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Abstract

We develop an econometric methodology to infer the path of risk premia from large unbalanced
panel of individual stock returns. We estimate the time-varying risk premia implied by conditional lin-
ear asset pricing models through simple two-pass cross-sectional regressions, and show consistency and
asymptotic normality under increasing cross-sectional and time series dimensions. We address consis-
tent estimation of the asymptotic variance, and testing for asset pricing restrictions. Our approach also
delivers inference for a time-varying cost of equity. The empirical illustration on over 12,500 US stock
returns from January 1960 to December 2009 shows that conditional risk premia and cost of equities
are large and volatile in crisis periods. They exhibit large positive and negative strays from standard
unconditional estimates and follow the macroeconomic cycles. The asset pricing restrictions are rejected
for the usual unconditional four-factor model capturing market, size, value and momentum effects but

not for its conditional version using scaled factors.
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1 Introduction

Risk premia measure financial compensation asked by investors for bearing risk. Risk is influenced by
financial and macroeconomic variables. Conditional linear factor models aim at capturing their time-varying
influence in a simple setting (see e.g. Shanken (1990), Cochrane (1996), Ferson and Schadt (1996), Ferson
and Harvey (1991, 1999), Lettau and Ludvigson (2001), Petkova and Zhang (2005)). Time variation in risk
is known to bias unconditional estimates of alphas and betas, and therefore asset pricing test conclusions
(Jagannathan and Wang (1996), Lewellen and Nagel (2006), Boguth, Carlson, Fisher and Simutin (2010)).
Ghysels (1998) discusses the pros and cons of modeling time-varying betas.

The workhorse to estimate equity risk premia in a linear multi-factor setting is the two-pass cross-
sectional regression method developed by Black, Jensen and Scholes (1972) and Fama and MacBeth (1973).
Its large and finite sample properties for unconditional linear factor models have been addressed in a series
of papers, see e.g. Shanken (1985, 1992), Jagannathan and Wang (1998), Shanken and Zhou (2007), Kan,
Robotti and Shanken (2009) and the review paper of Jagannathan, Skoulakis and Wang (2009). Statistical
inference for equity risk premia in conditional linear factor model has not yet been formally addressed in
the literature despite its empirical relevance.

In this paper our goal is to study how we can infer the time-varying behaviour of equity risk premia
from large stock return databases by using conditional linear factor models. Our approach is inspired by the
recent trend in macro-econometrics and forecasting methods trying to extract cross-sectional and time-series
information simultaneously from large panels (see e.g. Stock and Watson (2002a,b), Bai (2003, 2009), Bai
and Ng (2002, 2006), Forni, Hallin, Lippi and Reichlin (2000, 2004, 2005), Pesaran (2006)). Ludvigson
and Ng (2010) show that it is a promising route to follow to study bond risk premia. It is also inspired by
the potential loss of information and bias induced by grouping stocks to build portfolios in asset pricing
tests (Litzenberger and Ramaswamy (1979), Lo and MacKinlay (1990), Berk (2000), Conrad, Cooper and
Kaul (2003), Phalippou (2007)). Avramov and Chordia (2006) have already shown that empirical findings
given by conditional factor models about anomalies differ a lot when considering single securities instead
of portfolios. Ang, Liu and Schwarz (2008) argue that a lot of efficiency may be lost when only considering
portfolios as base assets, instead of individual stocks, to estimate equity risk premia in unconditional models.

In our approach the large cross-section of stock returns also helps to get accurate estimation of the equity



risk premia even if we get noisy time-series estimates of the factor loadings (the betas). Besides, when
running asset-pricing tests, Lewellen, Nagel and Shanken (2010) advocate working with a large number of
assets instead of working with a small number of portfolios exhibiting a tight factor structure. The former
gives us a higher hurdle to meet in judging model explanation based on cross-sectional R?.

Our theoretical contributions are twofold. First we provide a new two-pass cross-sectional estimator of
the path over time of the risk premia from large unbalanced panels of excess returns. We derive the large
sample properties of such an estimator in conditional linear factor models. The factor modeling permits
conditional heteroskedasticity and cross-sectional dependence in the error terms (see Petersen (2008) for
stressing the importance of residual dependence when computing standard errors in finance panel data).
We derive consistency and asymptotic normality of our estimates by letting the time dimension 7" and the
cross-section dimension n grow to infinity simultaneously, and not sequentially. We derive all properties for
unbalanced panels to avoid the survivorship bias inherent to studies restricted to balanced subsets of avail-
able stock return databases (Brown, Goetzmann, Ross (1995)). The two-pass regression approach is simple
and particularly easy to implement in an unbalanced setting. This explains our choice over more efficient, but
numerically intractable, one-pass ML/GMM estimators or generalized least-squares estimators. When n is
of the order of a couple of thousands assets, numerical optimization on a large parameter set or numerical in-
version of a large weighting matrix is too challenging and unstable to benefit in practice from the theoretical
efficiency gains. A sensible solution to this problem is to impose some strong ad hoc structural restrictions
as for example in estimation of multivariate GARCH models. Second we provide a goodness-of-fit test for
the conditional factor model underlying the estimation. The test exploits the asymptotic distribution of the
sum of squared residuals of the second-pass cross-sectional regression (see Lewellen, Nagel and Shanken
(2009), Kan, Robotti and Shanken (2009) for a related approach in unconditional models and asymptotics
with fixed n). As a by-product, our approach permits inference for the cost of equity on individual stocks, in
a time-varying setting (Fama and French (1997)). As known from standard textbooks in corporate finance,
the cost of equity is such that cost of equity = risk free rate + factor loadings x factor risk premia. It is part
of the cost of capital and is a central piece for evaluating investment projects by company managers.

For our empirical contributions we take the entire Center for Research in Security Prices (CRSP) dataset

for over 12,500 stocks with monthly returns from January 1960 to December 2009. We look at factor models



popular in the empirical finance literature to explain monthly equity returns. They differ by the choice of
the factors. The first model is the CAPM (Sharpe (1964), Lintner (1965)) using market return as the single
factor. Then, we consider the three-factor model of Fama and French (1993) based on two additional factors
capturing the book-to-market and size effects, and a four-factor extension including a momentum factor
(Jegadeesh and Titman (1993), Carhart (1997)). We study both unconditional and conditional factor models
(Ferson and Schadt (1996), and Ferson and Harvey (1999)). The estimated path shows that the risk premia
are large and volatile in crisis periods, e.g., the oil crisis in 1973-1974, the market crash in October 1987, and
the crisis of the recent years. Furthermore, the conditional estimates exhibit large positive and negative strays
from standard unconditional estimates and follow the macroeconomic cycles. The asset pricing restrictions
are rejected for the usual unconditional four-factor model capturing market, size, value and momentum
effects but not for its conditional version using scaled factors.

The outline of the paper is as follows. In Section 2 we present our approach in an unconditional linear
factor setting. In Section 3 we provide the results for a conditional linear factor model. Section 4 contains

the empirical results. Section 5 contains the simulation results. Finally, Section 6 concludes.

2 Unconditional factor model

In this section we consider an unconditional linear factor model in order to illustrate the main contributions
of the article in a simple setting. This covers the CAPM where the single factor is the excess market return.
2.1 Model definition and asset pricing restriction

Let R; ; denote the excess return of asset ¢ at date ¢, where 7 = 1,...,n,and ¢t = 1,...,T. We assume that

asset excess returns satisfy the unconditional linear factor model:
Rit=a;+ b ft + iy, (D

where vector f; gathers the values of the K observable factors at date ¢, while the parameters a; and b; are
the intercept and the factor sensitivities of asset 7. Let 2y = (1, f/ ) and ; = (ai, bg)', which yields the
compact formulation:

R;; = 51{%& + €igt- 2)

4



Assumption A.1 below allows for a martingale difference sequence for the error terms (White (2001))
including potential conditional heteroskedasticity as well as weak cross-sectional dependence (Bai and Ng

(2002)).

Assumption A.1 There exists a positive constant M such that for all n, T':
a) E [gitleiz—1,i=1,...,n,2¢] =0, withe;y_1 = {e;4-1,€i4—2, - } and &y = {@y, 241, - };
b)E[e}|z] <M, i=1,...n; ¢ % > |E [eisgjalze]| <M, t=1,..,T.
.3
More general error structures are possible but complicate consistent estimation of the asymptotic variances
of the estimators (see Section 2.3).
We follow the literature on random coefficients panel models (e.g. Wooldridge (2002)). We assume that

(ai, bg)' ,fori =1, ...,n, are drawn randomly according to some probability distribution.

Assumption A.2 For all n,T, parameters [;,i = 1,...,n, are iid. draws, independent of

{foeip:i=1,...,n,t=1,.., T}, with some distribution G on the compact support B C REAL,

Assumption A.2 is compatible with i.i.d. draws (a;, b}, wg)/, where (a;, bg)' and some asset characteristics
wj, such as industry sector, are dependent. Then the distribution G is the marginal distribution of (a;, b’i)' .
Below we make use of the moments y, = E¢ [b;], ul(f) = E¢ [bb)] and X}, = ,ul()Z) — pppy, Where Eg [-]
denotes expectation under distribution G.

The asset pricing restriction underlying the factor model (1) can be written either as
E[Rig|8; = 8] = VA, 3)

where A is the vector of the risk premia, or

a="bv, 4

where v = A — E [f;], for almost all § = (a, )" € B (Ross (1976), Chamberlain and Rothschild (1983),
Connor (1984)). In the CAPM, we have K = 1 and v = 0. Equation (4) shows explicitly that the asset
pricing restriction is a constraint on distribution G, namely its support is a plane through the origin. We use
later the randomness of the coefficients to get well-defined probability limits of the second pass estimators

for large n and 7" whether (4) holds or not.



2.2 Asymptotic properties of risk premium estimation

In available databases asset returns are not observed for all firms at all dates. We account for the unbalanced
nature of the panel through the indicator 1;; that is equal to 1 if the return of asset i is observed at date
t, and 0 otherwise (Connor and Korajczyk (1987)). To ease exposition and to keep the factor structure
linear, we treat the indicator sequences (1;;) as deterministic. This is equivalent to assume a missing-at-
random design (Rubin (1976), Heckman (1979)), that is, independence between unobservability and the
factor structure. Another design would require an explicit firm-by-firm modeling of the unobservability
mechanism and would yield a nonlinear factor structure.

We consider a two-pass approach (Fama and MacBeth (1973), Black, Jensen and Scholes (1972)) build-

ing on Equations (1) and (4). The first pass consists in computing time-series OLS estimators

-1

3 - / . . . .

B = E 1; 4717y E 1,124 R; ¢, for i« = 1,...,n. The second pass consists in computing the
t t

-1
cross-sectional OLS estimator v = <Z 5@) (Z Bié%) . The estimator of the risk premia is
i i
N 1
A=0D+ — )
v+ T zt: ft

—-1
Starting from the asset pricing restriction (3) another estimator of A is \ = <Z lA)i 3;) (Z Bl- Ri> s
; i

1

_ 1 ~
where R; = T g 1,;R;; and T; = g 1;;. This estimator is numerically equivalent to A in the bal-
i t

-1
anced case, while, in the general unbalanced case, it is equal to A=0+ <Z lﬂ%) Z EZB; ﬁ, where
j i

7

. 1
fi = T E 1, f:. This second estimator is often studied by the literature (see, e.g., Shanken (1992), Kan-
i
t

del and Stambaugh (1995), Jagannathan and Wang (1998)). Estimating F [f;] with a simple average of the
observed factor instead of a weighted average based on estimated betas simplifies the form of the asymptotic
distribution in the unbalanced case (see below and Section 2.3). This explains our preference for X over A
even if both estimators are consistent.

Proposition 1 summarizes consistency of estimators Bi, 7 and A under the double asymptotics
n,T — oo. For sequences x,, and y,, we denote z,, < y,, when x,,/y, is bounded and bounded away

from zero from below as n — oo.



1
Proposition 1 Under Assumptions A.1, C.1-C.2 and T Z (fe = E[fi]) =0p (1), we get
¢

4

=0, (1), B r-vl=0,(1), A=A =0,

whenn,T — oo such that n < T for v > 0, and T; > CT for all i with C > 0.

The conditions in Proposition 1 allow for n large w.r.t. T" (short panel asymptotics) when v > 1. The
condition on 7; in Proposition 1 ensures the uniform consistency of Bl across assets. Shanken (1992) shows
consistency of  and ) for a fixed n and T' — co. This consistency does not imply Proposition 1. Shanken
(1992) (see also Litzenberger and Ramaswamy (1979)) further shows that we can estimate v consistently in
the second pass with a modified cross-sectional estimator for a fixed 7" and n — oo. Since A = v + E [fi],
consistent estimation of the risk premia themselves is impossible for a fixed 7.

Proposition 2 below gives the large-sample distributions under the double asymptotics

n, T — oo. Let us define the limiting sums contributing to the asymptotic variances:

1 9 .1 ,

S = HILH;O ﬁ Z 75 S, Sy = nl;n;o -~ Z 7;7Sij, and Q= jlggo T Zt: E [wta:t], where
7‘7

Sij = plim — ZU’J 1242y, 0ij = E |45 ¢|2e], and 7, = \/T/T;,i = 1, ...,n. The following assump-

T—)oo
tion describes the CLTs underlying the proof of the distributional properties. These CLTs hold under weak

serial and cross-sectional dependencies such as temporal mixing and block dependence.

Assumption A.3 As n,T — oo such that n < T7 for v € I'y C R" and T; > CT for all i with C > 0,
. 1 1
a) for all i, Y;p = \/—Tz zt: 1i4xeip = N(0,84); b) —\/ﬁ zi:n (Yir ®b;)) = N (0,5), where

1 . 1
Sy = 510 Dy + 52 ® ot ) = ; (fr = B[fi]) = N (0,55) , where Xy = lim - tZC (fi, fs)-

Proposition 2 Under Assumptions A.1-A.3, and C.1-C.8, we have: a) \/ﬁ (BZ — 5@') =N (O, Q;lSﬁQ;l) ,
for any i, conditionally on B;; b) V'nT <ﬁ —v— ;B,,) = N (0,%,),where B, = </‘I()2)) o EYQ.181Q5 ¢y,
and ¥, = (u((f))_l [c,Qz151Q7  ev S + ¢, Q1 S2Q o iy ( (2 )) , with Eo = (0: Idg) and

c, = (1,=);e) VT (5\ - A) = N (0,%y), when n,T — oo such that n < T7 for v € T1 C R" asin
Assumption A.3, and T; > C'T for all i and C > 0.



Proposition 2 shows that the estimator © has a faster convergence rate than the estimator A. The es-

timator © involves g b;a;. Both a; and b; contain an estimation error. The cross-sectional sum of the

(2
products of these estimation errors explains the bias term B,, /T which centers the asymptotic distribution.

Since CLQ; le, =1+ )\’2;1)\, the asymptotic covariance of o in the homoskedastic case o;;; = 0y, is

_ 2 .1 .1 29\ 1
% = (121 (147) (JL%MZ”Z“”) Syt | Jim 53 o f | ()
(A 2,]

The asymptotic distribution of A is only driven by the variability of the factor since the convergence rate

-1

1 . . : .
of the sample average T Z f+ dominates the convergence rate of ©. This result is an oracle property for
¢
A, namely that its asymptotic distribution is the same irrespective of the knowledge of v. This property is

in sharp difference with the single asymptotics with a fixed n and T — oo. In the balanced case and with

homoskedastic errors, Theorem 1 of Shanken (1992) shows that the rate of convergence of \is VT and

n

—~1 1 -1
that its asymptotic variance is Xy, = Xy + (1 + )\'2]71/\> (,ul(fgl) " Z bib o4 (,u,()z)> , with
4,J

1
ul()zz = - g b;bl;, for fixed n and T — oc. A direct extension to our heteroskedastic and unbalanced setting
’ n -
(2

yields £, = ¢ + X, ., where X,,,, = (u,(fi)_l % ZTiijibg (c,Q5'5:;Q5 " cy) (ul(fz)_l. Let-
ting n — oo gives X ¢ under weak cross-sectional depengénce. Thus, exploiting the full cross-section of
assets improves efficiency asymptotically, and the positive definite matrix > , — Xy corresponds to the
efficiency gain.

To conclude this section let us recall the definition of the cost of equity C'Ej; for firm ¢: thatis CE;; =
¢+ + DX, where s, denotes the risk-free rate. Then we can deduce from Proposition 2 and the asymptotic

independence of estimators A and b; that
VT (CE: — CE;) = N (0, 72N BYQ; S Eah + HSyby)

where C/'Eiyt =r+ 3;5\ This extends the standard error results for CE estimates of Fama and French

(1997) to large unbalanced panels.



2.3 Confidence intervals

We can use Proposition 2 to build confidence intervals by means of consistent estimation of the asymptotic
variances and B,,. We can check with these intervals whether the risk of a given factor f;, ; is not remuner-
ated, i.e., A\, = 0, or the restriction v = 0 holds when the factor is a portfolio excess return. We estimate

oA 1 oA 1 R . 5 .
Q. with Q, = T Z :ztx; and S;; with S;; = T Z li,teatxt:ci, where é;; = R;; — [ix;. We estimate
t vy

Y.+ by a standard HAC estimator by ¢ such as in Newey and West (1994) or Andrews and Monahan (1992).
Hence, the construction of confidence intervals with valid asymptotic coverage for components of Bz and \
is straightforward. On the contrary, getting a HAC estimator for & ¢ appearing in the asymptotic distribution
of )\ is not obvious in the unbalanced case.

The construction of confidence intervals for the components of  is more difficult. Indeed, S2 involves

2

a limiting double sum over S;; scaled by n and not n°. A naive approach consists in replacing S;; by

any consistent estimator such as S’ij = :[}” Z lij7téi7téj7txtx;, where T;; = Z 1j¢and 1,5, = 1,414,
but this does not work here. To handle thist, we rely on recent proposals intthe statistical literature on
consistent estimation of large-dimensional sparse covariance matrices by thresholding (Bickel and Levina
(2008), El Karoui (2008)). The idea is to assume sparse contributions of the S;;’s to the double sum. Then
we only have to account for sufficiently large contributions in the estimation, i.e., contributions larger than a
threshold vanishing asymptotically. Thresholding permits an estimation invariant to asset permutations; this
choice of estimator is motivated by the absence of any natural cross-sectional ordering among the matrices
Sij.

Assumption A.4 describes the sparsity structure.

Assumption A.4 There exists constants M > 0, and q,6 € [0,1), such that ||Si|| < M, fori =1,...n
and maxz 1Si;]19 = O <n6>
J

In Assumption A.4 the individual contribution [|.S;;|| of each asset is bounded, and most cross-asset con-
tributions ||S;;|| can be neglected. Assumption A.4 does not impose sparsity of the covariance matrix of
the returns themselves. It is satisfied under weak cross-sectional dependence between the error terms, for
instance, under a block dependence structure. As sparsity increases, we can choose coefficients ¢ and §

closer to zero in Assumption A.4.



As in Bickel and Levina (2008), let us introduce the thresholded estimator S;; = S;;1 (1155125} of

) N N 1 98 & 1 ~
Si;, which we refer to as S;; thresholded at Kk = K, 7. We set S1 = -~ ZTZ- Sii, So = -~ ZTZ'T]'SZ']',
% @,

Il @ I &2 . R N
i = — E b;, ,ul(, ) = - E b;b; and 3y = u,() ) finfiy,. We also take &, = (1, —')".
(2 (2
We can derive an asymptotically valid confidence interval for the components of © from the next propo-

sition giving a feasible asymptotic normality result.

Proposition 3 Under Assumptions A.l-AA4, and C.1-C.S, we have
- 1. . -1(1 NP
S V2T (a - B - y) = N(0,Idg)  where B, = (,19) ( S TZ?E;Q;}SZ-Z-Q;@)
n - 2 bl
1

S [ ~(2) iy Ac1a Amta ) © S A=1& A=1a \ ~ ~/ NN
and ¥, = { 1, ¢,Q; S1Q, ¢y ) Xy + (6,QL 52Q5 ¢y ) finfly| | [y , when n, T — oo such
logn
TN

1—
thatn <T7 fory e 't N <O,min {2,7]26(1}> ,and k = M for a constant M and n € (0,1] as

in Assumption C.7.

Constant € (0, 1] is related with the time series dependence of processes (&;¢) and (x¢); we have

n =1 when (&) and () are i.i.d..

2.4 Global specification tests
The null hypothesis underlying the asset pricing restriction (4) is
H : there exists v € R such thata = b'v,  for almost all (a, b')/ € B.

Under Ho, we have Eg [(a -V 1/)2] = (. Since v is estimated via the cross-sectional regression of the
estimates @; on the estimates b;, we suggest a test based on the sum of squared residuals SSR of the cross-

. . .o 1 . s "y S .
sectional regression. The SSR is Q). = - Z e? , with é; = ¢&,3;, which is an empirical counterpart of
i

E¢ {(a — b,I/)Q].

1 ) . .
Let us define S;; 7 = g 1,-,taii¢xtxg, and introduce the commutation matrix W, ,, of order mn X

T;

t
mn such that Wy, ,vec[A] = vec[A'] for any A € R™*", where the vector operator vec [-] stacks the
elements of an m X n matrix as a mn x 1 vector. If m = n, we write W), instead W), ,,. For two (K + 1) X
(K + 1) matrices A and B, W11y (A ® B) = (B ® A) W1 also holds (see Chapter 3 of Magnus and

Neudecker (2007) for other properties).

10



Assumption A.5 For n, T — oo such that n =< T7 for v € TI'y C TI'y, and T; > CT
with C' > 0, we have — ZT Yir @Y1 —vec[Siir]) = N (0,Q), where

L~ TIT ?4 T
Q= nh_}I{)lo E lz i4jj [Sij ® Sij + (SZ']' ® Sij) W(K+1)] , and Tij = wa

,

Assumption A.5 is a high-level CLT condition. This assumption can be proved under primitive conditions
on the time series and cross-sectional dependence. For instance, we prove in the Supplementary Materials
that Assumption A.5 holds under a cross-sectional block dependence structure for the errors. Intuitively,
the expression of the variance-covariance matrix {2 is related to the fact that, for random (K +1) x 1
vectors Y7 and Y which are jointly normal with covariance matrix S, we have Cov (Y] ® Y1,Y2 ® Ys) =
S®S+(S®S) Wikt

Let us now introduce the following statistic énT =Tvn (Qe — ;B%) ,  where

1 g A A A . . . .
= — E Tz2cnyyiSiiQx,ic,, is the estimated centering term. Under the null hypothesis Hg, we prove
n “

~ 11
EnT = (vec [Q &l Qy D 7n Z 72 (Yir @ Yir — vec[Sur]) + 0p (1), which implies

4.4
1 ToT:
Enr = N (0, Y¢), where ¥¢ = 2 lim — g : 43 (c’,/nglSingjlcl,)2 asn,T — oo (see Appendix A.4.3).
7—

n—oo n X
ij Y

2 (60: 550,

Then a feasible testing procedure exploits the consistent estimator 25 =2— Z
ZJ
of the asymptotic variance Y.

Proposition 4 Under Hy, and Assumptions A.1-A.5 and C.1-C.9, we have iglﬂénT = N (0,1), as
1 —
n,T—>oosuchthatnxT'onryngﬁ<O,min{217 q})

20
4.4
In the homoskedastic case, the asymptotic varian fé is X —2(14—)\’2*1)\)2 li EZTZ 'S 2
, ymptotic variance of §, 7 is X¢ = 7 n1—>rgon _ 0ij-

j

| A2
In the CAPM we have K = 1 and v = 0 which implies that SR is equal to the slope of the Capital Market
f

Line

E[fi]?
X5
~ 1 ~ =\ 2 = ~ 1 —
We canuse V,, = EZ (a; —a)”, witha = Zal,togetE 1/2 nt = VE 1/2( —p? - TV‘I 'By),

%

, .., the Sharpe Ratio of the market portfolio.

11



with p2 =1 — % This yields an interpretation of the test statistic in terms of an estimate p? of the cross-
a
sectional R?. However, the population R? is not well-defined in the CAPM under increasing cross-sectional

. . . .1 _ . . P
dimension since V, = lim — E (a; — a)2 = 0, and this explains why we prefer the writing in terms
n—00 1, “—
7

of SSR. For fixed n we can rely on the test statistic TV, (1 — ,52) = TQe, which is asymptotically dis-

1
tributed as — Z ij? forj =1,...,(n— K), where the X? are i.i.d. chi-square variables with 1 degree
n =
J

of freedom, and the weights w; are the non-zero eigenvalues of matrix Q'/2(I,, — B(B'B)~'B")Q"/? with
elements Q;; = 7;,7;¢,Q5 lSij Q; ‘e, for Q and rows B; = b} (see Kan et al. (2009) for similar asymptotic
results on T'(1 — p?) with fixed n and a generalized least squares estimator in the second pass). By letting
n grow, the sum of chi-square variables converges to a Gaussian variable after recentering and rescaling,
which yields the result of Proposition 4.

The alternative hypothesis is

Hi: inf Eq [(a — b’y)z} > 0.

veERK

Let us define the pseudo-true value voo = arg inf Eg {(a - 1/)2] = (Eq [bib;])fl Eg [ba;] (White
rveR

(1982), Gourieroux, Monfort and Trognon (1984) ) and population errors e; = a; — bguoo = . G

1 = 1,...,n, for all n. In the next proposition, we prove consistency of the test, namely that the statistic

énT diverges to +oo under the alternative hypothesis H; for large n and 7. We also give the asymptotic

distribution of estimators # and \ under Hq.

Proposition 5 Under Hi and Assumptions A.1-A.5 and C.I-C.9, we have énT L 400, and
~1 -1

Vn (0 —veo) = N (0,%,.), where Yo, = (u,(f)) Eg [bibe?] <Mt(;2)) and

\/T(j\—Aoo) = N (0,%f), and Ao = Voo — E|fi], as n,T — o0 such that n =< T7 for

. 1-—
v €Tl'aN <O,m1n{2,7725q}>.

Under the alternative hypothesis 71, the rate of convergence of ¥ is slower than under g, while the rate of
convergence of )\ remains the same. The asymptotic distribution of ¥ is the same as the one got from a cross-
sectional regression of a; on b;; pre-estimation of a; and b; has no impact since the induced error-in-variable

vanishes asymptotically.

12



Along the same lines we can derive a test for the null hypothesis when the factors come from tradable

assets, i.e., are portfolio excess returns:
Ho : a = 0 for almost all 3 = (a, b')/ € B,

against the alternative hypothesis

Hi: Eg [a*] > 0.
We only have to substitute Qa = %Z &22 for Qe, and £, = (1,0 )/ for ¢, in Propositions 4 and 5. A
notable difference with the classical agproach of Gibbons, Ross and Shanken (1989) for a balanced panel

with fixed n and T' — oo is that our testing procedure does not require inverting an estimate of the asymptotic

. . A ~ !
covariance matrix of VT (a1 — a1y ey p — ay)" .

3 Conditional factor model

In this section we extend the setting of Section 2 to conditional models with scaled factors in order to
model possibly time-varying risk premia. We do not follow rolling short-window regression approaches to
account for time-variation (Fama and French (1997), Lewellen and Nagel (2006)) since we favor a structural
econometric framework to conduct formal inference in large cross-sectional equity datasets. A five-year
window of monthly data yields a very short time-series panel for which asymptotics with fixed (small) T’
and large n are better suited, but keeping 7" fixed impedes consistent estimation of the risk premia as already

mentioned in the previous section.

3.1 Model definition and asset pricing restriction
We assume that asset excess returns satisfy the conditional linear factor model:
Rit = aiy + b fo +€ig, )

where the time-varying intercept and factor sensitivities depend on lagged instrumental variables Z;_; € R,
thatis, a;; = a; (Z¢—1) and b; ; = b; (Z;_1) (Ferson and Harvey (1991)). The instruments Z; = (1, f{, Z}')’
include the constant, the observable factors f;, and additional observable variables Z; € RY, with d =

1+ K + g. The latter may include powers to account for possible nonlinearities.
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The next assumption is similar to Assumption A.1.

Assumption B.1 There exists a positive constant M such that for all n, T':
a) E [eigleiz—1,i=1,...,n, 2] =0, with Zy = {Zy_1,Z4_2,- - };
b)E[e2,|Z) <M, i=1,...,n; ¢ % Y O|E [eiesil 2| <M, t=1,...T.
i,J

To get a scaled factor model we specify that the vector of factor sensitivities b; ; is a linear function of
lagged instruments Z; 1 (Ferson and Schadt (1996)): b;; = B;Z;_1, where B; € RExd for any ,t. We
also specify that the vector of risk premia is a linear function of lagged instruments Z;_; (Cochrane (1996),
Jagannathan and Wang (1996)): Ay = AZ;_1, where A € RE*d | for any t. Furthermore, we assume that
the conditional expectation of Z; given the past Z;_1 depends on Z;; only and is linear, as, for instance,
in a Vector Autoregressive (VAR) model of order 1. Then E [f;|Z;_1] = FZ;_1, where F' € RE*4_for any
t. Under these functional specifications the asset pricing restriction linking the expected excess returns and
the factor sensitivities

E[Riy|Riy-1,i=1,...,n,Z_1] = b ;)\, (6)

implies that the intercept a;; is a quadratic function of lagged instruments Z; i, that is,
a;t = Zg_lBZ{ (A — F') Z;_;. This shows that assuming a priori linearity of a; in the lagged instruments
Z;—1 is in general not compatible with linearity of b; ; and E [ f| Z;—1].

The conditional factor model (5) then becomes
Rit=2Z{ \Bi(A—F)Zi_1+ Z;_\Bif: + €ig, (N

which is nonlinear in the parameters A, F, and B;. In order to implement the two-pass methodology in a
conditional context it is useful to rewrite model (7) as a model that is linear in transformed parameters and

new regressors. The regressors include the scaled factors xo; = f; ® Z;_1 € REd

and the predetermined
variables z1; = vech [X;] € RP, where p = d(d + 1)/2 and symmetric matrix X; = [X;; ;] € R s
such that X, ; ; = Z¢2,t—1’ ifi =j,and X;;; = 2Z;4_1Z;,1, otherwise. The vector-half operator vech [-]
stacks the lower elements of a m x m matrix as a m (m + 1) /2 x 1 vector (see Chapter 2 in Magnus and

Neudecker (2007) for properties of this matrix tool). To parallel the analysis of the unconditional case, we

can express model (7) as in (2) through appropriate redefinitions of z; and 3; (see Appendix):
R;; = 51{981& + €it, ()

14



/
where z; = (4, 2% ,) and 8; = (51,17 651) is such that

1
Bii = §D:[ [(A=F) @I+ 14® (A= F)Wgkgq] Bai, B2 =vec|Bj]. )

The matrix D; is the p x d?> Moore-Penrose inverse of the duplication matrix Dy, such that
vech [A] = D} vec[A] for any A € R%*9 (see Chapter 3 in Magnus and Neudecker (2007)). When Z; = 1,
we have d = p = 1, and model (8) reduces to model (2).

For inference purposes we introduce the next random coefficient assumption which is similar to As-

sumption A.2.

Assumption B.2 For all n,T, vectors [;, for i = 1,...n, are i.id. draws, independent of

{Z,eip:i=1,...,n,t =1,..., T}, with some distribution G on the compact support B C RPHKd,

In (9) the p x 1 vector /31 ; is a linear transformation of the dK X 1 vector 32 ;. This clarifies that the asset
pricing restriction (6) implies a constraint on the distribution G via the support B. The coefficients of this
linear transformation depend on matrix A — F'. For the purpose of estimating the loading coefficients of the

risk premium in matrix A, the parameter restrictions can be written as (see Appendix):

B = B3,iv, (10)

where v = vec [A’ — F’] and 3 ; = D; (B; ® Id). Furthermore, we can relate the p x dK matrix 33 ; to
the vector 32 ; (see Appendix):

vec B3] = Py, 1D

where P = I ® [(Id ® Dj) (Wy® 1) (Ig ® vec [Id])] . The link (11) is instrumental in deriving the asymp-
totic results. The parameters 31 ; and 32 ; correspond to the parameters a; and b; of the unconditional case,
where the matrix P is equal to Ix . Equations (10) and (11) in the conditional setting are the counterparts of

restriction (4) in the static setting.

3.2 Asymptotic properties of time-varying risk premium estimation

We consider a two-pass approach building on Equations (8) and (10). The first pass consists in computing

time-series OLS estimators B@ = (Z 1i7tmtx;> Z 1;1x¢R;y, fori = 1,...,n. The second pass con-
t t
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~1
sists in computing the cross-sectional OLS estimator o = (Z Bglﬁgz> Z 331312 The estimator of
- .

the time-varying risk premia is M\t = AZ;_1 where we deduce A from the relationship vec [A'} =V + vec {F’ }

with the estimator F' obtained by a SUR regression of factors f; on lagged instruments Z; i:

-1
Py (Y o)
t t
Proposition 6 summarizes consistency of estimators [3;, ©, and A under the double asymptotics

n,T" — oo. It extends Proposition 1 to the conditional case.

Proposition 6 Under Assumptions B.1 and C.1,C.2,C.10, we get

=0,(1), B lF=vli=0,(1), o [|A-A|=0,(1),

%

whenn,T — oo such that n < T for v > 0, and T; > CT for all i with C > 0.

Part c) implies sup H;\t — N H = 0p (1) under for instance a boundeness assumption on process Z;.
t
Proposition 7 below gives the large-sample distributions under the double asymptotics
n,T" — oo. It extends Proposition 2 to the conditional case through adequate use of selection matrices. The

following assumption is similar to Assumption A.3. Below we make use of the moments
2 ! 2
gy = Ec [vee [83,]]. 1) = Ea [Uec [531} vec [ﬁél} ]’263 = 1§ — Hpatls, and Qs = g [85,3.].
1
We also need (), = lim — Z E [ZtZt’], otherwise, we keep the same notations as in Section 2 for the
T—oo 1 .

limiting sums contributing to the asymptotic variances.

Assumption B3 As n, T — oo such that n =< T for v € Ty C R™ and T; > CT
1

for all i with C > 0, a) for all i, szTng 1 1xei s = N (0,54);
V1T &

1
b) % Zﬂ- (Y%,T ® vec [,Bé’z]) = N (0, 53,), where Sg, =S1 @Y, +52® M,83M/53;
f > u® Zi1 = N(0,%4), where Sy = E [ugu; ® Zy 1 Z]_] and wy = f; — FZ,_1.

Proposition 7 Under Assumptions B.I-B.3 and C.1-CS8, we have

a) \V T; (BZ — ﬁz> = N (O, Q;lSiinfl), for any 1, conditionally on Bi;
T (5 1 )\ ! r—-1a -1

b) vnT |V —v — fBl, = N (0,%,) where B, = (M53> Jyvec [Wp,dKPEQQx S1Q; C,,], and
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%, = <vec (.07 @ Qg;) S, (vec [C,Q;'] @ QE;), with — C, = (E; — (V' @ I,) PE)’,
E1=(I,:0) and By = (0: Ijx), i = (vec[l,) ® Lux); ¢)VTvec {A’ - A'} = N (0,X)) where
YA = (IK ® Qz_l) Yu (IK ® QZ_I), when n,T — oo such that n < T7 for v € 'y C R* as in As-
sumption A.3, and T; > CT for all i and C' > 0.

Since N =AZ;_1 = (Zé,l ® IK) Wa kvec [A/], part c¢) implies conditionally on Z;_;
VT (A= M) = N (0, (Z-1 ® Iie) WakZaWica (Zor @ I)).

Paralleling with the unconditional case, we can estimate a time varying cost of equity C'E; s = s + b; 4 A\
with C/'Ei,t =r f,t+i)§7t5\t- From the properties of the ¢ operator, we deduce that lA);’tj\t = tr[ZLlB;AZt_l] =

vec|Z;_1Z)_|'vec| BiA]. Then, from the properties of the vec operator, we get
VT (@1t - CEi,t> = 7 (N ®Z{_,)EynT; (Bx - 51;)
+(Zi_1® b;t) deﬁvec (A’ — A') +0,(1).
From Proposition 7 and the asymptotic independence between estimators f; and A, we deduce that, condi-
tionally on Z;_1, VT (C/'Ezt — C’Ei7t> = N (0, ECEZ.J), where
S, = 7 (N®Z_) EQ. 1 SiQ By (M ® Zy—1)
+(Zi_, @b} ;) WaxZaWk,a (Zi-1 @ biy) .

We can use Proposition 7 to build confidence intervals. It suffices to replace the unknown quantities
Qqz,Qz, s, ,ugs), Y 8,, 2u, S1 and v by their empirical counterparts and S2 by the thresholded estimator Sy
as in Section 2.3. Then we can extend Proposition 3 to the conditional case under Assumptions B.1-B.3,
A.4 and C.1-C.8.

Since Equation (10) corresponds to the asset pricing restriction (4), the null hypothesis of correct speci-
fication of the conditional model is

Ho : there exists v € R such that 81 = Bsv, with vec 3] = Pps,

for almost all 5 = (ﬁi, 55)/ € B.

Under Hg, we have E¢g [(ﬁl — B3v) (B — Bgy)] = 0. The alternative hypothesis is

Hq - inf FEg [(,@1 — ,831/), (61 — Bgl/)] > 0.

vERIK
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R 1 R R NN
As in Section 24, we build the SSR: Q. == éé;, with & =p1;— 3,0 = C,f; and
n

~ ~ 1 - N 1 N A A N
the  statistic &, =TWn (Qe — TB€>’ where  Be = — E Titr [C’LQI7Z-SZ-Z-QI,¢C,,} and
n =
3

C, = (B} — (?® I,) PE})'. Thus, under Ho and Assumptions B.1-B.3, A.5 and C.1-C.10, we have

44
T, T: A A ~ ~ ~ 2

IT =tr {C{,Q; 1SijQ;10,,] as in Proposition 4. Under H;,

ij

=—1/2 2 ~ 1
Xe / &nr = N (0,1), where 3¢ = 2EZ

we have & 2 400, asin Proposition 5.

As in Section 2.4, the null hypothesis when the factors are tradable assets becomes:
Ho: 1 =0 foralmostall B = (B}, 5) €B,

against the alternative hypothesis
Hi: Eg[B161] > 0.
. 1 IR . .
We only have to substitute (0, = — Z ﬁi b1, for Q¢, and Ey = (I, : 0)’ for C,. This gives an extension
n b

i
of Gibbons, Ross and Shanken (1989) to the conditional case.

4 Empirical results

4.1 Asset pricing model and data description

Our baseline asset pricing model is a four-factor model with f; = (ru,.¢, Tsmb.t, Thmit, rmom,t)' where 7, ¢ 1s
the month ¢ excess return on CRSP NYSE/AMEX/Nasdaq value-weighted market portfolio over the risk free
rate (proxied by the monthly 30-day T-bill beginning-of-month yield), and rs,,p ¢, Thimi,t and 70m,¢ are the
month ¢ returns on zero-investment factor-mimicking portfolios for size, book-to-market, and momentum
(see Fama and French (1993), Jegadeesh and Titman (1993), Carhart (1997)). To account for time-varying
alpha, betas and risk premia we use the instruments Z; = (1, Z;")' where Z; is a 4 x 1 vector of predictive
variables measured at the end of month ¢ (minus their averages over the sample). The four predictive
variables are the one-month T-bill yield, the dividend yield of the CRSP value-weighted NYSE/AMEX
stock index, the term spread, proxied by the difference between yields on 10-year Treasurys and three-month
T-bills, and the default spread, proxied by the yield difference between Moody’s Baa-rated and Aaa-rated

corporate bonds (Ferson and Schadt (1996)). We use monthly stock returns data provided by the CRSP
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between January 1960 and December 2009. Our original sample is free of survivorship bias, but we further
select only stocks having at least 60 monthly return observations in order to obtain precise alphas and betas
estimates. These returns need not be contiguous. However, when we observe a missing return, we delete the
following-month return since CRSP fills it with the cumulated return since the last non-missing return. Our
final universe has 12,952 stocks. Stocks are classified into 25 industry sectors (Ferson and Harvey (1999)).
For comparing results, we consider the 25 Fama-French (FF) portfolios and 48 industry portfolios as base

assets with asymptotics for fixed n and T' — oo.

4.2 Estimation results

We first present unconditional estimates before looking at the path of the time-varying estimates. Table 1
gathers the estimated annual risk premia for the following unconditional models: four-factor model, the
Fama-French model and CAPM. Estimation results for the individual stocks (n = 12,952) and for the
portfolios (n = 25 and n = 48) are strikingly different for some factors. The estimated risk premia for
the market factor are of the same magnitude and all positive across the three universe of assets and the
three models. The 95% confidence interval is larger by construction for fixed n, and the one built from
the 25 portfolios contains the interval for large n. Let us now focus on the estimated results of the four-
factor model. For the individual stocks the size factor is remunerated (4.05%) and the value factor is not
remunerated. Indeed, the estimated j‘hml is negative (-2.82%), but not significantly different from zero.
For the 25 portfolios we observe the reverse, i.e., the size factor is not remunerated and the value factor is
remunerated (5.72%). For the 48 portfolios, the size and value factors are not remunerated. The momentum
factor is only remunerated for the 25 portfolios. The large, but imprecise, estimate for the momentum
premium when n = 25 comes from the estimate for U0, (34.32%) that is larger and less accurate than
the estimates for y,,,0gp and Dy, (0.60%, 0.36% and 0.72% respectively). Moreover, the 25 momentum
loadings are not statistically significant for most of the portfolios. For 5\m, j\smb, and S\hml we obtain
similar inferential results when we consider the Fama-French model. Our point estimates for 5\m, A smb» and
j\hml for large n agree with Ang, Liu and Schwarz (2008). Inferential conclusions based on the confidence
intervals however differ since they find a remunerated Aml factor under fixed n asymptotics, while our large

n treatment does not. Our point estimates and confidence intervals for 5\m, j\smb, and j\hml for n = 25 agree
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with Shanken and Zhou (2007).

Figure 1 shows that a potential explanation of the discrepancies revealed in Table 1 is the much larger
heterogeneity of the factor loadings for the individual stocks. The portfolio betas are all concentrated in the
middle of the cross-sectional distribution obtained from the individual stocks. Creating portfolios distorts
information by shrinking the dispersion of betas.

Figure 2 plots the estimated time-varying path of the four risk premia from the individual stocks. We
also plot the unconditional estimates and the average lambda over time. The discrepancy between the
unconditional estimate and the average over time is explained by a well-known bias coming from market-
timing and volatility-timing (Jagannathan and Wang (1996), Lewellen and Nagel (2006), Boguth, Carlson,
Fisher and Simutin (2010)). The risk premia for the market and size factors feature a counter-cyclical
pattern. Indeed, the risk premia increase during economic contractions and decreases near business cycle
troughs. On the contrary, the risk premia for value and momentum factors are pro-cyclical. Furthermore,
conditional estimates of the value premium take negative values albeit most of the time not significantly
different from zero. This contrasts with previous empirical results based on portfolios (Petkova and Zhang
(2005)). Phalippou (2007) points to similar discrepancies in the unconditional value premium by obtaining
a growth premium when portfolios are built on stocks with a high institutional ownership.

Figure 3 plots the estimated time-varying path of the four risk premia from the 25 portfolios. We also plot
the unconditional estimates and the average lambda over time. The discrepancy between the unconditional
estimate and the averages over time is also observed for n = 25. The conditional point estimates for
j\mom are larger and more imprecise than the unconditional estimate in Table 1. Indeed, the pointwise
confidence intervals contain the confidence interval of the unconditional estimate for Xmom. Finally, we
compare Figures 2 and 3 for each factor and we observe that the patterns of risk premia look similar but
their levels are different. By definition of vec [A’ ] , the risk premia are affected by the estimates 7 and F'. The
estimates F' only rely on the time-series information and not on the cross-sectional information. They impact
the patterns of risk premia by channeling the behavior of the instruments irrespective of using portfolios or
individual stocks. The estimates £’ impact the levels of that channelling since vec [A'] =0 + vec {F’ } but

to a less extent.
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4.3 Specification test results

As already mentioned Figure 1 shows that the 25 FF portfolios all have four-factor market and momentum
betas close to one and zero, respectively, so the model can be thought as a two-factor model consisting of
smb and hml for the purposes of explaining cross-sectional variation in expected returns. For the 48 industry
portfolios the dispersion around one and zero is slightly larger. As depicted in Figure 1 by Lewellen, Nagel
and Shanken (2010), this empirical concentration implies that it is easy to get artificially large estimates /?
of the cross-sectional R? for three- and four-factor models. On the contrary, the observed heterogeneity in
the betas coming from the individual stocks impedes this. This suggests that it is much less easy to find
factors that explain expected returns on individual stocks than on portfolios. Reporting large 52, or small
SSR Qe, when n is large, is much more impressive than when n is small.

Table 2 gathers specification test results for unconditional factor models. As already mentioned, we
prefer working with test statistics based on the SSR Q. instead of p? since the population R? is not well-
defined with tradable factors under the null hypothesis of well-specification (its denominator is zero). For
the individual stocks, we compute the test statistic igl/ anT as well as its associated p-value. For the 25
FF and 48 industry portfolios, we compute the test statistic 7’ Q. as well as its associated p-value. We do
similarly for the test statistics relying on Qa. As expected the rejection of the well specification is strong on
the individual stocks. This suggests that the unconditional models do not describe the behavior of individual
stocks. For the 25 portfolios, the test statistics TQ. rejects the well specification for the three-factor model
and the CAPM. For the 48 industry portfolios, the test statistics TQ. rejects the well specification for the
CAPM. This exemplifies the need of proper inference when gauging model explanation. We also observe a
stronger rejection for the specification test based on Q4. which looks at the stronger restriction for tradable
factors.

Table 3 gathers specification test results for conditional factor models. For the four-factor models, the
test statistics f]gl/ 2€nT and T'Q, fail to reject the well specification. This suggest that the conditional
models do a good, almost perfect, job in modelling the behavior of individual stocks. For the 25 portfolios,

the test statistics TQe and TQa also fail to reject the conditional specification for the three-factor model.
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Figure 1: Distribution of the factor loadings

[*2)]
I
A HE

Bm ﬁsmb mal Bmom

The figure displays box-plots for the distribution of factor loadings Bm, Bsmb, mal and Bmom. The factor
loadings are estimated by running the time-series OLS regression in equation (2) for n = 12,952 from
1960/01 to 2009/12. Moreover, next to each box-plot we report the estimated factor loadings for the 25

Fama-French portfolios (circles) and for the 48 industry portfolios (triangles).
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Appendix 1

The assumptions used to derive the large sample properties of the estimators are given below:

R A 1
Assumption C.1 sup HQ‘“ — Q|| =0p (1), with Qu; = T Z 1; sy
(2 3
t

Assumption C.2 There exists constants 1,7 € (0, 1) such that forall 6 > 0,i =1,...,n,andn,T € N, we

1
T Z 1110854
bt

0 are constants.

have P [ >0 <CiTexp {—02(52T"}—|—035_1 exp {—CyT"} , where Cy, Co, Cs3,Cy >

Assumption C.3 a) £ [Sup HQ;% — Q; !
Z. b

4
‘ ] =o(l);b) E [thﬂﬂ < M, for all t and a constant M.
A i =S 201 (Y r Y — S: ) O =
ssumption C.4 NG ZTi Qi (YirYir — Sur) Qi =0p(1).
7

Assumption C.5 S Siill =0 ! here S 121 /

umpti S sup ||Sir — Siil| = — |, where S;; 7 = — i 100 T Ty

p ip i1, T i P \/T ) i, T Tz o 1,800, t bt Ly

. 1
Assumption C.6 - Z [1Si1| = O (1).
27‘7
Assumption C.7 There exist constants 1,7 € (0, 1] such that for all 6 > 0,i = 1,...,n,and n,T € N, we

have

ymeP

SvO

ij

> 5} < CiT exp {—CgéQT”} + O30 1 exp {—C’4T’7},
&0 1 /
where C1,Cy, Cs, Cy > 0 are constants and S’ij =T g 15 1€ 4€5,tT4T; .
ij
Further, the same upper bound holds also for:

D lisiihamme| > 0|, with1 < k,l,m < K;

t

1
b) maxmaxP || —
wi kbmo | T

1
c)P i ; (1i’t$tl‘; —F [mtmg]) > 5] ;
d)max max P || —— Z (Lijah @t Tmppt — B [Tr 21 TmpTpe])| 2 6|, with 1 < k,l,m,p < K;
©,J  klm,p ij

T

Assumption C.8 sup HQ;% —Q;t
i 7

_ 1 IS~ g g _of L
_Op <\/T>,andn;7'isn Sl —O <\/ﬁ)
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. 1 4 2 5—1 A—1
Assumption C.9 \/ﬁ Zz: Zt: T Lig (‘si,t — O'ii,t) Qi xthiji =0,(1).

Assumption C.1 concerns the existence of the moments of x; and defines the uniform consistency for

. 1
Q,;- Assumption C.2 requires that the average T Z x4t satisfies a large deviation bound for large T

t
uniformly in . This assumption holds under standard conditions on the higher order moments and the serial

dependence of process x¢c; ¢ such as strong mixing (see, for instance, Theorem 1.4 in Bosq (1998)).
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Appendix 2

A.2.1 Proof of Proposition 1

R 1
a) Uniform consistency of ;. By using ﬁz B = Q ! Z 1,748, we have
t

T ’L T
< SUP Z 1 txieiy
[
Lemma 1 Ler flm i = 1,...,n be a square matrix-valued stochastic array such that
sup Hfll’n - AH = 0y (1) as n — oo, where matrix A is non-singular. Then sup HA;nl — At H =0, (1).

By using Lemma 1 and Assumption C.1, we get sup HQ;%
Z. b

= Op (1). Then, we have to prove

P |sup

i

1
— Z 1110854
T 4

26] =o0,(1), V0>0.

‘We have:

[SUP Z 147165 ¢

and by Assumption C.2, we deduce:

1
— Z L1184
Ti 5

> (5] < nsupIP’[

1
— Z 1;17i€i4
Ti 4

2

> 5] < CiTexp {—0252T”} + C36 T exp {—C4T’7} .

Then,

Bi

= op (1) follows.

b) Consistency of 7. By definition of 7, we have
1 !
v o= = b, fZBi(y—zS’.)
v—v (n i Z) - a iV
1 o
AN ACE L 12
<”i ) > bicl, (B~ (12)

I 5 .
where ¢, = (1,—7')". Now, ;Zbid (ﬁi — 5@') =0, (1), and —Zb b = Ec¢ [bib;] + op (1), since

=op(1),

= O, (1) by Assumption A.2 and part a). Thus, || — v|| =0, (1).

7
3
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¢) Consistency of \. By % Z (ft) — E[ft] = 0p (1), we get
¢

A=A < 1o-vi+

1
thjft—E[ft]

A.2.2 Proof of Proposition 2

a) Asymptotic normality of Bz By definition of Bi, we have

VT (Bz - 51‘) = QﬁYzT

=0, (1).

By Assumption C.1, Q“ converges in probability to (), for any ¢ = 1,...,n. By Assumption A.3a), and

Slutsky theorem, the conclusion follows.

b) Asymptotic normality of 7. From  Equation

VT, (lA)Z - bi> = Eé@;iYZT, we get:
1 R
A B .y S A,
vnT (v —v) = (n % bzbi) —\/ﬁ % szszQx,in,T

-1
— <T1Lz;1;z(;;) \}ﬁzi:Tibicng;lY;,T

(12), and by using

—1

—1
1 o a 1 ) . .
+ <n zl:bzb;) \/ﬁ zi:n (EéQx,leT) (C;/QM-YE,T>

=: Iy + Ioa + I23.
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By the properties of the vec operator and Kronecker product, we have

(;Xi:éﬁ;)_l( any' ) Q;le,

-1
N ST, 1
- (oo} ;wg) S 3 e (7%

I

-1
. 1 - 1
= Clme 1 & <n ; bd);) % ; T; (YVZ"T X bl) .
Then I3; = N (0,%,), by Proposition 1 and Assumptions A.3b) and C.7c¢).

x

1 . R
Let us now consider /52, and define (7 = % Z TibiC:, (Q;} - Q_l) Y; 7. We have by Assumption
i

A.la)

E[ nT| xt —Z mZTlijc (Qxi Q:,; )0”71511”:3,5% <Q Q 1) c,,b/

By using Assumptions A.1c) and T; > cT', we get

1 [G2r] (z0)] || < Csup HQ;; _

1 2
=5 N2,
¢
for a constant C. By using Assumption C.3 and Cauchy-Schwarz inequality, we deduce I = 0, (1).

Let us consider I53. We have

—1
1 P 1 A AL
Eh) A Y (i - Sur) Gl

= — By 4 Iog + Io5 + Iog + Io7.
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The asymptotic distribution of © follows if terms I24, I25, I2 and o7 are o), (1) . We have

1
Iy =0, (\/T) from Assumption C.4. Moreover,

o 2
< |1 Ball llellsup | @7} | sup i = Sl -
(3 3

1 A A
SRR i - 50 e
i

Thus, from Assumption C.5 and \;ﬁ:o(l), we get Iz =0, <\§F> =o0,(1). By using

A A _1 - _1 77 b7 _1
(i) ()" - () (i) (L) =0 () am

7

1 Al Al n . .
- ZT;E&QI}SMQI;CU =0,(1), we get Iyx=0, <\Tf> =o0,(1). Finally, by using
i
1

—_

1 A A .

- ZTEEQQ;’}SMQ;}CV — BQ;'5:1Q; e, = O, < + —— | from Assumption C.8, we get
i

127 = Op (1) .

¢) Asymptotic normality of . We have

VT (5-2) —1TZ(ft—E[ft])+\/:F(ﬁ—y).

1 1
By using VT (0 —v) = O ( + ) = 0, (1), the conclusion follows from Assumption A.3c). =
n

A.2.3 Proof of Proposition 3

We have to show: (i) , /% (BV _ B,,) = 0,(1), (i) Sy — 2, = 0, (1).
Let us first prove (i). We have:

n [~ n /o211 AqA AT .
T (BI/ - BV) = T (M[S )> ﬁ Z T?Eé@ij”QL} (CV - CV)
K3

o7 () e (5 ) e
() - () ) L st

n -1 /1 A A - -
w7 (7) ( S B0, - Eé@zlsczxcu)

=: I31+ I3+ I33+ I3
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where I33 and I3y are o,(l) from the proof of Proposition 2. Moreover,
1
I31 =0, (?) =0, (1) and I3p = O, (?) =0, (1) by using ¢, —c, = O, <T> and by the fol-

lowing lemma.

Sii — Sii

Lemma 2 Under Assumptions... sup ’
i

1
=0, (\/T),when n,T — oo.

Let us now prove (ii). This follows if Sy, = Sy + op (1) . From Proposition 1 and Assumption C.6, we
have to prove

Sij — Sij

=o0p(1).

3
n =—
z’]
For this purpose, we introduce the following Lemmas 2 and 3 that extend results in Bickel and Levina (2008)
from the i.i.d. case to the time series case.

~

A

Lemma 3 Let ), = max’ Sij — Sij

1,7
1
=3
2,7

,and U, (8) = max P H
Z7j

> 5] . Under Assumption A.4,

Sij — Sijl| = Op (¥nreo (n) 579+ co (n) K11+ Yprn®Wpr (1 — ) k) , for any v € (0,1).

/1
Lemma 4 Under Assumption C.7, if k = M O:I%nn with M large, n?¥,r ((1 —v) k) = O(1), for any
1
€ (0,1), and Yyr = O, <\/ ‘;%”) .

1
From Lemma 3 and 4 it follows — Z ‘
n v

-0, ((1?7]”)(1_(1)/2 co (n)) —0,(1).m

A.2.4 Proof of Proposition 4

By definition of Qe, we get the following result:

. A 1 " A 2 1 1
Lemma 5 Under Assumptions A.3b), and Hg, we have Q. = -~ Z |:C;/ (,BZ — ﬁzﬂ + 0, (nT + T2>

i

From Lemma 5 it follows:

ir = = S { [T (- 30)] - 4180z 10 b 4o, (1),

i
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By using v/T; (i — ;) = Q; 1Vir, we get
b = IZ 78,0, ( Yip =5 )Q;jéﬁop(l)
= \FZ 2” g“ Y Sii,T) Q;}éy

\f 7-26’ Ql,i (gzz - Sn’,T) Q;jéu +op(1).

)

1 N . R
Lemma 6 Under Assumptions C.1 and C.9, ﬁ E rz.zé:,Q;ﬂl. (SZ-Z- — Sii,T> Q;%é,, =o0p(1).
i

From Lemma 6, we get

A 1
gnT:%

: 1 g (A-1  A— N
Lemma 7 Under Assumptions ..., NG Z T2é, (Qxi ~-Q; 1) (YirYir — Sir) Q, e, =0, (1).
(2
Then, fnT = \F Z x Y Y Sii,T) Q;léy + o, (1). By using that
r [A'B] = vec[A] vec|B], and vec [YY | = (Y @Y) foravector Y, we get
br = = zf%r Q716807 (YiaYir — Siir)| + 0y (1)
= (vee [Q '6d,Q;) \FZT (Yir ® Yir — vec[Siir]) + 0, (1).

By using Assumptions A.4 and C.1, and by consistency of 7, statistic &, = N (0, Y¢). By using MN

Theorem 3 Chapter 2, we have

vee [Q3 e, d, Q7] (S ® Sij)vee [Q7te,d, QY] = tr [SiQ5 end, Q71 S1Q5 e, Q7]
= (Q;'5,Q; ), (13)
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and
_ _ _ _ _ _ 2
vec [Qx te,d,Q; 1}/ (Sij @ Sij) Wik dypvec [Qx Le,d Q; 1] = (c;,Qx 1SijQx 1c,,) . (14)
Then, from the definition of € and Equations (13) and (14), we  deduce

1 72'47—]4 r —1 -1 2
Te=2 lim — ) " (c,Q;18;Q: c,)”. m

n,T—o0o N =
uj Y

A.2.5 Proof of Proposition 5

a) Asymptotic normality of 7. By definition of & and under 1, we have
1 o
U — Voo — ( Z i)d;;) — Z ZA)ZC{)OB,L
n < n <
1 ! 1 !
= \= bib - bic! (z - z> - bib; - bie;
(i) i (aon) - (s500) S
1 o
_ b.b _ bl 3. _ 3.
(n Zm) S b (B )
1

Thus we get:

-1
1> : 1
=N b — e B 1YZ
(FT) G ez

=: I51 + Iso + I53.

1
From Assumption A.2 and E¢ [bie;] = 0, we get \T Z bie; = N (0, Eq [bibée?]) by the CLT. Then the
n =

asymptotic distribution of © follows if terms I5; and I53 are o, (1). From the proof of Proposition 2, we
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have:

-1
1 1 oy 1 r A-1 n
b= 7 (nzi bibi) \/ﬁzi b Qs m’”\/;B”””(l)

= 0=+ )=o),
\/ﬁ

since T =% (1). Let us now consider I53:

3=

-1
A A 1 A
Iy = ( Zb b’) ZfieiEgleyi,T
TL -
1 o
7.3 ' { A—1 3—1
ST e (0 - 02" v

%

_l’_
VR

(Is4 + Is5) .

5/~

By Proposition 1 and Assumptions 2 and B.9¢), Is4 = O), (1). Moreover, I55 is 0, (1) by similar arguments
applied on I3 in the proof of Proposition 2. Thus, I53 = o, (1).
b) Asymptotic normality of . We have

\FT<5\—>\OO>:\/T@—VOO)+\/1TZ(]‘}—

By using VT (¥ — vso) = O, (\/Z) = 0y (1) , the conclusion follows.
¢) Consistency of the test. By definition of Q.. we get the following result:
Lemma 8 Under Assumptions A.3b), and H1, we have
Qe = 711; [CL (Bi—ﬁi)rJri;e?JrOp <¢iTT>
By similar arguments as in the proof of Proposition 4, we get:
bor = 7 Z 2¢,Q (YirYir — Sur) Qpen + T\/lﬁ Zi:ef + 0, (ﬁ)
= 0,(1)+0 (T\/FLEG [(a . buoo)2D +0,(T).
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Appendix 3

The assumptions used to derive the large sample properties of the estimators of the conditional factor model

are given below:

Assumption C.10 a) There  exists a  positive  definite  matrix Q. such  that

1
f Z thg - sz
t

=0, (1), b) HE [utuHZt,l] H < M, where uy = f; — FZ;_;.
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Appendix 4

A.4.1 Derivation of Equations (8) and (9)
From Equation (7) and by using vec [ABC] = [C" ® A] vec[B] (MN Theorem 2, p.35), we get
Z{_\Bife = vec[Zi_\Bify] = [f{ © Z;_1] vec[Bj] = x5,62,.
By definition of matrix X, in Section 3.1, we have
1
Z, \Bi(AN-F)Z,_, = 52;_1 [Bi(A—F)+ (A—F)' B;] Z;4
1
= §vech [X:) vech [Bj (A — F) + (A — F)' B;]
1
= 5:1;'17tvech [Bj(A—F)+ (A—F)' B].

By using the Moore-Penrose inverse of the duplication matrix Dg, we get
vech [Bj (A = F) + (A = F)' B;] = D [vec [Bj (A — F)| + vec[(A — F)' B;]].

Finally, by the properties of the vec operator and the commutation matrix W g, we obtain

%D:{ [vec [B] (A — F)] +vec [(A—F)' Bj]] = %D(J{ (A—F)®@Ii+I;®(A—F) Wyk| B

= B
The conclusion follows. m

A.4.2 Derivation of Equation (10)

From (15), and the properties of the vec operator, we get
1
Bii= §D3' [(Id ® Bé) vec[A — F] + (B{ ® Id) vec [A/ — F'H .
Since vec [A — F] = Wk qvec[A' — F'], we can factorize v = vec [A" — F'] to obtain

1
B = §D; [(Ia ® Bj) Wy + Bj @ 1] vec [\ — F'] .
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By properties of commutation and duplication matrices (MN p.54-58), we have (Ig ® B}) Wy x = Wy (Bj ® I4)
and D W, = D, then

B = D} (Bj®Ig)vec[N — F'| = Bsv.

A.4.2 Derivation of Equation (11)

From the definition of f33;, we have vec|[f3;] = vec [D;; (B; ® Id)]. By MN Theorem 2 p. 35 and

Example 1 p. 56, we obtain

vec B3] = (lax ® D) vec[B; @ I4]

= (Iax @ D) {Ix ® [(Wa ® I3) (Ig ® vec [I4))]} vec [Bj] .
By writing Iy = Ik ® 14, we get

vec B3] = {Ixk @ [(Ia ® D) Wy ® 1) (Ig ® vec [14])] } vee [B]] .

A.4.3 Proof of Proposition 6

a) Uniform consistency of /3;. See proof of Proposition 1a).

b) Uniform consistency of . By definition of 1% we have:
-1
. 1 A 1 . A A .
D—v= (n Z ﬁgﬂ.@&i) - Z 5:/%,1' (61,1- — ,3311‘V). From Equation (11) and MN Theorem 2 p.35, we
7 (2

get Bg,izj: (V' @ Ip) Pﬁg,i. Moreover, by using matrices F; and FE,, ~we obtain

<Bl,i — leu) =[E] — (V' ®I,) PE)] B = C{,Bl =C) (BZ — Bi> , from Equation (10). It follows that

~1
SN OO EXACER 19

By using part a) the result follows.
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¢) Uniform consistency of A’. By definition of v we deduce

Hvec {f\’ — A’}

’ <|p—v|+ Hvec [F’ — F’}

1
By part b), || — v|| = o0, (1). By LLN and Assumptions C.10, we have T ZZt_lZLl =0, (1) and
t

1 .
T Z uZy_1 = op (1). Then, by Slustky theorem, we conclude that Hvec [F’ —F }

’ = 0p (1). Then, the

t
result follows. m

A.4.4 Proof of Proposition 7

a) Asymptotic normality of Bz See proof of Proposition 2a).

b) Asymptotic normality of 7. From Equation (16) and by using \/i (Bl — Bi) = Q;%Y@T, we get
1 R
VT (7=v) = (53 B ) =) mibhCQnYia
1 -y
B (” zz: 6§7iﬁ3’i> NG zz: 7i84,.C Q% Yir
1 R
+ (n Z)%,iﬁ&i) n zi:ﬂﬁé,icz// (Q;% - Q;l) Yir

1
L 1 i P
+ (n > 5§,¢53,i> NG don (53,2‘ - 53,1‘) CLQYir
i i
= In + I+ Izs.

By MN Theorem 2 p. 35, we have
1 T
In = <n Z 5:’3,1'53,2‘) <\/ﬁ Z 7 (Y ® Béz)) vec [CLQ;q
(3 K2

-1
N 1 A oA 1
= | vec {CLQQE 1} ® (n zl: 5§,i53,i> NG Zl: rvee [Yir @ B ;] -
By applying MN Theorem 10 p. 55 and W), 1 = I,,, we get

vec [YZT ® ﬂéﬂ] = (I(Kder) &® Wp71 & IdK) (UGC sz/,T] X vec [5:/371])

= Y1 ®vec [ﬂgl] .
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Then:
/ 1 - 1
In = |wvec [CLQ;I} ® (n Z 5§,¢53,i> Jn Z niYir @ vec [By] -
K3 K3

I;1 = N (0,%,) follows by Proposition 6 and Assumption B.3b) and C.7c).
Let us consider I7. By similar arguments applied on 1 in the proof of Proposition 2, I73 = o), (1).

Let us consider I73. We introduce the following lemma:

Lemma 9 Let A be a m x n matrix and b be an x 1 vector. Then,
Ab = (vec L)) ® I,) vec [vec [A] V] .

R / R
By Lemma 9, Equation (11) and vec [(53,1‘ — 5372-) ] = Wp,dKPEéQ;%Y;j, we have

-1
1 P 1 A A
I3 = <n Z 5§,iﬁ3,i> \/ﬁ ZTE (uec [Ip]/ 0% IdK) vec [Wp,dKPEéijY;’T}/iI’TQ%%Cl,}
7 7

n
=i 4/ TBV + I7y + I5 + I7¢ + 177,

1

1 Ay oa 1 A AL

where I74 = (n Z ﬁé,iﬁzs,i) Ji — Z Tivec [Wp,dKPEéQx} (YirY!r — Sir) Qx,}cu} =0, (1),
. .

1
1 - 1 . .
Ins = (n Zﬁé,iﬁ?),i) Ji JnT Zvaec (Wp,dKPEéQx} (Sii,r — Sii) Q:):,%CV) =op (1),

-1
1 3l A @)\ ! 1 2 A—1gq. A-1
Iz = (n ZZ: 5§,,Zﬂ3,i> - <M53 ) Ji — ZZ: T vec (WMKPEQQN- SiiQmC’y) =0, (1) and
-1 /n 1 Al Al _ _
Ir7— (M%) T/ (n > rivec (Wp,dKPEéQx;SiiQx;CV — Wpax PE3Q; " 51Q; 10:/)) =0y (1)
i

by similar arguments applied on Ia4 I25 I2¢ and I27.By using similar arguments on I3 as in the proof of
Proposition 2, we can show that I74, I75, I7¢ and I77 are o, (1).

¢) Asymptotic normality of vec ([\’ ) . We have

\/Tvec[A’—A/] = \/Tvec[F’—F'}—i—\/T(ﬁ—l/).

1

By using, VT (¥ — v) = O, (\} + No
n

) = op (1), the conclusion follows from Assumption B.3c). m
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A Proof of Lemma 1

Let € > 0 be given. We have to prove that
P (sup Hfl;}b - A_IH > 6> =o(1).
1: k)

Letn =3 HA_lH_l and consider the event sup HAW - AH < 1. Write:
7

A7l -4 A(r-a (A—Amm_l — A

{ [I A (A - Am)} o I} A

and use that, for a square matrix B such that || B|| < 1 we have

(I-B)'=I+B+B*+B+..

and
Ja-m 1] <isieneRs. < 20
Thus, we get for any i:
o] s Al
1= (4= 4|
4= 4~ o
L= A |4 - A
< 2|47 || Ain - 4
Thus, if sup |Ain = Al < mforn = |47 /2, we have
sup | A — 471|247 *sup | Ain - 4]
We get
ool 4] > < 2wl a0
+P [sgp |4in - 4| > 2HA€‘1H2}
= o(1).



B Proof of Lemma 2

C Proof of Lemma 3

By definition of S”ij, we have

2|8
%)

S {18 2w} ~ S

i — Sij

[2¥}
< % > St 120 — Sul| + :LZ 19651 118,20y — Sii L1z
i "
=: I31 + I39.
By Assumption A.4,
Is1 = *Z 19511 L1 <my < maxz 195117 61~ < K (n) (17)
,J

Let us now consider I1:

Iz = >wlSil<st T o Z 1951 L1805 <120}

ij

L0181 2m8: 1121}

/A U

+Z’

IN

> |8y ll<n} T maxZ 1950 L1505 <l 12}

ij

S e

L/ l]

+maxz ‘
=: I33+ 134 + I3s5.

From Assumption A.4, we have:

Ig5 S IIZIE}X S’ij — Sij m;axz HSZ]Hq k4 S Op (wnTCO (n) /'i_q) . (18)
’ J
Let us study Is3:
Iyy < max) ‘ Sii = i || ||, | zls<n} T m25 D 18551 s, 1<)
J J

=: I35+ I37.



By Assumption A.4,
Izyr < k7% (n). (19)

Now take v € (0,1). Let N; (6) = Z 1{||§ij_sin>6}, then
J

fss = m?XZ ‘ Sig = 5 || 1135|2555 <0} +m?XZ ’ Sij = 5 || 1{||3 | 2mm<lsyli<n}
j J
< max’ Sii — Sij|| max N; (1 — v) k) 4+ max ||Si; — Sij|| co (n) (v&) 74
2y T 2y
and max N; ((1 —v) k) = O, <n2 max [P H S’ij —Sijll = (1 —v) m]) . Thus,
1 2Y)
I3 = O, (wnTn2\IfnT ((1 =) k) + Ypreo () (UH)_q) . (20)

Finally, we consider /34. We have

Iy < max (|8 = S|+ [8u]) s pentsoizny
J
< max ‘ Sij = S| max Y~ L,z + wmax Y Lo, zn)
) .] .]
= Op (Ynrco (n) K™%+ co (n) K179). 1)

Combining (17)-(21) the result follows. m

D Proof of Lemma 4
R N 1
By using &;; = €;¢ — <ﬁi — ﬂi> and S?j =T Z 1ij7t€i,t5j,ta:tx£, we have:
ij 3

A N 1 A 1 A
Sij = S)— T D i (5]' - 53‘) Ty — T D s (51' - 51') 4Ty
ij 1

¢
1 A / A

+f Z Lij (ﬁi - /Bi) T ([3]' — ﬁj) TTy
’L] t

= 8% — Ay — Bij + Cj



A~

where A;; = Bj;. Then, for any i, j, we have ‘ Sij — Sij S’ZOJ — Sij|l + 1 Aisll + 1| Bijll + |Cijl|. We

<|

get forany 6 > 0 :

S«O

Uy (5) ij

IN

max [ D
7’7]

Sij

5 B

> ¢+ max 141> §]
5 P
+maxP ||| Bl = —| +maxP | [|Cy]| = —
i, 4 i 4

= U0 (6/4) + 2Py 1 (8/4) + Par (5/4),

= 4 )
where W0 (6/4) = max P “ Sy — S| > 4], Py 7 (0/4) = max P [HAMH > 4], and
2Y) 2,]
)
Py 1 (6/4) = max P [HCUH > 4} . From Assumption ??a), we have:
17-]
Co6? 4C
W0 (6/4) < C1T exp {— 126 T”} + 73 exp{—C4T7}.
Let us consider P; 7 (§/4) . For some constant C, we have
1 .
[ Aij || < Cgllag T, Et: Liji€it @kt T pTmyt| (|55 — BjH :
Thus,
1 5 )
Pryr(6/4) < H{?XP ol Ti; zt: 14,486 4Tk 1211 Ton t Hﬁj - 5j” 216
. 1 )
< Ir%?xﬂ” either max %zt:lij,t6¢,txk,th,tmm,t > el
5 )
or |13 -5 = 55
< P ! > LijaEiath i aTmg| > A/ 0
ma max | — i€ x —
> z’,jX k,lﬂ’}n( T,” t ig etk tblttmt| = 4C
o[- 2
max i — B, —
j 7= Vac
< (K +1)* maxmaxP 121 EitTht Tt Tmt| > 0
wmaxP || . 2
>~ iy klm ﬂj - ij,tei,t Lkt bl ttmit| = 4C

)

e |55 -5] 2 [

5




where K = 1. By Assumption ??b),

/6
>
4C

E 1;4€i 4 Th t Tt Tt
'lj t

4C

+C34/ % exp{—CyT"}.

i, kilm

max max P [ < CiTexp {—CﬂsT”}

Let us focus on maxP {HBJ — ﬂjH > ,/4‘50] . By using
J

A 1 A 1
Hﬁj - /BjH < |1 Qz | T Z 1jixeeje|| + ‘ Q;;j — Qe T Z 1 ezeej4 )
J ¢ J ¢
we get
- 0 1 -1
Pl|i-8]=\5]| <P sztjlj,txtsj,t 16C [tz
A1 R 0
P ‘ch,j — Qup lej,tfﬁtej,t 2\ 60
1 _

< szt:lj,tﬂft&j,t 160 Qe | ]

- B 5 \ /4
+P Q:px,j - Q:(Ja: > (166«>
1 5 1/4
+P Tj;lj,txtgj,t > (166‘) ]

1 _

< 2| 25 vmen] > 2 ot
. B 5\ V4

for small §. From Assumption ??b),
C20
maxIP [ letivt{:‘]t = 160 HQ H < ClTeXp{_IGQC HQ H }

+C 16C HQ Hexp{ CyT7}.



The argument in the proof of Lemma 1 implies that either HQm H HQm’] Qus > % or
|z, - @zl < 2@ [@urs — e Then.
5 \ /A4
[HQMJ = ><16C> = [HQ | HQm,g Quz|| > ]

P2 @ |* [ @rrs — Qs

5 \ /4
> (iie)

- P[HQM,J-—QM _2}|QmHl}
AP |[[Qres - %x_xég m\ﬁ]
< WMJQM ;@&)HQHﬂ
for small § > 0. From Assumption B.9¢),
[HQW Qra _2(@50) |z ] < clTexp{_C? o 1071 }
204 (1660> @z exp {-CaT}

5 - C o
Then, Py ;7 (6/4) < C1T exp {—CQ(ST"} + 7% exp {—C4T"}, for small § > 0 and constants C, Ca, Cs, Cy.
Let us now study P» 7 (6/4) . We have

||CUH < ‘ Az - ) B]H sup Z 12] tLkt L tTm, tLp,t
k,lmp
< Bz — B ’ 5 6]‘ Inaxp |E [@h 121 4 X 1 Tp ¢]|
' ‘ ) 5JH max *Z (Lija @@ Tmips — B (o mazpa))| || 85 — ﬁjH-
k,l,m,p Y-




Thus, for C' = max |E [x 21 1Tm 1 Tp,t]

<FE [thHﬂ , we have:

7m7p
A )
Pyyur (6/4) < Hgale’ ‘ - B Hﬂj—ﬂjHZ§
+ max P ! > E| 1)
max max |— it Tkt Tt Tt Tt — B | Tp 1 X1 4 Xm T
ij kdmp Tij . it Lkt Ll tdmtLp,t kitlltdmtLlpt
R R 1)
’@-ﬂi Hﬁj—ﬁjHZ§
5 \1/3
< 4m?XIP> > (80) +

+ (K +1)* max max P

14, E Z] tLE AL tTm tTpt — E [xk,tl'l,txm,tffp,t])
4,j kl,m,p

t

Rl

5\ 1/3

> = .
=(3)"]
From Assumption ??b)-d), then Ps ,,7 (6/4) < C1T exp {—6262/3T”} + C36 3 exp {-=C,T"} , for small
6 > 0 and some constants Cl, C’g, C’3, Cy.

We deduce W,p(0) < CiTexp{-C356*T"} + C36 'exp{—CjT7}, for some constants

Ct,C5,C5,Cf. Ford = (1—v)kand k = M lcégn",weget

n*V,r (1 —v)k) < C’ianTexp —C3M? (1 —v)? logn}

203
Ti-om eXp{ CiT}
for M sufficiently large.

Finally, let us prove that ¢, = O, (\/ bgn) Let € > 0. Then,

1 1
P[%Tz %gn | < n? max P — Sy \/Og”
TN
2 ( logn )
= V,r
< n2\IfnT( )

for large €. The conclusion follows. m



E Check of Assumption A.5 under block-dependence

In the next result we show that Assumption A.5 holds under a cross-sectional dependence structure of the

€ITors.

LemmaSM. 1 Suppose that: (1) the factors (f;) are iid, such that E [\ftﬂ < 00; (2) the errors (g4) are
independent of the factor process ( ft), iid over time, with zero mean and such that sup E [|z—:i,t|6} =0 (1),
and satisfy the following cross-sectional dependence structure: for any n € N, there éxists a partition of the
n assets in My, < n blocks C1,...,Chr,, such that €;; and €;; are independent if i € Cyp and j € C, with

l # r, such that
1 M”L 2 1 M’IL 3
- Zl Cunl* = 0(1), 75 Zl |Cn|? = o(1), 22)

where |C.,| denotes the size of block Cy,. Then, Assumption ?? is satisfied.

The conditions (22) on block sizes and block number require that there are not too many large blocks,
that is, the partition in independent blocks is sufficiently fine grained asymptotically. The proof of Lemma

SM.1 is given next.

Proof of Lemma SM.1 Under the conditions of Lemma SM.1, we have Si; 7 = G%me,i and S;; =
0;jQzz- The proof is in two steps.

STEP 1: We first show that conditional on the factor path (f;), we have

1 ~
Yuri= =307 (G © Zir = Su] = N (0,9), (23)
7
N R
g2 ) = lim ~ L1 o2
P-a.s., where SZZ,T = O'“'Uec(Qxx,z) and 2 = lim Z 1 Tij [sz ® sz + (sz ® me) W] . For
n—oo N 7 i

this purpose, we apply the Lyapunov CLT for heterogenous independent arrays [see Davidson (1994), The-
orem 23.11]. Write

1 ~ 1
Yor = %Z Z 2 [Zi,T ® ZyT — Sn’,T] = VT, & Wnr, m=1,..., My,

m 1€Cy,

where:

M, ~
Winnr =4/ - Z 2 |:Zi,T ® ZiT — Sn',T] .

i€Cm



Conditional on ( f), the variables W, 7, form =1, ...,

sion follows if we prove:

1)hm—ZV

mnT| ft)] ==

M, are independent, with zero mean. The conclu-

Q, P-a.s, and

3 _
i) i W ;E [me,nTH | (ft)} =0, P-as..

To show 1), we use:

14 [Wm,nT| (ft)]

Y TriCov|Zir @ Zix, Ziw © Zir| (f1)]

1,]€ECm

272 {B[(Zr @ Zur) (2 © 20) 1 (0] ~ Sur T}

> 7

1,j€Cm

Now, we have by the independence property over time:

E|(Zir © Zix) (Zix © Zix) | (f2)]

1

T;T; Z Z Z Z E[gii€ipejsciql (f1)] Litlipljslig
Rt S p q

: (l”ﬂ; ® l‘px;>
1 , ,

TT Z 1i,t1j,t (IL‘t{L‘t (124 xtg;t)

Z Z 11] tlz],p (.let:Bt ® ZTpT, )

t  p#t

ZZthljs <$t517 & xx )

t s#t
sty S it 02)

E[zt‘g ]A1T+U A2T+UUA3T+U A4T

E [e?t52

+0’Z] 7TT

; JTT

T‘ ] 1 7 / /
Moreover, Ayr = T-:il]’- zij "t (act:ct ® mtxt> =0 (Ty; | T;Ty) . Let us define
il ij
A 1
sz,ij = Ti Z 1ij,tmt$;5, then
ij 3
2
Ao = T 2 2 ijtLijp <wtaft ® xpwp) -Air= T’Z{J (Qm:,ij ® me,ij) + O (T;;/T:T;) ,
Asr = T, Z Z 14155 (Zlftl'; ® xtm;) — Ay 1 = vec (Qm1> vec (Qmj) + O (T;;/TiT;)
L s

10



and

A4,T = ﬂ]} ij,t]-ij,s (.Z‘t$; &® l’sl';) — AI,T
= T, ijtlijs (T @ xs) (xs @ a¢) — Air
= T it lijs (X @ xs) (0 @ as) W — Arp
T2
= TT (Qxa:zg ®wazy) W+O( Z]/TT)
Then, it follows that:
M 7'.47'4 N N N R 1 7'47'4
14 [Wm,nT| (ft)] = Z - 4] O'z'Qj <Qazw,z’j & Qa:a:,ij + Qxa:,ij ® sz,ijw) +0 | = Z %
n A T T 4 T
Zvjecm v /ijec’m« v
Since T; > (T, it follows
1 Ti47]4 <92 1 2
72‘/ Wnntl (f1)] = EZ > ek | +o ﬁZ\CmI
m \i,j€Cm Tij
44
1 TS
— *Z 14] 2 +0p(1)
57 T
4,4
P 2 (A 4 4 A 1 TiTj -9
with 07 1= 0y (Qmﬂ-j ® Qra,ij + Qux,ij ® Qmﬂ-jW> . The sequence - Z = 0,; is upper bounded

TJ

17.7

. 1 . :
by a constant times — g |Con|? = O(1), so it converges to 2 by the monotone convergence theorem. Point
n

1) follows.

Let us now prove point ii). We have:

)|

—z B [Wawarl| (0] < n:}/QZ[ZT( 1z @z P 1) + |8
n m 1 m  LieCp, i \
< n3/< T> SUPE[HZZT®Z (ft)] +Slz}p‘5ii,TH> .
1€ECm
Now,
B[|Zr o Zutl 1 (1] < E[HZ@-,TH‘*Mft)}=E[(Z;,Tzi,T)3r<ft>}

= 3 Z 1; RIRE ’LtG [Eiytll"gith] (xilth) (%231}4) (%;5.%'756) '

Z t1,....te

11



By the independence property, the non-zero terms E [g; 4, ...€; +,;] involve at most 3 different time indices,

which implies sup £ [HZi,T ® Zir|? | (ft)} = O(1), P-a.s. Similarly sup‘ Sir ‘ =0 (1), P-as. Thus,
we get: ' !
LS 3 e 2 ’ 1 3

STEP 2: We show that (23) implies the statement of Lemma SM.1. Indeed, from (23) we have:

lim P[o/T, < S
Jm Pl <40 = ().

for any a € R* and for any z € R and any (f;), P-a.s. We now apply the Lebesgue dominated convergence
y y y pply g

theorem, by using that the sequence of random variables P [o/ T,,7 < z| (f)] are such that P [/ Y, < 2| (f¢)] <

1, uniformly in n and 7. We conclude that, for any z € R:

. ] Z
Jim P [/ Loy < 2] = i E (P [/ Tur < 2| (f1)]) = @ (m) ’

. ~ . .
since ¢ ( m) is independent of the factor path. The conclusion follows. m

F Proof of Lemma 5
Under the null hypothesis H, and by definition of the fitted residual é;, we have
& = ai—bip+¢ <5z - @‘)
= ai— b+ (Bi— )~ b (- v)
— ¢ (Bi—ﬁi) W (0 —v).

By definition of Qe it follows

Qee = 7112 {él (Bz‘—ﬁi)r—Q(ﬁ—V)/iZbi (Bz‘—5i>/é+(9—V)/i;bib§(ﬁ—V>

)

= L)

%

12



Let us study the second term in the RHS:

Isy =

1, ;1 ;o A_]

Va0 g 2 i Qi

1 ~ / 71
= %(1/ {\FE 7ibiZ; p

+\/15 ZZ: TibiZi (Q;xlz - Q;ml) } ¢
T 1
NCA,,

1 1
Now, we have (7 —v) = O, (\/ﬁ + T) and ¢ = O, (1) by Proposition 2. Moreover, 53 = O, (1) by

Assumption A.3b), and Isy =o0,(1) from the Proof of Proposition 2. Thus,

1 1
I =0, [ — .
o p<nT+T\/nT>
11

Let us now consider I52. From Proposition 2, we have 52 = O, ( T + T2) . The conclusion follows.

(153 + 154) C.

G Proof of Lemma 6

By using the properties of the trace operator,
\/» Z 2 Qmm )i ( i Sii,T) Qmw,zé =tr [éé/ ZTZQx;Bz < i u T) Q:m: z] .
Thus, it is enough to show
1 A A .
NG ; TiQle’i (Sii - Sii,T) Quzai =0p (1).
~ ~ /
We have e’:ﬁi,t = Ri,t — ﬂ;.%'t =&t — (Bz — 51) Tt. Then,
. 1 . /
Sii = Sur = = Z i liy (€54 — Oiig) 2oy — 2= ; iy (5i - ﬂi) TYE; 44T}
~ !/
+ (ﬁi - BZ-) Qu.i (52- - B) -
1
=0, —= ).
()
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Lemma 10 Under Assumptions...



From Assumption ?? and Lemma SM 2, we have
Sii — S = l237‘211‘15 (€7 — oii) wey + O -
’ T - ) ) 7, ; p T )
Thus, by using Assumption B.11(?), we get

/
E T; 111‘, O'ii,t) fﬁtwt]

2

Vlﬁziyg@;i (i = Sur) Qs = Z

o
o hef)

The conclusion follows by the condition g =o0p,(1).m

H Proof of Lemma 7
I Proof of Lemma 8
Under 1, we have & = ¢; + & (,8 - @-) — b, (0 — v) . By definition of Qc, it follows:
Qe = fzuz ZA’(@ Bi)ei - —v)’iZbiez-
+- Z[”(ﬁz B)} —2(ﬁ—v)I£Zbi< ~a) e+ be/

=: Ig1 + IS2 + Ig3 + Igq + Ig5 + Ig.

14

Ly
= T\/j Z Z T;L]-i,t (512,15 - O-ii,t) Qxxlzxtxtch i
7 t

24)



From proof of Proposition 5a), we have

I .
82 /ET

1
+%

vnT

1 A
{ % ; Tz‘eiEéQ;ca:l Zz’,T
/ A—1 A—1
Z TieiE2 (Q;rz,z - me) Zi,T}
(Ig7 + Isg) -

The term Ig7 is O, (1). Moreover, Igg is oy, (1). Thus, Igs = O, (ﬁ) . By using Proposition 5, we have

Is3 = O, (1). Let us now consider Iss5. From proof of Lemma 5, we get Ig5 = O, (

_1 ;
nﬁ) Let us cosider

Is. From Proposition 5, we have Igg = O, (1) . The conclusion follows. m

J Proof of Lemma 9

By applying MN Theorem 2 p.35, Theorem 10 p. 55 and using W, 1 = I,, we have

Ab = vec (Ab)

(V' ® A) vec (1)

(In @ Wy ® Iy,) (vec (b') ® vec (A))
(In ® In,) vec (vec (A) V)

vec (vec (A) V)
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