Φ(x−j,2)− Φ(x−j,1)

Uc(c−j)
, (16)

µj = β
ϕ′
j

ϕj

[
1 + Ω(x′j,1, x

′
j,2)

]
− 1, (17)

qj =
[
1 + Ω(x′j,1, x

′
j,2)

]−1
, (18)
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where:

Φ ≡ (1− θ)u(xj) + θxj, (19)

and:

Ω ≡ θ

[
αj[ux(xj,2)− 1]

(1− θ)ux(xj,2) + θ
+

(1− αj)[ux(xj,1)− 1]

(1− θ)ux(xj,1) + θ

]
, (20)

are both continuously di�erentiable.

Lemma 1 summarizes the equilibrium prices and policy variables. The proof is delegated

to Appendix A. Starting with the labor tax rates, τd and τf , (15) characterizes the negative

relationship between taxation and consumption of the numéraire good in the CM. Eq. (16) captures

the positive relationship between the equilibrium price of the domestic (foreign) currency, ϕd

(ϕf ), and the global demand. Moving on to the growth rate of the currency supply in (17) and

the equilibrium bond prices in (18), µj and qj depend on the liquidity premium, Ω ≥ 0. A

few observations distinguishing between di�erent currency regimes are in order. Precisely, we

distinguish between (i) local circulation, (ii) international circulation of one currency, and (iii)

international circulation of both currencies.

Let us start with case (i) in which local producers only accept local currency, i.e., (αd, αf ) =

(0, 0). In said regime, the domestic and foreign DM allocations are fully independent, and thus

local government policy does not a�ect foreign allocations and vice versa. Since local consumers

have no demand for the other country's currency, i.e., mf = m̆d = 0, market clearing satis�es

ndmd = 1 and nfm̆f = 1. Currency is costless to carry across periods, i.e., µj = β − 1 (the

Friedman rule), if the local economy is in a �rst-best steady state, i.e., if xj,1 = x′j,1 = x̂ suggesting

V c
j,mj

= W c
j,mj

. Furthermore, V c
j,m′

j
= V c

j,b′j
suggests qj = 1 since currency does not incorporate

a liquidity premium, and thus consumers do not need to be compensated for holding illiquid

bonds. If the nominal interest rate is positive, i.e., if µj > β − 1, on the other hand, then the

consumers' feasibility constraint binds, suggesting a positive liquidity premium Ω(x′j,1) > 0, and

thus V c
j,mj

> W c
j,mj

given x′j,1 < x̂. Consequentially, qj < 1.20 Note that given (13) the regime with

(αd, αf ) = (0, 0) can exist even if µd ̸= µf as long as Πj < k, i.e., as long as the authentication

cost exceeds the bene�t of accepting the other country's currency for all producers.

Consider now case (ii) in which one currency circulates internationally while the other cur-

rency only circulates locally, i.e., either (αd, αf ) = ((0, 1], 0) or (αd, αf ) = (0, (0, 1]). Focusing

on the former, if foreign currency is accepted domestically, then domestic consumers hold portfo-

lios consisting of both currencies while foreign consumers only hold foreign currency, yielding the

market clearing conditions ndmd = 1 and ndmf + nfm̆f = 1.21 Existence of (αd, αf ) = ((0, 1], 0)

requires Πd ≥ k and Πf < k. Given the domestic demand for foreign currency, domestic and

20Since the liquidity premium Ω ≥ 0, it holds that qj cannot exceed one. Hence, both domestic and foreign nominal interest rates are
guaranteed to be non-negative in equilibrium.

21The latter case with (αd, αf ) = (0, (0, 1]) has similar properties and therefore I abstain from a separate discussion.
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∂ϕd/∂· ∂ϕf/∂· ∂e/∂· ∂qd/∂· ∂qf/∂·
µd - + + - +
τd - - + - -

Table 1: Steady-state comparative statics for αd ∈ (0, 1) and αf = 0 with xj,1 ∈ (0, x̂) and xj,2 ∈ (0, x̂).

foreign prices become intertwined yielding important comparative statics, summarized in Table 1.

The derivation is delegated to Appendix B. Given (15)-(18), the policy variables are restricted to

the growth rate of the money supply and the labor tax rate. To determine the comparative statics

with respect to public debt, Bd, one needs to understand the e�ects of inter-temporal distortion-

smoothing on domestic and foreign allocations. The government's problem in Section 3 identi�es

the relevant trade-o�s with the steady-state allocations characterized in Section 4.

First and foremost, an increase in µd depreciates the value of the domestic currency, ϕd. Due

to general equilibrium e�ects, the demand for domestic currency falls and domestic consumers

substitute into foreign currency, causing its price, ϕf , and the exchange rate, e ≡ ϕf/ϕd, to

increase. Along the same lines, the price of domestic (foreign) bonds, qd (qf ), decreases (increases)

following an increase in µd. Turning to the e�ects of taxation, an increase in the domestic labor

tax rate reduces the domestic consumers' demand for currency, and thus the prices ϕd and ϕf .

Since domestic currency is only held locally while foreign currency is held globally, the reduction

in the price of the domestic currency exceeds the reduction in the price of the foreign currency,

causing the exchange rate to increase.

Let us now turn to case (iii) with two international currencies, i.e., (αd, αf ) = ((0, 1], (0, 1]).

Existence of this case requires Πj ≥ k in both countries, and thus k = 0. Hence, unless authen-

tication is free for some producers in both countries, there cannot exist an equilibrium with two

international currencies. Note that if k̄ = 0 in both countries, i.e., if authentication is free for all

producers, then (αd, αf ) = (1, 1) is unique, and thus domestic and foreign currency are perfect

substitutes. The latter case yields exchange-rate indeterminacy, as discussed by Kareken and Wal-

lace (1981) in an overlapping generations model. Intuitively, suppose µd = µf = µ in the steady

state such that xj,2 solves µ = β[1 + Ω] − 1 with Ω = θ[ux(xj,2) − 1][(1 − θ)ux(xj,2) + θ]−1. In

said scenario, albeit domestic and foreign consumers may hold di�erent portfolios, (md,mf ) and

(m̆d, m̆f ), satisfying the market clearing conditions (iv) in De�nition 2, consumption (xd,2, xf,2)

is uniquely pinned down. As a result, there exist more unknowns, (ϕd, ϕf , e), than equations,

rendering the exchange rate indeterminate.22

22Aside dual-currency systems, there is a large body of work assessing the exchange rate indeterminacy addressed by Kareken and
Wallace (1981). While Aiyagari and Wallace (1997), Li and Wright (1998), Curtis and Waller (2000), Li (2002), Lotz and Rocheteau
(2002), Waller and Curtis (2003), and Lotz (2004) rely on legal restrictions, Zhu and Wallace (2007) break the exchange-rate inde-
terminacy in an environment with co-existing �at money and higher-return assets. For a model with counterfeitable currencies see
Gomis-Porqueras et al. (2017).
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3 Government Policy

Having determined the monetary equilibrium, we now proceed to study optimal �scal and monetary

policy. Recall that a government cannot commit to future policy choices and announces current

policy, {B′
j, µj, τj, gj}, at the beginning of each period after observing the current domestic and

foreign bonds-to-money ratios, Bd and Bf . Following Martin (2013), I use the notion of the

Markov-perfect equilibrium, where policy functions depend on fundamentals only. Using the primal

approach all prices and policy variables (except for debt) are replaced with �rst-order conditions,

reducing the government's choice variables to future debt and current allocations, {B′
j, xj,1, cj, gj}.

Since kj ∈ [k, k̄] with k > 0 in both countries implies either (αd, αf ) = ([0, 1], 0) or (αd, αf ) =

(0, [0, 1]), the main analysis focuses on the problem of the domestic government with αd ∈ [0, 1]

and αf = 0. Implications for the foreign government are introduced when warranted.

3.1 Government Budget Constraint

Plugging the aggregate resource constraint, cd+gd = hd, and prices and policy variables, τd, ϕd, µd,

and qd with xf,2 = xf,1 (given αf = 0) in (15)-(18) into (1) yields the updated budget constraint:23

ε(Bd, B
′
d, xd,1, x

′
d,1, x

′
d,2, cd, gd) ≡ [Uc(cd)− ad]cd − adgd − ndΦ(xd,1)[1 +Bd]

+ βndΦ(x
′
d,1)[1 + Ω(x′d,1, x

′
d,2) +B′

d] = 0,
(21)

with Φ(xd,1) and Ω(xd,1, xd,2) in (19) and (20), where x
′
d,1 and x

′
d,2 represent the DM good allocations

the current government anticipates the future government and citizens will implement as a function

of the inherited debt, B′
d and B

′
f . Due to limited commitment, the government today takes these

allocations as given.

To examine the e�ects of changes in the allocations on the government's budget constraint

it is helpful to analyze the partial derivatives of (21): εBd
= −ndΦ(xd,1), εB′

d
= βndΦ(x

′
d,1),

εxd,1
= −ndΦx(xd,1)[1 + Bd], εx′

d,1
= βnd[Φx(x

′
d,1)[1 + Ω(x′d,1, x

′
d,2) + B′

d] + Φ(x′d,1)Ωx′
d,1
(x′d,1, x

′
d,2)],

εx′
d,2

= βndΦ(x
′
d,1)Ωx′

d,2
(x′d,1, x

′
d,2), εcd = Uc(cd)− ad + Ucc(cd)cd, and εgd = −ad.

Considering �rst εB′
d
> 0, an increase in tomorrow's debt level B′

d reduces the need for taxa-

tion, and thus relaxes the government's budget constraint today. The additional �nancial burden

resulting from an increase in B′
d, however, tightens tomorrow's budget constraint, i.e., ε′Bd

< 0.

Furthermore, it a�ects tomorrow's monetary policy, as re�ected in εx′
d,1
, and thus, given (17) and

(18), today's demand for money and bonds, i.e., today's budget constraint. Whether the domestic

government has an incentive to increase or decrease future debt will depend on the sign of εx′
d,1
,

and thus, implicitly, the domestic producers' acceptance strategies. In that context note that

given the partial derivative Ωx′
d,2

≤ 0, a decrease in future foreign in�ation tightens the domestic

23While individual labor e�ort varies with the agent's role in DM (consumer or producer), private and public consumption, cd and
gd, is the same for all agents, yielding the aggregate CM resource constraint.
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government's budget constraint today, εx′
d,2

≤ 0, due to the reduced demand for domestic currency.

The partial derivative εxd,1
captures the e�ect of the current domestic debt level on current

domestic monetary policy. If net nominal liabilities are positive, i.e., if 1 +Bd > 0, then εxd,1
< 0,

and thus the government has an incentive to reduce xd,1 (i.e., increase the growth rate of the money

supply µd) to reduce the real value of its �nancial burden, and thus relax the budget constraint.

If 1 +Bd < 0, on the other hand, then an increase in in�ation tightens the budget constraint.

Lastly, note from εgd < 0 that an increase in public expenditures tightens the budget constraint

while, given εcd < 0 in equilibrium, an increase in labor taxation relaxes the budget constraint.24

3.2 The Problem of the Government

The current domestic government chooses {B′
d, xd,1, cg, gd} to maximize the domestic consumers'

and producers' joint period utility, Zd(Bd, Bf ) = ndV
c
d + (1 − nd)V

p
d , taking as given the current

domestic and foreign debt level, Bd and Bf , the agents' best response to the policy announce-

ment, {(xd,1, xd,2, dd, df ), (xf,1, xf,2, d̆d, d̆f ), (αd, αf ), (md,mf , bd, bf ), (m̆d, m̆f , b̆d, b̆f )}, and the an-

ticipation that future agents implement the future allocations x′d,1 ≡ X ′
d,1(B

′
d, B

′
f ) and x′d,2 ≡

X ′
d,2(B

′
d, B

′
f ) as a function of the debts, B′

d and B′
f , chosen today. Let Γ ∈ [−1, B̄] be the set of

possible debt levels, where B̄ is large enough such that neither the upper nor the lower bound

of Γ constrain government behavior. The latter is shown in Proposition 1.25 The problem of the

domestic government is:

max
B′

d,xd,1,cd,gd
Zd(Bd, Bf ) = αd[ndu(xd,2)− (1− nd)xd,2] + (1− αd)[ndu(xd,1)− (1− nd)xd,1]

+ U(cd) + ηdv(gd)− ad(cd + gd)− αd(1− nd)E(kd | kd ≤ Πd(αd))

+ βZd(B
′
d, B

′
f ),

(22)

s.t. ε(Bd, B
′
d, xd,1,X ′

d,1(B
′
d, B

′
f ),X ′

d,2(B
′
d, B

′
f ), cd, gd) = 0, (23)

s.t. ndΦ(xd,1)Ω(xd,1, xd,2) ≥ 0, (24)

where E(kd | kd ≤ Πd(αd)) ≡ ∫Πd(αd)
k kdf(kd)dkd/ ∫Πd(αd)

k f(kd)dkd denotes the expected cost of

the producers investing into the authentication technology, (23) satis�es the government's period

budget constraint in (21), and (24) represents the feasibility constraint V c
d,md

−W c
d,md

≥ 0, implying

xd,1 ≤ x̂ (i.e., ruling out over-consumption in the DM) with Φ(xd,1) and Ω(xd,1, xd,2) de�ned in

(19) and (20). De�nition 3 de�nes the Markov-perfect monetary equilibrium.

24To assure uniqueness of the steady state with positive net nominal liabilities assume the following regularity condition holds:
Uccc − (Uc − a)(1 + Ucccc/Ucc) < 0 for c ∈ (0, ĉ], implying c and g are moving in the same direction. The functional form U(c) =
c1−ρ/(1− ρ) with ρ > 0 satis�es this requirement.

25Enlarging the set to allow for strictly negative net nominal liabilities, i.e., Bj < −1, yields discontinuities in the debt function,
B′
j(Bj). The imposed set Γ ∈ [−1, B̄] ensures that the Markov-perfect monetary equilibrium is well-behaved and the steady state is

unique (as shown in the proof of Proposition 2 and 3). For a discussion of the aforementioned discontinuities see the single-currency
competitive-market version in Martin (2011) featuring Γ ∈ [BL, BH ] with −∞ < BL < BH < ∞.
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De�nition 3. A Markov-perfect monetary equilibrium is a set of functions {B′
d,Xd, Cd,Gd,Zd}

such that for all Bj ∈ Γ:

(i) {B′
d(Bd, Bf ),Xd,1(Bd, Bf ), Cd(Bd, Bf ),Gd(Bd, Bf )} ∈ argmaxB′

d,xd,1,cd,gd αd[ndu(xd,2)−(1−nd)xd,2]+

(1 − αd)[ndu(xd,1) − (1 − nd)xd,1] + U(cd) + ηdv(gd) − ad(cd + gd) − αd(1 − nd)E(kd | kd ≤
Πd(αd)) + βZd(B

′
d, B

′
f ) subject to ε(Bd, B

′
d, xd,1,X ′

d,1(B
′
d, B

′
f ),X ′

d,2(B
′
d, B

′
f ), cd, gd) = 0 in (23),

and V c
d,md

−W c
d,md

≥ 0 in (24);

(ii) Zd(Bd, Bf ) = αd[ndu(Xd,2(Bd, Bf ))− (1−nd)Xd,2(Bd, Bf )]+(1−αd)[ndu(Xd,1(Bd, Bf ))− (1−
nd)Xd,1(Bd, Bf )] + U(Cd(Bd, Bf )) + ηdv(Gd(Bd, Bf )) − ad[Cd(Bd, Bf ) + Gd(Bd, Bf )] − αd(1 −
nd)E(kd | kd ≤ Πd(αd)) + βZd(B′

d(Bd, Bf ),B′
f (Bd, Bf )); and

(iii) the agents' optimal choices, {(xd,1, xd,2, dd, df ), (xf,1, xf,2, d̆d, d̆f ), (αd, αf ), (md,mf , bd, bf ),

(m̆d, m̆f , b̆d, b̆f )}, satisfy De�nition 2.

Solving (22) subject to (23) and (24) with the respective Lagrange multipliers, λ and ξ, yields

the �rst order conditions:

(λ− λ′)εB′
d
+ λ

[
εx′

d,1

∂X ′
d,1

∂B′
d

+ εx′
d,2

∂X ′
d,2

∂B′
d

]
= 0, (25)

ndΩdΦxd,1
(xd,1)/θ + λεxd,1

+ ξnd

[
Φxd,1

(xd,1)Ωd + Φ(xd,1)Ωd,xd,1

]
= 0, (26)

Uc(cd)− ad + λεcd = 0, (27)

ηdvg(gd)− ad + λεgd = 0, (28)

with Ωd ≡ Ω(xd,1, xd,2) in (20), where, given (21) Zd,B′
d
= λ′ε′Bd

and εB′
d
= −βε′Bd

are used in

(25), and given (10) ∂xd,2/∂xd,1 = Φx(xd,1)/Φx(xd,2) is used in (26). Considering (25), the �rst

term on the left-hand side, (λ − λ′)εB′
d
, represents the trade-o� between current and future dis-

tortions, where distortions are perfectly smoothed if λ = λ′. The second term, i.e., the derivatives

∂X ′
d,1/∂B

′
d and ∂X ′

d,2/∂B
′
d, emerge from the government's inability to commit and captures how

the domestic debt choice, B′
d, a�ects the current domestic budget constraint through its e�ect

on future strategies. In equilibrium, government policy results from the interaction of monetary

policy and government debt. The tax rate is determined residually to satisfy the government

budget constraint. Before proceeding to the determination of government policy, Proposition 1

characterizes some key properties of the Markov-perfect monetary equilibrium.

Proposition 1. Assume αd ∈ [0, 1). For all Bj ∈ Γ, a Markov-perfect monetary equilibrium

features: (i) positive labor taxation cd < ĉ; (ii) constrained-e�cient public good provision gd < ĝ;

(iii) positive net nominal liabilities B′
d(Bd, Bf ) > −1; and (iv) a positive nominal interest rate,

qd < 1, and thus xd,1 < x̂.
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Proof in Appendix C. Let us start with (i) and (ii) implying λ > 0 for all Γ ∈ [−1, B̄]. Given

(25)-(28) it is understood that if there are expected distortions in the future, the government has an

incentive to smooth distortions over time, and thus will not implement �rst-best allocations in the

current period. To eliminate future distortions, and hence guarantee {x̂, ĉ, ĝ} solving ux(x̂) = 1,

Uc(ĉ) = ad, and ηdvg(ĝ) = ad, respectively, it needs to run the Friedman rule (µd = β − 1),

collect zero taxes (τd = 0), and provide the �rst-best level of public expenditure in every period.26

Plugging {x̂, ĉ, ĝ} into the government budget constraint in (21), the �rst-best steady-state debt

level solves B̂ = −1 − adĝ/(1 − β)ndΦ(x̂), suggesting negative net nominal obligations. In other

words, to eliminate future distortions and maintain a �rst-best steady state, the government would

need to start with su�cient claims on the private sector. This option, however, is outside of Γ.

Thus, for Bd ∈ Γ, to pay for �rst-best public good provision ĝ and maintain {x̂, ĉ} the government

would need to continuously roll over positive net nominal liabilities. Put di�erently, to guarantee

Xd,1(Bd, Bf ) = x̂ for all Bd ≥ −1 (implying λ = λ′ in (25)), it needs to run a Ponzi-scheme of ever-

increasing debt, where B′
d(Bd) = adĝ/βndΦ(x̂)+ (1+Bd)/β− 1 > Bd solves (21). Since agents are

better o� not holding domestic bonds in this scenario, maintaining the �rst-best allocation {x̂, ĉ, ĝ}
is not sustainable in the long run, and thus, given (27) and (28), for all Bj ∈ Γ the equilibrium

is characterized by positive labor taxation and public good provision below the e�cient level, i.e.,

cd < ĉ and gd < ĝ.

Moving on to (iii) and (iv), the results show that for Bj ∈ Γ the government always carries

over strictly positive net nominal liabilities (bonds and money), B′
d(Bd, Bf ) > −1, and never runs

the Friedman rule, as implied by qd < 1, and thus xd,1 < x̂, suggesting a positive nominal interest

rate, id = 1/qd − 1 > 0, in the steady state. This result originates from the fact that there exists a

positive relationship between domestic in�ation and domestic debt, ∂xd,1/∂Bd < 0, implying that

the government cannot increase welfare by increasing public debt. Thus, even though the �rst-best

allocation in the DM is technically attainable through monetary trade, due to the government's

incentive to smooth distortions over time, it is never implemented in equilibrium. In this context,

an important result to highlight is that given the fact that xd,1 = x̂ is feasible, the non-negativity

constraint, V c
d,md

−W c
d,md

≥ 0, does not bind, and thus ξ = 0 for all Bj ∈ Γ.27

3.3 Determination of Government Policy

The determination of government policy hinges on the intra-temporal and inter-temporal trade-o�s

introduced by the interaction between monetary policy and government debt.

Starting with equation (26), note from the government budget constraint in (21) that the

partial derivative εxd,1
< 0 for all Bd > −1. Hence, if net nominal liabilities are positive, then

26In that context, note that if xd,1 = x̂, and thus xd,2 = x̂, it holds that Πd = 0 in (13), and thus, provided k > 0, domestic producers
have no incentive to accept foreign currency in transactions. In other words, αd = 0 for {x̂, ĉ, ĝ}.

27In equilibrium it holds that xd,1 = x̂ for Bd = −1 and xd,1 < x̂ for Bd > −1. Note, however, that this is contingent on the fact
that the pricing mechanism supports e�ciency. Under the Nash bargaining solution, this result is not guaranteed.

17



Choice of µd

If Bd < −1

Incentive to increase inflation (µd ↑)
(decrease DM consumption xd,1 ↓)

Incentive to decrease inflation (µd ↓)
(increase DM consumption xd,1 ↑)

If Bd > −1

Figure 2: Intra-temporal trade-o�

an increase in xd,1 tightens the budget constraint, and thus, despite the distortionary e�ects on

the DM allocation, the government has an incentive to in�ate away its nominal liabilities to relax

the budget constraint. In other words, for Bd > −1, given xd,1 < x̂ and thus ξ = 0 (see proof in

Appendix C), an increase in public debt implies a decrease in DM consumption, ∂xd,1/∂Bd < 0,

and thus ∂xd,2/∂Bd ≤ 0 (holding with equality if domestic DM consumption is exclusively �nanced

with foreign currency). This is the channel through which current debt a�ects current in�ation,

characterizing the intra-temporal trade-o� between monetary policy and public debt (as visualized

in Figure 2).

Consider now the �rst-order condition (25). The government chooses to increase future debt,

B′
d, and push distortions to the future, λ < λ′, if it relaxes the budget constraint, i.e., if the

second term on the left-hand side of (25) is positive. On the contrary, the domestic government

decreases B′
d, and thus reduces distortions in the future, λ > λ′, if the second term on the left-

hand side of (25) is negative, i.e., if increasing B′
d tightens the budget constraint. To determine

which e�ect dominates, since λ > 0, ∂X ′
d,1/∂B

′
d < 0, εx′

d,2
≤ 0 (holding with equality if α′

d = 0),

and ∂X ′
d,2/∂B

′
d ≤ 0 (holding with equality if α′

d = 1) for all Bj ∈ Γ, we need to determine the

sign of εx′
d,1
. From the monetary equilibrium we know that Vd,md

= ndΦ(xd,1)[1 + Ω(xd,1, xd,2)]

and Vd,bd = ndΦ(xd,1), and thus εx′
d,1

= β
∂V ′c

d,md

∂x′
d,1

+ β
∂V ′c

d,bd

∂x′
d,1
B′

d, representing the marginal value of

(normalized) nominal balances. If
∂V ′c

d,md

∂X ′
d,1

∂X ′
d,1

∂B′
d
> 0, then an increase in B′

d relaxes the budget

constraint. In the opposite case, the government decreases B′
d. In any case, note that

∂V ′c
d,bd

∂x′
d,1

> 0,

and thus
∂V ′c

d,bd

∂X ′
d,1

∂X ′
d,1

∂B′
d
< 0. Hence, a higher B′

d, and thus higher future in�ation, decreases the future

value of domestic bonds, and therefore their demand. Thus, to buy bonds, agents will ask for

a lower price qd (i.e. a higher return), which (provided B′
d > 0) tightens the budget constraint.

This is the inter-temporal trade-o� between monetary policy and public debt capturing the degree

of distortion-smoothing over time. To summarize: A higher B′
d, and thus higher future domestic

in�ation has two e�ects: (a) it increases the future marginal value of the domestic currency since

a consumer would have preferred to arrive with an additional unit in the DM. Thus, the current

demand for domestic currency increases, which relaxes the government's budget constraint. (b)
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Increase in future debt B′
d

µ′
d ↑ → x′

d,1 ↓

Increases current demand

(relaxes budget constraint)

Decreases current demand

(tightens budget constraint)

Net effect: εx′
d,1

t

t+ 1

for domestic currency for domestic bonds

Figure 3: Inter-temporal trade-o�

An increase in future in�ation (due to higher debt today) reduces the current demand for domestic

bonds. Thus, the interest paid on debt increases, which tightens the government budget constraint.

Figure 3 visualizes the inter-temporal trade-o�.

4 Steady States

Having characterized the government's problem, we now study the steady states. In a �rst step, I

characterize a benchmark steady state in which domestic currency substitution is prohibited, and

thus αd = 0 for all combinations of µd and µf . Once established, we proceed to the equilibrium

steady state with αd ∈ (0, 1] if Πd ≥ k.

4.1 Benchmark Steady State: Prohibited Dollarization

Assume payment in foreign currency is prohibited by law, and thus transactions in the domestic

economy are required to be settled with domestic currency exclusively. In other words, αd = 0

for all µd and µf . To determine the benchmark steady state, {BN , xN , cN , gN}, we start with

the �rst-order condition (25). In a steady state, following Barro (1979), distortions are perfectly

smoothed over time, i.e., λ = λ′. Hence, given αd = 0, (25) reduces to λεx′
d,1
∂X ′

d,1/∂B
′
d = 0. Given

λ > 0 and ∂X ′
d,1/∂B

′
d < 0 for all Bd ≥ −1, it holds that εx′

d,1
= 0. Solving for the steady-state

public debt level BN yields:

BN = −1− Φ(xN)Ωx(x
N) + Φx(x

N)Ω(xN)

Φx(xN)
, (29)

with 1 + BN > 0 if Φ(xN)Ωx(x
N) + Φx(x

N)Ω(xN) < 0, where Φ(xN) and Ω(xN) are given in (19)

and (20) for αd = 0. The term εx′
d,1

= 0 implies that the increased demand for domestic currency

and the decreased demand for domestic bonds, triggered by the anticipated policy response to an
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increase in domestic debt, are exactly o�set in the benchmark steady state. In other words, the

time-consistency problem driving the change in public debt is canceled out.

From Proposition 1 we know that a �rst-best steady state with xd,1 = x′d,1 = x̂ is not sustain-

able and therefore Ω(xN)>0, suggesting ξ = 0. Furthermore, αd = 0 reduces ndΩdΦxd,1
(xd,1)/θ in

(26) to nd[ux(x
N)− 1]. Solving (28) for λ = ηdvg(g

N)/ad − 1 and plugging into (26), (27), and the

government budget constraint (21), yields the steady-state system of equations, evaluated at BN :

ad[ux(x
N)− 1]− [ηdvg(g

N)− ad]Φx(x
N)[1 +BN ] = 0, (30)

[ηdvg(g
N)− ad]Ucc(c

N)cN + ηdvg(g
N)[Uc(c

N)− ad] = 0, (31)

[Uc(c
N)− ad]c

N − adg
N + βndΦ(x

N)Ω(xN)− (1− β)ndΦ(x
N)[1 +BN ] = 0. (32)

Note that, given αd = 0, the domestic allocations are fully independent of foreign policy, i.e.,

{BN , xN , cN , gN} solving the steady-state system of equations, (29)-(32), is the same for all Bf ∈ Γ.

Proposition 2. For (αd, αf ) = (0, 0), the domestic benchmark steady-state allocations, ΥN ≡
{BN , xN , cN , gN}, solve (29)-(32), where for all Bd ∈ Γ it holds that:

(i) B′
d(B

N) = BN and B′
d(Bd) → BN for vg(gd) → ψ with ηdψ > ad;

(ii) given an initial debt level BN , a government with and without commitment both implement

ΥN in every period; and

(iii) steady-state allocations represent the citizens' preferences for public goods, ηd, with ∂B
N/∂ηd >

0, ∂xN/∂ηd < 0, ∂cN/∂ηd > 0, and ∂gN/∂ηd > 0.

Proposition 2 proceeds in three steps with the corresponding proof in Appendix D. The �rst

result, (i), builds on the fact that the time-consistency problem is eliminated at BN . Given that

result, the domestic government has no incentive to substitute distortions inter-temporally, and

hence maintains a constant debt level, BN , in the long run. In other words, the steady-state

BN is unique. Furthermore, (i) shows that for CRRA preferences, v(gd) = ψg1−γ
d /(1 − γ) with

γ > 0, if γ → 0, then the public debt level converges to BN for all Bd ∈ Γ in the long run, i.e.,

B′
d(Bd) → BN .

Drawing from (i), in line with Martin (2011), the second result (ii) shows that the constrained-

e�cient steady state is robust to commitment frictions. In other words, endowing the domestic

government at BN with commitment power would not change the long-run equilibrium allocations.

The corresponding Ramsey problem to verify this property is provided in Appendix D. Further-

more, despite the fact that the government in�ates away nominal liabilities, i.e., xN < x̂, there

is no time-consistency problem at BN , and thus, unlike proposed by Alvarez et al. (2004) under

commitment, time-consistency does not strictly require monetary policy at the Friedman rule. The
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result is in line with Aruoba and Chugh (2010) embedding a Ramsey (commitment) problem into

the Lagos-Wright structure. Analogous to the paper at hand, their monetary policy prescription

contrasts the suggested optimality of the Friedman rule in Chari et al. (1991). The discrepancy,

however, follows from standard Ramsey theory, according to which all �nal goods should be taxed

to some degree in an optimal tax system. In Chari et al. (1991) the optimality of the Friedman

rule relies on the fact that cash and credit goods are taxed uniformly in the spirit of Atkinson and

Stiglitz (1980). Since a deviation from the Friedman rule would imply that cash goods are taxed

more than credit goods, this cannot be optimal, rendering the Friedman rule the optimal policy.

The preference structure of Lagos and Wright (2005) di�ers in that regard as labor taxation only

applies to the CM good. Thus, to satisfy the requirements of an optimal tax system, taxation of

the DM good requires a positive nominal interest rate.28

Lastly, the third result (iii) characterizes the e�ects of an increase in the preference parameter

ηd on steady-state allocations. From (21) and (28) we know that an increase in the marginal value

of public goods, ηdvg, tightens the government budget constraint. Thus, to maximize domestic wel-

fare, the government adjusts long-run �scal and monetary policy. Precisely, to smooth distortions

over time, it increases public debt BN , followed by an increase in the growth rate of the currency

supply, µN to, on one hand, �nance the additional expenditures with seigniorage revenue and, on

the other hand, alleviate the �nancial burden of the heightened nominal debt. The proportional

labor tax rate, τN , is determined residually to maximize tax revenue τh, where given dc/dg > 0,

it holds that aggregate CM output increases, ∂h/∂ηd > 0.

4.2 Equilibrium Steady State

To assess the e�ects of currency substitution on long-run allocations, let us now study the steady

state without legal restrictions and thus, following (14), αd ∈ (0, 1] if Πd ≥ k. To determine the

domestic steady-state allocations ΥD = {BD, xD1 , x
D
2 , c

D, gD} we revisit (25). Decomposing
∂X ′

d,2

∂B′
d

into
∂X ′

d,2

∂X ′
d,1

∂X ′
d,1

∂B′
d

with
∂Xd,2

∂Xd,1
=

Φxd,1
(xd,1)

Φxd,2
(xd,2)

from (10) and plugging in λ = λ′, the steady-state debt

solves:

BD = −1−
Φ(xD1 )ΩxD

1
(xD1 , x

D
2 ) + ΦxD

1
(xD1 )Ω(x

D
1 , x

D
2 )

ΦxD
1
(xD1 )

−
Φ(xD1 )ΩxD

2
(xD1 , x

D
2 )

ΦxD
2
(xD2 )

. (33)

A few observations, distinguishing between the di�erent currency regimes, are in order. Given

λ > 0 and ∂X ′
d,1/∂B

′
d < 0, equation (25) suggests εx′

d,1
+ εx′

d,2

Φx(x′
d,1)

Φx(x′
d,2)

= 0 in the steady state. If

αd = 0, then εx′
d,2

= 0, and thus BD = BN in (29). Consider now αd ∈ (0, 1). If domestic producers

accept foreign currency, then, given εx′
d,2
< 0 for αd ∈ (0, 1), it holds that the marginal value of

domestic nominal balances εx′
d,1
> 0, and thus increasing B′

d tightens the domestic government's

budget constraint. In the steady state, this is o�set by the incentive to increase B′
d due to the

reduced demand for the domestic currency, i.e., εx′
d,2

≡ ∂βV ′c
d,md

/∂x′d,2 < 0. Lastly, if αd = 1, then

28See Aruoba and Chugh (2010) for a detailed comparison of the two literatures and an in-depth discussion of alternative tax schemes.
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there is no demand for the domestic currency, ϕd = 0, and thus BD = −1.

Since xj,1 = x′j,1 = x̂ is not sustainable in the long-run, it holds that Ω(xD1 , x
D
2 ) > 0, and thus

ξ = 0. Solving (28) for λ = ηdvg(g
D)/ad − 1 and plugging into (26), (27), and (21), respectively,

yields the steady-state system of equations, evaluated at BD:

adΩ(x
D
1 , x

D
2 )/θ − [ηdvg(g

D)− ad][1 +BD] = 0, (34)

[ηdvg(g
D)− ad]Ucc(c

D)cD + ηdvg(g
D)[Uc(c

D)− ad] = 0, (35)

[Uc(c
D)− ad]c

D − adg
D + βndΦ(x

D
1 )Ω(x

D
1 , x

D
2 )− (1− β)ndΦ(x

D
1 )[1 +BD] = 0. (36)

Proposition 3. Suppose αf = 0 with the foreign steady-state allocations ΥF = {BF , xF1 , c
F , gF}.

There exist the threshold values ηd = {η, η̄} with η < η̄ such that:

αd


= 0 if ηd < η

∈ (0, 1) if ηd ∈ [η, η̄)

= 1 if ηd ≥ η̄,

(37)

with the domestic steady-state allocations, ΥD ≡ {BD, xD1 , x
D
2 , c

D, gD}, solving (10) and (33)-(36).

Proof in Appendix E.29 For a given ΥF and the correspondence xd,2(xd,1) in (10), the system of

equations (33)-(36) yields ΥD, where steady-state public debt and in�ation increase in the marginal

value of public goods, ηdvg. The intuition behind this result follows the standard tax-smoothing

argument. Unlike in the benchmark steady state, however, the reduction in the domestic currency's

purchasing power may trigger currency substitution. Revisiting the producers' authentication

decision in (14), in combination with the mapping ηd → xD1 de�ned in (33)-(36), for a given ΥF ,

there emerge the two threshold values, ηd = {η, η̄} solving Πd = k and Πd = k̄ in (13), respectively.

Three cases are considered: (i) αd = 0, (ii) αd ∈ (0, 1), and (iii) αd = 1.

Let us start with case (i). If ηd < η, then the surplus of accepting foreign currency in the do-

mestic DM does not warrant the investment into the authentication technology, and thus (33)-(36)

collapse to (29)-(32). Hence, if αd = 0, then the domestic and foreign steady-state allocations, ΥD

and ΥF , and thus the domestic and foreign government policies, are fully independent. Allocations

can still di�er across countries due to heterogeneities in fundamentals.

Consider now case (ii). For an intermediate range of ηd ∈ [η, η̄), investing in the authentication

technology is worthwhile for a subset of producers, yielding the interior solution αd ∈ (0, 1).

As a consequence, domestic and foreign allocations become intertwined. The increased demand

for foreign currency and the reduced demand for domestic currency impose a constraint on the

29The proof includes the veri�cation that the properties (i) - (iii) in Proposition 2 hold for ΥD ≡ {BD, xD
1 , xD

2 , cD, gD}. However,
for brevity, I refrain from a repeated discussion in the main text.
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domestic government's ability to generate seigniorage revenue.30 To compensate for that constraint,

the domestic government adjusts �scal policy, where in the steady state, it trades o� the incentive

to smooth distortions inter-temporally against the negative e�ects on the demand for its own

currency, thus con�rming the intuition in the earlier work of Rojas-Suárez (1992) suggesting that

currency substitution may aggravate �scal imbalances.

Lastly, (iii) considers the case where ηd ≥ η̄, and thus αd = 1. If the domestic currency is not

valued by domestic agents, as suggested by xd,2 − xd,1 > 0, and thus ϕd = 0 given k̄ > 0, then

neither domestic nor foreign agents hold assets denominated in the domestic currency, reducing

the choice variables in the domestic government's objective function, (22), to (cd, gd), while xd,2

is determined by the foreign government exclusively. As a consequence, the domestic government

loses its ability to �nance expenditures using seigniorage revenue and debt, and thus has to rely

solely on revenue generated via labor taxation. This result provides an intuitive motivation for

government transaction policies along the lines of Aiyagari and Wallace (1997) and Li and Wright

(1998). By restricting a subset of producers to exclusively accept the domestic currency, which

can be accomplished by increasing k̄ → ∞ for a positive share of producers in the framework at

hand, an interior solution with αd ∈ (0, 1) is guaranteed.31 Alternatively, to regain the ability to

smooth distortions over time, the government could issue public debt denominated in the foreign

currency. Section 4.3 discusses this alternative.

Proposition 4. Suppose (αd, αf ) = ([0, 1], 0) with the domestic and foreign steady-state allocations

ΥD and ΥF , respectively. Then, an increase in µd yields ∂Zf/∂µd |ΥF> 0 for αd ∈ (0, 1), and

∂Zf/∂µd |ΥF= 0 for αd = 0, where Zf denotes the foreign government's period utility.

Proposition 4 discusses the e�ects of domestic in�ation on the foreign government's period

welfare:

Zf (Bd, Bf ) = nfu(xf,1)− (1− nf )xf,1 + U(cf ) + ηfv(gf )− af (cf + gf ).

If αd = 0, then there is no domestic demand for foreign currency, and thus domestic and foreign

policies are fully independent. As a result, an increase in domestic in�ation does not a�ect foreign

welfare. If αd ∈ (0, 1), then, for a given ΥF , an increase in domestic in�ation increases ϕf due to the

heightened domestic demand for foreign currency, and thus foreign welfare, Zf . The proof follows

directly from the comparative static ∂ϕf/∂µd > 0 in Table 1, suggesting ∂xF1 /∂µd > 0 for a given

µf . Hence, having its currency circulate internationally allows the foreign government to import

seigniorage revenue from abroad which unambiguously leads to higher steady-state consumption.

To determine the foreign government's best response to domestic currency substitution, let
30This constraint originates from general equilibrium e�ects, as an increase in domestic in�ation reduces (increases) the demand for

domestic (foreign) currency, increasing the acceptability of foreign currency, αd.
31Alternatively, the government could anchor the domestic currency by paying wages, enforcing tax payments, or paying interest on

deposits denominated in the domestic currency. An explicit formalization of these policies, however, goes beyond the scope of this paper
and is left for future research.
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us revisit the government budget constraint in (1). Plugging in the equilibrium prices and

policy variables, τf , ϕf , µf , and qf in (15)-(18) yields the updated foreign government bud-

get constraint εf (Bf , B
′
f , cd, cf , gf , xf,1, x

′
f,1, xd,1, xd,2, x

′
d,1, x

′
d,2) = 0, where x′f,1 ≡ X ′

f,1(B
′
d, B

′
f ),

x′d,1 ≡ X ′
d,1(B

′
d, B

′
f ), and x

′
d,2 ≡ X ′

d,2(B
′
d, B

′
f ) represent the allocations the foreign government an-

ticipates future citizens and governments will implement as a response to today's policy decisions.

Thus, it takes those allocations as given. Note that the foreign budget constraint is a function

of domestic allocations due to the global market clearing condition ndmf + nfm̆f = 1, and thus

ϕf (cf , cd, xf,1, xd,1, xd,2) in (16) for αd > 0. The explicit characterization of εf (·) and the partial

derivatives are provided in Appendix F. The foreign government solves:

max
B′

f ,xf,1,cf ,gf
Zf (Bd, Bf ) = nfu(xf,1)− (1− nf )xf,1 + U(cf ) + ηfv(gf )− af (cf + gf )

+ βZf (B
′
d, B

′
f ),

s.t. εf (Bf , B
′
f , cd, cf , gf , xf,1, x

′
f,1, xd,1, xd,2, x

′
d,1, x

′
d,2) = 0, (38)

s.t. V c
f,m̆f

−W c
f,m̆f

≥ 0, (39)

where (39) represents the feasibility constraint UcfϕfΩ(xf,1) ≥ 0 ensuring xf,1 ≤ x̂ analog to (24).

Using the Lagrange multipliers λ and ξ the �rst-order conditions are:

(λ− λ′)εf,B′
f
+ λ

[
εf,x′

f,1

∂X ′
f,1

∂B′
f

+ εf,x′
d,1

∂X ′
d,1

∂B′
f

+ εf,x′
d,2

∂X ′
d,2

∂B′
f

]
= 0, (40)

nf [ux(xf,1)− 1] + λεf,xf,1
+ ξ[nfΦx(xf,1)Ω(xf,1) + Uc(cf )ϕfΩx(xf,1)] = 0, (41)

Uc(cf )− af + λεf,cf + ξnd[Ucc(cf )/Uc(cd)][Φ(xd,2)− Φ(xd,1)]Ω(xf,1) = 0, (42)

ηfvg(gf )− af + λεf,gf = 0, (43)

where λ > 0, ξ = 0, and ∂X ′
f,1/∂B

′
f < 0 characterize the Markov-perfect monetary equilibrium.32

Let us distinguish between the di�erent currency regimes. First and foremost, note that if αd = 0,

then the foreign government budget constraint is a function of foreign allocations exclusively, and

thus (40)-(43) are equivalent to (25)-(28) (with αd = 0), where, given ∂X ′
f,1/∂B

′
f < 0, εf,x′

f,1
= 0

solves for the foreign steady-state debt (analog to εx′
d,1

= 0 in the domestic government's problem).

In other words, if domestic agents do not accept foreign currency, then the foreign steady state

corresponds to the benchmark steady state {BN , xN , cN , gN} in (29)-(32). Consider now the case

with αd ∈ (0, 1). If there is domestic demand for foreign currency, then this a�ects the foreign

government's public debt policy, as re�ected in the last two terms inside the brackets of (40).

From the government budget constraint we know that for Bf ∈ Γ, it holds that εf,x′
d,1

< 0 and

εf,x′
d,2
> 0. Since ∂X ′

f,1/∂B
′
f < 0 holds for all Bf ∈ Γ, given general equilibrium e�ects, it is implied

32These properties can be easily veri�ed using the proof of Proposition 1 in Appendix C.
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that an increase in foreign in�ation increases (decreases) xd,1 (xd,2), and hence ∂X ′
d,1/∂B

′
f > 0 and

∂X ′
d,2/∂B

′
f < 0, thus rendering εf,x′

f,1
< 0 in the steady state (to satisfy (40) for λ = λ′). In

other words, in the steady state, given εf,x′
f,1
< 0, the foreign government has a strict incentive to

increase public debt, B′
f , and push distortions into the future. This e�ect, however, is o�set by

the domestic demand for foreign currency, providing the foreign government with an incentive to

decrease B′
f to maintain the international status of its currency, and thus to retain the ability to

import seigniorage revenue from abroad. Lastly, if αd = 1, then domestic currency is not valued

anymore, and thus εf,x′
d,1

= 0. Taking as given domestic allocations, the foreign steady-state

allocations, ΥF = {BF , xF1 , c
F , gF}, solve the system of equations (40)-(43) and the foreign budget

constraint (38) with λ = λ′ > 0 and ξ = 0.

4.3 De Jure Dollarization

The presented framework emphasizes how the economic agents' decisions a�ect payment patterns.

Nonetheless, it is equipped to examine the implications for government policy if currency sub-

stitution is imposed exogenously. Suppose the domestic government abandons its currency and

o�cially adopts the foreign currency as its legal tender. By giving up its monetary independence,

it 'de facto' eliminates its ability to tailor monetary policy to the aggregate state, and thus relies

exclusively on revenue generated by taxation and debt denominated in the foreign currency.33 To

reconcile the e�ects of de jure dollarization in the framework at hand, let us revisit the govern-

ment budget constraint in (1). The domestic government's choice variables reduce to {Bd, τd, gd},
yielding the normalized domestic budget constraint:

τdhd − gd + ϕf (1 + µf )qfB
′
d − ϕfBd = 0, (44)

with τd, ϕf , µf , and qf given in (15)-(18), where the latter three, and thus domestic DM consump-

tion, xd, are taken as given by the domestic government. Solving:

max
B′

d,cd,gd
Zd(Bd, Bf ) = ndu(xd)− (1− nd)xd + U(cd) + ηdv(gd)− ad(cd + gd) + βZd(B

′
d, B

′
f ),

subject to (44), the �rst-order condition with respect to B′
d yields λ− λ′ = 0, and thus B′

d = Bd.

In words, if the domestic country o�cially adopts the foreign currency as its legal tender, then

time-consistency concerns disappear, i.e., ∂xd/∂Bd = 0, reducing the objective of the government

to inter-temporal distortion-smoothing exclusively. As a consequence of giving up the ability to

in�ate away nominal liabilities in the future, every debt level is a steady state under 'de jure'

dollarization. Conditional on the choices of τd and gd, the government is free to choose any

33Albeit identi�ed as a cost in the context of this model, Barro and Gordon (1983) argue that losing monetary independence can
be bene�cial if the dollarized country is prone to an in�ation-bias problem as dollarization curbs the government's incentive to overs-
stimulate the economy and excessively monetize de�cits and debts. A similar logic has been revisited by Chari et al. (2020), analyzing
the e�ects of heterogeneities in temptation shocks � shocks that provide incentives to generate surprise in�ation � on the incentives to
form currency unions.
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debt level Bd satisfying the budget constraint (44), where Bd remains constant for a �xed foreign

in�ation rate, µf .
34

Transition costs aside, a government has an incentive to o�cially adopt the foreign currency as

its legal tender if the increased trade volume warrants giving up the country's monetary indepen-

dence.35 When compared to an economy with endogenous currency substitution, i.e., αd ∈ [0, 1),

this trade-o� weakens, as the domestic agents' option to deviate into foreign currency already im-

poses a constraint on the domestic government's ability to generate seigniorage revenue. Since in

the limiting case with αd = 1 the government has to rely on taxation exclusively, by 'de jure' dollar-

izing, it regains B′
d as a choice variable, and thus the ability to smooth distortions inter-temporally

by issuing public debt denominated in the foreign currency.

Lastly, the presented framework provides an intuitive setting to revisit an early result by

Friedman (1953) and Mundell (1961), according to whom a currency union tends to be less costly

for countries with similar aggregate shocks. To con�rm this intuition through the lens of the model,

assume the foreign country is subject to an idiosyncratic expenditure shock (e.g. a war). To smooth

distortions over time, it increases public debt, and thus in�ation. Since the domestic government

is unable to adjust monetary policy, this represents a negative externality on the domestic citizens.

The less correlated the business cycles of the two countries, the higher the cost of giving up the

ability to condition monetary policy on the aggregate state.

5 Historical Evidence

["In the post-WW1 European hyperin�ation] the lack of a stable domestic

means of payment was a serious inconvenience in trade and production, and

foreign currencies therefore came to be desired not merely as a store of value

but actually as a means of domestic payment. ... Thus, in advanced in�ation,

Gresham`s law was reversed; good money tended to drive out bad ...�

League of Nations (1946, p.48)

This section revisits the testable implications of the theory and reconciles empirical facts

documented in the existing literature and data on currency substitution. First and foremost,

the study emphasizes the information frictions associated with less familiar media of exchange

in transactions. The fundamental idea dates back to the in�uential work by Jevons (1875) and

Menger (1892), later revisited by Alchian (1977), stressing that once there exist di�erences in the

degrees of knowledge, it is the costliness of information that induces the use of widely recognized

34Note that similar implications apply to an exchange-rate peg or in�ation targeting, as both cases restrict the monetary authority's
ability to adjust the growth rate of the currency supply in response to changes in �scal policy.

35A list of the pros and cons is provided by Alesina and Barro (2001). According to their results, a country is more likely to abandon
its currency for an anchor currency if it has: (a) a history of high in�ation, (b) a large international trade volume with the anchor
country, (c) business cycles that covary with the anchor country, and (d) stable real exchange rates with respect to the anchor country.
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Figure 4: Arithmetic mean (2001-2018) of the 'annual headline consumer
price index (CPI) in�ation' and 'dollarization ratios'. Sources: Yeyati
(2021) and Ha et al. (2021).

media of exchange. This paper builds on these early ideas by incorporating information acquisition

about foreign currencies. Furthermore, by encompassing the recent advances in monetary search

theory, it establishes an explicit transmission channel of government policy to payment patterns.

The positive relationship between domestic in�ation and currency substitution, documented

in the extensive literature on dollarization summarized in Calvo and Végh (1992), �nds proof in

historic data. Figure 4 plots the statistically signi�cant correlation between the arithmetic mean

of the annual domestic in�ation rate and the share of foreign-denominated assets in domestic

deposits (labeled 'dollarization ratio') for 118 countries over the period 2001-2018.36 The data used

is provided by Yeyati (2021) and Ha et al. (2021) and excludes de jure dollarized economies.37 To

obtain reliable results, o�shore �nancial centers, whose dollarization may be due to extranational

factors, are excluded.38 Furthermore, observations pre-2001 are omitted to exclude episodes of

hyperin�ation in Latin America, Africa, and Eurasia.

By explicitly incorporating the interaction of �scal and monetary policy, the analysis goes be-

yond the relationship between in�ation and currency substitution and yields important new insights

for government �nancing. Identifying said e�ects requires explicitly modeling the inter-temporal

36Since obtaining reliable data on the public's holdings of foreign currency outside of the banking system presents a challenge, to
proxy for the use of foreign currency in domestic transactions, the literature relies on the share of foreign denominated assets in domestic
deposits. Admittedly, this approach implicitly assumes a degree of �nancial integration � a premise that could be challenged for some
developing economies.

37The dataset on 'dollarization ratios' by Yeyati (2021) assembles data reported in various central bank bulletins, IMF Article IV
Sta� Reports, and previous empirical work by De Nicoló et al. (2005), Arteta (2002), and Bennett et al. (1999) dating back to 1970 for
some countries.

38The following countries are de�ned as o�shore �nancial centers by the IMF: Andorra, Anguilla, Antigua and Barbuda, Aruba,
Bahamas, Bahrain, Barbados, Belize, Bermuda, British Virgin Islands, Cayman Islands, Cook Islands, Costa Rica, Cyprus, Dominica,
Gibraltar, Grenada, Guernsey, Hong Kong, Ireland, Isle of Man, Jersey, Lebanon, Liechtenstein, Luxembourg, Macau, Malta, Marshall
Islands, Mauritius, Monaco, Montserrat, Nauru, Netherlands Antilles, Niue, Panama, Palau, Samoa, Seychelles, Singapore, St. Kitts
and Nevis, St. Lucia, St. Vincent and the Grenadines, Switzerland, Turks and Caicos Islands, and Vanuatu.
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Figure 5: Annual 'dollarization ratios' and 'central government debt
(percent of GDP)'. Sources: Yeyati (2021) and Mauro et al. (2015).

trade-o� between distortion-smoothing and time-consistency. Currency substitution aside, the re-

sults con�rm the early insights of Easterly and Schmidt-Hebbel (1991) according to whom in�ation

originates from �scal imbalances.39 More precisely, the incentive to in�ate away nominal liabilities

necessitated by persistent �scal de�cits. However, unlike in a single currency environment, once

competing media of exchange can coexist, expansionary monetary policy may further aggravate

�scal imbalances by giving rise to endogenous currency substitution, thus imposing a constraint

on the government's ability to generate seigniorage revenues. The root cause lies in the 'reversed

Gresham's Law' referred to by the League of Nations (1946) in the quote above. To maintain

a balanced budget, for a given level of public expenditures, the reduction in seigniorage revenue

further necessitates borrowing, suggesting a positive relationship between currency substitution

and public debt. Recent experiences in Latin America con�rm this relationship. Figure 5 plots

the correlation between the annual dollarization ratio and the annual central government debt to

GDP ratio for Mexico (1991-2018), Peru (2002-2018), and Uruguay (1981-2019). The observations

are in line with the empirical work of Rojas-Suárez (1992) studying currency substitution in Peru,

as well as Sims (2001) studying the case of Mexico by introducing the �scal theory of the price

level into a Barro (1979) tax-smoothing model. The paper at hand complements these studies by

providing a microfounded framework explicitly characterizing the transmission channels at work.

6 Conclusion

This paper presents a search-theoretic dynamic dual-currency model featuring endogenous cur-

rency substitution as a function of jointly-determined �scal and monetary policy. Benevolent

39A discussion of the relationship between �scal imbalances and in�ation in episodes of extreme (hyper-) in�ation is provided by
Dornbusch et al. (1990).
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governments, unable to commit to policies beyond the current term, weigh distortion-smoothing

and time-consistency, where steady-state public expenditures, public debt, labor taxation, and

in�ation are determined using the notion of a Markov-perfect equilibrium. Currency substitution

arises as an endogenous response to cross-country di�erences in fundamentals.

Due to general equilibrium e�ects, changes in payment patterns yield important implications

for government �nancing. While domestic and foreign policies are fully independent in the absence

of currency substitution, due to global market clearing conditions, policies become intertwined

once local agents settle transactions in foreign media of exchange. The reduced demand for local

currency imposes a constraint on the local government's ability to generate seigniorage revenue.

In the limiting case where local currency is not valued in equilibrium, taxation remains as the only

revenue source. The foreign government bene�ts from having its currency accepted internationally,

as it allows it to import seigniorage revenue from abroad.

Having established the e�ects of agent-driven currency substitution, the paper further studies

an extension featuring 'de jure' dollarization, i.e., currency substitution imposed by o�cial au-

thorities. By abandoning its monetary independence, a country's policy objectives are reduced

to inter-temporal distortion-smoothing exclusively. Since time-consistency is no longer a concern,

the government is free to implement any public debt level, provided it satis�es the government's

inter-temporal budget constraint.

The results presented in the paper provide important insights into the e�ects of endogenous

currency substitution on government �nancing. While presented in the context of domestic and

foreign currency, it is worthwhile to note that the constraints currency substitution (or the possibil-

ity of it) imposes on domestic government �nancing are applicable to a wider range of alternative

media of exchange (e.g. crypto-currencies or �nancial assets). Thus, this paper intends to be a

guiding reference for future studies on the relationship between �scal policy, monetary policy, and

payment patterns.
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Appendix: Derivations and Proofs

A. Proof: Lemma 1

Let us start with the labor tax rate, τj. Substituting (3) solved for h into (2) and taking the

derivative with respect to cj yields the equilibrium tax rates τd and τf in (15).

Next, we determine the CM prices of domestic and foreign currency, ϕd and ϕf . Using (10)

and (12) with Ij = 0 yields:

ϕdmdad(1− τd)
−1 = (1− θ)u(xd,1) + θxd,1, (A.1)

ϕfm̆faf (1− τf )
−1 = (1− θ)u(xf,1) + θxf,1. (A.2)

Plugging τj in (15), (A.1), and (A.2) into (10) and (12) with Ij = 1 using the market clearing

conditions ndmd+nfm̆d = 1 and ndmf +nfm̆f = 1 yields the equilibrium prices ϕd and ϕf in (16).

Lastly, to determine the growth rates of the domestic and the foreign currency, µd and µf , as

well as the issuance prices of domestic and foreign bonds, qd, and qf , we revisit the domestic and

foreign consumers' portfolio choice problems in (5):

max
m′

d,m
′
f ,b

′
d,b

′
f

− ad(1− τd)
−1

∑
j=d,f

[
m′

j[ϕj(1 + µj)/β − ϕ′
j] + b′j[ϕjqj(1 + µj)/β − ϕ′

j]
]

+ θ
[
α′
d[u(x

′
d,2)− x′d,2] + (1− α′

d)[u(x
′
d,1)− x′d,1]

]
,

(A.3)

and:

max
m̆′

d,m̆
′
f ,b̆

′
d,b̆

′
f

− af (1− τf )
−1

∑
j=d,f

[
m̆′

j[ϕj(1 + µj)/β − ϕ′
j] + b̆′j[ϕjqj(1 + µj)/β − ϕ′

j]
]

+ θ
[
α′
f [u(x

′
f,2)− x′f,2] + (1− α′

f )[u(x
′
f,1)− x′f,1]

]
,

(A.4)

respectively. Taking the �rst-order conditions of (A.3) and (A.4) and plugging in the tax rates,

τd and τf , in (15) as well as the derivatives ∂x
′
d,1/∂m

′
d = Uc(cd)ϕ

′
d/[(1−θ)ux(x′d,1)+θ], ∂x′d,2/∂m′

d =

Uc(cd)ϕ
′
d/[(1−θ)ux(x′d,2)+θ], ∂x′d,2/∂m′

f = Uc(cd)ϕ
′
f/[(1−θ)ux(x′d,2)+θ], ∂x′f,1/∂m̆′

f = Uc(cf )ϕ
′
f/[(1−

θ)ux(x
′
f,1) + θ], ∂x′f,2/∂m̆

′
f = Uc(cf )ϕ

′
f/[(1 − θ)ux(x

′
f,2) + θ], and ∂x′f,2/∂m̆

′
d = Uc(cf )ϕ

′
d/[(1 −

θ)ux(x
′
f,2) + θ] obtained from (10) and (12) yields the equilibrium growth rates and bond issuance

prices µd, µf , qd, and qf in (17)-(18).

B. Derivation: Comparative Statics

This section determines the comparative statics for αd ∈ (0, 1) and αf = 0 presented in Table 1.

Let us start with the comparative statics with respect to the growth rate of the domestic currency

supply, µd, taking as given the tax rate, τd. Given xj,1 = x′j,1 and xj,2 = x′j,2, and thus ϕj = ϕ′
j in

a steady state, the growth rates of the currency supply reduce to µj = β[1 + Ω(xj,1, xj,2)]− 1 with

Ω de�ned in (20). Implicit di�erentiation yields the inverse derivatives ∂xd,1/∂µd = [βΩxd,1
]−1 < 0
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and ∂xd,2/∂µd = [βΩxd,2
]−1 < 0. Using ϕd = nd

Φ(xd,1)

Uc(cd)
and ϕf = nf

Φ(xf,1)

Uc(cf )
+ nd

Φ(xd,2)−Φ(xd,1)

Uc(cd)
given

αd ∈ (0, 1) and αf = 0, and taking the derivative with respect to µd yields:

∂ϕd

∂µd

= nd
∂Φ(xd,1)

∂xd,1

∂xd,1
∂µd

U−1
c (cd) < 0, (B.1)

∂ϕf

∂µd

= nf
∂Φ(xf,1)

∂xf,1

∂xf,1
∂µd

U−1
c (cf ) + nd

[
∂Φ(xd,2)

∂xd,2

∂xd,2
∂µd

− ∂Φ(xd,1)

∂xd,1

∂xd,1
∂µd

]
U−1
c (cd) > 0, (B.2)

given ∂µd/∂xf,1 = 0 from µd = β[1 + Ω(xd,1, xd,2)] − 1, and consequentially ∂e/∂µd > 0 with

e = ϕf/ϕd. Furthermore, since ∂Ω(xd,1, xd,2)/∂µd > 0 and ∂Ω(xf,1)/∂µd < 0 given ∂ϕf/∂µd > 0,

it holds that ∂qd/∂µd < 0 and ∂qf/∂µd > 0. The e�ects of a change in the domestic tax rate, τd,

taking as given µd, are:

∂ϕd

∂τd
= −nd

Ucc(cd)Φ(xd,1)

U2
c (cd)

∂cd
∂τd

< 0,

∂ϕf

∂τd
= −nd

Ucc(cd)[Φ(xd,2)− Φ(xd,1)]

U2
c (cd)

∂cd
∂τd

< 0,

given ∂cd/∂τd < 0 in (15). Further, it holds that:

∂e

∂τd
=

Φ(xf,1)

Φ(xd,1)

Ucc(cd)

Uc(cf )

∂cd
∂τd

> 0.

Lastly, since ∂ϕd/∂τd < 0 and ∂ϕf/∂τd < 0, it holds that ∂qd/∂τd < 0 and ∂qf/∂τd < 0.

C. Proof: Proposition 1

The proof proceeds in two steps. In the �rst step, I prove the results (i) and (ii), followed by the

proof of (iii) and (iv) in the second step.

Proof of (i) and (ii): The proof of (i) and (ii), i.e., the proof that λ > 0 for all Γ ∈ [−1, B̄]

given (27) and (28), starts with an auxiliary lemma:

Lemma 2. λ = 0 if and only if {xd,1, cd, gd} = {x̂, ĉ, ĝ} in all periods.

Proof of Lemma 2: Suppose λ = 0. From equation (26), we get xd,1 = x̂, and thus, given

Φ(x̂)Ωxd,1
(x̂) < 0 and αd = 0, Ω(x̂)Φx(x̂)/θ = ux(x̂) − 1 = ξ = 0 is the only solution. Plugging

λ = 0 into (27) and (28) suggests cd = ĉ and gd = ĝ. From (25), we get λ′ = 0, and thus x′d,1 = x̂,

c′d = ĉ, and g′d = ĝ. Assuming now that {x̂, ĉ, ĝ} in all periods, then (26)-(28) all imply λ = λ′ = 0,

suggesting µd = β − 1, τd = 0, ϕd = ndΦ(x̂)/ad, qd = 1, and B̂ = −1− adĝ/(1− β)ndΦ(x̂).

Proof by contradiction. Suppose λ = 0 for some Bd ∈ Γ, then (26)-(28) imply xd,1 = x̂, cd = ĉ,

and gd = ĝ, yielding the B′
d(Bd) = adĝ/βndΦ(x̂)+ (1+Bd)/β− 1 > Bd. Given Lemma (2), λ′ = 0,

and thus {x̂, ĉ, ĝ} is also implemented in all future periods. To check whether said �rst-best steady

state is sustainable by continuously rolling over debt, what remains to be shown is whether agents
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are willing to hold domestic bonds in the �rst place. In the �rst-best steady state outlined above

the domestic government's value function (22) corresponds to:

Ẑd = (1− β)−1[ndu(x̂)− (1− nd)x̂+ U(ĉ) + ηdv(ĝ)− ad(ĉ+ ĝ)],

given αd = 0 for xd,1 = x̂. Using the CM budget constraint (3), assuming a consumer spends all

her money in the DM, and thus arrives with md = 0 in the CM, if a consumer leaves the CM with

m′
d = 1 and b′d = B̂ she works ĥ = ĉ + ĝ + ndΦ(x̂)

ad
, suggesting the following equilibrium payo� in

the CM:40

Ŵ c
d = U(ĉ) + ηdv(ĝ)− ad(ĉ+ ĝ)− ndΦ(x̂) + βẐd.

Assume now a consumer deviates from the above strategy and instead arrives in the DM with

m′
d = 1 and b′d = 0, and thus she sells all her bonds to save on work in the CM. In said situation,

in future periods, given (3), the consumer works hdev = ĉ− (1− β)ndΦ(x̂)
ad

. In the current period of

deviation, the consumer's labor input is hdev = ĉ+ (β −Bd)
ndΦ(x̂)

ad
, suggesting a CM payo� of:

Ŵ c
d,dev = U(ĉ) + ηdv(ĝ)− adĉ− (β −Bd)ndΦ(x̂) + βẐd,dev,

with the continuation value:

Ẑd,dev = (1− β)−1[ndu(x̂)− (1− nd)x̂+ U(ĉ) + ηdv(ĝ)− adĉ+ (1− β)ndΦ(x̂)],

given the future labor input, hdev = ĉ − (1 − β)ndΦ(x̂)
ad

. After some rearrangement, one can show

that if Bd > B̂ the deviation is pro�table, i.e., Ŵ c
d,dev > Ŵ c

d for Bd > B̂ ≡ −1−adĝ/(1−β)ndΦ(x̂).

Since B̂ < −1, this deviation is pro�table for all Bd ∈ Γ, contradicting the conjecture that λ = 0

for some Bd ∈ Γ. Hence, continuously rolling-over debt to maintain a �rst-best steady state is not

sustainable in the long run.

Proof of (iii) and (iv): The proof of (iii) and (iv) starts with two auxiliary lemmata.

Lemma 3. ξ = 0 for all Bj ∈ Γ.

Proof of Lemma 3: The proof follows from (i) and (ii). Given λ > 0, and thus λεxd,1
≡

−λndΦxd,1
(xd,1)[1+Bd] ≤ 0 in (26) forBd ∈ Γ, it needs to hold that ΩdΦxd,1

(xd,1)/θ+ξ[Φxd,1
(xd,1)Ωd+

Φ(xd,1)Ωd,xd,1
] ≥ 0. Suppose ΩdΦxd,1

(xd,1)/θ + ξ[Φxd,1
(xd,1)Ωd + Φ(xd,1)Ωd,xd,1

] = 0, and thus

Bd = −1 for (26) to hold with equality, the only solution is xd,1 = x̂ and ξ = 0. Suppose

now that ΩdΦxd,1
(xd,1)/θ + ξ[Φxd,1

(xd,1)Ωd + Φ(xd,1)Ωd,xd,1
] > 0, and thus Bd > −1, then given

xd,1 < x̂ from (i), the only solution is ξ = 0.

Lemma 4. ∂xd,1/∂Bd < 0 for all Γ ∈ [−1, B̄].

Proof of Lemma 4: Proof by contradiction. Suppose ∂xd,1/∂Bd ≥ 0 (and thus ∂xd,2/∂Bd ≥ 0)

40Note that for the proof the domestic agents' foreign bond holdings, bf , can be ignored without loss of generality.
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for some Γ ∈ [−1, B̄]. Then, given ξ = 0, totally di�erentiating (26) yields:[
Ωd,xd,1

∂xd,1

∂Bd
+ Ωd,xd,2

∂xd,2

∂Bd

]
Φxd,1

(xd,1)/θ + [Ωd/θ − λ[1 +Bd]]Φxd,1xd,1
(xd,1)

∂xd,1

∂Bd

= λΦxd,1
(xd,1) +

∂λ
∂Bd

Φxd,1
(xd,1)[1 +Bd],

where the left hand side is weakly negative given Ωd/θ − λ[1 + Bd] = 0 from (26) with ξ = 0.

Thus, given λ > 0, λΦxd,1
(xd,1) + ∂λ/∂BdΦxd,1

(xd,1)[1 + Bd] < 0 cannot be satis�ed for Bd = −1,

and suggests ∂λ/∂Bd < 0 for Bd > −1. Thus, given (28), ∂λ/∂Bd < 0 implies ∂gd/∂Bd > 0, and

consequentially ∂cd/∂Bd > 0. The latter, i.e., the fact that gd and cd move in the same direction,

dcd/dgd > 0, can be shown using the Implicit Function Theorem. Combining (27) and (28) gives

F (cd, gd) = ηdvg(gd)[Uc(cd) − ad] + [ηdvg(gd) − ad]Ucc(cd)cd = 0, where dcd/dgd = −Fg/Fc with

Fg = ηdvgg(gd)[Uc(cd)− ad + Ucc(cd)cd] > 0 (given λ > 0 suggesting Uc(cd)− ad + Ucc(cd)cd < 0 in

(27)) and Fc = ηdvg(gd)Ucc(cd) + (ηdvg(gd) − ad)[Uccc(cd)cd + Ucc(cd)], which can be rewritten to

Fc = ηdvg(gd)[Ucc(cd)cd − [Uc(cd) − ad][1 + Uccc(cd)cd/Ucc(cd)]]/cd < 0. In words, if ∂xd,1/∂Bd ≥ 0

was true, then the government could increase welfare by increasing public debt, ∂xd,1/∂Bd ≥ 0,

∂gd/∂Bd > 0, and ∂cd/∂Bd > 0. A contradiction with the envelope condition Zd,Bd
= λεBd

< 0.

Proof by contradiction. Suppose future debt B′
d(Bd, Bf ) = −1 for some Bd ∈ Γ, then (25)

reduces to:

(λ− λ′)Φ(x′d,1) + λ

[[
Φx′

d,1
(x′d,1)Ω

′
d + Φ(x′d,1)Ω

′
d,x′

d,1

]∂X ′
d,1

∂B′
d

+ Φ(x′d,1)Ω
′
d,x′

d,2

∂X ′
d,2

∂B′
d

]
= 0,

where the second term on the left-hand side is positive for Φx′
d,1
(x′d,1)Ω

′
d + Φ(x′d,1)Ω

′
d,x′

d,1
< 0, and

thus, given Φ(x′d,1) > 0, suggesting λ−λ′ < 0, which holds regardless of x′d,1 = x̂ or x′d,1 < x̂, ruling

out Bd = −1. Thus, B′
d(−1) > −1. Suppose now Bd > −1. Then, evaluating the government

budget constraint (21) today and tomorrow yields:

[Uc(cd)− ad]cd − adgd − ndΦ(xd,1)[1 +Bd] = 0

[Uc(c
′
d)− ad]c

′
d − adg

′
d + βndΦ(x

′′
d,1)[1 + Ω(x′′d,1, x

′′
d,2) +B′′

d ] = 0,

where B′′
d ≡ B′′

d(−1), x′′d,1 = X ′′
d,1(B

′′
d , B

′′
f ) and x

′′
d,2 = X ′′

d,2(B
′′
d , B

′′
f ). Considering the �rst equation,

given Bd > −1 and ndΦ(xd,1) > 0, we know that [Uc(cd) − ad]cd − adgd > 0. Furthermore, given

B′′
d > −1, Φ(xd,1) > 0, and Ω(xd,1, xd,2) > 0, it holds that [Uc(c

′
d)− ad]c

′
d − adg

′
d < 0 in the second

equation. Since cd and gd move in the same direction, i.e., dcd/dgd > 0, [Uc(cd)− ad]cd − adgd > 0

and [Uc(c
′
d) − ad]c

′
d − adg

′
d < 0 imply that c < c′ and g < g′. Given (28), this implies λ − λ′ > 0

which contradicts λ−λ′ < 0 above. Thus, B′
d(Bd) > −1 for all Bd ∈ Γ. qd < 1 follows immediately

since Bd > −1 implies xd,1 < x̂.
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D. Proof: Proposition 2

The proof proceeds in two steps. In part (i) I determine B′
d(B

N) = BN and B′
d(Bd) → BN for

vg → ψ with ηdψ > ad, followed by a characterization of the Ramsey problem in part (ii).

Part (i): Starting with B′
d(B

N) = BN , the uniqueness of BN follows from the uniqueness

of the solution to the steady-state system of equations, (29)-(32), evaluated at BN . For a given

{xN , cN}, (29) yields a unique solution for BN , while (32) yields a unique solution for gN . To verify

whether (30) and (31) yield unique solutions for xN and cN for any given {BN , gN}, we need to

show that (30) is strictly decreasing in xN and (31) is strictly decreasing in cN . Rearranging (30)

to ad[ux(x
N)− 1]/Φx(x

N)− [ηdvg(g
N)− ad][1 +BN ] = 0 and taking the derivative with respect to

xN yields aduxx(x
N)/[(1− θ)ux(x

N) + θ]2 < 0. Further, taking the derivative of (31) with respect

to cN yields [ηdvg(g
N)− ad][Ucc(c

N) +Uccc(c
N)cN ] + ηdvg(g

N)Ucc(c
N) < 0 (as shown in part (iv) of

Appendix C). Thus BN is unique.

Let us now determine B′
d(Bd) → BN for vg → ψ with ηdψ > ad. Consider (25) with λ = λ′

and λ = ηdvg/ad − 1, yielding [ηdvg − ad]εx′
d,1
∂X ′

d,1/∂B
′
d = 0. From Proposition 1 we know that

∂X ′
d,1/∂B

′
d < 0 and gd < ĝ for Bd ≥ −1, thus implying εx′

d,1
= 0. If vg → ψ with ηdψ > ad,

the aforementioned expression becomes a function of B′
d and X ′

d,1(B
′
d) exclusively, i.e., [ηdψ −

ad]εx′
d,1
∂X ′

d,1/∂B
′
d = 0, and thus the solution B′

d is the same for all Bd ∈ Γ, i.e., B′
d(Bd) is a

constant. Given the uniqueness of BN , i.e., B′
d(B

N) = BN , it holds that B′
d(Bd) = BN for all

Bd ∈ Γ. What remains to be veri�ed is whether ∂Xd,1/∂Bd < 0 holds in said limiting case. To

do so, use (26), rearranged to [ux(xd,1)− 1]/Φx(xd,1) = [ηdψ − ad][1 +Bd]/ad. Di�erentiating with

respect to Bd yields:
uxx(xd,1)

[(1− θ)ux(xd,1) + θ]2
∂xd,1
∂Bd

=
ηdψ − ad

ad
> 0,

and thus ∂xd,1/∂Bd < 0 given uxx(xd,1)/[(1− θ)ux(xd,1) + θ]2 < 0.

Part (ii): To formulate the problem of a government with commitment, we set up a standard

Ramsey problem. Following Chari et al. (1991), we reduce the government budget constraints into

a single implementability constraint. Using the domestic government budget constraint in (1) with

the aggregate resource constraint h = c + g, multiplying by βt for every period, and summing up

over all periods, t = 0, ...,∞, gives:

∞∑
t=0

βt
[
τtct − (1− τt)gt + ϕt

[
(1 + µt)(1 + qtBt+1)− (1 +Bt)

]]
= 0. (D.1)

For brevity, since the analysis focuses on the domestic government, the subscript d is omitted. Using

τt = 1 − a/Uc,t in (15) and the transversality condition limT→∞ βTϕT (1 + µT )(1 + qTBT+1) = 0,
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equation (D.1) simpli�es to:∑∞
t=0 β

t
[
(Uc,t − a)ct − agt

]
− Uc,0ϕ0(1 +B0)+∑∞

t=1 β
t−1

[
Uc,t−1ϕt−1(1 + µt−1)(1 + qt−1Bt)− βUc,tϕt(1 +Bt)

]
= 0,

which can be rearranged to:∑∞
t=0 β

t
[
(Uc,t − a)ct − agt

]
− Uc,0ϕ0(1 +B0)+∑∞

t=1 β
t−1

[
Uc,t−1ϕt−1(1 + µt−1)− βUc,tϕt +

[
Uc,t−1ϕt−1(1 + µt−1)qt−1 − βUc,tϕt

]
Bt

]
= 0.

(D.2)

Using the equilibrium conditions (16), (17), and (18), the term (D.2) reduces to:

∞∑
t=0

βt
[
(Uc,t − a)ct − agt + nΦ(xt)Ω(xt)

]
− nΦ(x0)Ω(x0)− nΦ(x0)(1 +B0) = 0, (D.3)

which characterizes our implementability condition. Hence, given B0 > −1, the problem of a

government with commitment is to solve:

max
xt,ct,gt

∞∑
t=0

βt
[
nu(xt)− (1− n)xt + U(ct) + ηv(gt)− a(ct + gt)

]
,

subject to (D.3). Using the Lagrange multiplier λ, the �rst-order conditions are:

ux0 − 1− λ(1 +B0)Φx0 = 0 for t = 0, (D.4)

uxt − 1 + λ[ΦxtΩt + ΦtΩxt ] = 0 for all t ≥ 1, (D.5)

Uct − a+ λ[Uctctct + Uct − a] = 0 for all t ≥ 0, (D.6)

ηvgt − a− λa = 0 for all t ≥ 0. (D.7)

From the �rst-order condition (D.6) and (D.7) one can see that ct and gt are constant for all t ≥ 0,

while the �rst-order condition (D.5) shows that xt is constant for all t ≥ 1, but may be di�erent

in t = 0. Given that, one can rewrite the implementability condition as:

(Uc − a)c− ag + βnΦ(x1)Ω(x1)− (1− β)nΦ(x0)(1 +B0) = 0. (D.8)

Plugging the above equation (D.8) into the updated government budget constraint (21) yields:

Bt =
Φ(x0)(1 +B0)

Φ(x1)
− 1,

for all t ≥ 1, suggesting that debt remains constant after the initial period. Solving (D.7) after

λ and plugging into (D.4)-(D.6) and (21) gives the updated equilibrium conditions solving the
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allocation {x0, x1, c, g}:

a(ux0 − 1)− (ηvg − a)(1 +B0)Φx0 = 0,

a(ux1 − 1) + (ηvg − a)[Φx1Ω1 + Φ1Ωx1 ] = 0,

(ηvg − a)Uccc+ ηvg(Uc − a) = 0,

(Uc − a)c− ag + βnΦ(x1)Ω(x1)− (1− β)nΦ(x0)(1 +B0) = 0.

Suppose the initial debt level is equivalent to the steady-state debt level, i.e., B0 = BN in (29).

Then the above FOCs are equivalent to the FOCs in the equilibrium steady state without com-

mitment, (30)-(32). Thus, given B0 = BN in (29), the solution to the Ramsey problem of a

government with commitment is equivalent to the equilibrium steady state without commitment,

i.e., {Bt, xt, ct, gt} = {BN , xN , cN , gN} solving (29)-(32) in Proposition 2, for all t ≥ 0.

E. Proof: Proposition 3

The proof proceeds in three steps. Part (i) shows that for a given foreign steady-state ΥF , the

domestic steady-state allocations, ΥD ≡ {BD, xD1 , x
D
2 , c

D, gD}, solve (33)-(36), where for all Bd ∈ Γ

and αd ∈ [0, 1) it holds that (a) B′
d(B

D, BF ) = BD and (b) B′
d(Bd, B

F ) → BD for vg(gd) → ψ

with ηdψ > ad. Part (ii) con�rms (37). Lastly, part (iii) shows that at BD, the equilibrium steady

state, ΥD, is robust to commitment frictions.

Part (i): The proof proceeds in two steps, (a) and (b). Assume αd ∈ [0, 1). Starting with (a),

i.e., B′
d(B

D, BF ) = BD, the uniqueness of BD follows from the uniqueness of the solution to the

steady-state system of equations, (33)-(36), evaluated at BD. For a given ΥF , and thus a given

{xD1 , xD2 (xD1 ), cD}, where the correspondence xD2 (xD1 ) is uniquely pinned down in (10), (33) yields a

unique solution for BD and (36) yields a unique solution for gD. Vice versa, for a given ΥF and a

given {BD, gD}, we need to show that (34) is strictly decreasing in xD1 and (35) is strictly decreasing

in cD. Taking the derivative of (34) with respect to xD1 yields adΩd,xD
1
/θ < 0. Further, taking the

derivative of (35) with respect to cD yields [ηdvg(g
D)−ad][Ucc(c

D)+Uccc(c
D)cD]+ηdvg(g

D)Ucc(c
D) <

0 (as proven in part (iv) of Appendix C). Thus BD is unique.

Moving on to (b), to show that B′
d(Bd, B

F ) → BD, i.e., Bd converges to BD in the long

run for vg(gd) → ψ with ηdψ > ad, consider (25) with λ = λ′ and λ = ηdvg/ad − 1, yielding

[ηdvg−ad][εx′
d,1
+εx′

d,2
Φx(x

′
d,1)/Φx(x

′
d,2)]∂X ′

d,1/∂B
′
d = 0. Given ∂X ′

d,1/∂B
′
d < 0 and gd < ĝ forBd ∈ Γ,

it holds that εx′
d,1
+εx′

d,2
Φx(x

′
d,1)/Φx(x

′
d,2) = 0, where for a given ΥF , εx′

d,1
+εx′

d,2
Φx(x

′
d,1)/Φx(x

′
d,2) =

0 is a function of B′
d, X ′

d,1(B
′
d, B

F ), and X ′
d,2(B

′
d, B

F ) (with X ′
d,2(X ′

d,1) uniquely pinned down for

a given ΥF ), and thus so is [ηdvg − ad][εx′
d,1

+ εx′
d,2
Φx(x

′
d,1)/Φx(x

′
d,2)]∂X ′

d,1/∂B
′
d = 0 if vg(gd) → ψ

with ηdψ > ad. In other words, for a given ΥF , B′
d is the same for all Bd ∈ Γ, i.e., B′

d(Bd, B
F ) is

a constant. Given the uniqueness of BD, i.e., B′
d(B

D, BF ) = BD, it holds that B′
d(Bd, B

F ) = BD

for all Bd ∈ Γ. Lastly, to verify that ∂Xd,1/∂Bd < 0 holds in said limiting case, combine (26),
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λ = ηdvg/ad − 1, and ξ = 0 to Ωd/θ = [ηdψ − ad][1 + Bd]/ad and di�erentiate with respect to Bd

to get: [
Ωd,xd,1

∂Xd,1

∂Bd

+ Ωd,xd,2

∂Xd,2

∂Bd

]
/θ =

ηdψ − ad
ad

> 0,

and thus ∂Xd,1/∂Bd < 0 given Ωd,xd,1
< 0 and Ωd,xd,2

≤ 0.

Part (ii): As shown in (i), for a given ΥF and the correspondence xd,2(xd,1) in (10), the

steady-state system of equations (33)-(36) solvesΥD = {BD, xD1 , x
D
2 , c

D, gD}, and thus the mapping

gD → xD1 . Given (14) and incorporating the solutions to the consumer's portfolio choice in (5),

for a given foreign in�ation rate µf , an increase in domestic in�ation µd (driven by an increase

in public expenditures gd) increases a domestic producers' bene�ts of accepting foreign currency

Πd, i.e., ∂Πd/∂µd|µf
> 0. Thus, for a given foreign steady-state ΥF , there exist the threshold

domestic public expenditures gD = {g, ḡ}, and hence ηd = {η, η̄}, satisfying Πd = k and Πd = k̄,

respectively, characterizing αd in (37).

Part (iii): To verify robustness to commitment frictions at BD, plug (16), (17), and (18) into

(D.2) to get the implementability condition:

∞∑
t=0

βt
[
(Uc,t−a)ct−agt+nΦ(x1,t)Ω(x1,t, x2,t)

]
−nΦ(x1,0)Ω(x1,0, x2,0)−nΦ(x1,0)(1+B0) = 0. (E.1)

Solving the government's objective function:

max
x1,t,ct,gt

∑∞
t=0 β

t
[
αt[nu(x2,t)− (1− n)x2,t] + (1− αt)[nu(x1,t)− (1− n)x1,t]

+U(ct) + ηv(gt)− a(ct + gt)− αt(1− n)E(kt | kt ≤ Πt)
]
,

subject to (E.1) with the Lagrange multiplier λ yields the �rst-order conditions:

Ω(x1,0, x2,0)/θ − λ(1 +B0) = 0 for t = 0, (E.2)

Ω(x1,t, x2,t)Φx1,t(x1,t)/θ + λ[Φx1,tΩt + ΦtΩx1,t ] = 0 for all t ≥ 1, (E.3)

Uct − a+ λ[Uctctct + Uct − a] = 0 for all t ≥ 0, (E.4)

ηvgt − a− λa = 0 for all t ≥ 0. (E.5)

From the �rst-order condition (E.4) and (E.5) one can see that ct and gt are constant for all t ≥ 0,

while the �rst-order condition (E.3) shows that x1,t and x2,t are constant for all t ≥ 1, but may be

di�erent in t = 0. Given that, one can rewrite the implementability condition as:

(Uc − a)c− ag + βnΦ(x1,t)Ω(x1,t, x2,t)− (1− β)nΦ(x1,0)(1 +B0) = 0.
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Plugging the above equation into the updated government budget constraint (21) yields:

Bt =
Φ(x1,0)(1 +B0)

Φ(x1,1)
− 1,

for all t ≥ 1, suggesting that debt remains constant after the initial period. Solving (E.5) after λ

and plugging into (E.2)-(E.4) and (21) gives the updated equilibrium conditions:

aΩ(x1,0, x2,0)/θ − [ηvg − a](1 +B0) = 0,

aΩ(x1,1, x2,1)Φx1,1(x1,1)/θ + [ηvg − a][Φx1,1Ω1 + Φ1Ωx1,1 ] = 0,

[ηvg − a]Uccc+ ηvg[Uc − a] = 0,

(Uc − a)c− ag + βnΦ(x1,1)Ω(x1,1, x2,1)− (1− β)nΦ(x1,0)(1 +B0) = 0.

Suppose the initial debt level is equivalent to the steady-state debt level, i.e., B0 = BD in (33).

Then the above FOCs are equivalent to the FOCs in the equilibrium steady state without com-

mitment, (34)-(36).

F. Derivation: Foreign Government Budget Constraint

Plugging τf , ϕf , µf , and qf in (15)-(18), into (1) and rearranging yields:

εf (·) ≡ [Uc(cf )− af ]cf − afgf −
[
nfΦ(xf,1) + nd

Uc(cf )

Uc(cd)
[Φ(xd,2)− Φ(xd,1)]

]
[1 +Bf ]

+ β
[
nfΦ(x

′
f,1) + nd

Uc(cf )

Uc(cd)
[Φ(x′d,2)− Φ(x′d,1)]

]
[1 + Ω(x′f,1) +B′

f ] = 0,

in (38) with the partial derivatives:

εf,Bf
= −nfΦ(xf,1)− nd

Uc(cf )

Uc(cd)
[Φ(xd,2)− Φ(xd,1)],

εf,B′
f

= βnfΦ(x
′
f,1) + βnd

Uc(cf )

Uc(cd)
[Φ(x′d,2)− Φ(x′d,1)],

εf,cf = Uc(cf )− af + Ucc(cf )cf

− nd
Ucc(cf )

Uc(cd)

[
[Φ(xd,2)− Φ(xd,1)][1 +Bf ]− β[Φ(x′d,2)− Φ(x′d,1)][1 + Ω(x′f,1) +B′

f ]
]
,

εf,cd = nd
Ucc(cd)Uc(cf )

U2
c (cd)

[
[Φ(xd,2)− Φ(xd,1)][1 +Bf ]− β[Φ(x′d,2)− Φ(x′d,1)][1 + Ω(x′f,1) +B′

f ]
]
,

εf,gf = −af ,
εf,xf,1

= −nfΦx(xf,1)[1 +Bf ],

εf,x′
f,1

= βnfΦx(x
′
f,1)[1 + Ω(x′f,1) +B′

f ] + β
[
nfΦ(x

′
f,1) + nd

Uc(cf )

Uc(cd)
[Φ(x′d,2)− Φ(x′d,1)]

]
Ωx(x

′
f,1),

εf,xd,1
= nd

Uc(cf )

Uc(cd)
Φx(xd,1)[1 +Bf ],

εf,xd,2
= −nd

Uc(cf )

Uc(cd)
Φx(xd,2)[1 +Bf ],

εf,x′
d,1

= −βnd
Uc(cf )

Uc(cd)
Φx(x

′
d,1)[1 + Ω(x′f,1) +B′

f ],

εf,x′
d,2

= βnd
Uc(cf )

Uc(cd)
Φx(x

′
d,2)[1 + Ω(x′f,1) +B′

f ].

xv


	Introduction
	Related Literature

	The Economy
	Environment
	Value Functions
	Bargaining Game
	Foreign Currency Acceptance Decision
	Monetary Equilibrium

	Government Policy
	Government Budget Constraint
	The Problem of the Government
	Determination of Government Policy

	Steady States
	Benchmark Steady State: Prohibited Dollarization
	Equilibrium Steady State
	De Jure Dollarization

	Historical Evidence
	Conclusion
	References
	Appendix: Derivations and Proofs

