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Abstract 

Estimating production functions is challenging when firms’ input choices are jointly shaped by 

productivity and distortion shocks arising from credit constraints, taxes, subsidies, or regulatory 

wedges. In such environments, observed input variation reflects both technological productivity 

and distortion-driven adjustments, weakening the monotonicity and orthogonality conditions 

underlying standard proxy-variable and lag-based estimators. This paper develops a two-step 

estimator for production functions under distortions that identifies production elasticities using 

heteroskedasticity-based internal instruments. The approach does not require proxy inversion, 

external instruments, or restrictive one-to-one mappings between inputs and productivity. We 

establish identification, consistency, and asymptotic normality of the estimator. In the second step, 

the residual system is embedded in a linear state-space framework and estimated using Kalman 

filter–based Gaussian quasi-maximum likelihood to recover latent productivity and distortion 

processes. Monte Carlo evidence shows that the estimator delivers low-bias and low-RMSE 

elasticity estimates under distortion shocks, persistent measurement error, and feedback from 

distortions to productivity, while commonly used proxy-variable and lag-based estimators can 

become substantially biased. An application to manufacturing data yields plausible production 

elasticities and stable returns to scale. The estimated state-space system indicates that productivity 

is highly persistent, whereas distortions are more transitory and mean reverting, with statistically 

significant feedback effects on productivity. 
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1. Introduction  

Estimating production functions in the presence of unobserved productivity is a central problem 

in applied microeconometrics. Because firms observe at least part of their productivity when 

choosing inputs, observed input choices are generally correlated with unobserved productivity 

shocks. This simultaneity problem renders ordinary least squares estimates of production 

elasticities inconsistent and has motivated a large literature on control-function and instrumental-

variable approaches. 

A major strand of this literature relies on proxy-variable methods. Following Olley and Pakes 

(1996), and Ackerberg et al., (2015), these estimators use observed firm decisions, such as 

investment or intermediate inputs, to control latent productivity. Their central insight is that, under 

appropriate timing and regularity conditions, firms’ input policies can be inverted to recover 

productivity as a function of observables. This inversion-based approach has become widely used 

because it addresses simultaneity without requiring external instruments. 

The validity of the inversion, however, depends on restrictive conditions. In particular, the proxy 

variable must be generated by a scalar unobservable and must be strictly monotone in that 

unobservable conditional on observed state variables. If input choices respond simultaneously to 

additional firm-level factors, such as credit constraints, taxes, subsidies, regulation, input-price 

wedges, optimization frictions, or demand shocks, the same observed proxy may correspond to 

multiple combinations of productivity and distortions. In that case, the proxy no longer delivers a 

one-to-one mapping to productivity. Ackerberg et al. (2015) further show that standard 

implementations of inversion-based estimators may suffer from first-stage functional-dependence 

problems, while Hu et al. (2020) emphasize that proxy variables contaminated by additional 

unobservables may fail to fully control for latent productivity. 

This issue is not merely theoretical. A large literature documents pervasive distortions affecting 

firms’ input allocation, particularly in developing and transition economies; see, among others, 

Restuccia and Rogerson (2008), Hsieh and Klenow (2009), and Midrigan and Xu (2014). When 

such distortions are present, variation in observed inputs partly reflects distortion-driven wedges 

rather than technological productivity. Standard proxy-variable estimators may therefore attribute 

distortion-induced input variation to productivity, potentially biasing estimates of production 

elasticities. More broadly, the consequences of distortions for estimated production elasticities are 
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closely related to the literature emphasizing factor substitution, endogenous productivity 

dynamics, and biased technical change in production-function estimation; see, for example, 

Doraszelski and Jaumandreu (2013), León-Ledesma et al. (2010), and León-Ledesma and Satchi 

(2019). 

An alternative interpretation of these distortions is that firms optimize with respect to latent 

effective input prices rather than observed market prices. Under this interpretation, distortions 

operate as wedges in firms’ marginal input costs, so that the relevant flexible-input price faced by 

the firm differs from the price observed by the econometrician. Consequently, firms’ input-demand 

policies depend jointly on technological productivity, effective input costs, and other latent state 

variables affecting optimization. This perspective connects the present framework to recent work 

emphasizing cost minimization, latent demand conditions, and imperfectly observed input-price 

wedges in production-function estimation; see, for example, Grieco et al. (2016), Hu et al. (2020), 

Doraszelski and Li (2025), and Doraszelski and Li (2026). 

These concerns have motivated alternative approaches that relax or avoid exact proxy inversion. 

Hu et al. (2020) develop a framework based on two conditionally independent proxy variables 

treated as contaminated measures of latent productivity. Li and Mo (2026) avoid separating 

structural productivity from unexpected productivity shocks in the first stage and instead derive 

moment conditions using lagged instruments and composite productivity terms. Doraszelski and 

Li (2025) characterize the bias arising from imperfect inversion in proxy-variable estimators and 

show how enriched conditioning sets and Neyman-orthogonal moment conditions can mitigate the 

resulting errors. Doraszelski and Li (2026) further generalize the control-function approach by 

allowing productivity to evolve jointly with additional latent state variables, including demand 

shocks and other unobserved factors affecting firms’ optimization problems. 

These contributions substantially extend the production-function literature, but they also shift the 

identifying burden to alternative assumptions. Proxy-based methods require either exact 

invertibility or sufficiently informative first-stage conditioning sets to avoid bias in estimated 

elasticities. Approaches based on lagged instruments or composite productivity terms relax exact 

inversion but instead rely on orthogonality restrictions between lagged observables and 

productivity or measurement-error innovations, together with assumptions governing the 

dynamics of latent states. When distortions are persistent, correlated with productivity, or jointly 
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evolve with productivity over time, these assumptions may themselves become difficult to justify 

empirically. 

This paper proposes a complementary source of identification. We develop a two-step estimator 

for production functions under input distortions that uses heteroskedasticity-based internal 

instruments, in the spirit of Lewbel (1997, 2012), to identify production elasticities. Rather than 

treating distortions solely as a source of misspecification, the approach exploits the conditional 

heteroskedasticity generated by distortion shocks in flexible-input demand. Under timing-based 

orthogonality conditions, these variance shifts generate internal instruments for endogenous 

flexible inputs. The estimator therefore does not require proxy inversion, external instruments, or 

a restrictive one-to-one mapping between observed inputs and productivity. 

The first contribution of the paper is to introduce Lewbel-type heteroskedasticity-based 

instruments into production-function estimation under distortions. To our knowledge, this source 

of identification has not previously been used in this context. The approach is particularly useful 

precisely in environments where flexible-input choices are jointly shaped by productivity and 

distortions. In such settings, the same forces that undermine proxy monotonicity generate the 

heteroskedastic variation needed for identification. Unlike lag-instrument approaches, 

identification does not rely primarily on lagged inputs or lagged composite productivity terms as 

instruments for the production equation. 

The second contribution is to combine the first-step elasticity estimates with a state-space 

framework for productivity and distortions. Once the production elasticities are estimated, the 

residual system from the production and input-demand equations can be used to recover latent 

productivity and distortion components. The resulting state-space representation allows estimation 

of persistence, volatility, covariance, and feedback effects between productivity and distortions. 

This decomposition is useful not only for measuring productivity and distortions over time, but 

also for studying how violations of the identifying assumptions underlying alternative estimators 

translate into bias. 

The paper uses this framework to analyze the consequences of failed inversion, invalid lag 

instruments, persistent measurement error, and dynamic feedback from distortions to productivity. 

Monte Carlo evidence shows that the proposed estimator remains centered near the true production 

elasticities across environments with distortion shocks, persistent measurement error, and feedback 
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effects. By contrast, proxy-variable and lag-based estimators can become substantially biased 

when their identifying assumptions are weakened. In the empirical application to manufacturing 

data, the estimator yields plausible production elasticities and stable returns to scale. The state-

space decomposition indicates that productivity is highly persistent, whereas distortions are more 

transitory and mean reverting, with limited but statistically significant feedback effects. 

The remainder of the paper is organized as follows. Section 2 presents the conceptual framework 

and shows how input distortions undermine proxy inversion. Section 3 develops the 

heteroskedasticity-based identification strategy and the state-space estimator. Section 4 presents 

Monte Carlo evidence, including comparisons with proxy-variable and lag-instrument estimators. 

Section 5 applies the method to manufacturing data. Section 6 concludes. 

 

2. Economic framework 

We consider firms operating in an environment with potential resource misallocation that affects 

input choices. Firms produce output using predetermined capital and flexible inputs such as labor 

or intermediate materials.  

Let firm 𝑗 at time 𝑡 produce output according to the technology 

𝑌𝑗𝑡 = 𝐴𝑗𝑡𝐹(𝐾𝑗𝑡, 𝑀𝑗𝑡; 𝛽),    (1) 

where 𝐴𝑗𝑡 ∈ ℝ+ denotes firm-specific productivity, 𝐾𝑗𝑡 ∈ ℝ+is predetermined capital, 𝑀𝑗𝑡 ∈

ℝ𝑑𝑚  is a vector of flexible inputs chosen within the period, and 𝛽 is the vector of production 

elasticities. We assume that firms observe 𝐴𝑗𝑡 before choosing 𝑀𝑗𝑡, so that flexible inputs can 

respond immediately to productivity conditions specific to the firm, whereas capital reflects 

decisions taken in previous periods. This timing structure is standard in the empirical production 

function literature (see Olley and Pakes (1996), and Ackerberg et al. (2015), inter alia). 

We allow productivity to contain both an aggregate and a firm-specific component. Aggregate 

shocks may reflect business-cycle conditions, industry-wide technological change, input-price 

movements, or broader macroeconomic disturbances. Denoting the aggregate component by 𝐷𝑡, 

total log productivity is written as  
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log 𝐴𝑗𝑡 = 𝐷𝑡 + 𝜔𝑗𝑡
𝑦
, 

where 𝜔𝑗𝑡
𝑦

 ∈  ℝ represents the firm-specific productivity component. 

Beyond productivity, firms may face distortions that drive wedges between marginal products and 

effective input costs. These distortions may arise from credit constraints, tax policies, subsidies, 

political connections, regulatory frictions, or preferential access to resources. A large literature 

shows that such wedges generate dispersion in marginal products and reduce aggregate 

productivity. 

Let 𝜔𝑗𝑡
𝑚 ∈ ℝ𝑑𝑚  denote firm-specific input wedges affecting the effective marginal cost of flexible 

inputs. If 𝜔𝑗𝑡
𝑚 is interpreted as a log wedge, the firm’s flexible-input choice can be represented as 

max
𝑀𝑗𝑡

{𝑃𝑗𝑡𝐴𝑗𝑡𝐹(𝐾𝑗𝑡, 𝑀𝑗𝑡; 𝛽) − [exp(𝜔𝑗𝑡
𝑚) ⊙ 𝑃𝑗𝑡

𝑀]
′
𝑀𝑗𝑡} ,  (2) 

where 𝑃𝑗𝑡
𝑀 is the vector of observed flexible-input prices, and ⊙ denotes the Hadamard 

(elementwise) product, that is, element-by-element multiplication. Thus, exp(𝜔𝑗𝑡
𝑚) ⊙ 𝑃𝑗𝑡

𝑀 is the 

vector of distortion-adjusted input prices.  

The econometrician observes the market input-price vector 𝑃𝑗𝑡
𝑀, whereas firms optimize with 

respect to the latent effective input-price vector 

𝑃𝑗𝑡
𝑀∗

= exp(𝜔𝑗𝑡
𝑚) ⊙ 𝑃𝑗𝑡

𝑀 . 

Thus, the distortion component 𝜔𝑗𝑡
𝑚 operates as an unobserved wedge between observed and 

effective marginal input costs. This interpretation connects the present framework to the literature 

that models distortions as latent shadow-cost wedges affecting firms’ input choices. 

 

This structure has two econometric implications. First, flexible inputs are endogenous because 

firms observe productivity when making input decisions. Second, input demand reflects not only 

productivity and observed state variables, but also unobserved wedges. The next subsection shows 

how this feature undermines the exact proxy-inversion logic used by standard proxy-variable 

estimators and motivates the alternative source of identification developed in Section 3. 
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2.1 Proxy identification and the role of distortions 

Standard proxy-variable estimators rely on the ability to invert a proxy input variable to recover 

productivity. In the absence of distortions, the structural input policy can be written as 

𝑀𝑗𝑡 = 𝜙(𝜔𝑗𝑡
𝑦
, 𝐾𝑗𝑡),      

∂𝜙

∂𝜔𝑗𝑡
𝑦 > 0, 

so that productivity can be recovered through the inverse policy function 

𝜔𝑗𝑡
𝑦
= 𝜙−1(𝑀𝑗𝑡, 𝐾𝑗𝑡). 

This inversion step forms the basis of the proxy-variable approaches developed by Olley and Pakes 

(1996), and Ackerberg et al. (2015). 

When distortions affect firms’ effective input costs, however, the structural flexible-input policy 

becomes  

𝑀𝑗𝑡 = 𝜙̃(𝜔𝑗𝑡
𝑦
, 𝜔𝑗𝑡

𝑚, 𝑠𝑗𝑡), 

Let 𝑠𝑗𝑡denote the vector of observable variables available to the econometrician that influence 

flexible-input demand or the distribution of input-demand disturbances. This vector always 

includes predetermined capital, 𝐾𝑗𝑡, and may additionally contain lagged capital, observed output 

and input prices, aggregate conditions, industry-time controls, financial variables, and other 

observable firm characteristics. Formally, 

𝑠𝑗𝑡 = (𝐾𝑗𝑡 , 𝐾𝑗,𝑡−1, 𝑃𝑗𝑡
𝑌 , 𝑃𝑗𝑡

𝑀, 𝐷𝑡, Ƶ𝑗𝑡)
′
, 

 

where 𝑃𝑗𝑡
𝑌  and 𝑃𝑗𝑡

𝑀 denote output and flexible-input prices, 𝐷𝑡collects aggregate conditions, and Ƶ𝑗𝑡 

denotes a vector of additional observed firm-level characteristics. 

The conditioning vector 𝑠𝑗𝑡is broader than the set of productive inputs entering the production 

technology. While only 𝐾𝑗𝑡 and 𝑀𝑗𝑡 directly enter the production function, the remaining elements 

of 𝑠𝑗𝑡  affect firms' input-demand decisions or the conditional variance of input-demand 

disturbances. In the empirical implementation, 𝑠𝑗𝑡 serves both as the conditioning set in the 

reduced-form flexible-input equation and as the source of observable shifters used to construct the 

heteroskedasticity-based instruments. 
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Firms optimize with respect to the latent effective input-price vector 

𝑃𝑗𝑡
𝑀∗

= exp(𝜔𝑗𝑡
𝑚) ⊙ 𝑃𝑗𝑡

𝑀 , 

while the econometrician observes 𝑃𝑗𝑡
𝑀. The proxy input therefore depends on multiple latent states. 

Even if the input policy is strictly increasing in productivity for a fixed realization of 𝜔𝑗𝑡
𝑚, variation 

in 𝜔𝑗𝑡
𝑚 shifts the input-demand schedule. Holding productivity and observable state variables fixed, 

firms facing different realizations of the distortion process choose different flexible-input levels 

because distortions alter effective marginal input costs. Consequently, identical observed flexible-

input choices may arise from different combinations of productivity and distortion states, so that 

the proxy input no longer uniquely indexes productivity. 

The vector 𝑠𝑗𝑡  contains predetermined variables such as 𝐾𝑗𝑡, but these variables should not be 

interpreted as strictly exogenous. Capital used in period 𝑡 may have been chosen in earlier periods 

based on lagged productivity, lagged distortions, and other investment-relevant information. Thus, 

𝑠𝑗𝑡 may be correlated with lagged latent states. The identification strategy developed below 

therefore does not rely on exact scalar invertibility of the proxy policy. Instead, it exploits 

heteroskedasticity-generated internal instruments constructed from observable state variables 

under the timing and orthogonality restrictions stated in Section 3. 

The following proposition formalizes this failure of exact proxy inversion. 

Proposition 1 (Nonexistence of exact proxy inversion under distortions).  

Suppose the flexible-input policy satisfies 

𝑀𝑗𝑡 = 𝜙̃(𝜔𝑗𝑡
𝑦
, 𝜔𝑗𝑡

𝑚, 𝑠𝑗𝑡), 

where 𝜙̃(⋅) is strictly increasing in 𝜔𝑗𝑡
𝑦
 for each fixed realization of (𝜔𝑗𝑡

𝑚, 𝑠𝑗𝑡). Assume further that 

𝜔𝑗𝑡  
𝑚 has non-degenerate support conditional on 𝑠𝑗𝑡, that the policy depends nontrivially on 𝜔𝑗𝑡

𝑚, 

and that the induced input-policy ranges overlap for at least two distortion realizations on a set 

with positive probability. Then, under the induced distribution of (𝑀𝑗𝑡 , 𝑠𝑗𝑡), there does not 

generally exist a single-valued function 𝑑(⋅) such that 

𝜔𝑗𝑡
𝑦
= 𝑑(𝑀𝑗𝑡, 𝑠𝑗𝑡) 

almost surely.  
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Proof: See Appendix A1. 

Proposition 1 shows that, when unobserved wedges shift input demand, the proxy input is not 

generally a sufficient statistic for productivity. This does not imply that production elasticities are 

necessarily unidentified, nor that proxy-based estimators must always be inconsistent. Rather, it 

shows that nonparametric productivity recovery through scalar proxy inversion requires additional 

restrictions. The econometric framework developed below therefore distinguishes between the 

failure of exact inversion and the identification of production elasticities, and proposes an 

alternative method based on heteroskedasticity-generated internal instruments. 

 

2.2 Input choice, timing, and predetermined state variables 

The noninevitability result in Proposition 1 arises because firms’ flexible-input choices depend 

jointly on productivity, distortions, and other state variables affecting optimization. To clarify the 

economic environment underlying the identification strategy, this subsection describes the timing 

of firms’ input decisions in the presence of latent distortions.  

At the beginning of period 𝑡, firm 𝑗 observes current productivity and the current flexible input 

wedge, together with the relevant state variables affecting input demand. The econometrician 

observes the subset 𝑠𝑗𝑡, defined above, which contains observable variables entering the flexible-

input policy or shifting the distribution of input-demand disturbances. Conditional on this 

information, the firm chooses flexible inputs such as materials and labor. Production then takes 

place according to the structural production function described above. After current-period 

production and profits are realized, the firm chooses investment, which determines next period’s 

capital stock according to 

𝐾𝑗,𝑡+1 = (1 − 𝛿𝐾)𝐾𝑗𝑡 + 𝐼𝑗𝑡, 

where 𝛿𝐾 denotes the depreciation rate and 𝐼𝑗𝑡 denotes investment. 

Let ℱ𝑗,𝑡−1 denote the firm’s information set at the end of period 𝑡 − 1, after the investment decision 

determining 𝐾𝑗𝑡  has been made. We write this information set schematically as  

ℱ𝑗,𝑡−1 = {𝐾𝑗𝑡, 𝐾𝑗,𝑡−1, 𝑀𝑗,𝑡−1, 𝑌𝑗,𝑡−1, 𝑃𝑗,𝑡−1
𝑀 , 𝑃𝑗,𝑡−1

𝑌 , 𝜔𝑗,𝑡−1
𝑦

, 𝜔𝑗,𝑡−1
𝑚 , … }. 
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This notation is meant to capture the information available to the firm, not necessarily the 

information observed by the econometrician. In particular, ℱ𝑗,𝑡−1 may contain lagged productivity 

and distortion states that are latent from the econometrician’s perspective. Capital 

predeterminedness means that current capital is measurable with respect to this lagged information 

set:  

𝐾𝑗𝑡 ∈ ℱ𝑗,𝑡−1. 

Thus, current-period capital is predetermined but not necessarily exogenous. It may be chosen 

optimally in previous periods on the basis of lagged productivity, past input choices, and other 

investment-relevant information (see, e.g, Olley and Pakes (1996, Ackerberg et al (2015) and, 

more recently, Doraszelski and Li (2025, 2026)). Consequently, 𝐾𝑗𝑡 may be correlated with lagged 

latent states.  

The observable vector 𝑠𝑗𝑡, defined in Section 2.1, may contain both predetermined variables and 

contemporaneously observed controls. Let 𝑥𝑗𝑡 ⊆ 𝑠𝑗𝑡 denote the predetermined observable 

subvector of 𝑠𝑗𝑡. This subvector contains variables that are measurable with respect to ℱ𝑗,𝑡−1.1 

Let 𝜉𝑗𝑡 denote the current innovation vector in the latent productivity-distortion processes, 

formally specified in Section 3. The primitive timing restriction is  

 

𝐸[𝜉𝑗𝑡 ∣ ℱ𝑗,𝑡−1] = 0. 

 
1The vector 𝑥𝑗𝑡  is a predetermined subset of the broader conditioning vector 𝑠𝑗𝑡. For example, if  𝑠𝑗𝑡 =

(𝐾𝑗𝑡 , 𝐾𝑗,𝑡−1, 𝑃𝑗𝑡
𝑌 , 𝑃𝑗𝑡

𝑀, 𝐷𝑡 , … )′, then a possible choice is 𝑥𝑗𝑡 = (𝐾𝑗𝑡 , 𝐾𝑗,𝑡−1, 𝑀𝑗,𝑡−1, 𝑌𝑗,𝑡−1, 𝑃𝑗,𝑡−1
𝑀 , 𝑃𝑗,𝑡−1

𝑌 , 𝐷𝑡 , … )′. More 

generally, 𝑥𝑗𝑡contains only variables that are predetermined with respect to the period-𝑡 innovations. Variables that 

may respond contemporaneously to those innovations can still belong to 𝑠𝑗𝑡, but should enter 𝑥𝑗𝑡only through lagged 

values. Thus, 𝑠𝑗𝑡  represents the full observable information set used to model flexible-input demand, whereas 

𝑥𝑗𝑡  denotes the predetermined component used in constructing the baseline heteroskedasticity-based instruments. 

When all elements of 𝑠𝑗𝑡 are predetermined, the two vectors coincide, so that 𝑥𝑗𝑡 = 𝑠𝑗𝑡. 
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This restriction says that current innovations to productivity and distortions are not predictable 

from the information available when current capital was predetermined. Since 𝑥𝑗𝑡is measurable 

with respect to ℱ𝑗,𝑡−1, the law of iterated expectations implies  

𝐸[𝑥𝑗𝑡𝜉𝑗𝑡] = 0. 

More generally, any measurable function of predetermined observables is orthogonal to current 

innovations, provided the relevant moments exist. 

Importantly, this implication applies to current innovations, not to persistent latent state levels. The 

timing restriction does not imply 𝐸[𝜔𝑗,𝑡−1
𝑦

∣ 𝑥𝑗𝑡] = 0,  nor does it imply 𝐸[𝜔𝑗,𝑡−1
𝑚 ∣ 𝑥𝑗𝑡] = 0. 

Indeed, because capital may be chosen based on lagged productivity and other investment-relevant 

information, 𝐾𝑗𝑡 ∈ 𝑥𝑗𝑡  may be correlated with 𝜔𝑗,𝑡−1
𝑦

. This distinction is important in environments 

with persistent distortions. Predeterminedness alone is not sufficient for the input-demand residual 

to satisfy 𝐸[ 𝑢𝑗𝑡
𝑚
∣∣ 𝑥𝑗𝑡 ] = 0 when that residual contains a persistent distortion state. Section 3 

therefore states the additional restrictions on the distortion dynamics and on the predetermined 

observable vector 𝑥𝑗𝑡  under which the input-demand residual is conditionally mean independent 

of the variables used to construct the heteroskedasticity-based instruments. 

 

 

3. Econometric framework 

3.1 Estimation and identification 

This section develops a two-step estimator. The first step identifies production elasticities in the 

presence of endogenous inputs and distorted input choices using heteroskedasticity-based internal 

instruments, in the spirit of Lewbel (1997, 2012). The second step uses the residuals from the 

production and flexible-input equations to estimate a linear state-space system for latent 

productivity and distortions by quasi-maximum likelihood (QML) and Kalman smoothing. 

We begin with the log production equation  

𝑦𝑗𝑡 = 𝑓(𝑘𝑗𝑡, 𝑚𝑗𝑡; 𝛽) + 𝑢𝑗𝑡
𝑦

,    𝑢𝑗𝑡
𝑦
= 𝜔𝑗𝑡

𝑦
+ 𝜀𝑗𝑡

𝑦
,   (3) 
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where lowercase letters denote logarithms of the corresponding level variables. Thus, 𝑦𝑗𝑡 ∈

𝑅 denotes log output, 𝑘𝑗𝑡 = 𝑙𝑜𝑔𝐾𝑗𝑡 denotes predetermined log capital, 𝑚𝑗𝑡 ∈ 𝑅𝑑𝑚  is the vector of 

log flexible inputs, and 𝛽 ∈ 𝑅𝑝 is the vector of production elasticities. The composite production 

disturbance 𝑢𝑗𝑡
𝑦
∈ 𝑅 consists of a persistent productivity component, 𝜔𝑗𝑡

𝑦
∈ 𝑅, and a transitory 

disturbance, 𝜀𝑗𝑡
𝑦
∈ 𝑅. When capital or flexible-input quantities appear in information sets or 

conditioning vectors, the level variables 𝐾𝑗𝑡, 𝑀𝑗𝑡 , and their logarithmic counterparts 𝑘𝑗𝑡 , 𝑚𝑗𝑡, , 

including lagged values, carry the same information sets, defined in Section 2.  

A central difficulty is that predetermined variables are generally not valid conventional instruments 

for equation (3). Let 𝑥𝑗𝑡 ∈ 𝑅𝑑𝑥  denote the predetermined observable subvector of the broader 

observable conditioning vector 𝑠𝑗𝑡 ∈ 𝑅𝑑𝑠, as defined in Section 2.2. Predeterminedness implies 

orthogonality to current innovations, but not to persistent productivity levels. To see this, suppose 

productivity evolves according to  

𝜔𝑗𝑡
𝑦
= 𝜌𝑦𝑦𝜔𝑗,𝑡−1

𝑦
+ 𝜌𝑦𝑚

′ 𝜔𝑗,𝑡−1
𝑚 + 𝜉𝑗𝑡

𝑦
,     (4) 

where 𝜌𝑦𝑦 ∈ 𝑅, 𝜌𝑦𝑚 ∈ 𝑅𝑑𝑚 , and 𝜉𝑗𝑡
𝑦
∈ 𝑅. Even if 𝑥𝑗𝑡is predetermined so that 𝐸(𝜉𝑗𝑡

𝑦
∣ 𝑥𝑗𝑡) = 0, this 

does not imply 𝐸(𝜔𝑗𝑡
𝑦
∣ 𝑥𝑗𝑡) = 0. The latter would be a much stronger condition. Current capital 

𝐾𝑗𝑡, equivalently current log capital 𝑘𝑗𝑡, may have been chosen on the basis of lagged productivity 

information, and lagged flexible inputs 𝑀𝑗𝑡 , equivalently 𝑚𝑗𝑡 , may be correlated with lagged 

flexible-input distortions. Hence, variables such as 𝑘𝑗𝑡, 𝑘𝑗,𝑡−1, or 𝑚𝑗𝑡 , are hard to defend as ordinary 

instruments for the production equation when productivity is persistent and may depend on lagged 

distortions.  

In equation (4), the coefficient 𝜌𝑦𝑦 captures standard productivity persistence, while the cross-

effect 𝜌𝑦𝑚   allows distortions to affect productivity dynamically. Lagged distortions may influence 

future productivity through input misallocation, capacity utilization, investment, or learning. This 

feedback structure is consistent with evidence and models in the misallocation and financial-

frictions literatures, where wedges are often persistent and systematically related to firm 

characteristics (see, e.g., Midrigan and Xu (2014), and David and Venkateswaran (2019)). 
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The strategy below therefore does not use 𝑥𝑗𝑡directly as a level instrument for equation (3). Instead, 

𝑥𝑗𝑡  is used to generate heteroskedasticity-based instruments from a reduced-form flexible-input 

equation. For flexible inputs, we write 

𝑚𝑗𝑡 = Π′𝑠𝑗𝑡 + 𝑢𝑗𝑡
𝑚,   𝑢𝑗𝑡

𝑚 = 𝜔𝑗𝑡
𝑚 + 𝜀𝑗𝑡

𝑚,    (5) 

where 𝑚𝑗𝑡 ∈ 𝑅𝑑𝑚, 𝑠𝑗𝑡 ∈ 𝑅𝑑𝑠, Π ∈ 𝑅𝑑𝑠×𝑑𝑚 , 𝑢𝑗𝑡
𝑚 ∈ 𝑅𝑑𝑚 , 𝜔𝑗𝑡

𝑚 ∈ 𝑅𝑑𝑚 , and 𝜀𝑗𝑡
𝑚 ∈ 𝑅𝑑𝑚. Equation (5) is 

interpreted as a reduced form or local projection of the structural flexible-input policy discussed 

in Section 2.2 It is not the structural input policy itself. The vector 𝑠𝑗𝑡 may include capital variables, 

expressed in logs in the econometric specification, together with observed output and input prices, 

aggregate controls, industry-time controls, and other observed variables that affect flexible-input 

demand or the volatility of input-demand disturbances. The distortion component 𝜔𝑗𝑡
𝑚 represents 

wedges in the flexible-input demand condition, including regulatory distortions, tax wedges, 

subsidies, or other forms of resource misallocation that cause flexible-input usage to deviate from 

the frictionless optimum. A large literature documents the importance of such distortions for firms’ 

input allocation and measured productivity. See, among others, Restuccia and Rogerson (2008), 

Hsieh and Klenow (2009), Bartelsman et al. (2013), David and Venkateswaran (2019), and Li and 

Mo (2026).  

The reduced-form input equation is useful because its residual contains variation in flexible-input 

distortions. The Lewbel instruments are constructed by interacting the residual 𝑢𝑗𝑡
𝑚 with 

predetermined observables 𝑥𝑗𝑡. For this construction to be valid, the input-demand residual must 

satisfy a mean-independence condition with respect to 𝑥𝑗𝑡:  

𝐸(𝑢𝑗𝑡
𝑚 ∣ 𝑥𝑗𝑡) = 0. 

Since 𝑢𝑗𝑡
𝑚 = 𝜔𝑗𝑡

𝑚 + 𝜀𝑗𝑡
𝑚, this condition requires restrictions on the latent distortion state. In the 

baseline, the productivity-distortion process is specified as upper triangular. In particular, if 

 
2 In the structural model, optimal input demand depends on both productivity and distortions through the firm’s first-

order condition. Rather than estimating this nonlinear policy function directly, we approximate it locally by a linear 

function of observable state variables 𝑥𝑗𝑡 .  
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flexible-input distortions are persistent, the input-demand residual is not automatically mean 

independent of 𝑥𝑗𝑡. Assume that 𝜔𝑗𝑡
𝑚 follows the AR(1) process  

𝜔𝑗𝑡
𝑚 = 𝜌𝑚𝑦𝜔𝑗,𝑡−1

𝑦
+ 𝜌𝑚𝑚𝜔𝑗,𝑡−1

𝑚 + 𝜉𝑗𝑡
𝑚.   (6) 

Then, predeterminedness gives 𝐸(𝜉𝑗𝑡
𝑚 ∣ 𝑥𝑗𝑡) = 0, but it does not generally imply 𝐸(𝜔𝑗,𝑡−1

𝑚 ∣ 𝑥𝑗𝑡) =

0, meaning conditional mean-independence between the lagged flexible-input distortion state and 

𝑥𝑗𝑡. Therefore, if flexible-input distortions are persistent, the input-demand residual is not 

automatically mean independent of 𝑥𝑗𝑡. This is why, in the baseline, we impose the upper-triangular 

restriction 𝜌𝑚𝑦 = 0 and require either 𝐸(𝜔𝑗,𝑡−1
𝑚 ∣ 𝑥𝑗𝑡) =0, or, in a special case, transitory 

distortions. Under upper-triangular dynamics, if 𝜌𝑚𝑚 = 0, then distortions are transitory, 𝜔𝑗𝑡
𝑚 =

𝜉𝑗𝑡
𝑚, and the timing condition 𝐸(𝜉𝑗𝑡

𝑚 ∣ 𝑥𝑗𝑡) = 0, together with 𝐸(𝜀𝑗𝑡
𝑚 ∣ 𝑥𝑗𝑡) = 0, is sufficient for 

𝐸(𝑢𝑗𝑡
𝑚 ∣ 𝑥𝑗𝑡) = 0. 

The restriction 𝜌𝑚𝑦 = 0 means that the flexible-input wedge follows its own process and may be 

persistent but is not directly driven by lagged productivity. We allow lagged flexible-input 

distortions to affect future productivity through 𝜌𝑦𝑚, but rule out the reverse dynamic channel 

from lagged productivity to future flexible-input distortions. This asymmetry is economically 

meaningful. A flexible-input wedge can reflect short-run effective input-cost disturbances, 

procurement frictions, working-capital constraints, tax or regulatory wedges, supplier disruptions, 

or temporary financing conditions. These forces may affect the cost or availability of flexible 

inputs without being mechanically generated by the firm’s lagged productivity state. The 

remaining conditional mean-independence condition, 𝐸(𝜔𝑗,𝑡−1
𝑚 ∣ 𝑥𝑗𝑡) = 0, requires that the 

predetermined variables used to construct the Lewbel instruments are not systematically related to 

firms’ lagged flexible-input wedges. Economically, this means that these predetermined variables 

should not be systematically driven by past flexible-input wedges. This condition is plausible when 

𝜔𝑗,𝑡
𝑚  is interpreted as a flexible-input wedge or effective input-cost disturbance, rather than as a 

persistent investment wedge or capital-policy state. 

The second ingredient for identification is conditional heteroskedasticity in the input-demand 

residual. The Lewbel construction requires that the variance of 𝑢𝑗𝑡
𝑚, but not its covariance with the 

production residual, varies systematically with the predetermined variables 𝑥𝑗𝑡. The residual-level 
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heteroskedasticity and relevance conditions are stated in Assumption 1 below, and a primitive 

state-dependent innovation process that generates them is discussed immediately after the 

assumption.  

The identifying assumptions are summarized as follows. 

Assumption 1 (Timing, input-residual orthogonality, and heteroskedasticity). For all firms 𝑗and 

periods 𝑡, assume: 

 

(i) Predetermined observables and current innovations:  The vector 𝑥𝑗𝑡 ∈ 𝑅𝑑𝑥  is predetermined 

with respect to period-𝑡 innovations. That is, 𝑥𝑗𝑡  is measurable with respect to the lagged firm 

information set ℱ𝑗,𝑡−1, and 𝐸(𝜉𝑗𝑡 ∣ ℱ𝑗,𝑡−1) = 0. Hence, 

𝐸(𝜉𝑗𝑡
𝑦
∣ 𝑥𝑗𝑡) = 0        and        𝐸(𝜉𝑗𝑡

𝑚 ∣ 𝑥𝑗𝑡) = 0. 

 

(ii) Upper triangular state dynamics: The latent productivity-distortion process satisfies the upper 

triangular restriction introduced above. Thus, lagged flexible-input distortions may affect future 

productivity, but lagged productivity does not directly enter the law of motion for current flexible-

input distortions.  

 

(iii) Input-residual mean independence: The reduced-form input-demand residual satisfies  

E(𝑢𝑗𝑡
𝑚 ∣ 𝑥𝑗𝑡) = 0. 

Given 𝑢𝑗𝑡
𝑚 = 𝜔𝑗𝑡

𝑚 + 𝜀𝑗𝑡
𝑚, a sufficient condition is E( 𝜀𝑗𝑡

𝑚
∣∣ 𝑥𝑗𝑡 ) = 0, together with either 

E(𝜔𝑗,𝑡−1
𝑚

∣∣ 𝑥𝑗𝑡 ) = 0 for persistent distortions, or 𝜌𝑚𝑚 = 0 for transitory distortions, in which case 

𝜔𝑗𝑡
𝑚 = 𝜉𝑗𝑡

𝑚. 

 

(iv) Production transitory disturbance: The transitory production disturbance satisfies 𝐸(𝜀𝑗𝑡
𝑦
∣

𝑥𝑗𝑡) = 0, and the transitory disturbances are serially uncorrelated and orthogonal to the relevant 

state innovations.  
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(v) Conditional covariance invariance: The covariance between the input-demand residual and the 

production residual is invariant with respect to the predetermined variables used to generate the 

Lewbel instruments: 

𝐸(𝑢𝑗𝑡
𝑚𝑢𝑗𝑡

𝑦
∣ 𝑥𝑗𝑡) = 𝐶𝑚𝑦,  

where 𝐶𝑚𝑦 ∈ 𝑅𝑑𝑚  is a constant vector, not necessarily equal to zero. At the innovation level, we 

can allow the more general condition  

𝐸( 𝜉𝑗𝑡
𝑚𝜉𝑗𝑡

𝑦
∣∣ 𝑥𝑗𝑡 ) = 𝜎𝜉𝑦𝜉𝑚 ≠ 0. 

Thus, contemporaneous productivity and distortion innovations may be correlated. The identifying 

restriction is that this covariance is not systematically shifted by 𝑥𝑗𝑡.  

 

(vi) Conditional heteroskedasticity and relevance: The input-demand residual is conditionally 

heteroskedastic with respect to 𝑥𝑗𝑡, and this heteroskedasticity is relevant: 

𝐸[𝑥̃𝑗𝑡(𝑢𝑗𝑡
𝑚 ⊙𝑢𝑗𝑡

𝑚)′] ≠ 0, 

where 𝑥̃𝑗𝑡 = 𝑥𝑗𝑡 − 𝐸(𝑥𝑗𝑡) ∈ 𝑅𝑑𝑥.  Thus, 𝑥̃𝑗𝑡(𝑢𝑗𝑡
𝑚 ⊙𝑢𝑗𝑡

𝑚)′ ∈ 𝑅𝑑𝑥×𝑑𝑚. Equivalently, for at least one 

component 𝑥𝑗𝑡,𝑘, 𝑘 = 1,… , 𝑑𝑥, and one component 𝑢𝑗𝑡,𝑑
𝑚 , 𝑑 = 1,… , 𝑑𝑚, 𝐶𝑜𝑣[𝑥𝑗𝑡,𝑘, (𝑢𝑗𝑡,𝑑

𝑚 )2] ≠ 0.  

 

Assumption 1(ii) avoids requiring predetermined capital to be orthogonal to lagged productivity, 

since capital may be chosen using lagged productivity information. Assumption 1(iii) instead 

imposes the conditional mean-independence condition discussed above, 𝐸(𝜔𝑗,𝑡−1
𝑚 ∣ 𝑥𝑗𝑡) = 0, the 

variables used to generate the Lewbel instruments should not be systematically related to firms’ 

lagged flexible-input wedges. 

A sufficient simple example clarifies conditions (v) and (vi). Suppose that the heteroskedastic 

component of the input-demand residual is orthogonal to the production disturbance, while any 

covariance between the persistent productivity and distortion components is invariant with respect 

to 𝑥𝑗𝑡. For instance, let  

𝜉𝑗𝑡
𝑚 = ℎ(𝑥𝑗𝑡; 𝛾)

1/2Σ𝑒
1/2

𝑒𝑗𝑡, 
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where 0 < 𝑐ℎ ≤ ℎ(𝑥𝑗𝑡; 𝛾) ≤ 𝐶ℎ < ∞, Σ𝑒 ∈ 𝑅𝑑𝑚×𝑑𝑚  is positive definite, 𝐸(𝑒𝑗𝑡 ∣ 𝑥𝑗𝑡) = 0, and 𝑒𝑗𝑡is 

orthogonal to 𝜉𝑗𝑡
𝑦
 and 𝜀𝑗𝑡

𝑦
 conditional on 𝑥𝑗𝑡. Then 𝑥𝑗𝑡  shifts the conditional variance of the input-

demand residual but not its conditional covariance with the production residual. Thus, 

𝑉𝑎𝑟( 𝑢𝑗𝑡
𝑚
∣∣ 𝑥𝑗𝑡 ) may vary with 𝑥𝑗𝑡, while 𝐸(𝑢𝑗𝑡

𝑚𝑢𝑗𝑡
𝑦
∣∣ 𝑥𝑗𝑡 ) remains constant.  

This heteroskedasticity specification is economically natural. Financial frictions, regulatory 

burdens, tax exposure, policy interventions, procurement frictions, and collateral constraints need 

not affect all firms with equal volatility. Firms with different size, capital intensity, leverage, 

ownership structure, input intensity, supplier exposure, or regulatory exposure may therefore 

experience systematically different volatility in effective flexible-input wedges. Accordingly, 

ℎ(𝑥𝑗𝑡; 𝛾) can be interpreted as a firm-specific distortion-volatility index that scales the intensity of 

wedge innovations according to predetermined firm characteristics. This interpretation is 

consistent with empirical evidence showing substantial heterogeneity in firm-level distortions and 

financing conditions across firms and industries; see, for example, Moll (2014) and David and 

Venkateswaran (2019). In addition, models of financial amplification imply that shocks propagate 

asymmetrically depending on firms’ balance-sheet strength and collateral constraints; see Kiyotaki 

and Moore (1997) and Ottonello and Winberry (2020). These arguments support a conditional 

heteroskedasticity specification in which predetermined firm characteristics affect volatility, but 

not necessarily the conditional mean, of flexible-input wedge innovations.  

Under the maintained assumptions made for the innovations vector 𝜉𝑗𝑡 = [
ξ𝑗𝑡
𝑦

ξ𝑗𝑡
𝑚] ∈ ℝ1+𝑑𝑚 , its 

variance-covariance matrix conditional on 𝑥𝑗𝑡 is given as  

Σ𝜉,𝑗𝑡 ≡ 𝑉𝑎𝑟(𝜉𝑗𝑡 ∣ 𝑥𝑗𝑡) = [
𝜎𝜉𝑦
2 𝜎𝜉𝑦𝜉𝑚′

𝜎𝜉𝑚𝜉𝑦 Σ𝜉𝑚,𝑗𝑡
],  

where Σ𝜉𝑚,𝑗𝑡 = ℎ(𝑥𝑗𝑡; 𝛾)Σ𝑒   ∈ ℝ𝑑𝑚x𝑑𝑚. We assume that the parameter space is restricted so that 

Σξ,jt is positive definite for all admissible values of xjt. These restrictions ensure that the state 

innovation covariance matrix is well defined and uniformly nonsingular. The block-diagonal 

case, obtained by imposing 𝜎𝜉𝑦𝜉𝑚 = 0, is a simplifying special case.  
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Under Assumption 1, and in particular the input-residual mean-independence, covariance-

invariance, and heteroskedasticity-relevance conditions, the internal Lewbel-type instruments are 

constructed from the residuals of the reduced-form input equation. Define   

𝑍𝑗𝑡
𝐿 = 𝑥̃𝑗𝑡 ⊗𝑢𝑗𝑡

𝑚,       (7) 

where 𝑍𝑗𝑡
𝐿 ∈ 𝑅𝑑𝑥𝑑𝑚 . The predetermined variables 𝑥𝑗𝑡  are used to generate 𝑍𝑗𝑡

𝐿 . They are not used as 

conventional level instruments for the production equation. This is essential because 𝑥𝑗𝑡, and 

especially capital, may be correlated with persistent productivity levels. The identifying moment 

is therefore based on the generated instruments 𝑍𝑗𝑡
𝐿 , not on 𝑥𝑗𝑡  itself.  

Under Assumption 1, these instruments are orthogonal to the production disturbance: 

𝐸(𝑍𝑗𝑡
𝐿𝑢𝑗𝑡

𝑦
) = 0.       (8) 

To see this, use the residual-level covariance-invariance condition: 

𝐸(𝑍𝑗𝑡
𝐿𝑢𝑗𝑡

𝑦
) = 𝐸[𝑥̃𝑗𝑡 ⊗𝐸(𝑢𝑗𝑡

𝑚𝑢𝑗𝑡
𝑦
∣ 𝑥𝑗𝑡)] = 𝐸[𝑥̃𝑗𝑡 ⊗𝐶𝑚𝑦] = 0, 

since 𝐸(𝑥̃𝑗𝑡) = 0, by construction. It does not require 𝐶𝑚𝑦 = 0. Hence, nonzero contemporaneous 

covariance between productivity and distortion shocks is compatible with the exclusion condition 

for 𝑍𝑗𝑡
𝐿 , provided that this covariance is not systematically shifted by the predetermined variables 

used to generate the instruments.  

Thus, the Lewbel-type instruments remain valid even if productivity and input-demand distortions 

are related through the latent-state system. The exclusion restriction does not require 𝑢𝑗𝑡
𝑚 and 𝑢𝑗𝑡

𝑦
 to 

be uncorrelated.3 It requires only that their covariance does not vary systematically with the 

predetermined variables used to generate the instruments. By contrast, Assumption 1(vi) requires 

the variance of the input-demand residual to vary with those variables. This asymmetry between 

conditionally invariant covariance and conditionally varying variance is the source of 

heteroskedasticity-based identification. 

 
3 For instance, a sudden flexible-input wedge shock, such as a temporary supply disruption or working-capital 
shock, may reduce capacity utilization or input quality within the period, generating contemporaneous 
correlation between distortion and productivity innovations. Conversely, an unexpected productivity 
innovation may temporarily affect effective input wedges by changing scale, capacity utilization, input demand, 
or working-capital needs.  
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The instruments are relevant because conditional heteroskedasticity generates correlation between 

𝑍𝑗𝑡
𝐿  and the endogenous production inputs. The flexible-input equation implies that this correlation 

depends on moments involving 

𝐸[𝑥̃𝑗𝑡(𝑢𝑗𝑡
𝑚 ⊙𝑢𝑗𝑡

𝑚)′] ∈ 𝑅𝑑𝑥×𝑑𝑚 . 

However, relevance for the full vector of production elasticities requires a rank condition. 

Formally, if 𝛽0 ∈ 𝑅𝑝 denotes the true parameter vector, identification requires   

𝑟𝑎𝑛𝑘 ( 𝐸 [𝑍𝑗𝑡
𝐿 𝜕𝑓(𝑘𝑗𝑡,𝑚𝑗𝑡;𝛽0)

𝜕𝛽′ ]) = 𝑝, 

where 
∂𝑓(𝐾𝑗𝑡,𝑚𝑗𝑡;𝛽0)

∂𝛽′ ∈ 𝑅1×𝑝,  and therefore 𝑍𝑗𝑡
𝐿 ∂𝑓(𝑘𝑗𝑡,𝑚𝑗𝑡;𝛽0)

∂𝛽′ ∈ 𝑅𝑑𝑥𝑑𝑚×𝑝. See Appendix A2.  

In the Cobb-Douglas case, where the production regressors are (𝑘𝑗𝑡 , 𝑚𝑗𝑡
′ )′ ∈ 𝑅1+𝑑𝑚, this requires 

the matrix 

𝐸[𝑍𝑗𝑡
𝐿 (𝑘𝑗𝑡, 𝑚𝑗𝑡

′ )] 

to have full column rank 1 + 𝑑𝑚. Hence, identification of the capital elasticity does not rely on 

treating capital as exogenous. It relies on the validity and relevance of the generated 

heteroskedasticity-based instruments.  

The production moment condition is therefore 

𝐸[𝑍𝑗𝑡
𝐿 {𝑦𝑗𝑡 − 𝑓(𝑘𝑗𝑡, 𝑚𝑗𝑡; 𝛽)}] = 0.   (9) 

Estimation of 𝛽 can be carried out by GMM or IV using the sample analogue of this moment 

condition. In practice, the Lewbel-type instruments are constructed by replacing 𝑢𝑗𝑡
𝑚 with the least-

squares residuals from the reduced-form input equation and replacing 𝐸(𝑥𝑗𝑡) with the sample mean 

𝑥̄. Thus, 

𝑍̂𝑗𝑡
𝐿 = (𝑥𝑗𝑡 − 𝑥̄) ⊗ 𝑢̂𝑗𝑡

𝑚, 

where 𝑍̂𝑗𝑡
𝐿 ∈ 𝑅𝑑𝑥𝑑𝑚 . Under standard first-stage consistency conditions, we have 𝑍̂𝑗𝑡

𝐿 = 𝑍𝑗𝑡
𝐿 + 𝑜𝑝(1). 

Inference should account for the generated-instrument error through heteroskedasticity-robust or 
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bootstrap standard errors. Inference should account for the generated-instrument error through an 

appropriately constructed heteroskedasticity-robust or bootstrap procedure.  

This completes the first step of the procedure. Production elasticities are identified without 

requiring proxy-input monotonicity, external instruments, or exact recovery of productivity. The 

next section uses the generated residuals from the production and flexible-input equations to 

estimate the latent productivity-distortion system. 

 

3.2  State-space estimation of the productivity and distortion components  

Having obtained consistent estimates of the production elasticities, the second step uses the 

generated residuals from the production and flexible-input equations to estimate the latent 

productivity-distortion system. The purpose of this step is not to re-identify the production 

elasticities, but to decompose residual variation into persistent productivity, persistent input 

distortions, and transitory disturbances. 

Conditional on the first-step estimates, the state-space parameters are estimated by maximizing the 

Gaussian quasi-likelihood based on the Kalman filter. The nonlinearity of ℎ(𝑥𝑗𝑡; 𝛾) affects only 

the observed, time-varying innovation covariance and does not make the state-space system 

nonlinear (see also Appendix A3). Conditional on 𝑥𝑗𝑡  and the parameter vector, the innovation 

covariance matrix is known at each step of the Kalman recursion. The parameters estimated in this 

step include the persistence and feedback parameters in 𝜌, the innovation variances and 

covariances, the transitory variances in Σ𝜉,𝑗𝑡, the heteroskedasticity parameters in ℎ(𝑥𝑗𝑡; 𝛾) and the 

transitory variances 𝜎𝜀𝑦
2 , Σ𝜀𝑚 . The boundedness and positive-definiteness restrictions stated before 

ensure that the covariance matrices entering the Kalman likelihood are well defined and 

nonsingular. Denote the resulting estimator by  

𝜃𝐼𝑉𝑆𝑆 = (𝜌̂, 𝛼̂′, 𝜎̂𝜉𝑦
2 , 𝜎𝜉𝑦𝜉𝑚 , 𝛾

′, Σ̂𝑒, 𝜎̂𝜀𝑦
2 , Σ̂𝜀𝑚)

′
. 

The Kalman filter and fixed-interval smoother are applied to the generated residual vector 

𝑢̂𝑗𝑡 = [
𝑢̂𝑗𝑡
𝑦

𝑢̂𝑗𝑡
𝑚] ∈ ℝ1+𝑑𝑚 . 
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They provide firm-time filtered and smoothed estimates of the latent productivity and distortion 

components, 

𝜔̂𝑗𝑡∣𝑡
𝜂
      and     𝜔̂𝑗𝑡∣𝑇

𝜂
,      𝜂 ∈ {𝑦,𝑚}, 

along with their associated conditional covariance matrices. 

This two-step structure has two advantages. First, production elasticities are identified in the first 

step using Lewbel-type internal instruments, without requiring proxy inversion, external 

instruments, or exact recovery of productivity. Second, conditional on these elasticity estimates, 

the state-space step exploits the dynamic structure of the generated residuals to recover latent 

productivity and distortion paths, estimate their persistence, covariance, and feedback effects, and 

estimate the heteroskedasticity function ℎ(𝑥𝑗𝑡; 𝛾). Thus, the first step provides robust elasticity 

estimates under relatively weak moment restrictions, while the second step uses additional 

dynamic structure to study the evolution and volatility of productivity and distortions. 

In particular, the Kalman-based likelihood decomposes 𝑢̂𝑗𝑡
𝑦
 and 𝑢̂𝑗𝑡

𝑚 into persistent and transitory 

components and yields estimates of the conditional innovation variance 

Σ̂𝜉,𝑗𝑡 = Σ𝜉,𝑗𝑡(𝑥𝑗𝑡; 𝛾, 𝛼̂, 𝜎̂𝜉𝑦
2 , 𝜎̂𝜉𝑦𝜉𝑚 , Σ̂𝑒), 

thereby linking distortion volatility directly to observable firm characteristics. 

The following proposition establishes the asymptotic normality of the estimator 𝜃𝐼𝑉𝑆𝑆 .   

 

Proposition 2 (Asymptotic normality of the IVSS estimator, 𝜃𝐼𝑉𝑆𝑆). Let 𝜃 ∈ 𝛩 ⊂ ℝ𝑑𝜃  denote the 

vector of second-step state-space parameters. Suppose Assumption 1 holds. In addition, assume 

that: (i) 𝑇 is fixed and 𝑁 → ∞, with independence across firms, (ii) the relevant fourth moments 

exist, (iii) the first-step estimators used to construct the generated residuals are √𝑁-consistent and 

asymptotically linear and (iv) the second-step Gaussian quasi-likelihood satisfies standard 

smoothness, identification, and nonsingularity conditions. 

Then the two-step IVSS estimator 𝜃𝐼𝑉𝑆𝑆, obtained from the second-step score equations based on 

the generated residuals, satisfies 

√𝑁(𝜃𝐼𝑉𝑆𝑆 − 𝜃0) →
𝑑
𝑁(0, 𝑉𝜃),     (10) 
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where   𝑉𝜃 = 𝐻(𝜃0)
−1𝛺𝐻(𝜃0)

−1′, 𝐻(𝜃0) = −𝐸  [
𝜕𝑆𝑗(𝜃0;𝑢𝑗)

𝜕𝜃′
],   and  

𝑢𝑗𝑡 ≡ (𝑢𝑗𝑡
𝑦
, 𝑢𝑗𝑡

𝑚′
)′ ∈ ℝ1+𝑑𝑚 , 𝑎𝑛𝑑  𝑢𝑗 ≡ (𝑢𝑗1

′ , … , 𝑢𝑗𝑇
′ )′ ∈ ℝ𝑇(1+𝑑𝑚), 

𝑆𝑗(𝜃; 𝑢𝑗) denotes firm 𝑗’s contribution to the Gaussian quasi-score associated with the state-space 

likelihood based on the stacked disturbance vector 𝑢𝑗 , and 𝛺 is the asymptotic variance matrix of 

the second-step score, augmented to account for the use of generated residuals in the first step. A 

closed-form expression for 𝛺 is given in Appendix A4. 

Proof: See Appendix A4.4  

For inference, consistent estimation of 𝑉𝜃   should account for heteroskedasticity, within-firm 

dependence, and the use of generated residuals in the second step. One approach is to construct a 

plug-in sandwich estimator using firm-level score contributions, augmented by the influence-

function contribution from the first-step estimates. This estimator can be made robust to arbitrary 

heteroskedasticity and within-firm dependence by clustering at the firm level. Alternatively, 

inference may be based on a firm-level wild bootstrap that preserves the within-firm time-series 

structure. In each bootstrap replication, the firm-level contributions are reweighted by independent 

mean-zero random variables, such as Rademacher weights, with the first- and second-step 

estimation uncertainty carried through the bootstrap procedure. Under fixed T and large N, both 

the appropriately constructed firm-cluster-robust sandwich estimator and the cluster wild bootstrap 

provide consistent inference for the IVSS estimator. In the empirical application in Section 5, we 

report firm-cluster-robust sandwich standard errors. 

 

3.3 Bias of proxy and lag-based estimators under the state process  

This subsection examines the behavior of proxy-based estimators under the latent-state framework 

developed above. Proposition 1 established that when flexible-input demand depends jointly on 

productivity and distortions, the proxy variable generally cannot be inverted to recover firm-level 

productivity exactly. Importantly, however, failed invertibility does not automatically imply 

 
4 Although the full system could in principle be estimated by full-information maximum likelihood, we adopt the two-

step procedure because it separates identification of the production elasticities from latent-state estimation, is 

computationally much more tractable, and relies on weaker parametric assumptions.  
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inconsistent estimation of production elasticities. The key issue is whether the second-stage 

moment conditions remain valid when the productivity control is only an imperfect predictor of 

the underlying productivity state. 

To address this question, we characterize the population bias of the estimators of Olley and Pakes 

(1996) and Ackerberg, Caves, and Frazer (2015) (ACF) under our state-space process and derive 

conditions under which these estimators remain consistent. We also consider the adjustment 

proposed by Doraszelski and Li (2025) (DL), which augments the first-stage information set to 

mitigate the prediction-error bias generated by failed invertibility. DL shows that failed 

invertibility creates a first-stage prediction error that contaminates the second-stage moment 

conditions, and that enriching the first-stage information set with variables that later serve as 

second-stage instruments can eliminate or substantially reduce this source of bias. 

Let 𝑋𝑗𝑡
𝑃 denote the information set used by a proxy estimator to construct the productivity control 

function. A generic proxy specification takes the form 

𝑋𝑗𝑡
𝑃 = {𝑘𝑗𝑡 , 𝑚𝑗𝑡 , 𝑡, … }, 

although the exact composition of the information set depends on the estimator and application. 

Some specifications may additionally include labor or other flexible inputs, i.e., 𝑋𝑗𝑡
𝑃 =

{𝑘𝑗𝑡 , 𝑚𝑗𝑡 , 𝑙𝑗𝑡, 𝑡, … }. More generally, the productivity control function is approximated flexibly 

using the variables contained in 𝑋𝑗𝑡
𝑃. We also consider the DL modification, which augments the 

proxy-information set with the lead of capital. Denoting the enriched information set by 𝑋𝑗𝑡
𝐷, 

𝑋𝑗𝑡
𝐷 = 𝑋𝑗𝑡

𝑃 ∪ {𝑘𝑗,𝑡+1}. 

The inclusion of 𝑘𝑗,𝑡+1 expands the information available in the first-stage projection and is 

intended to reduce the prediction-error component arising from failed invertibility. 

When exact inversion holds, the proxy control recovers the productivity state. When inversion 

fails, the first-stage proxy recovers only the best predictor of productivity based on the available 

information, 

𝜔̃𝑗𝑡
𝑦
= 𝐸(𝜔𝑗𝑡

𝑦
∣ 𝑋𝑗𝑡

𝑃), 

with associated prediction error 
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𝜁𝑗𝑡 = 𝜔𝑗𝑡
𝑦
− 𝜔̃𝑗𝑡

𝑦
. 

To illustrate the mechanism, consider a linear-Gaussian approximation in which, after controlling 

for the observed determinants of flexible-input demand, the relevant proxy information is 

summarized by the flexible-input residual 𝑢𝑗𝑡
𝑚. This special case is used solely for intuition; 

Proposition 3 itself does not rely on linearity or Gaussianity. In the scalar case, 𝑢𝑗𝑡
𝑚 ∈ ℝ, the linear 

projection is 

𝜔̃𝑗𝑡
𝑦
= 𝐸(𝜔𝑗𝑡

𝑦
∣ 𝑢𝑗𝑡

𝑚) = 𝜋𝑢𝑗𝑡
𝑚, 

where 

𝜋 =
Cov(𝜔𝑗𝑡

𝑦
, 𝑢𝑗𝑡

𝑚)

Var(𝑢𝑗𝑡
𝑚)

=
Cov(𝜔𝑗𝑡

𝑦
, 𝜔𝑗𝑡

𝑚)

Var(𝜔𝑗𝑡
𝑚) + Var(𝜀𝑗𝑡

𝑚)
, 

 

using 𝑢𝑗𝑡
𝑚 = 𝜔𝑗𝑡

𝑚 + 𝜀𝑗𝑡
𝑚  and assuming that 𝜀𝑗𝑡

𝑚 is orthogonal to the latent states. Thus, the proxy 

variable is informative about productivity only through the covariance structure linking the 

productivity and distortion states. This covariance is governed by the transition. Proposition 3 

generalizes this intuition to the multivariate setting and shows how these latent-state dependencies 

generate population bias in proxy-based estimators. 

 

Proposition 3 (Bias of proxy-based estimators). Under the maintained assumptions of the model 

and the latent VAR(1) state process, consider a proxy-based estimator that uses the proxy control 

𝜔̃𝑗𝑡
𝑦
 and the second-stage instrument vector 𝑍𝑗𝑡

𝑃 , containing predetermined and lagged variables. 

Let 𝑟𝑗𝑡(𝛽0) =
𝜕𝑓(𝑘𝑗𝑡,𝑚𝑗𝑡;𝛽0)

𝜕𝛽
  ∈ ℝ𝑝 𝑎𝑛𝑑  𝑍𝑗𝑡

𝑃 ∈ ℝ𝑞. Suppose that 𝐸(𝑍𝑗𝑡
𝑃𝜉𝑗𝑡

𝑦
) = 0. Then, in a just-

identified linear IV representation, with 𝑞 = 𝑝, the proxy estimator satisfies 

𝛽𝐼𝑉
𝑃 − 𝛽0 = (𝐸(𝑍𝑗𝑡

𝑃𝑟𝑗𝑡(𝛽0)′))
−1

(𝜌𝑦𝑦𝐸(𝑍𝑗𝑡
𝑃𝜁𝑗,𝑡−1) + 𝐸(𝑍𝑗𝑡

𝑃(𝜔𝑗,𝑡−1
𝑚 )′)𝜌𝑦𝑚).      (11a) 

 

For an overidentified GMM estimator, with 𝑞 ≥ 𝑝, the analogous local approximation is  

𝛽𝐺𝑀𝑀
𝑃 − 𝛽0 ≃ (𝐷′𝑊𝐷)−1𝐷′𝑊(𝜌𝑦𝑦𝐸(𝑍𝑗𝑡

𝑃𝜁𝑗,𝑡−1) + 𝐸(𝑍𝑗𝑡
𝑃(𝜔𝑗,𝑡−1

𝑚 )′)𝜌𝑦𝑚), (11b) 
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where 𝐷 = 𝐸(𝑍𝑗𝑡
𝑃𝑟𝑗𝑡(𝛽0)′) ∈ ℝ𝑞×𝑝  and  𝑊 ∈ ℝ𝑞×𝑞  is the GMM weighting matrix. 

Proof. See Appendix A5.  

 

The results of Proposition 3 clarify the conditions under which proxy-based estimators and the DL 

adjustment provide consistent estimates of 𝛽. The proposition shows that the asymptotic bias of a 

proxy estimator contains two distinct components. The first component, 

𝜌𝑦𝑦𝐸(𝑍𝑗𝑡
𝑃𝜁𝑗,𝑡−1), 

is the proxy prediction-error channel. It arises because failed inversion implies that the first-stage 

proxy recovers 𝜔̃𝑗𝑡
𝑦

rather than 𝜔𝑗𝑡
𝑦

. This is the channel emphasized by Doraszelski and Li (2025). 

If the resulting prediction error is correlated with the instruments used in the second stage, the 

moment conditions become invalid. 

The second component, 

𝐸[𝑍𝑗𝑡
𝑃(𝜔𝑗,𝑡−1

𝑚 )′]𝜌𝑦𝑚, 

is the latent-distortion-state channel. This term arises because the state-space process allows 

current productivity to depend on lagged distortions. The channel is absent in standard scalar 

productivity processes but emerges naturally when productivity and distortions evolve jointly. 

Consequently, even if the prediction-error channel is eliminated, a proxy estimator may remain 

inconsistent whenever the instruments are exposed to the lagged distortion state. 

Equations (11a) and (11b) imply that proxy-based estimators are consistent when both bias 

channels vanish. A strong sufficient condition is  

𝜌𝑦𝑦 = 𝜌𝑦𝑚 = 0, 

together with the maintained timing restrictions 𝐸(𝑍𝑗𝑡
𝑃𝜉𝑗𝑡

𝑦
) = 𝐸(𝑍𝑗𝑡

𝑃𝜀𝑗𝑡
𝑦
) = 0, and the usual rank 

condition. If 𝜌𝑦𝑦 = 0, lagged proxy prediction errors do not propagate into current productivity. If 

𝜌𝑦𝑚 = 0, lagged distortions do not affect current productivity.  

A less restrictive and more relevant case allows productivity to be persistent, so that 𝜌𝑦𝑦 ≠ 0. In 

this case, consistency requires the proxy prediction error to be orthogonal to the second-stage 

instruments, 𝐸(𝑍𝑗𝑡
𝑃𝜁𝑗,𝑡−1) = 0, and also requires the distortion-state channel to vanish, i.e., 
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𝐸 [𝑍𝑗𝑡
𝑃(𝜔𝑗,𝑡−1

𝑚 )′]𝜌𝑦𝑚. Thus, failed proxy inversion does not by itself imply inconsistency. The proxy 

estimator can remain consistent if the unrecovered component of productivity is orthogonal to the 

instruments and either lagged distortions do not enter current productivity, 𝜌𝑦𝑚 = 0, or the 

instruments are orthogonal to the lagged distortion state. The first condition is the channel 

emphasized by Doraszelski and Li (2025); enriching the proxy-information set can reduce or 

eliminate the prediction-error component by making 𝜁𝑗,𝑡−1 orthogonal to the second-stage 

instruments. This may occur, for example, when the second-stage instruments are contained in the 

lagged proxy-information set. 

The DL adjustment is therefore effective against the prediction-error channel, but Proposition 3 

shows that it does not, in general, eliminate the distortion-feedback channel. Once the prediction-

error channel is removed, the remaining bias is  

𝛽𝐼𝑉
𝐷𝐿 − 𝛽0 = [𝐸(𝑍𝑗𝑡

𝑃𝑋𝑗𝑡
′ )]

−1
𝐸 [𝑍𝑗𝑡

𝑃(𝜔𝑗,𝑡−1
𝑚 )′]𝜌𝑦𝑚. 

Hence, the DL estimator is consistent if either 𝜌𝑦𝑚 = 0, so that lagged distortions do not enter 

current productivity,  or 𝐸 [𝑍𝑗𝑡
𝑃(𝜔𝑗,𝑡−1

𝑚 )′] = 0. The latter restriction may fail when the instrument 

set includes lagged flexible inputs or other variables that inherit persistence from flexible-input 

distortions. Thus, enriching the proxy-information set can remove the prediction-error channel, but 

it does not by itself remove the distortion-feedback channel. 

 

 

4. Monte Carlo evidence 

4.1 Finite-sample performance of the production-elasticity estimators 

In this section, Monte Carlo experiments are used to evaluate the finite-sample performance of the 

proposed heteroskedasticity-based instrumental variables–state-space estimator, denoted IVSS. 

The simulations are designed to study environments in which flexible-input choices are affected 

by latent input distortions and, as a result, the one-to-one mapping between flexible inputs and 

productivity that underlies standard proxy-control estimators may fail. 
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The main Monte Carlo design is based on a two-shifter data-generating process. The first shifter 

is predetermined capital 𝑘𝑗𝑡 and the second is an additional predetermined shifter, 𝑞𝑗𝑡, which 

affects the conditional variance of the flexible-input distortion innovation and is used to construct 

the Lewbel-type instruments. Thus, the observed shifter vector is  𝑥𝑗𝑡 = (𝑘𝑗𝑡, 𝑞𝑗𝑡)
′. The shifter 𝑞𝑗𝑡 

affects flexible-input demand, but it satisfies the conditional mean-independence condition with 

respect to the lagged flexible-input distortion state.  

Output is generated from the Cobb–Douglas production function 

𝑦𝑗𝑡 = 𝛽𝑘𝑘𝑗𝑡 + 𝛽𝑚𝑚𝑗𝑡 + 𝜔𝑗𝑡
𝑦
+ 𝜀𝑗𝑡

𝑦
. 

The true production elasticities are set to 𝛽𝑘 = 0.300,  𝛽𝑚 = 0.500. The transitory production 

disturbance is generated as 𝜀𝑗𝑡
𝑦
∼ 𝐼𝐼𝐷𝑁(0, 𝜎𝜀𝑦

2 ), with 𝜎𝜀𝑦 = 0.18. The capital-related shifter 

evolves according to a productivity-dependent autoregressive process, 

𝑘𝑗𝑡 = 𝜌𝑘𝑘𝑗,𝑡−1 + 𝜅𝑦𝜔𝑗,𝑡−1
𝑦

+ 𝑢𝑗𝑡
𝑘 , 

where 𝜌𝑘 = 0.400,  𝜅𝑦 = 0.030, and 𝑢𝑗𝑡
𝑘 ∼ 𝐼𝐼𝐷𝑁(0, 𝜎

𝑢𝑘
2 ), with  𝜎𝑢𝑘 = 0.447. This specification 

allows capital to be predetermined but not strictly exogenous, since current capital may depend on 

lagged productivity.  

The second predetermined shifter follows the following process:  

𝑞𝑗𝑡 = 𝜌𝑞𝑞𝑗,𝑡−1 + 𝑢𝑗𝑡
𝑞 , 

where 𝑞𝑗𝑡is generated independently of the productivity and distortion innovations. The value of 

𝜌𝑞 is set to 𝜌𝑞 = 0.4. The innovation 𝑢𝑗𝑡 
𝑞

is generated independently of the productivity and 

distortion innovations.  

Flexible input demand is generated as  

 

𝑚𝑗𝑡 = 𝜃1𝑘𝑗𝑡 + 𝜃2𝑘𝑗,𝑡−1 + 𝜃3𝑞𝑗𝑡 + 𝜔𝑗𝑡
𝑚 + 𝜀𝑗𝑡

𝑚. 

 

The slope coefficients in the flexible-input equation are set to 𝜃1 = 0.6,  𝜃2 = 0.3 and 𝜃3 = 0.8. 

The transitory flexible-input disturbance satisfies 𝜀𝑗𝑡
𝑚 ∼ 𝐼𝐼𝐷𝑁(0, 𝜎𝜀𝑚

2 ), with 𝜎𝜀𝑚 = 0.45.  
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The latent productivity and distortion components follow the upper-triangular state process  

 

[
𝜔𝑗𝑡
𝑦

𝜔𝑗𝑡
𝑚] = [

𝜌𝑦𝑦 𝜌𝑦𝑚
0 𝜌𝑚𝑚

] [
𝜔𝑗,𝑡−1
𝑦

𝜔𝑗,𝑡−1
𝑚 ] + [

𝜉𝑗𝑡
𝑦

𝜉𝑗𝑡
𝑚], 

 

with the persistence parameters are calibrated as 𝜌𝑦𝑦 = 0.7  and 𝜌𝑚𝑚 = 0.4. The coefficient 

𝜌𝑦𝑚 measures the dynamic feedback from lagged flexible-input distortions to current productivity. 

The baseline value is 𝜌𝑦𝑚 = 0.25. This parameter is central to the Monte Carlo design. When 

𝜌𝑦𝑚 ≠ 0, lagged distortions become part of the productivity process. Consequently, estimators that 

rely on lagged inputs, lagged proxy variables, or lagged composite productivity as instruments 

may become biased if those variables are correlated with the lagged distortion state. 

Productivity innovation is generated as 𝜉𝑗𝑡
𝑦
∼ 𝛪𝛪𝐷𝑁(0, 𝜎𝜉𝑦

2 ), with 𝜎𝜉𝑦 = 0.5, while the distortion 

innovation is conditionally heteroskedastic. Specifically,  

𝜉𝑗𝑡
𝑚 = ℎ(𝑘𝑗𝑡 , 𝑞𝑗𝑡; 𝛾)

1/2𝑒𝑗𝑡, 

where 𝑒𝑗𝑡 ∼ 𝐼𝐼𝐷𝑁(0,1), 𝑒𝑗𝑡 ⊥ 𝜉𝑗𝑡
𝑦
, and  

ℎ(𝑘𝑗𝑡 , 𝑞𝑗𝑡; 𝛾) = exp(𝛾0+𝛾𝑘𝑘𝑗𝑡+𝛾𝑞𝑞𝑗𝑡). 

These assumptions imply a block-diagonal innovation covariance matrix Σ𝜉,𝑗𝑡 for the simulations, 

i.e., 𝜎𝜉𝑚𝜉𝑦 = 0.   

Throughout the simulations, we assume 𝛾0 = 0  and the benchmark heteroskedasticity 

specification uses 𝛾𝑘 = 0.25  and  𝛾𝑞 = 0.5. For 𝑘𝑗𝑡 = 0 and 𝑞𝑗𝑡 = 0, this normalization implies 

Var(𝜉𝑗𝑡
𝑚 ∣ 𝑘𝑗𝑡 = 0, 𝑞𝑗𝑡 = 0) = 1.  

Let 𝑢̂𝑗𝑡
𝑚 denote the residual from this reduced-form input equation. The generated Lewbel 

instruments are  

𝑧𝑗𝑡
𝑘 = (𝑘𝑗𝑡 − 𝑘̅)𝑢̂𝑗𝑡

𝑚    and   𝑧𝑗𝑡
𝑞 = (𝑞𝑗𝑡 − 𝑞̅)𝑢̂𝑗𝑡

𝑚, 

where 𝑘̅ and 𝑞̅ are the sample means of 𝑘𝑗𝑡  and 𝑞𝑗𝑡, respectively,   
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The Monte Carlo experiment consists of 500 replications of panels with 𝑁 = 500 firms and 𝑇 =

8 periods. In each replication, we estimate the production elasticities using IVSS and compare its 

performance with three alternative benchmark estimators discussed in Section 3: the proxy-control 

estimator of Ackerberg et al. (2015), denoted ACF; the composite-productivity estimator of Li and 

Mo (2026), denoted LM; and the enriched proxy-control estimator of Doraszelski and Li (2025), 

denoted DL.  

In the Monte Carlo design, the proxy-information set used by the proxy-based estimators is 𝑋𝑗𝑡
𝑃 =

{𝑘𝑗𝑡 , 𝑚𝑗𝑡 , 𝑞𝑗𝑡}. Time effects are included in the implementation but suppressed from the notation. 

Since flexible input demand depends jointly on productivity, 𝜔𝑗𝑡
𝑦

, and the latent distortion state, 

𝜔𝑗𝑡
𝑚, the same observed flexible input may correspond to different combinations of productivity 

and distortions. This weakens the proxy-inversion logic and generates the proxy prediction-error 

channel discussed in Proposition 3. 

The LM estimator avoids proxy inversion by using composite productivity and moment conditions 

based on lagged variables. However, as discussed in Section 3, these moments can become invalid 

when lagged distortions enter current productivity through 

𝜔𝑗𝑡
𝑦
= 𝜌𝑦𝑦𝜔𝑗,𝑡−1

𝑦
+ 𝜌𝑦𝑚𝜔𝑗,𝑡−1

𝑚 + 𝜉𝑗𝑡
𝑦
, 

because lagged inputs and lagged composite productivity may be correlated with 𝜔𝑗,𝑡−1
𝑚 when 

𝜌𝑦𝑚 ≠ 0.  

The DL estimator addresses failed invertibility by enriching the first-stage proxy-information set. 

In the Monte Carlo implementation, DL augments 𝑋𝑗𝑡
𝑃 with the lead of capital, 𝑘𝑗,𝑡+1, so that 

𝑋𝑗𝑡
𝐷 = 𝑋𝑗𝑡

𝑃 ∪ {𝑘𝑗,𝑡+1} = {𝑘𝑗𝑡 , 𝑚𝑗𝑡, 𝑞𝑗𝑡, 𝑘𝑗,𝑡+1}. 

This enrichment is designed to mitigate the proxy prediction-error channel. The difference from 

IVSS is that DL remains an enriched proxy-control/GMM estimator, whereas IVSS identifies 

production elasticities using heteroskedasticity-generated internal instruments based on the input-

equation residual. Thus, DL reduces the consequences of failed proxy inversion, while IVSS 

avoids proxy inversion and does not rely on lagged flexible-input or lagged composite-productivity 

instruments. This distinction matters when 𝜌𝑦𝑚 ≠ 0, because persistent distortions may still 

contaminate lagged instruments even if the proxy prediction-error channel is reduced. 
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The Monte Carlo analysis considers four sets of scenarios. First, the baseline design sets 𝜌𝑦𝑚 =

0.25, so that lagged distortions affect current productivity. Second, we consider the no-feedback 

case, 𝜌𝑦𝑚 = 0, in which distortions do not enter the productivity process. This scenario is useful 

because it shuts down the dynamic distortion channel and therefore provides a benchmark in which 

the identifying restrictions of the competing estimators are less likely to fail. Third, we vary the 

feedback coefficient by considering 𝜌𝑦𝑚 = −0.25 and 𝜌𝑦𝑚 = 0.5. These cases allow distortions 

to have either negative or stronger positive effects on future productivity. Finally, we vary the 

strength of heteroskedasticity by setting 𝛾𝑞 = 0.15  for weak heteroskedasticity and 𝛾𝑞 = 0.8 for 

strong heteroskedasticity.  

Table 1 reports the baseline general design (see Panel A), where the distortion-to-productivity 

feedback parameter is set to 𝜌𝑦𝑚 = 0.25.  In this case, lagged flexible-input distortions enter 

current productivity, so the latent distortion state directly affects the productivity process. The 

IVSS estimator remains close to the true production elasticities. The biases are 0.042 for the capital 

elasticity, 𝛽𝑘, and 0.029 for the flexible-input elasticity, 𝛽𝑚. By contrast, the ACF estimator 

displays a small bias for 𝛽𝑘, equal to -0.011, but overestimates 𝛽𝑚, with a bias of 0.102. The LM 

estimator is substantially biased, overestimating 𝛽𝑘 by 0.191 and underestimating 𝛽𝑚 by -0.423. 

The DL estimator reduces the magnitude of the capital-elasticity bias relative to LM, but still 

displays sizeable bias, especially for 𝛽𝑚, where the bias is 0.265. These results support the 

theoretical mechanism discussed in Section 3: when persistent distortions affect productivity 

dynamics, proxy-based and lag-based moment conditions may become contaminated by the latent 

distortion state. 

Panel B of Table 1 reports the second-step IVSS estimates of the latent state-space parameters. 

These estimates are not used as competing production-elasticity estimates; rather, they assess how 

well the second step recovers the latent productivity-distortion dynamics after the production 

elasticities have been estimated. The dynamic parameters are recovered accurately. The 

productivity persistence parameter, 𝜌𝑦𝑦, has bias −0.003and RMSE 0.029, while the distortion 

persistence parameter, 𝜌𝑚𝑚, has bias −0.017and RMSE 0.039. The feedback coefficient from 

distortions to future productivity, 𝜌𝑦𝑚, is also estimated precisely, with bias 0.002and RMSE 

0.019. The heteroskedasticity parameters are somewhat less precisely estimated, with RMSE 

values of 0.111 for 𝛾𝑘 and 0.102 for 𝛾𝑞, reflecting the greater difficulty of recovering conditional 
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variance parameters in a short panel. Overall, the results show that the second-step state-space 

estimator recovers both the latent dynamics and the main variance structure well. 

 

Table 1. Monte Carlo results– Baseline scenario 

Panel A: Estimates of production elasticities by alternative methods 

 IVSS 

 

ACF 

 

LM DL 

 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 

True 0.30 0.50 0.30 0.50 0.30 0.50 0.30 0.50 

Bias 0.042 0.029 -0.011 0.102 0.191 -0.423 -0.088 0.265 

RMSE 0.061 0.050 0.060 0.104 0.196 0.424 0.108 0.267 
 

Panel B:  IVSS estimates of the state-space parameters  

  𝜌𝑦𝑦  𝜌𝑚𝑚  𝜌𝑦𝑚 𝜎𝜉𝑦  𝜎𝜀𝑦 𝛾𝑘 𝛾𝑞 𝜎𝜀𝑚  

True 0.70 0.40 0.25 0.25 0.447 0.20 0.80 0.50 

Bias -0.003 -0.017 0.002 -0.001 0.005 -0.036 -0.063 -0.025 

RMSE 0.029 0.039 0.019 0.029 0.045 0.111 0.102 0.066 
Notes: The table reports the true parameter values together with the bias and root mean squared error (RMSE) of the 

estimates obtained from the Monte Carlo simulations. Bias and RMSE are computed across replications for each 

estimator. The heteroscedasticity-based IV state-space (IVSS) estimator combines Lewbel-type internal instruments, 

predetermined observable variables and exploiting heteroskedasticity in distortion shocks.  The ACF proxy estimator 

uses the flexible input directly as a proxy and includes capital linearly, allowing both input elasticities to be identified. 

The LM estimator relies on orthogonality between unexpected productivity shocks and lagged flexible inputs. The DL 

estimator is an enriched proxy-control/GMM estimator, which augments the first-stage proxy-information set with the 

lead of capital, 𝑘𝑗,𝑡+1. Panel A reports estimates of the production elasticities 𝛽𝑘  and 𝛽𝑚 under the alternative 

estimators. Panel B reports estimates of the state-space system parameters obtained from the IVSS estimator. Results 

are based on 500 replications with N = 500 firms and T = 8 periods. The Monte Carlo DGP imposes 𝜎𝜉𝑚𝜉𝑦 = 0; 

hence the reported state-space parameters correspond to the block-diagonal case of Σ𝜉,𝑗𝑡.  

 

Table 2 considers the no-feedback scenario, 𝜌𝑦𝑚 = 0.  This case shuts down the dynamic channel 

through which lagged distortions enter current productivity. As expected, all estimators improve 

substantially. IVSS remains accurate, with biases of 0.037 for 𝛽𝑘 and 0.002 for 𝛽𝑚. ACF also 

performs well, with biases of 0.038 and 0.001. LM becomes essentially unbiased, with biases of 



32 
 

0.000 and 0.001, and has the lowest RMSE values in this scenario. DL also performs well, with 

biases of 0.048 and 0.004. These results are important because they confirm that the poor 

performance of the competing estimators in the baseline design is not mechanical. It arises mainly 

when distortions feed dynamically into productivity and thereby contaminate the lagged variables 

or proxy controls used for identification.  

 

Table 2. Monte Carlo results  – No distortion scenario ( 𝜌𝑦𝑚 = 0) 

 IVSS ACF LM DL 

 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 

True 0.30 0.50 0.30 0.50 0.30 0.50 0.30 0.50 

Bias 0.037 0.002 0.038 0.001 0.000 0.001 0.048 0.004 

RMSE 0.052 0.036 0.056 0.015 0.023 0.018 0.066 0.032 
Notes: The table reports Monte Carlo bias and root mean squared error (RMSE) for the production elasticities 𝛽𝑘  and 

𝛽𝑚 under the no-distortion-feedback scenario, 𝜌𝑦𝑚 = 0. In this case, lagged flexible-input distortions do not enter the 

productivity process. Results are reported for the IVSS, ACF, LM, and DL estimators. Bias and RMSE are computed 

across 500 Monte Carlo replications with 𝑁 = 500 firms and 𝑇 = 8 periods. 

 

Table 3 examines robustness to the strength of heteroskedasticity. Panel A considers a less strong, 

but still present, degree of heteroskedasticity, with 𝛾1 = 0.15. Even in this case, IVSS performs 

well. Its biases are 0.034 for 𝛽𝑘 and 0.039 for 𝛽𝑚, showing that the estimator does not require very 

strong heteroskedasticity to remain informative. Panel B considers stronger heteroskedasticity, 

with 𝛾1 = 0.8.  The IVSS biases remain very similar, equal to 0.036 for 𝛽𝑘 and 0.04 for 𝛽𝑚, while 

the RMSE values improve relative to the less strong heteroskedasticity case. This pattern is 

consistent with the role of heteroskedasticity in strengthening the Lewbel-type instruments. 

The competing estimators show little change between the less strong and stronger 

heteroskedasticity cases, as expected. Their identification does not rely directly on the conditional 

variance shifts exploited by IVSS. ACF continues to overestimate the flexible-input elasticity, with 

a bias around 0.10. LM remains strongly biased, with positive bias for 𝛽𝑘 and negative bias for 

𝛽𝑚. DL also remains biased, especially for 𝛽𝑚. Hence, the main source of bias for ACF, LM, and 

DL is not the strength of heteroskedasticity itself, but the interaction between persistent distortions, 

proxy inversion, and lag-based moment conditions.   
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Table 3. Monte Carlo results– Alternative degrees of heteroskedasticity 

Panel A:  𝛾1 = 0.15  

 IVSS 

 

ACF 

 

LM DL 

 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 

True 0.30 0.50 0.30 0.50 0.30 0.50 0.30 0.50 
Bias 0.034 0.039 -0.010 0.100 0.187 -0.417 -0.092 0.269 

RMSE 0.096 0.124 0.050 0.101 0.191 0.418 0.110 0.270 

Panel B: 𝜸𝟏 = 0.80 

 IVSS 

 

ACF 

 

LM DL 

 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 

True 0.30 0.50 0.30 0.50 0.30 0.50 0.30 0.50 
Bias 0.036 0.040 -0.012 0.105 0.198 -0.433 -0.087 0.265 

RMSE 0.052 0.049 0.050 0.107 0.202 0.434 0.108 0.266 

Notes: The table reports Monte Carlo bias and RMSE of the estimated production elasticities for alternative degrees 

of heteroskedasticity in the distortion variance function, depending on parameter γ₁. Results are based on 500 

replications with N = 500 firms and T = 8 periods. The benchmark case γ₁ = 0.50 is reported in Table 1. 

 

Table 4 reports results for alternative values of the feedback parameter 𝜌𝑦𝑚. When feedback is 

negative, 𝜌𝑦𝑚 = −0.25, IVSS remains comparatively stable, with biases of 0.086 for 𝛽𝑘and 0.035 

for 𝛽𝑚. ACF becomes more biased, overestimating 𝛽𝑘 by 0.131 and underestimating 𝛽𝑚 by -0.098. 

LM displays large biases with the opposite sign, underestimating 𝛽𝑘 by -0.216 and overestimating 

𝛽𝑚 by 0.433. DL performs poorly in this case, especially for the capital elasticity, with a bias of -

0.297. 

When feedback is positive and stronger, 𝜌𝑦𝑚 = 0.5, IVSS again remains relatively stable, with 

biases of 0.076 for 𝛽𝑘 and 0.077 for 𝛽𝑚. ACF now displays a large upward bias in the flexible-

input elasticity, equal to 0.203. LM becomes severely biased, overestimating 𝛽𝑘 by 0.345 and 

underestimating 𝛽𝑚 by -0.793. DL reduces the bias relative to LM in this positive-feedback case, 

but its RMSE remains sizeable, especially for 𝛽𝑚. These results show that the magnitude and sign 

of 𝜌𝑦𝑚matter greatly for estimators that rely on proxy recovery or lagged moments. Once lagged 

distortions enter productivity, the identifying assumptions behind ACF, LM, and DL become 

sensitive to the dynamic distortion channel. 
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Table 4. Monte Carlo results – Different degree of distortion feedback effects  

Panel A:  𝜌𝑦𝑚 = −0.25 

 IVSS 

 

ACF 

 

LM DL 

 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 

True 0.30 0.50 0.30 0.50 0.30 0.50 0.30 0.50 

Bias 0.086 0.035 0.131 -0.098 -0.216 0.433 -0.297 0.243 

RMSE 0.096 0.058 0.140 0.100 0.221 0.435 0.300 0.246 

  Panel B:  𝜌𝑦𝑚 =0.50 

 IVSS 

 

ACF 

 

LM DL 

 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 

True 0.30 0.50 0.30 0.50 0.30 0.50 0.30 0.50 

Bias 0.076 0.077 -0.018 0.203 0.345 -0.793 -0.120 0.136 

RMSE 0.097 0.098 0.069 0.200 0.352 0.795 0.149 0.612 
Notes: The table reports Monte Carlo bias and RMSE of the estimated production elasticities 𝛽𝑘 and 𝛽𝑚under 

alternative values of the distortion-to-productivity feedback parameter, 𝜌𝑦𝑚. Panel A sets 𝜌𝑦𝑚 = −0.25, so that 

lagged distortions reduce current productivity, while Panel B sets 𝜌𝑦𝑚 = 0.50, implying stronger positive feedback 

from lagged distortions to current productivity. Bias and RMSE are computed across 500 Monte Carlo replications 

with 𝑁 = 500 firms and 𝑇 = 8periods. 

 

 

Overall, the general-design Monte Carlo evidence delivers three main conclusions. First, IVSS 

provides stable production-elasticity estimates across the baseline, no-feedback, 

heteroskedasticity, and feedback scenarios. Second, when 𝜌𝑦𝑚 = 0, the competing estimators 

perform much better, confirming that their biases are driven primarily by the distortion-feedback 

channel. Third, when 𝜌𝑦𝑚 ≠ 0, ACF is affected by failed proxy inversion, LM is affected by the 

invalidity of lagged composite-productivity and lagged-input moments, and DL mitigates but does 

not fully eliminate the consequences of persistent distortions. The advantage of IVSS is that it 

identifies the production elasticities using heteroskedasticity-generated internal instruments based 

on the input-equation residual, rather than relying on proxy inversion or lagged flexible-input 

instruments.  
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4.2 Robustness design using current and lagged capital as shifters 

We next consider an alternative Monte Carlo design motivated by empirical applications in which 

an additional excluded predetermined shifter is not available. Instead of using an autonomous 𝑞𝑗𝑡, 

we set the observed shifter vector equal to current and lagged capital, 

x𝑗𝑡 = (𝑘𝑗𝑡 , 𝑘𝑗,𝑡−1)
′. 

That is, in this design the second shifter is 𝑞𝑗𝑡 = 𝑘𝑗,𝑡−1.  This specification is valid under the 

maintained conditional mean-independence restriction 𝐸(𝜔𝑗,𝑡−1
𝑚 ∣ 𝑘𝑗𝑡 , 𝑘𝑗,𝑡−1) = 0. It is considered 

to assess the performance of the IVSS estimator when an independent predetermined shifter is 

unavailable. All other elements of the data-generating process are calibrated as in the previous 

Monte Carlo exercise. In particular, the production function, the law of motion for capital, the 

upper-triangular productivity-distortion process, and the variances of the transitory disturbances 

and state innovations are kept unchanged. The only change concerns the reduced-form flexible-

input equation. Flexible input is now generated as 

𝑚𝑗𝑡 = 𝜃1𝑘𝑗𝑡 + 𝜃2𝑘𝑗,𝑡−1 + 𝜔𝑗𝑡
𝑚 + 𝜀𝑗𝑡

𝑚, 

where 𝜃1 = 0.6  and 𝜃2 = 0.3. Thus, flexible input demand depends on current capital, lagged 

capital, the latent flexible-input distortion component 𝜔𝑗𝑡
𝑚, and the transitory input disturbance 𝜀𝑗𝑡

𝑚. 

The distortion innovation remains conditionally heteroskedastic. Since the observed shifter vector 

is now (𝑘𝑗𝑡 , 𝑘𝑗,𝑡−1)
′
, the heteroskedasticity function is specified as 

ℎ(𝑘𝑗𝑡 , 𝑘𝑗,𝑡−1; 𝛾) = exp(𝛾0+𝛾𝑘𝑘𝑗𝑡+𝛾𝑘,−1𝑘𝑗,𝑡−1), 

where the baseline heteroskedasticity parameters are set as in the previous exercise: 𝛾0 = 0 , 𝛾𝑘 =

0.25  and 𝛾𝑘,−1 = 0.50. At the centered values of the shifters, the conditional variance is 

normalized to one. The heteroskedasticity robustness exercises also follow the previous design. 

The less strong heteroskedasticity case sets 𝛾𝑘 = 0.150, while the stronger heteroskedasticity case 

sets 𝛾𝑘 = 0.80.  

The Lewbel-type instruments are constructed from the generated residual of the reduced-form 

flexible-input equation as follows:  

𝑧𝑗𝑡
𝑘 = (𝑘𝑗𝑡 − 𝑘̅)𝑢̂𝑗𝑡

𝑚    and    𝑧𝑗𝑡
𝑘,−1 = (𝑘𝑗,𝑡−1 − 𝑘̅−1)𝑢̂𝑗𝑡

𝑚, 
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where 𝑢̂𝑗𝑡
𝑚  are the residuals of the input − equation, and  𝑘̅−1 is the sample mean of 𝑘𝑗,𝑡−1.  

The results of this Monte Carlo exercise are presented in Tables 5–8. These tables consider the 

same scenarios examined in Tables 1–4 for the main two-shifter design. Specifically, Table 5 

reports the baseline case with 𝜌𝑦𝑚 = 0.25, Table 6 considers the no-feedback specification with 

𝜌𝑦𝑚 = 0, Table 7 examines weaker and stronger forms of heteroskedasticity, and Table 8 studies 

alternative feedback parameters with 𝜌𝑦𝑚 = −0.25 and 𝜌𝑦𝑚 = 0.5. The only modification relative 

to the main design is that the additional predetermined shifter 𝑞𝑗𝑡is replaced by lagged capital, 

𝑘𝑗,𝑡−1. As a result, the heteroskedasticity-based instruments are generated exclusively from current 

and lagged capital. This specification is particularly relevant for empirical applications where an 

independent predetermined shifter is unavailable. It therefore provides a useful assessment of 

whether the IVSS estimator can continue to achieve reliable identification when the available 

heteroskedastic variation originates solely from predetermined capital variables. 

A number of conclusions emerge from Tables 5–8. First, replacing the additional predetermined 

shifter 𝑞𝑗𝑡 with lagged capital 𝑘𝑗,𝑡−1 does not materially affect the performance of the IVSS 

estimator. Across all scenarios, the estimated biases and RMSE values remain similar to those 

obtained in the main two-shifter design, indicating that current and lagged capital provide 

sufficient variation for heteroskedasticity-based identification. The effect on the comparison 

estimators is less uniform. While the performance of ACF remains broadly similar to that observed 

in Tables 1–4, both LM and DL become somewhat more sensitive to the distortion process when 

lagged capital replaces the independent shifter. Nevertheless, the overall ranking of the estimators 

remains unchanged, with IVSS continuing to exhibit the smallest bias and RMSE across most 

scenarios. 

Second, IVSS continues to deliver accurate estimates of the production elasticities. In the baseline 

specification, the bias is only 0.017 for 𝛽𝑘 and 0.061 for 𝛽𝑚, with corresponding RMSE values of 

0.043 and 0.078. These values are comparable to those obtained under the main design and remain 

substantially smaller than those of the competing estimators. IVSS also performs well in the no-

feedback case (𝜌𝑦𝑚 = 0) and remains robust under both weaker and stronger heteroskedasticity. 

These results confirm that Lewbel-type instruments constructed solely from current and lagged 
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capital continue to provide informative identifying variation even in the absence of an additional 

predetermined shifter. 

 

Table 5. Monte Carlo results for x𝑗𝑡 = (𝑘𝑗𝑡 , 𝑘𝑗,𝑡−1)
′ – Baseline scenario 

Panel A: Estimates of production elasticities by alternative methods 

 IVSS  ACF  LM DL 

 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 

True 0.30 0.50 0.30 0.50 0.30 0.50 0.30 0.50 

Bias 0.017 0.061 -0.011 0.099 0.319 -0.560 -0.431 0.631 

RMSE 0.043 0.078 0.050 0.101 0.313 0.563 0.435 0.634 
 

Panel B: IVSS estimates of the state-space parameters 

  𝜌𝑦𝑦  𝜌𝑚𝑚  𝜌𝑦𝑚 𝜎𝜉𝑦  𝜎𝜀𝑦 𝛾𝑘 𝛾𝑘,−1 𝜎𝜀𝑚  

True 0.70 0.40 0.25 0.25 0.447 0.20 0.50 0.50 

Bias -0.001 -0.023 0.004 -0.003 0.009 -0.037 -0.019 -0.039 

RMSE 0.028 0.042 0.019 0.029 0.045 0.121 0.128 0.068 
Notes: The table reports Monte Carlo bias and root mean squared error (RMSE) for the estimated production 

elasticities 𝛽𝑘and 𝛽𝑚. The design uses 𝑥𝑗𝑡 = (𝑘𝑗𝑡 , 𝑘𝑗,𝑡−1)
′, so that 𝑞𝑗𝑡 = 𝑘𝑗,𝑡−1. All other simulation settings and 

estimator definitions are as in Table 1.  

 

 

Third, the comparison with ACF, LM, and DL broadly reinforces the conclusions obtained in the 

main Monte Carlo design. When the distortion-feedback channel is absent (𝜌𝑦𝑚 = 0), all 

estimators perform reasonably well, although IVSS remains among the most accurate. Once lagged 

distortions affect current productivity (𝜌𝑦𝑚 ≠ 0), substantial differences emerge. ACF continues 

to perform relatively well for the capital elasticity but exhibits increasing bias in the flexible-input 

elasticity. LM becomes highly sensitive to the distortion-feedback mechanism, generating sizeable 

biases for both elasticities. DL is similarly affected and, in several cases, performs even worse than 

in the main design. This suggests that replacing the independent predetermined shifter with lagged 

capital strengthens the interaction between distortions, input choices, and productivity dynamics, 

making identification more challenging for estimators that do not explicitly model the distortion 

process. By contrast, IVSS remains comparatively stable across all feedback specifications. 
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Table 6. Monte Carlo results for x𝑗𝑡 = (𝑘𝑗𝑡 , 𝑘𝑗,𝑡−1)
′ – No distortion scenario  ( 𝜌𝑦𝑚 = 0) 

 IVSS ACF LM DL 

 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 

True 0.300 0.500 0.300 0.500 0.300 0.500 0.300 0.500 

Bias 0.034 0.009 0.038 0.000 -0.000 0.000 0.046 0.005 

RMSE 0.047 0.042 0.057 0.016 0.025 0.023 0.071 0.048 
Notes: The table reports Monte Carlo bias and root mean squared error (RMSE) for the estimated production 

elasticities 𝛽𝑘and 𝛽𝑚under the no-distortion-feedback scenario, 𝜌𝑦𝑚 = 0. The design uses 𝑥𝑗𝑡 = (𝑘𝑗𝑡 , 𝑘𝑗,𝑡−1)
′. All 

other simulation settings and estimator definitions are as in Table 2. 

 

Table 7. Monte Carlo results for x𝑗𝑡 = (𝑘𝑗𝑡 , 𝑘𝑗,𝑡−1)
′–  Alternative degrees of heteroskedasticity 

Panel A:  𝛾𝑘 = 0.15  

 IVSS ACF LM DL 

 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 

True 0.300 0.500 0.300 0.500 0.300 0.500 0.300 0.500 

Bias 0.013 0.067 -0.011 0.098 0.316 -0.515 -0.431 0.629 

RMSE 0.048 0.100 0.060 0.100 0.320 0.518 0.430 0.638 
 

Panel B: 𝛾𝑘 = 0.80 

 IVSS ACF LM DL 

 𝛽𝑥 𝛽𝑚 𝛽𝑥 𝛽𝑚 𝛽𝑥 𝛽𝑚 𝛽𝑥 𝛽𝑚 

True 0.300 0.500 0.300 0.500 0.300 0.500 0.300 0.500 

Bias 0.025 0.053 -0.012 0.103 0.324 -0.569 -0.430 0.632 

RMSE 0.043 0.064 0.050 0.105 0.328 0.571 0.434 0.636 
Notes: The table reports Monte Carlo bias and root mean squared error (RMSE) for the estimated production 

elasticities 𝛽𝑘  and 𝛽𝑚under alternative degrees of heteroskedasticity in the distortion innovation. The design uses 

𝑥𝑗𝑡 = (𝑘𝑗𝑡 , 𝑘𝑗,𝑡−1)
′. Panel A considers the less strong heteroskedasticity case, 𝛾𝑘 = 0.15, while Panel B considers the 

stronger heteroskedasticity case, 𝛾𝑘 = 0.80. All other simulation settings and estimator definitions are as in Table 

3. 

 

Fourth, the heteroskedasticity experiments indicate that IVSS performs well even when the degree 

of heteroskedasticity is relatively weak. Increasing heteroskedasticity generally improves the 

precision of the IVSS estimates, as stronger variance shifts enhance the information content of the 

generated instruments. In the baseline feedback specification, for example, the RMSE of 

𝛽𝑘declines from 0.048 when 𝛾𝑘 = 0.15 to 0.043 when 𝛾𝑘 = 0.80, while the RMSE of 𝛽𝑚 falls 

from 0.10 to 0.064. In contrast, the performance of ACF, LM, and DL changes little across the 

heteroskedasticity scenarios, consistent with the fact that their identification strategies do not 
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exploit conditional variance shifts. These results further support the central role of 

heteroskedasticity-based identification in the IVSS estimator.  

 

Finally, the alternative feedback experiments confirm that the dynamic interaction between 

distortions and productivity remains the principal challenge for the comparison estimators. As the 

magnitude of the feedback parameter increases, the biases of ACF, LM, and DL generally become 

larger, particularly for the flexible-input elasticity. The deterioration is especially pronounced for 

LM and DL, whose RMSE values increase substantially when 𝜌𝑦𝑚moves away from zero. In 

contrast, although the performance of IVSS is also affected by stronger feedback, the resulting 

biases and RMSE values remain considerably smaller than those of the competing estimators. 

These findings indicate that explicitly modelling the distortion process provides substantial gains 

when distortions have dynamic effects on future productivity.  

 

Table 8. Monte Carlo results for x𝑗𝑡 = (𝑘𝑗𝑡 , 𝑘𝑗,𝑡−1)
′ – Different degree of distortion effects  

Panel A:  𝜌𝑦𝑚 = −0.25 

 IVSS ACF LM DL 

 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 

True 0.300 0.500 0.300 0.500 0.300 0.500 0.300 0.500 

Bias 0.085 -0.030 0.131 -0.099 -0.337 0.579 -0.508 0.745 

RMSE 0.094 0.059 0.141 0.101 0.342 0.582 0.513 0.754 
 

Panel B:  𝜌𝑦𝑚 =0.50 

 IVSS ACF LM DL 

 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 𝛽𝑘 𝛽𝑚 

True 0.300 0.500 0.300 0.500 0.300 0.500 0.300 0.500 

Bias 0.043 0.119 -0.018 0.200 0.579 -1.062 -0.702 1.062 

RMSE 0.068 0.137 0.078 0.201 0.603 1.066 0.706 1.067 
Notes: The table reports Monte Carlo bias and root mean squared error (RMSE) for the estimated production 

elasticities 𝛽𝑘and 𝛽𝑚under alternative values of the distortion-to-productivity feedback parameter, 𝜌𝑦𝑚. The design 

uses 𝒙𝑗𝑡 = (𝑘𝑗𝑡 , 𝑘𝑗,𝑡−1)
′.  Panel A sets 𝜌𝑦𝑚 = −0.25, so that lagged distortions reduce current productivity, while 

Panel B sets 𝜌𝑦𝑚 = 0.50, implying stronger positive feedback from lagged distortions to current productivity. All other 

simulation settings and estimator definitions are as in Table 4.   
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5. Empirical application 

We apply the proposed IVSS estimator to the firm-level Chinese manufacturing data used by Li 

and Mo (2026), based on the Annual Survey of Industrial Enterprises. The sample covers 1998–

2007 and forms a large, unbalanced panel of manufacturing firms. To maintain comparability with 

Li and Mo, we use their cleaned sample and variable definitions and focus on a value-added 

specification in logs, where 𝑘𝑖𝑡 = log𝐾𝑖𝑡 is treated as the predetermined input and 𝑙𝑖𝑡 = log 𝐿𝑖𝑡  as 

the flexible input. The estimated coefficients therefore have the interpretation of output elasticities 

with respect to capital and labor.  

In the empirical implementation, the reduced-form labor equation includes current and lagged log 

capital together with year fixed effects. For the construction of the heteroskedasticity-based 

instruments, we use x𝑗𝑡 = (𝑘𝑗𝑡, 𝑘𝑗,𝑡−1)
′.  Thus, the Lewbel-type instruments are 𝑧𝑗𝑡

𝑘 = (𝑘𝑗𝑡 − 𝑘̅)𝑢̂𝑗𝑡
𝑚 

and 𝑧𝑗𝑡
𝑘,−1 = (𝑘𝑗,𝑡−1 − 𝑘̅−1)𝑢̂𝑗𝑡

𝑚. All specifications include year fixed effects. Unlike Li and Mo, 

who report estimates separately for low- and high-distortion industries, we estimate the model on 

the full sample. This is because the second-step state-space system recovers the latent productivity 

and distortion components, providing evidence on their persistence, interaction, and dynamic 

feedback effects, which are central to understanding how distortions affect firm-level input 

allocation.  

Tables 9(a)–9(b) summarize the empirical results. Table 9(a) reports the production elasticities 

obtained from the alternative estimators, while Table 9(b) presents the state-space parameters 

obtained in the second step of the IVSS estimator. For the state-space model, we report the 

specification that allows feedback from distortions to productivity, ρym ≠ 0. For the conditional 

distortion-innovation variance, we specify 𝑉𝑎𝑟(𝜉𝑗𝑡
𝑚 ∣ 𝑥𝑗𝑡) = ℎ(𝑘𝑗𝑡; 𝛾)  =  𝑒𝑥𝑝(𝛾₀ +  𝛾₁ 𝑘 𝑗𝑡  +

 𝛾₂ 𝑘 
𝑗,𝑡−1

), where 𝑘 𝑖𝑡 and 𝑘 𝑖,𝑡−1 denote centered current and lagged log capital, kjt respectively. 

We normalize the scale parameter 𝜎𝑒
2 = 1 and estimate 𝛾₀  freely. Because the heteroskedasticity 

shifters are centered, exp(γ₀) represents the baseline distortion-innovation variance evaluated at 

the sample means of current and lagged capital. Standard errors reported in both tables are 

clustered at the firm level.5 

 
5 Firm-level clustering allows for arbitrary heteroskedasticity and within-firm dependence over time, while treating 

firms as independent clusters for inference; see Cameron and Miller (2015). 
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To implement the ACF-type proxy estimator, we use the flexible input as the proxy variable and 

include predetermined capital in the production function. The second-stage instruments are based 

on lagged inputs, following the standard proxy-control implementation. For the DL estimator of 

Doraszelski and Li (2025), we enrich the first-stage proxy-information set by adding the lead of 

capital, 𝑘𝑗,𝑡+1, as discussed in Section 3. For the LM estimator of Li and Mo (2026), we use lagged 

composite productivity and lagged input variables as instruments. Finally, for the IVSS estimator, 

the first step uses the heteroskedasticity-based instruments constructed from the centered current 

and lagged capital shifters described above. 

 

 

Table 9(a): Production function elasticities 

 𝛽𝑘 𝛽𝑙 RTS Nobs 

DL 
0.063 

(0.009) 

0.937 

(0.031) 

1.001 

(0.024) 

45066 

ACF 
0.078 

(0.008) 

1.009 

(0.028) 

1.087 

(0.022) 

65442 

LM 
0.036 

(0.013) 

1.080 

(0.039) 

1.117 

(0.030) 

44839 

IVSS 

0.322 

(0.004) 

0.490 

(0.007) 

0.812 

(0.006) 

65442 

𝐹𝑤−𝑖𝑣 = 35.83 [𝑝 = 0.001]  and  𝐻𝑒𝑡𝐹 = 42.934 [𝑝 = 0.001] 
Notes: The table reports production-function elasticities estimated using the IVSS, ACF, DL, and LM estimators. All 

specifications include year fixed effects. Standard errors (in parentheses) are clustered at the firm level. RTS denotes 

returns to scale (𝛽𝑘+𝛽𝑙).For IVSS, 𝐹𝑤−𝐼𝑉 indicates strong instrument relevance, while 𝐻𝑒𝑡𝐹  strongly rejects 

homoskedasticity and supports the heteroskedasticity-based identification strategy.  

 

 

As diagnostics for the IVSS production-function estimates, Table 9(a) reports the Kleibergen–Paap 

weak-identification statistic, denoted by 𝐹𝑤-𝐼𝑉. This statistic provides a heteroskedasticity-robust 

diagnostic for instrument relevance. The table also reports an F-type heteroskedasticity diagnostic, 

denoted by 𝐻𝑒𝑡𝐹, based on the first-stage residuals 𝑢̂𝑗𝑡
𝑚 from the reduced-form flexible-input 

equation. The statistic is obtained from an auxiliary regression of (𝑢̂𝑗𝑡
𝑚)

2
 on the variables assumed 

to enter the heteroskedasticity function, 𝑖. 𝑒., 𝑘𝑗𝑡  and 𝑘𝑗𝑡−1, including year fixed effects. The null 
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hypothesis is that the coefficients on the heteroskedasticity shifters are jointly equal to zero, 

implying conditional homoskedasticity of the flexible-input residual with respect to  𝑘𝑗𝑡  and 𝑘𝑗,𝑡−1. 

We test this joint restriction using a firm-cluster-robust F-statistic, with inference based on standard 

errors clustered at the firm level. Thus, 𝐻𝑒𝑡𝐹 is a panel-data analogue of the Breusch–Pagan 

heteroskedasticity diagnostic adapted to allow for within-firm dependence over time.6 Rejection 

of the null provides evidence of systematic conditional variance variation with  𝑘𝑗𝑡 and  𝑘𝑗,𝑡−1, 

supporting the source of heteroskedastic variation exploited by the IVSS instruments. 

The results in Table 9(a) indicate that the IVSS estimates are economically plausible and internally 

consistent. The estimated capital elasticity is 𝛽̂𝑘 = 0.322, while the estimated labor elasticity is 

𝛽̂𝑙 = 0.49. The implied returns to scale are therefore 𝑅𝑇𝑆 = 𝛽̂𝑘 + 𝛽̂𝑙 = 0.812, indicating 

decreasing returns to scale. The first-stage relevance statistic is large, indicating that the excluded 

instruments are strongly correlated with the endogenous labor input. The test statistic 𝐻𝑒𝑡𝐹 

strongly rejects the null of conditional homoskedasticity, providing evidence of the 

heteroskedasticity exploited by the Lewbel identification strategy.   

The comparison estimators display substantial dispersion. DL yields a low capital elasticity, 0.063, 

and a high labor elasticity, 0.937, implying approximately constant returns to scale. ACF produces 

an even higher labor elasticity, 1.009, and returns to scale above one. LM estimates a very small 

capital elasticity, 0.036, and a labor elasticity of 1.080, also implying increasing returns to scale. 

By contrast, IVSS assigns a larger role to capital and a more moderate role to labor, producing 

decreasing returns to scale. This pattern is consistent with the Monte Carlo evidence, where proxy-

based and lag-based estimators become sensitive when flexible-input choices are affected by latent 

distortions and the proxy-inversion or lagged-moment conditions are weakened.  

Our results display a pattern similar to that documented by Li and Mo (2026) in industries 

characterized by relatively high resource misallocation. In their high-distortion food and beverage 

industries, Li and Mo find that their distortion-robust estimator yields a higher capital elasticity 

and a substantially lower labor elasticity than ACF, with the estimates changing from to for capital 

and from to for labor. By contrast, the two estimators produce very similar coefficients in their 

 
6  See Breusch and Pagan (1979), Koenker (1981), and Wooldridge (2010).  
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low-distortion industries. In our full-sample application, we obtain the same directional contrast. 

Relative to ACF, IVSS assigns a substantially larger role to capital and a smaller role to labor. This 

similarity should be interpreted as a qualitative rather than a direct numerical comparison, since 

Li and Mo estimate separate production functions for selected low- and high-distortion industries, 

whereas we estimate a common production function on the full sample and address latent 

distortions through heteroskedasticity-based internal instruments.  

Table 9(b) reports the state-space estimates obtained in the second step of the IVSS procedure. The 

estimated productivity persistence parameter is 𝜌̂𝑦𝑦 = 0.867, indicating that productivity shocks 

are highly persistent. In contrast, the distortion component exhibits rapid reversal dynamics, with 

𝜌̂𝑚𝑚 = −0.487. The negative autoregressive coefficient implies that distortion shocks tend to 

overshoot and subsequently reverse rather than accumulate over time, consistent with firms 

gradually adjusting inputs toward desired levels. 

 

 

Table 9(b): State-space estimates 

𝜌𝑦𝑦 𝜌𝑚𝑚 𝜌𝑦𝑚 𝜎𝜉𝑦
2  𝛾0 𝛾1 𝛾2 𝜎𝜀𝑦  𝜎𝜀𝑚  

0.867 -0.487 0.186 0.110 -4.140 -2.098 1.872 0.324 0.286 

(0.005) (0.031) (0.054) (0.004) (0.131) (0.188) (0.220) (0.006) (0.004) 

Notes: The table reports the estimated parameters of the latent state-space system obtained in the second step of the IVSS 

procedure. The parameters 𝜌𝑦𝑦    and   𝜌𝑚𝑚 characterize the dynamic evolution of latent productivity and distortion, 

respectively, while ρym captures the dynamic transmission from distortions to future productivity. The state-innovation 

variances 𝜎𝜉𝑦
2  and 𝜎𝑒

2 correspond to the productivity and distortion innovations, respectively. The covariance between the 

two state innovations, 𝜎𝜉𝑦𝜉𝑚, is restricted to zero because its unrestricted estimate is very close to zero and statistically 

insignificant. The contemporaneous covariance between the measurement disturbances is also restricted to zero. The 

conditional variance of the distortion innovation is specified as ℎ(𝑘𝑗𝑡; 𝛾)  =  𝑒𝑥𝑝(𝛾₀ +  𝛾₁ 𝑘 𝑗𝑡  +  𝛾₂ 𝑘 
𝑗,𝑡−1

) where 𝑘 𝑖𝑡 

and 𝑘 𝑖,𝑡−1 denote centered current and lagged log capital, 𝑘𝑗𝑡 respectively. The scale parameter 𝜎𝑒
2 is normalized to one. 

The parameters 𝜎𝜀𝑦 and 𝜎𝜀𝑚 denote the standard deviations of the transitory measurement disturbances in the 

productivity and distortion measurement equations, respectively. Standard errors (in parentheses) are clustered at the 

firm level; the delta method is used for nonlinear parameter transformations. 

 

 

The estimated transmission parameter from distortions to future productivity is positive and 

statistically significant, 𝜌̂𝑦𝑚 = 0.186. This finding should not be interpreted as evidence that 

distortions enhance productivity. Rather, it is consistent with dynamic adjustment models in which 
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firms face adjustment frictions and cannot instantaneously attain their optimal factor allocations. 

In such environments, temporary deviations from frictionless input choices can affect measured 

productivity during the adjustment process. Asker et al. (2014) show that dynamic adjustment 

frictions can generate substantial dispersion in marginal products even when firms behave 

optimally, while Baqaee and Farhi (2020) emphasize that measured productivity reflects both 

technological and allocative conditions. Consequently, temporary distortions may influence future 

measured productivity even when the distortions themselves are short-lived.  

The innovation variance estimates indicate that productivity shocks are substantially more volatile 

than distortion shocks at the baseline values of the heteroskedasticity shifters. The estimated 

productivity innovation variance is sizeable, 𝜎̂𝜉𝑦
2 = 0.112, while the baseline distortion-

innovation variance, evaluated at the sample means of current and lagged capital, is 

exp(𝛾̂0) = exp(−4.14) ≈ 0.016.  However, the heteroskedasticity parameters provide strong 

evidence of state-dependent distortion volatility, consistent with the test statistic rejecting 

conditional homoskedasticity in the first-stage flexible-input residuals. Current and lagged 

capital enter the conditional variance function with opposite signs, indicating offsetting 

contemporaneous and lagged effects of firms’ capital positions on distortion volatility. In the 

log-linear variance specification, the effect of a sustained change in capital is governed by the 

sum of the two coefficients, 𝛾1 + 𝛾2. The estimated sum is -0.226. A cluster-robust Wald test 

strongly rejects the null hypothesis 𝐻0: 𝛾1 + 𝛾2 = 0 (F = 7.342, p = 0.007) indicating a 

statistically significant negative long-run effect. Thus, once both current and lagged capital 

have adjusted, persistently higher capital is associated with lower distortion-innovation 

variance. Together with the rejection of conditional homoskedasticity, these results support 

the heteroskedastic specification underlying the IVSS estimator and indicate systematic 

dynamic variation in distortion volatility with firms’ capital positions. 

Figure 1 reports the smoothed estimates of the latent productivity and distortion components 

recovered in the second step of the IVSS procedure, together with the implied output losses 

associated with distortions. The productivity component exhibits a gradual downward trend 

throughout the sample period, declining from positive values in 2001 to negative values by 2006. 

This pattern is consistent with the high persistence estimate 𝜌̂𝑦𝑦 = 0.867 reported in Table 9(b), 

indicating that productivity shocks dissipate only slowly over time. Although distortions affect 
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future productivity through the estimated feedback channel 𝜌̂𝑦𝑚 = 0.186, the relatively modest 

magnitude of this coefficient suggests that the evolution of productivity is driven primarily by its 

own persistent dynamics and innovation process. 

 

Figure 1. Estimated productivity and distortion components  

 

Notes: The figure reports the cross-sectional averages of the smoothed latent productivity component, 𝜔𝑗𝑡
𝑦

, and the 

distortion component, 𝜔𝑗𝑡
𝑚, obtained from the second step of the IVSS estimator. 

  

 

By contrast, the distortion component displays no clear trend and instead fluctuates around a 

relatively stable negative mean. These short-run fluctuations are consistent with the strong reversal 
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dynamics implied by 𝜌𝑚𝑚 = −0.487, indicating that distortion shocks are largely transitory and 

tend to be corrected over time rather than accumulate. The observed variability of the distortion 

component is also consistent with the state-dependent heteroskedasticity documented in Table 

9(b). In particular, the estimates 𝛾1 = −2.098 and 𝛾2 = 1.872 imply that the conditional variance 

of distortion innovations varies systematically with firms’ current and lagged capital positions. 

Conditional on lagged capital, higher current capital is associated with lower distortion-innovation 

variance, whereas, conditional on current capital, higher lagged capital is associated with greater 

distortion-innovation variance. The opposite signs of the two coefficients therefore point to a 

dynamic relationship between firms’ capital positions and distortion volatility, generating 

substantial heterogeneity in distortion dynamics across firms.  

Overall, Figure 1 highlights a sharp distinction between the two latent states. Productivity evolves 

smoothly and persistently over time, whereas the distortion component exhibits substantially 

greater short-run variation and frequent reversals. Together with the estimated positive dynamic 

transmission coefficient, these results indicate that temporary distortions can affect both 

contemporaneous input allocation and subsequent productivity dynamics, underscoring the 

importance of distinguishing persistent productivity differences from transitory allocation wedges. 

 

6. Conclusion 

This paper develops an estimator for production functions that remains valid when input choices 

are jointly shaped by productivity and distortion shocks. In such environments, observed input 

variation reflects both technological efficiency and distortion-driven adjustments, complicating 

identification of production elasticities. The proposed approach addresses this problem by 

exploiting heteroskedasticity in flexible-input demand to construct internal (Lewbel-type) 

instruments, thereby identifying the component of input variation that is orthogonal to productivity 

innovations. We show that this approach delivers consistent estimates without relying on proxy 

inversion, external instruments, or restrictive assumptions on the mapping between inputs and 

latent productivity. 

The second step embeds the model in a state-space framework, allowing the joint evolution of 

productivity and distortions to be recovered from the residual structure of the production and input 

equations. This provides a unified decomposition that separates persistent productivity from 
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transitory distortions and measurement noise using Kalman filter–based likelihood methods. As a 

result, the approach not only identifies production elasticities but also provides evidence on the 

persistence, interaction, and dynamic feedback effects of the latent productivity and distortion 

components. 

Monte Carlo evidence shows that the estimator remains accurate across a range of challenging 

settings, including distortion-driven input endogeneity, persistent measurement error in flexible 

inputs, and feedback effects from distortions to productivity. By contrast, proxy-variable 

estimators and lag-based instrumental-variable estimators can become substantially biased when 

monotonicity or orthogonality conditions are weakened, especially when lagged inputs are 

contaminated by persistent measurement error or distortion-driven feedback. 

The empirical application further illustrates that the method delivers economically plausible 

elasticities and a stable characterization of returns to scale. The state-space estimates reveal highly 

persistent productivity alongside more transitory, mean-reverting distortions. Importantly, 

although the estimated distortion-to-productivity feedback is relatively modest, it is positive and 

statistically significant, indicating that temporary distortions can affect not only contemporaneous 

input allocation but also subsequent productivity dynamics. This finding underscores the 

importance of distinguishing persistent productivity differences from transitory allocation wedges, 

while allowing for dynamic interactions between them. 
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Appendix A. 

In this Appendix, we provide the proofs of the main results. 

 

Appendix A1. Proof of Proposition 1 

For simplicity, fix the observable state vector at 𝑠𝑗𝑡 = 𝑠, where 𝑠 collects the observable state 

variables entering the flexible-input policy. We present the argument for a scalar flexible input 

used as a proxy. The same logic applies componentwise when 𝑀𝑗𝑡  is a vector and one of its 

components is used as the proxy input.  

The flexible-input policy is  𝑀𝑗𝑡 = 𝜙̃(𝜔𝑗𝑡
𝑦
, 𝜔𝑗𝑡

𝑚, 𝑠). By assumption, the policy depends nontrivially 

on the distortion component 𝜔𝑗𝑡
𝑚. Therefore, there exist a productivity value 𝜔 ˉ 𝑦 and two distinct 

distortion realizations 𝜔1
𝑚 ≠ 𝜔2

𝑚 in the support of 𝜔𝑗𝑡
𝑚  such that  

𝜙̃(𝜔̄𝑦, 𝜔1
𝑚, 𝑠) ≠ 𝜙̃(𝜔̄𝑦, 𝜔2

𝑚, 𝑠). 

Here, 𝜔̄𝑦 denotes the fixed productivity value at which the input policy differs across the two 

distortion realizations. Without loss of generality, suppose that  

𝜙̃(𝜔̄𝑦, 𝜔1
𝑚, 𝑠) < 𝜙̃(𝜔̄𝑦, 𝜔2

𝑚, 𝑠). 

Define the function  

𝑐(𝜔𝑦) = 𝜙̃(𝜔𝑦 , 𝜔2
𝑚, 𝑠), 

where 𝜔𝑦 belongs to the support of productivity. Since 𝜙̃(𝜔𝑦, 𝜔2
𝑚, 𝑠) is strictly increasing in 𝜔𝑦, 

the function 𝑐(⋅) is strictly increasing and therefore invertible on its image. In particular, suppose 

that the value of 𝜙̃(𝜔̄𝑦, 𝜔1
𝑚, 𝑠) lies in the image of 𝑐(. ). Then, there exists a unique productivity 

value 𝜔̃𝑦 such that  

𝜙̃(𝜔̄𝑦 , 𝜔1
𝑚, 𝑠) = 𝜙̃(𝜔̃𝑦 , 𝜔2

𝑚, 𝑠). 

Because  

𝜙̃(𝜔̄, 𝜔2
𝑚, 𝑠) > 𝜙̃(𝜔̄, 𝜔1

𝑚, 𝑠) 

and 𝑐(⋅) is strictly increasing, this value satisfies 𝜔̃𝑦 < 𝜔̄. 
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Define the common observed flexible-input realization  

𝑀∗ = 𝜙̃(𝜔̄𝑦, 𝜔1
𝑚, 𝑠) = 𝜙̃(𝜔̃𝑦, 𝜔2

𝑚, 𝑠). 

Then the same observed flexible-input value 𝑀∗, conditional on the same observable state vector 

𝑠, is consistent with two distinct productivity-distortion pairs:  (𝜔̄𝑦, 𝜔1
𝑚)  and (𝜔̃𝑦, 𝜔2

𝑚), with 

𝜔̄𝑦 ≠ 𝜔̃𝑦. Therefore, conditional on 𝑠, the observed flexible input 𝑀∗ does not uniquely determine 

𝜔𝑗𝑡
𝑦

. Equivalently, the set  

𝑆(𝑀∗; 𝑠) = {𝜔𝑦: 𝑀𝑗𝑡 = 𝜙̃(𝜔𝑦, 𝜔𝑚, 𝑠𝑗𝑡)  𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜔𝑚} 

contains more than one element on a positive-probability set. Hence, there does not generally exist 

a single-valued function 𝑑(⋅) such that 

𝜔𝑗𝑡
𝑦
= 𝑑(𝑀𝑗𝑡, 𝑠𝑗𝑡) 

almost surely. Thus, productivity cannot generally be recovered through scalar proxy inversion 

when the flexible-input policy depends nontrivially on latent distortions. This proves Proposition 

1. 

 

Appendix A2:  Identification of production elasticities without proxy monotonicity 

Proposition A1. Suppose Assumption 1 holds. Even if flexible-input demand is not monotone in 

productivity because of latent distortions, the production elasticity vector 𝛽 ∈ 𝑅𝑝 is locally point 

identified by the moment condition 

𝐸[𝑍𝑗𝑡
𝐿 {𝑦𝑗𝑡 − 𝑓(𝐾𝑗𝑡 , 𝑚𝑗𝑡; 𝛽)}] = 0, 

provided that 

𝑟𝑎𝑛𝑘 ( 𝐸 [𝑍𝑗𝑡
𝐿
𝜕𝑓(𝐾𝑗𝑡, 𝑚𝑗𝑡; 𝛽0)

𝜕𝛽′
]) = 𝑝, 

where 𝑍𝑗𝑡
𝐿 = 𝑥̃𝑗𝑡 ⊗𝑢𝑗𝑡

𝑚 ∈ 𝑅𝑑𝑥𝑑𝑚 , 𝑥̃𝑗𝑡 = 𝑥𝑗𝑡 − 𝐸(𝑥𝑗𝑡), and 𝛽0 denotes the true parameter vector. The 

rank condition ensures that the heteroskedasticity-generated instruments induce linearly 

independent variation in the production function with respect to each parameter in 𝛽.  
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PROOF: Define the population moment function 

𝑔(𝛽) = 𝐸[𝑍𝑗𝑡
𝐿 {𝑦𝑗𝑡 − 𝑓(𝐾𝑗𝑡, 𝑚𝑗𝑡; 𝛽)}]. 

At the true parameter vector 𝛽0,  𝑦𝑗𝑡 = 𝑓(𝐾𝑗𝑡 , 𝑚𝑗𝑡; 𝛽0) + 𝑢𝑗𝑡
𝑦

. Therefore, 

𝑔(𝛽0) = 𝐸(𝑍𝑗𝑡
𝐿𝑢𝑗𝑡

𝑦
). 

By Assumption 1, the Lewbel-type instruments are orthogonal to the production disturbance, so 

𝐸(𝑍𝑗𝑡
𝐿𝑢𝑗𝑡

𝑦
) = 0. 

Hence, 𝑔(𝛽0) = 0. The Jacobian of the moment function is  
∂𝑔(𝛽)

∂𝛽′ = −𝐸 [𝑍𝑗𝑡
𝐿 ∂𝑓(𝐾𝑗𝑡,𝑚𝑗𝑡;𝛽)

∂𝛽′ ]. If 

𝐸 [𝑍𝑗𝑡
𝐿
∂𝑓(𝐾𝑗𝑡, 𝑚𝑗𝑡; 𝛽0)

∂𝛽′
] 

has full column 𝑟𝑎𝑛𝑘 𝑝 = dim(𝛽), then the Jacobian has full column rank at 𝛽0. By standard local 

GMM identification arguments, the equation 𝑔(𝛽) = 0has a unique local solution at 𝛽0. Hence, 

𝛽 is locally point identified.  

 

Remark (Linear Cobb-Douglas case).  If the production function is linear in logs,  

𝑓(𝐾𝑗𝑡, 𝑚𝑗𝑡; 𝛽) = 𝛽𝐾𝑘𝑗𝑡 +𝑚𝑗𝑡
′ 𝛽𝑚, 

with 𝛽 = (𝛽𝐾, 𝛽𝑚
′ )′ ∈ 𝑅𝑝, 𝑝 = 1 + 𝑑𝑚, then the production-regressor vector is 

𝑤𝑗𝑡 = (𝑘𝑗𝑡, 𝑚𝑗𝑡
′ )′ ∈ 𝑅1+𝑑𝑚 . 

The moment condition becomes  

𝐸[𝑍𝑗𝑡
𝐿 {𝑦𝑗𝑡 − 𝑤𝑗𝑡

′ 𝛽}] = 0. 

Local identification requires the standard IV/GMM rank condition 

𝑟𝑎𝑛𝑘( 𝐸[𝑍𝑗𝑡
𝐿𝑤𝑗𝑡

′ ]) = 1 + 𝑑𝑚. 

Since 𝑍𝑗𝑡
𝐿 ∈ 𝑅𝑑𝑥𝑑𝑚 , the order condition is  
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𝑑𝑥𝑑𝑚 ≥ 1 + 𝑑𝑚. 

This condition says that the number of Lewbel instruments generated must be at least as large as 

the number of production elasticities to be estimated. The rank condition further requires these 

instruments to be sufficiently correlated with the production inputs.  

 

Appendix A3: Kalman filter with heteroscedastic distortion-state noise  

This appendix presents the state-space representation of the model and the Kalman filter recursions 

used to evaluate the likelihood under the two-step estimation procedure proposed in the paper. 

Special attention is given to the role of conditional heteroskedasticity in distortion innovation. In 

addition to Assumption 1, the state-space representation requires finite second moments, serial 

independence of the state innovations and measurement disturbances, and the positive-definiteness 

conditions stated below. The Kalman filter recursions depend on the conditional first and second 

moments of the state-space system and therefore remain well defined under the time-varying 

innovation covariance structure considered here. For estimation, we use the Gaussian likelihood 

as a quasi-likelihood. Although the conditional innovation variance is a nonlinear function of the 

observed shifters , the state transition and measurement equations remain linear in the latent states. 

Conditional on and the parameter vector, the innovation covariance matrix is known at each step 

of the recursion. The standard linear Kalman filter therefore applies exactly with a time-varying 

covariance matrix, and no nonlinear filtering approximation is required. Conditional Gaussianity 

makes the resulting criterion the exact conditional Gaussian likelihood; more generally, we 

interpret it as a Gaussian quasi-likelihood based on the correctly specified conditional first and 

second moments. 

Consider the measurement equations: 

𝑢𝑗𝑡
𝑦
= 𝜔𝑗𝑡

𝑦
+ 𝜀𝑗𝑡

𝑦
,        𝑢𝑗𝑡

𝑚 = 𝜔𝑗𝑡
𝑚 + 𝜀𝑗𝑡

𝑚, 

with state transition equation  

ω𝑗𝑡 = 𝜌ω𝑗,𝑡−1 + 𝜉𝑗𝑡 ,   
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where      𝜔𝑗𝑡 = [
𝜔𝑗𝑡
𝑦

𝜔𝑗𝑡
𝑚],  𝜌 = [

𝜌𝑦𝑦 𝜌𝑦𝑚 

0 𝜌𝑚𝑚
]  and  𝜉𝑗𝑡 = [

𝜉𝑗𝑡
𝑦

𝜉𝑗𝑡
𝑚] , with innovation variance-covariance 

(conditional on 𝑥𝑗𝑡)  given as  

Σ𝜉,𝑗𝑡 ≡ 𝑉𝑎𝑟(𝜉𝑗𝑡 ∣ 𝑥𝑗𝑡) = [
𝜎𝜉𝑦
2 𝜎′𝜉𝑦𝜉𝑚

𝜎𝜉𝑚𝜉𝑦 Σ𝜉𝑚,𝑗𝑡
],    

where  Σ𝜉𝑚,𝑗𝑡 = ℎ(𝑥𝑗𝑡; 𝛾)Σ𝑒. If a parametric specification is adopted for ℎ(𝑥𝑗𝑡; 𝛾), the nuisance 

parameter vector 𝛾 is included in the overall parameter vector 𝜃.  

Stacking the measurement equations yields 

𝑢𝑗𝑡 = [
𝑢𝑗𝑡
𝑦

𝑢𝑗𝑡
𝑚] = 𝛤𝜔𝑗𝑡 + 𝜀𝑗𝑡 ,        𝛤 = [

1 0
0 1

], 

 where Γ  is the measurement matrix  and  𝜀𝑗𝑡 = [
𝜀𝑗𝑡
𝑦

𝜀𝑗𝑡
𝑚]  is the measurement noise which has  

variance-covariance  

Σ𝜀 ≡ Var(𝜀𝑗𝑡) = [
𝜎𝜀𝑦
2 0

0 Σ𝜀𝑚
]. 

Throughout the Kalman recursions, we impose the boundedness condition 0 < 𝑐ℎ ≤ ℎ(𝑥𝑗𝑡; 𝛾) ≤

𝐶ℎ < ∞, and we require both Σ𝜉,𝑗𝑡 and Σ𝜀 to be positive definite for all admissible values of 𝑥𝑗𝑡. 

These conditions ensure that the predicted state covariance and the forecast-error covariance 

matrix are well defined and positive definite.  

For each 𝑗, the Kalman filter evaluates the likelihood recursively over time. The procedure consists 

of initialization, prediction, innovation, and updating steps. The algorithm begins with an 

initialization of the state variables mean and its variance-covariance: 

a𝑗,0∣0 = 𝐸(𝜔𝑗0)        𝑃𝑗,0∣0 = Var(𝜔𝑗0), 

which holds under the stationarity conditions for 𝜔𝑗𝑡
𝑦

 and 𝜔𝑗𝑡
𝑚.  We set a𝑗,0∣0 = 0. Because Σ𝜉,𝑗𝑡 is 

time-varying through its dependence on 𝑥𝑗𝑡, the state process does not admit a strictly time-

invariant unconditional variance. To initialize the Kalman filter, we therefore construct a time-

invariant prior for the state variance-covariance based on the unconditional mean of the innovation 
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covariance matrix, defined as Σ𝜉 = 𝐸(Σ𝜉,𝑗𝑡), where the expectation is taken with respect to the 

stationary distribution of the predetermined process 𝑥𝑗𝑡. The initial state covariance 𝑃𝑗,0∣0 is then 

obtained as the stationary solution to the Lyapunov equation 

𝑃𝑗,0∣0 = 𝜌𝑃𝑗,0∣0𝜌
′ + Σ𝜉 . 

This provides a coherent unconditional prior for the variance–covariance matrix of the state vector 

𝜔𝑗0. After initialization, the Kalman recursion proceeds using the time-varying innovation 

covariance matrix Σ𝜉,𝑗𝑡 for 𝑡 ≥ 1, so that the predicted state covariance evolves consistently with 

the heteroskedastic structure implied by the model. 

Given 𝑎𝑗,𝑡−1∣𝑡−1 and 𝑃𝑗,𝑡−1∣𝑡−1, the prediction step computes the prior (one-step-ahead) estimates: 

a𝑗,𝑡∣𝑡−1 = 𝜌a𝑗,𝑡−1∣𝑡−1        𝑃𝑗,𝑡∣𝑡−1 = 𝜌𝑃𝑗,𝑡−1∣𝑡−1𝜌
′ + Σ𝜉,𝑗𝑡. 

Because the variance-covariance matrix Σ𝜉,𝑗𝑡  depends on 𝑥𝑗𝑡  through the heteroskedasticity 

function ℎ(𝑥𝑗𝑡; 𝛾), the prediction covariance matrix is time-varying even though matrix 𝛤 is 

constant. Conditional heteroskedasticity therefore directly affects the evolution of uncertainty 

about the latent states. 

Using the predicted state, the innovation (forecast error) is computed as 

𝑣𝑗𝑡 = 𝑢𝑗𝑡 − a𝑗,𝑡∣𝑡−1, 

which can be written as 𝑣𝑗𝑡 = (𝜔𝑗𝑡 − a𝑗,𝑡∣𝑡−1) + 𝜀𝑗𝑡 ,  using the measurement equation 𝑢𝑗𝑡 = 𝜔𝑗𝑡 +

𝜀𝑗𝑡.  

Because the measurement matrix is 𝐼, the variance-covariance of 𝑣𝑗𝑡  reduces to  

𝐹𝑗𝑡 = 𝑃𝑗,𝑡∣𝑡−1 + Σ𝜀 = 𝑃𝑗,𝑡∣𝑡−1 + Σ𝜀 . 

Since 𝑃𝑗,𝑡∣𝑡−1 depends on Σ𝜉,𝑗𝑡, 𝐹𝑗𝑡  (reflecting estimation uncertainty) inherits the time variation 

generated by the heteroskedastic state innovation.  

The updating step combines prior information with the current observation. The Kalman gain is  

𝐾𝑗𝑡 = 𝑃𝑗,𝑡∣𝑡−1𝐹𝑗𝑡
−1, 

and the filtered state mean and covariance are  
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a𝑗,𝑡∣𝑡 = a𝑗,𝑡∣𝑡−1 + 𝐾𝑗𝑡𝑣𝑗𝑡 ,       𝑃𝑗,𝑡∣𝑡 = 𝑃𝑗,𝑡∣𝑡−1 − 𝐾𝑗𝑡𝐹𝑗𝑡𝐾𝑗𝑡
′ . 

Given a parameter vector 𝜃, the Kalman filter delivers the filtered state moments 

{a𝑗,𝑡∣𝑡(𝜃), 𝑃𝑗,𝑡∣𝑡(𝜃)}𝑡=1
𝑇  and the one-step-ahead moments {a𝑗,𝑡∣𝑡−1(𝜃), 𝑃𝑗,𝑡∣𝑡−1(𝜃)}𝑡=1

𝑇 . Evaluating 

these objects at the second-step QML estimate 𝜃𝐼𝑉𝑆𝑆  (see Appendix A4) yields the fitted (filtered) 

latent state process 𝜔̂𝑗𝑡∣𝑡 = a𝑗,𝑡∣𝑡(𝜃𝐼𝑉𝑆𝑆)and associated conditional covariance 𝑃𝑗,𝑡∣𝑡(𝜃𝐼𝑉𝑆𝑆). 

Applying the fixed-interval Kalman smoother further produces smoothed state moments 

{a𝑗,𝑡∣𝑇(𝜃𝐼𝑉𝑆𝑆), 𝑃𝑗,𝑡∣𝑇(𝜃𝐼𝑉𝑆𝑆)}𝑡=1
𝑇 , which we use as estimates of 𝜔𝑗𝑡 based on the generated residual 

series 𝑢̂𝑗1, … , 𝑢̂𝑗𝑇, obtained in the first step.  

The conditional heteroskedastic distortion innovation variance is obtained by plugging the estimate 

𝛾𝐼𝑉𝑆𝑆 (the 𝛾-subvector of 𝜃𝐼𝑉𝑆𝑆) into ℎ(𝑥𝑗𝑡; 𝛾), so that the time-varying innovation covariance used 

in prediction is Σ̂𝜉,𝑗𝑡 ≡ Σ𝜉,𝑗𝑡(𝑥𝑗𝑡; 𝛾𝐼𝑉𝑆𝑆). Through its effect on the prediction covariance 𝑃𝑗,𝑡∣𝑡−1 and  

hence 𝐹𝑗𝑡 = 𝑃𝑗,𝑡∣𝑡−1 + Σ𝜀, conditional heteroskedasticity affects the Kalman gain 𝐾𝑗𝑡 =

𝑃𝑗,𝑡∣𝑡−1𝐹𝑗𝑡
−1. When ℎ(𝑥𝑗𝑡; 𝛾𝐼𝑉𝑆𝑆)is large, the predicted variance of 𝜉𝑗𝑡

𝑚 increases, raising the 

corresponding element of 𝑃𝑗,𝑡∣𝑡−1 and therefore the Kalman gain. The filter consequently adjusts 

the distortion state more strongly in response to the observed 𝑢𝑗𝑡
𝑚. 

 

Appendix A4: Proof of Proposition 2 (Asymptotic normality of 𝜽̂𝑰𝑽𝑺𝑺 )   

The asymptotic distribution of the two-stage 𝜃𝐼𝑉𝑆𝑆 estimator follows from (i) standard IV/GMM 

asymptotics for the first-stage estimator of 𝑏  ≡  (𝛽′, 𝜋′)′ ∈ ℝ𝑑𝑏   under Assumption 1 and (ii) 

standard quasi-maximum-likelihood regularity conditions for the second-stage state-space QML 

estimator, including smoothness, identification, finite moments, and nonsingularity of the expected 

Hessian.  

In addition to Assumption 1, we impose standard moment and identification conditions. We 

assume the instrument vector 𝑍𝑗𝑡  is a measurable function of the predetermined variables 𝑥𝑗𝑡 and 

the following finite fourth moments hold uniformly in 𝑡: 

𝐸(∥ 𝑥𝑗𝑡 ∥
4) < ∞, 𝐸(∥ 𝜀𝑗𝑡 ∥

4) < ∞, 𝐸(∥ 𝜉𝑗𝑡 ∥
4) < ∞. 
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Under stationarity, these conditions imply finite fourth moments for 𝜔𝑗𝑡 and 𝑢𝑗𝑡. With fixed 𝑇and 

independence across 𝑗, they ensure that the cross-sectional law of large numbers and central limit 

theorem apply in the cross-sectional dimension (over 𝑗) to the first-step GMM/LS moment 

functions and to the second-step likelihood score contributions. 

Asymptotic results for the first-step estimators of  𝑏 ≡  (𝛽′, 𝜋′)′ ∈ ℝ𝑑𝑏:  Assume the influence 

function representation for j (fixed 𝑇, 𝑁 → ∞): 

 

√𝑁(𝑏̂ − 𝑏0) =
1

√𝑁
∑𝜓𝑏,𝑗

𝑁

𝑗=1

+ 𝑜𝑝(1),       𝜓𝑏,𝑗 = (
𝜓𝛽,𝑗

𝜓𝜋,𝑗
) , 

 

so that 

√𝑁(𝑏̂ − 𝑏0)
𝑑
→𝒩(0, Σ𝑏),       𝑤𝑖𝑡ℎ    Σ𝑏 = Ε(𝜓𝑏,𝑗𝜓𝑏,𝑗

′ ).   (A1) 

 

For the GMM estimator of  β,  the influence function 𝜓𝛽,𝑗  becomes  

𝜓𝛽,𝑗 = −(𝐺′𝑊𝐺)−1𝐺′𝑊 𝑔𝑗(𝛽0) = −(𝐺′𝑊𝐺)−1𝐺′𝑊(
1

𝑇
∑ 𝑍𝑗𝑡

𝑇

𝑡=1
𝑢𝑗𝑡
𝑦),  

where  𝑔𝑗(𝛽) ≡
1

𝑇
∑ 𝑍𝑗𝑡

𝑇

𝑡=1
𝑢𝑗𝑡
𝑦
,        𝐺 ≡ E (

∂𝑔𝑗(𝛽0)

∂𝛽′ )   and   𝑊 ≡ (𝐸(𝑔𝑗(𝛽0)𝑔𝑗(𝛽0)
′))

−1

. 

For the GMM estimator of 𝛽, the asymptotic result (A1) holds under conditions (i)–(v) of 

Assumption 1, the existence of finite fourth moments for the disturbances and instruments as 

previously stated, and the full column rank condition of 𝐸(𝑧𝑗𝑡𝑥𝑗𝑡
′ ), which ensures identification.   

For the LS estimator of 𝜋,  the influence function 𝜓𝜋,𝑗 becomes  

vec(𝜓𝜋,𝑗) = (𝐼𝑀 ⊗𝑄𝑥
−1) vec (

1

𝑇
∑ 𝑥𝑗𝑡

𝑇

𝑡=1
𝑢𝑗𝑡
𝑚′) ,   𝑤ℎ𝑒𝑟𝑒   𝑄𝑥 ≡ E(𝑥𝑗𝑡𝑥𝑗𝑡

′ ).  

For this estimator, the asymptotic result (A1) likewise holds under analogous conditions to the 

GMM case, now requiring full rank of 𝑄𝑥. Note that in the scalar case 𝑀 = 1, vec(𝜓𝜋,𝑗) reduces 

to 
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𝜓𝜋,𝑗 = 𝑄𝑥
−1 (

1

𝑇
∑𝑥𝑗𝑡

𝑇

𝑡=1

𝑢𝑗𝑡
𝑚) . 

 

Asymptotic results for the IVSS estimator: Based on the Kalman filter recursions (given in 

Appendix A3), the Gaussian QML likelihood j-contribution is written as  

 

ℓ𝑗(𝜃; 𝑢𝑗) = −
1

2
∑(log |𝐹𝑗𝑡| + 𝑣𝑗𝑡

′ 𝐹𝑗𝑡
−1𝑣𝑗𝑡)

𝑇

𝑡=1

+ const, 

where 𝑢𝑗 = (𝑢′𝑗1, 𝑢
′
𝑗2, … , 𝑢′𝑗𝑇)

′
,    𝑣𝑗𝑡 = 𝑢𝑗𝑡 − a𝑗,𝑡∣𝑡−1  𝑎𝑛𝑑     𝐹𝑗𝑡 = 𝑃𝑗,𝑡∣𝑡−1 + Σ𝜀 .  For j, the score 

is  

𝑆𝑗(𝜃; 𝑢𝑗) =
∂ℓ𝑗(𝜃; 𝑢𝑗)

∂𝜃
. 

 

The IVSS estimator of the vector of parameters  

𝜃 = (𝜌, 𝜎𝜉𝑦
2 , 𝛾′, 𝜎𝜉𝑚𝜉𝑦 , 𝜎𝜀𝑦

2 , 𝜎𝜀𝑚
2 )

′
    ∈ ℝ𝑑𝜃   satisfies 

1

𝑁
∑𝑆𝑗

𝑁

𝑗=1

(𝜃𝐼𝑉𝑆𝑆; 𝑢𝑗̂) = 0, 

where 𝑢𝑗̂ denotes the vector series of the residuals based on the first-step estimates of 𝑏̂ =

(𝛽̂′, 𝜋̂′)′. 

Mean-value expansion of   
1

𝑁
∑ 𝑆𝑗

𝑁

𝑗=1
(𝜃𝐼𝑉𝑆𝑆; 𝑢𝑗̂)  around the true vector of parameters 𝜃0  yields 

0 =
1

𝑁
∑𝑆𝑗

𝑁

𝑗=1

(𝜃0; 𝑢𝑗̂) + [
1

𝑁
∑

∂𝑆𝑗(𝜃 ̃; 𝑢𝑗̂)

∂𝜃′

𝑁

𝑗=1

] (𝜃 − 𝜃0), 

for some 𝜃 ̃ between 𝜃2𝑆𝑀𝐿  and 𝜃0.  
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Under the regularity conditions (smoothness, fixed 𝑇, independence across j, nonsingular expected 

Hessian and generated-residual equicontinuity),7 as 𝑁 →∞, 

1

𝑁
∑

∂𝑆𝑗(𝜃0; 𝑢𝑗̂)

∂𝜃′

𝑁

𝑗=1

  →
𝑝

 − 𝐻(𝜃0),   where  𝐻(𝜃0) = −E(
∂𝑆𝑗(𝜃0; 𝑢𝑗)

∂𝜃′
) . 

Hence, 

√𝑁(𝜃2𝑆𝑀𝐿 − 𝜃0) = 𝐻(𝜃0)
−1 1

√𝑁
∑ 𝑆𝑗

𝑁

𝑗=1
(𝜃0; 𝑢𝑗̂) + 𝑜𝑝(1).   (A2) 

The generated-residual equicontinuity condition requires that the score gradient is Lipschitz in 

𝑢𝑗  in a neighborhood of the true residual vector and that 𝑁−1∑ ‖𝑢𝑗̂ − 𝑢𝑗‖
2
= 𝑂𝑝(𝑁

−1)
𝑁

𝑗=1
. 

This ensures that replacing by in the Hessian contributes only . 

 

Because 𝑢𝑗̂ depends on first-step estimates 𝑏̂ = (𝛽̂′, 𝜋̂′)′, we expand 𝑆𝑗(𝜃0; 𝑢𝑗̂) around 𝑢𝑗:  

𝑆𝑗(𝜃0; 𝑢𝑗̂) = 𝑆𝑗(𝜃0; 𝑢𝑗) +
∂𝑆𝑗(𝜃0; 𝑢𝑗)

∂𝑢𝑗′
(𝑢𝑗̂−𝑢𝑗) + 𝑜𝑝(𝑁

−1/2). 

From the first-order expansion of 𝑢̂𝑗  , we have  

(𝑢𝑗̂−𝑢𝑗) = 𝐵𝑗(𝑏̂ − 𝑏0) + 𝑜𝑝(𝑁
−1/2), 

where 𝐵𝑗 =
∂𝑢𝑗(𝑏0)

∂𝑏′
 ∈ ℝ𝑇(1+𝑑𝑚)×𝑑𝑏. 

Define 

𝐴𝑗 ≡  
∂𝑆𝑗(𝜃0; 𝑢𝑗)

∂𝑢𝑗′
𝐵𝑗    ∈ ℝ𝑑𝜃×𝑑𝑏 . 

 
7 The generated-residual equicontinuity condition requires that the score gradient is Lipschitz in 𝑢𝑗  in a neighborhood 

of the true residual vector and that 𝑁−1∑ ‖𝑢𝑗̂ − 𝑢𝑗‖
2
= 𝑂𝑝(𝑁

−1)
𝑁

𝑗=1
. This ensures that replacing 𝑢𝑗  by 𝑢𝑗̂ in the 

Hessian contributes only 𝑜𝑝(1). 
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Then 

𝑆𝑗(𝜃0; 𝑢𝑗̂) = 𝑆𝑗(𝜃0; 𝑢𝑗) + 𝐴𝑗(𝑏̂ − 𝑏0) + 𝑜𝑝(𝑁
−1/2). 

 

Substituting the last result and  √𝑁(𝑏̂ − 𝑏0) =
1

√𝑁
∑ 𝜓𝑏,𝑗

𝑁

𝑗=1
+ 𝑜𝑝(1)  into (A1) yields  

1

√𝑁
∑𝑆𝑗

𝑁

𝑗=1

(𝜃0; 𝑢𝑗̂) =
1

√𝑁
∑𝑆𝑗

𝑁

𝑗=1

(𝜃0; 𝑢𝑗) +  𝐴
1

√𝑁
∑𝜓𝑏,𝑗

𝑁

𝑗=1

+ 𝑜𝑝(1), 

where 
1

𝑁
∑ 𝐴𝑗

𝑁

𝑗=1
 →
𝑝

 𝐴 ≡ 𝐸(𝐴𝑗).  Hence, 

√𝑁(𝜃2𝑆𝑀𝐿 − 𝜃0) = 𝐻(𝜃0)
−1

1

√𝑁
∑(𝑆𝑗(𝜃0; 𝑢𝑗) + 𝐴 𝜓𝑏,𝑗)

𝑁

𝑗=1

+ 𝑜𝑝(1), 

which, by the CLT, implies   

√𝑁(𝜃𝐼𝑉𝑆𝑆 − 𝜃0)
𝑑
→𝒩(0, 𝑉𝜃), 

where 

𝑉𝜃 = 𝐻(𝜃0)
−1Ω𝐻(𝜃0)

−1′ , 

and 

Ω = E [(𝑆𝑗+𝐴𝜓𝑏,𝑗)(𝑆𝑗+𝐴𝜓𝑏,𝑗)
′
],   

where 𝑆𝑗 ≡ 𝑆𝑗(𝜃0; 𝑢𝑗)  for notation convenience.  

Decomposing Ω,  

 

Ω = 𝐸(𝑆𝑗𝑆𝑗
′)     +   𝐴 Σ𝑏  𝐴′   +    𝐴 E(𝜓𝑏,𝑗𝑆𝑗

′) + E(𝑆𝑗𝜓𝑏,𝑗
′ )𝐴′, 

 

shows that (i) the term E(𝑆𝑗𝑆𝑗
′)  is the variance that would arise if the true disturbances 𝑢𝑗𝑡  were 

observed, (ii) the term  𝐴 Σ𝑏  𝐴′  captures additional variability due to using generated residuals  𝑢̂𝑗𝑡 

and (iii) the term 𝐴 E(𝜓𝑏,𝑗𝑆𝑗
′) + E(𝑆𝑗𝜓𝑏,𝑗

′ )𝐴′ captures covariance between first- and second-step 

j- contributions. 
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Appendix A5: Proof of Proposition 3 (Bias of proxy-based estimators)  

From the production residual decomposition, 

𝑢𝑗𝑡
𝑦
= 𝜔𝑗𝑡

𝑦
+ 𝜀𝑗𝑡

𝑦
, 

where  

𝜔𝑗𝑡
𝑦
= 𝜌𝑦𝑦𝜔𝑗,𝑡−1

𝑦
+ (𝜔𝑗,𝑡−1

𝑚 )′𝜌𝑦𝑚 + 𝜉𝑗𝑡
𝑦

, 

by the first row of the latent VAR(1) process.  

The proxy-based second stage uses 𝜔̃𝑗,𝑡−1
𝑦

 instead of the true 𝜔𝑗,𝑡−1
𝑦

. The proxy-based residual 

evaluated at 𝛽0 is 

𝑢̃𝑗𝑡
𝑦
(𝛽0) = 𝑢𝑗𝑡

𝑦
− 𝜌𝑦𝑦𝜔̃𝑗,𝑡−1

𝑦
. 

Substituting the state equation gives 

𝑢̃𝑗𝑡
𝑦
(𝛽0) = 𝜌𝑦𝑦𝜔𝑗,𝑡−1

𝑦
+ (𝜔𝑗,𝑡−1

𝑚 )′𝜌𝑦𝑚 + 𝜉𝑗𝑡
𝑦
+ 𝜀𝑗𝑡

𝑦
− 𝜌𝑦𝑦𝜔̃𝑗,𝑡−1

𝑦
. 

Using 

𝜔𝑗,𝑡−1
𝑦

= 𝜔̃𝑗,𝑡−1
𝑦

+ 𝜁𝑗,𝑡−1, 

we obtain 

𝑢̃𝑗𝑡
𝑦
(𝛽0) = 𝜉𝑗𝑡

𝑦
+ 𝜀𝑗𝑡

𝑦
+ 𝜌𝑦𝑦𝜁𝑗,𝑡−1 + (𝜔𝑗,𝑡−1

𝑚 )′𝜌𝑦𝑚. 

 

Multiplying by 𝑍𝑗𝑡
𝑃  and taking expectations, 

𝐸[𝑍𝑗𝑡
𝑃 𝑢̃𝑗𝑡

𝑦
(𝛽0)] = 𝜌𝑦𝑦𝐸[𝑍𝑗𝑡

𝑃𝜁𝑗,𝑡−1] + 𝐸[𝑍𝑗𝑡
𝑃(𝜔𝑗,𝑡−1

𝑚 )′]𝜌𝑦𝑚, 

 

since 𝐸(𝑍𝑗𝑡
𝑃𝜉𝑗𝑡

𝑦
) = 0, 𝐸(𝑍𝑗𝑡

𝑃𝜀𝑗𝑡
𝑦
) = 0.  

The just-identified IV moment condition is  

𝐸[𝑍𝑗𝑡
𝑃(𝑦𝑗𝑡 − 𝑓(𝑘𝑗𝑡 , 𝑚𝑗𝑡; 𝛽) − 𝜌𝑦𝑦𝜔̃𝑗,𝑡−1

𝑦
)] = 0.  

For the linear case (or after linearizing around 𝛽0), this condition gives 
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0 = 𝐸[𝑍𝑗𝑡
𝑃 𝑢̃𝑗𝑡

𝑦
(𝛽0)] − 𝐸[𝑍𝑗𝑡

𝑃𝑋𝑗𝑡
′ ](𝛽𝐼𝑉

𝑃 − 𝛽0). 

Substituting 𝐸[𝑍𝑗𝑡
𝑃 𝑢̃𝑗𝑡

𝑦
(𝛽0)] into the last equation yields (11a). 

For the overidentified GMM case, define 

𝑔(𝛽) = 𝐸[𝑍𝑗𝑡
𝑃 𝑢̃𝑗𝑡

𝑦
(𝛽)]. 

A first-order expansion around 𝛽0gives 

𝑔(𝛽) ≃ 𝑔(𝛽0) − 𝐷(𝛽 − 𝛽0). 

The GMM estimator minimizes 𝑔(𝛽)′𝑊𝑔(𝛽). The first-order condition implies  

𝐷′𝑊{𝑔(𝛽0) − 𝐷(𝛽𝐺𝑀𝑀
𝑃 − 𝛽0)} = 0. 

Thus, 

𝛽𝐺𝑀𝑀
𝑃 − 𝛽0 ≃ (𝐷′𝑊𝐷)−1𝐷′𝑊𝑔(𝛽0), 

and substituting the expression for 𝑔(𝛽0) gives (11b). This completes the proof.   
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    𝜙 ~ (     𝜔 ˉ  y   ,   𝜔 1  m , s ) =   𝜙 ~ (     𝜔 ~  y   ,   𝜔 2  m , s )


      𝜔 ~  y  


  c ( . )


    𝜙 ~ (     𝜔 ˉ  y ,   𝜔 1  m , s )


  c  ( ⋅ )  


    𝜔  y


    𝜙 ~  (   𝜔  y ,   𝜔 2  m , s )  


    𝜔  y  


  c (   𝜔  y ) =   𝜙 ~ (   𝜔  y ,   𝜔 2  m , s )


    𝜙 ~ (     𝜔 ˉ  y ,   𝜔 1  m , s ) <   𝜙 ~ (     𝜔 ˉ  y ,   𝜔 2  m , s )


      𝜔 ˉ  y


    𝜙 ~ (     𝜔 ˉ  y ,   𝜔 1  m , s ) ≠   𝜙 ~ (     𝜔 ˉ  y ,   𝜔 2  m , s )


    𝜔  j t  m    


    𝜔 1  m ≠   𝜔 2  m  


      𝜔   ˉ  y


    𝜔  j t  m


    M  j t =   𝜙 ~ (   𝜔  j t  y ,   𝜔  j t  m , s )


    M  j t  


  s  


    s  j t = s


    𝛾 2 = 1 . 872


    𝛾 1 = − 2 . 098  


    𝜌  m m = − 0 . 487


    𝜔  j t  m


    𝜔  j t  y


      𝜌 ^  y m = 0 . 186


      𝜌 ^  y y = 0 . 867


  F = 7 . 342 , p = 0 . 007


    H 0 :   𝛾 1 +   𝛾 2 = 0


    𝛾 1 +   𝛾 2


   exp ⁡   (     𝛾 ^ 0 ) = exp ⁡ ( − 4 . 14 ) ≈ 0 . 016


      𝜎 ^    𝜉  y 2 = 0 . 112


      𝜌 ^  y m = 0 . 186


    𝜎    𝜀  m


    𝜎    𝜀  y


    𝜎  e 2


    k  j t


    k ̃  i , t − 1


    k ̃  i t


  h  (   k  j t ; 𝛾 )   =   e x p ( 𝛾 ₀   +   𝛾 ₁     k ̃  j t   +     𝛾 ₂   k ̃  j , t − 1 )


    𝜎    𝜉  y   𝜉  m


    𝜎  e 2


    𝜎    𝜉  y 2  


    𝜌  m m  


    𝜌  y y    


    𝜎    𝜀  m


    𝜎    𝜀  y


    𝛾 2


    𝛾 1


    𝛾 0


    𝜎    𝜉  y 2


    𝜌  y m


    𝜌  m m


    𝜌  y y


      𝜌 ^  m m = − 0 . 487


      𝜌 ^  y y = 0 . 867


  1 . 080


  0 . 036


  1 . 009


  0 . 937


  0 . 063


    H e t  F


  R T S =     𝛽 ^  k +     𝛽 ^  l = 0 . 812


      𝛽 ^  l = 0 . 49


      𝛽 ^  k = 0 . 322


      k  j , t − 1


      k  j t


    H e t  F  


      k  j t   and     k  j , t − 1


    i . e . ,     k  j t   and     k  j t − 1


     (     u ^  j t  m ) 2  


      u ^  j t  m  


    H e t  F


    F  w - I V


    H e t  F


    F  w − I V


   (    𝛽  k +    𝛽  l )


  = 42 . 934   [ p = 0 . 001 ]


    H e t  F


    F  w − i v = 35 . 83   [ p = 0 . 001 ]


    𝛽  l


    𝛽  k


    k  j , t + 1


  exp ( γ ₀ )


  𝛾 ₀  


    𝜎  e 2 = 1  


   k jt


    k ̃  i , t − 1


    k ̃  i t


  V a r (   𝜉  j t  m ∣   x  j t ) = h  (   k  j t ; 𝛾 )   =   e x p ( 𝛾 ₀   +   𝛾 ₁     k ̃  j t   +     𝛾 ₂   k ̃  j , t − 1 )


   ρ ym ≠ 0


    z  j t  k , − 1 =  (   k  j , t − 1 −     k -  − 1 )     u ^  j t  m .


    z  j t  k =  (   k  j t −   k - )     u ^  j t  m


   x  j t = (   k  j t ,   k  j , t − 1  ) ′ .  


    l  i t =  log ⁡    L  i t  


    k  i t =  log ⁡    K  i t  


    𝜌  y m = 0 . 50


    𝜌  y m = − 0 . 25


    𝒙  j t = (   k  j t ,   k  j , t − 1  ) ′ .


    𝜌  y m


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


      𝜌  y m


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


      𝜌  y m


   x  j t = (   k  j t ,   k  j , t − 1  ) ′  


    𝜌  y m


    𝛽  m  


    𝛾  k = 0 . 80


    𝛾  k = 0 . 15  


    𝛽  k


    𝛾  k = 0 . 80


    𝛾  k = 0 . 15


    x  j t = (   k  j t ,   k  j , t − 1  ) ′ .


    𝛽  m


    𝛽  k  


    𝛽  m


    𝛽  x


    𝛽  m


    𝛽  x


    𝛽  m


    𝛽  x


    𝛽  m


    𝛽  x


    𝛾  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛾  k


   x  j t = (   k  j t ,   k  j , t − 1  ) ′


    x  j t = (   k  j t ,   k  j , t − 1  ) ′ .


    𝜌  y m = 0


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


      𝜌  y m = 0


   x  j t = (   k  j t ,   k  j , t − 1  ) ′  


    𝜌  y m ≠ 0


    𝜌  y m = 0


    q  j t =   k  j , t − 1


    x  j t = (   k  j t ,   k  j , t − 1  ) ′


    𝛽  m


    𝛽  k


    𝜎    𝜀  m


    𝛾  k , − 1


    𝛾  k


    𝜎    𝜀  y


    𝜎    𝜉  y


      𝜌  y m


      𝜌  m m


      𝜌  y y


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


   x  j t = (   k  j t ,   k  j , t − 1  ) ′  


    𝜌  y m = 0


    𝛽  m


    𝛽  k  


    k  j , t − 1


    q  j t


    k  j , t − 1


    q  j t


    𝜌  y m = 0 . 5


    𝜌  y m = − 0 . 25  


    𝜌  y m = 0


    𝜌  y m = 0 . 25


    k  j , t − 1


      u ^  j t  m     are   the   residuals   of   the   input − equation ,   and         k -  − 1


    z  j t  k , − 1 =  (   k  j , t − 1 −     k -  − 1 )     u ^  j t  m ,


    z  j t  k =  (   k  j t −   k - )     u ^  j t  m


    𝛾  k = 0 . 80 .


    𝛾  k = 0 . 150 ,


    𝛾 0 = 0   ,       𝛾  k = 0 . 25     and     𝛾  k , − 1 = 0 . 50 .


  h (   k  j t ,   k  j , t − 1 ; 𝛾 ) = exp ⁡  (    𝛾 0 +    𝛾  k   k  j t +    𝛾  k , − 1   k  j , t − 1 ) ,


     (   k  j t ,   k  j , t − 1 ) ′


    𝜀  j t  m


    𝜔  j t  m


    𝜃 1 = 0 . 6     and     𝜃 2 = 0 . 3 .


    m  j t =   𝜃 1   k  j t +   𝜃 2   k  j , t − 1 +   𝜔  j t  m +   𝜀  j t  m ,


  E (   𝜔  j , t − 1  m ∣   k  j t ,   k  j , t − 1 ) = 0


    q  j t =   k  j , t − 1 .  


   x  j t = (   k  j t ,   k  j , t − 1  ) ′ .


    q  j t


    𝜌  y m ≠ 0


    𝜌  y m = 0


  T = 8


  N = 500  


    𝜌  y m = 0 . 50


    𝜌  y m = − 0 . 25


    𝜌  y m


    𝛽  m


    𝛽  k  


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


      𝜌  y m


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


      𝜌  y m


    𝜌  y m


    𝛽  m


    𝛽  m  


    𝛽  k  


    𝛽  m


    𝛽  k  


    𝜌  y m = 0 . 5 ,


    𝛽  m  


    𝛽  k  


    𝛽  m  


    𝛽  k  


    𝛽  m


    𝛽  k


    𝜌  y m = − 0 . 25 ,


    𝜌  y m


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝜸  𝟏


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛾 1


    𝛽  m


    𝛽  m


    𝛽  k  


    𝛽  m


    𝛽  k  


    𝛾 1 = 0 . 8 .  


    𝛽  m


    𝛽  k  


    𝛾 1 = 0 . 15 .


  T = 8  


  N = 500  


    𝜌  y m = 0


    𝛽  m  


    𝛽  k  


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


      𝜌  y m = 0


    𝛽  m


    𝛽  k  


    𝜌  y m = 0 .  


   Σ  𝜉 , j t


    𝜎    𝜉  m   𝜉  y = 0


    𝛽  m  


    𝛽  k  


    k  j , t + 1


    𝜎    𝜀  m


    𝛾  q


    𝛾  k


    𝜎    𝜀  y


    𝜎    𝜉  y


      𝜌  y m


      𝜌  m m


      𝜌  y y


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝛾  q


  0 . 102


    𝛾  k  


  0 . 111


  0 . 019


  0 . 002


    𝜌  y m


  0 . 039


  − 0 . 017


    𝜌  m m


  0 . 029


  − 0 . 003


    𝜌  y y


    𝛽  m


    𝛽  m  


    𝛽  k  


    𝛽  m


    𝛽  k


    𝛽  m


    𝛽  k


    𝜌  y m = 0 . 25 .    


    𝛾  q = 0 . 8


    𝛾  q = 0 . 15  


    𝜌  y m = 0 . 5 .


    𝜌  y m = − 0 . 25


    𝜌  y m = 0 ,  


    𝜌  y m = 0 . 25 ,


    𝜌  y m ≠ 0


    X  j t  D =   X  j t  P ∪ {   k  j , t + 1 } = {   k  j t ,   m  j t ,   q  j t ,   k  j , t + 1 } .


    k  j , t + 1


    X  j t  P


    𝜌  y m ≠ 0


    𝜔  j , t − 1  m


    𝜔  j t  y =   𝜌  y y   𝜔  j , t − 1  y +   𝜌  y m   𝜔  j , t − 1  m +   𝜉  j t  y ,


    𝜔  j t  m


    𝜔  j t  y


    X  j t  P = {   k  j t ,   m  j t ,   q  j t }


  T = 8  


  N = 500  


    q  j t


    k  j t  


    q -  


    k -  


    z  j t  q =  (   q  j t −   q - )     u ^  j t  m ,


    z  j t  k =  (   k  j t −   k - )     u ^  j t  m  


      u ^  j t  m  


  Var ⁡  (   𝜉  j t  m ∣   k  j t = 0 ,   q  j t = 0 ) = 1 .


    q  j t = 0


    k  j t = 0


    𝛾  k = 0 . 25       and     𝛾  q = 0 . 5 .  


    𝛾 0 = 0  


    𝜎    𝜉  m   𝜉  y = 0


   Σ  𝜉 , j t


  h (   k  j t ,   q  j t ; 𝛾 ) = exp ⁡  (    𝛾 0 +    𝛾  k   k  j t +    𝛾  q   q  j t ) .


    e  j t ∼ I I D N  ( 0 , 1 ) ,       e  j t ⊥   𝜉  j t  y ,


    𝜉  j t  m = h (   k  j t ,   q  j t ; 𝛾  )  1 / 2   e  j t ,


    𝜎    𝜉  y = 0 . 5 ,


    𝜉  j t  y ∼ 𝛪 𝛪 D N ( 0 ,   𝜎    𝜉  y 2 ) ,


    𝜌  y m ≠ 0


    𝜌  y m = 0 . 25 .


    𝜌  y m  


    𝜌  y y = 0 . 7     and     𝜌  m m = 0 . 4 .


   [      𝜔  j t  y     𝜔  j t  m ] =  [      𝜌  y y    𝜌  y m   0    𝜌  m m ]  [      𝜔  j , t − 1  y     𝜔  j , t − 1  m ] +  [      𝜉  j t  y     𝜉  j t  m ] ,


    𝜎    𝜀  m = 0 . 45


    𝜀  j t  m ∼ I I D N ( 0 ,   𝜎    𝜀  m 2 ) ,


    𝜃 1 = 0 . 6 ,       𝜃 2 = 0 . 3   and     𝜃 3 = 0 . 8 .


    m  j t =   𝜃 1   k  j t +   𝜃 2   k  j , t − 1 +   𝜃 3   q  j t +   𝜔  j t  m +   𝜀  j t  m .


    u  j t    q


    𝜌  q = 0 . 4


    𝜌  q  


    q  j t


    q  j t =   𝜌  q   q  j , t − 1 +   u  j t  q ,


    u  j t  k ∼ I I D N  ( 0 ,   𝜎    u  k 2 ) ,     with       𝜎    u  k = 0 . 447 .


    𝜌  k = 0 . 400 ,     𝜅  y = 0 . 030 ,  


    k  j t =   𝜌  k   k  j , t − 1 +   𝜅  y   𝜔  j , t − 1  y +   u  j t  k ,


    𝜎    𝜀  y = 0 . 18 .


    𝜀  j t  y ∼ I I D N  ( 0 ,   𝜎    𝜀  y 2 ) ,


    𝛽  k = 0 . 300 ,     𝛽  m = 0 . 500 .


    y  j t =   𝛽  k   k  j t +   𝛽  m   m  j t +   𝜔  j t  y +   𝜀  j t  y .


    q  j t


    x  j t = (   k  j t ,   q  j t  ) ′


    q  j t


    k  j t


  E    [    Z  j t  P (    𝜔  j , t − 1  m  ) ′ ] = 0


    𝜌  y m = 0 ,  


    𝛽  I V  D L −   𝛽 0 =    [ E (   Z  j t  P   X  j t ′ ) ]  − 1 E    [    Z  j t  P (    𝜔  j , t − 1  m  ) ′ ]   𝜌  y m .


    𝜁  j , t − 1  


    𝜌  y m = 0


  E    [    Z  j t  P (    𝜔  j , t − 1  m  ) ′ ]   𝜌  y m .


  E (   Z  j t  P   𝜁  j , t − 1 ) = 0 ,


    𝜌  y y ≠ 0


    𝜌  y m = 0


    𝜌  y y = 0


  E (   Z  j t  P   𝜉  j t  y ) = E (   Z  j t  P   𝜀  j t  y ) = 0 ,


    𝜌  y y =   𝜌  y m = 0 ,


  E  [    Z  j t  P (    𝜔  j , t − 1  m  ) ′ ]   𝜌  y m ,


    𝜔  j t  y


      𝜔 ~  j t  y


    𝜌  y y E (   Z  j t  P   𝜁  j , t − 1 ) ,


  𝛽


  W ∈  ℝ  q × q  


  D = E  (   Z  j t  P   r  j t (   𝛽 0 ) ′ ) ∈  ℝ  q × p    


        𝛽  G M M  P −   𝛽 0 ≃ (   D ′ W D  )  − 1   D ′ W  (   𝜌  y y E  (   Z  j t  P   𝜁  j , t − 1 ) + E  (   Z  j t  P  (   𝜔  j , t − 1  m ) ′ )   𝜌  y m ) ,   (11b)


  q ≥ p


        𝛽  I V  P −   𝛽 0 =    ( E  (   Z  j t  P   r  j t (   𝛽 0 ) ′ ) )  − 1  (   𝜌  y y E (   Z  j t  P   𝜁  j , t − 1 ) + E  (   Z  j t  P  (   𝜔  j , t − 1  m ) ′ )   𝜌  y m ) .        (11a)


  q = p


  E (   Z  j t  P   𝜉  j t  y ) = 0 .


    r  j t (   𝛽 0 ) =   𝜕 f (   k  j t ,   m  j t ;   𝛽 0 )  𝜕 𝛽     ∈  ℝ  p   a n d       Z  j t  P ∈  ℝ  q


    Z  j t  P


      𝜔 ~  j t  y  


    𝜀  j t  m


    u  j t  m =   𝜔  j t  m +   𝜀  j t  m    


  𝜋 =   Cov ⁡ (   𝜔  j t  y ,   u  j t  m )  Var ⁡ (   u  j t  m ) =   Cov ⁡ (   𝜔  j t  y ,   𝜔  j t  m )  Var ⁡ (   𝜔  j t  m ) + Var ⁡ (   𝜀  j t  m ) ,


      𝜔 ~  j t  y = E (   𝜔  j t  y ∣   u  j t  m ) = 𝜋   u  j t  m ,


    u  j t  m ∈ ℝ


    u  j t  m


    𝜁  j t =   𝜔  j t  y −     𝜔 ~  j t  y .


      𝜔 ~  j t  y = E (   𝜔  j t  y ∣   X  j t  P ) ,


    k  j , t + 1  


    X  j t  D =   X  j t  P ∪ {   k  j , t + 1 } .


    X  j t  D


    X  j t  P


    X  j t  P = {   k  j t ,   m  j t ,   l  j t , t , … } .


    X  j t  P = {   k  j t ,   m  j t , t , … } ,


    X  j t  P


    V  𝜃      


  𝛺  


  𝛺  


    u  j


  j


    S  j  ( 𝜃 ;   u  j )  


    u  j t ≡ (   u  j t  y ,     u  j t  m ′  ) ′ ∈  ℝ  1 +   d  m ,   a n d       u  j ≡ (   u  j 1 ′ , … ,   u  j T ′  ) ′ ∈  ℝ  T ( 1 +   d  m ) ,


    V  𝜃 = H (   𝜃 0  )  − 1 𝛺 H (   𝜃 0  )  − 1 ′ , H (   𝜃 0 ) = − E    [   𝜕   S  j (   𝜃 0 ;   u  j )  𝜕   𝜃 ′ ] ,


   N (     𝜃 ^  I V S S −   𝜃 0 )  →   d N ( 0 ,   V  𝜃 ) ,


      𝜃 ^  I V S S


   N


  N → ∞


  T  


  𝜃 ∈ 𝛩 ⊂  ℝ    d  𝜃


      𝜃 ^  I V S S ) .


      𝜃 ^  I V S S   .    


     Σ ^  𝜉 , j t =  Σ  𝜉 , j t  (   x  j t ;   𝛾 ^ ,   𝛼 ^ ,     𝜎 ^    𝜉  y 2 ,       𝜎 ^    𝜉  y   𝜉  m ,  Σ ^  e ) ,


      u ^  j t  m


      u ^  j t  y  


  h (   x  j t ; 𝛾 )


      𝜔 ^  j t ∣ t  𝜂       and          𝜔 ^  j t ∣ T  𝜂 ,             𝜂 ∈ { y , m } ,


      u ^  j t =  [        u ^  j t  y       u ^  j t  m ] ∈  ℝ  1 +   d  m .


      𝜃 ^  I V S S =    (    𝜌 ^ ,      𝛼 ^ ′ ,      𝜎 ^    𝜉  y 2 ,    𝜎    𝜉  y   𝜉  m ,       𝛾 ^ ′ ,     Σ ^  e ,      𝜎 ^    𝜀  y 2 ,     Σ ^    𝜀  m ) ′ .


    𝜎    𝜀  y 2 ,    Σ    𝜀  m


  h (   x  j t ; 𝛾 )


   Σ  𝜉 , j t


  𝜌


    x  j t  


  h (   x  j t ; 𝛾 )


      Z ^  j t  L =   Z  j t  L +   o  p ( 1 ) .


      Z ^  j t  L ∈   R    d  x   d  m


      Z ^  j t  L = (   x  j t −   x ˉ ) ⊗     u ^  j t  m ,


    x ˉ


  E  (   x  j t )  


    u  j t  m  


  𝛽  


  E [   Z  j t  L {   y  j t − f (   k  j t ,   m  j t ; 𝛽 ) } ] = 0 .


  1 +   d  m


  E [   Z  j t  L (   k  j t ,   m  j t ′ ) ]


   (   k  j t ,   m  j t ′  ) ′ ∈   R  1 +   d  m


    Z  j t  L   ∂ f (   k  j t ,   m  j t ;   𝛽 0 )  ∂   𝛽 ′ ∈   R    d  x   d  m × p


    ∂ f (   K  j t ,   m  j t ;   𝛽 0 )  ∂   𝛽 ′ ∈   R  1 × p


  r a n k    (   E  [   Z  j t  L   𝜕 f (   k  j t ,   m  j t ;   𝛽 0 )  𝜕   𝛽 ′ ] ) = p


    𝛽 0 ∈   R  p  


  E [     x ~  j t (   u  j t  m ⊙   u  j t  m  ) ′ ] ∈   R    d  x ×   d  m .


    Z  j t  L  


    u  j t  y  


    u  j t  m  


    Z  j t  L


    C  m y = 0 .


  E (     x ~  j t ) = 0


  E (   Z  j t  L   u  j t  y ) = E [     x ~  j t ⊗ E (   u  j t  m   u  j t  y ∣   x  j t ) ] = E [     x ~  j t ⊗   C  m y ] = 0 ,


  E (   Z  j t  L   u  j t  y ) = 0 .


    x  j t  


    Z  j t  L


    x  j t


    Z  j t  L


    x  j t  


    Z  j t  L ∈   R    d  x   d  m


    Z  j t  L =     x ~  j t ⊗   u  j t  m


    𝜎    𝜉  y   𝜉  m = 0


   x jt


   Σ  ξ , jt


   Σ    𝜉  m , j t = h  (   x  j t ; 𝛾 )  Σ  e     ∈  ℝ    d  m x   d  m


   Σ  𝜉 , j t ≡ V a r (   𝜉  j t ∣   x  j t ) =  [      𝜎    𝜉  y 2    𝜎    𝜉  y   𝜉  m ′     𝜎    𝜉  m   𝜉  y   Σ    𝜉  m , j t ]


    x  j t


    𝜉  j t =  [     ξ  j t  y    ξ  j t  m ] ∈  ℝ  1 +   d  m


  h  (   x  j t ; 𝛾 )  


  E  (    u  j t  m   u  j t  y ∣    x  j t )  


    x  j t


  V a r  (    u  j t  m ∣    x  j t )  


    x  j t  


    x  j t


    𝜀  j t  y  


    𝜉  j t  y  


    e  j t


  E (   e  j t ∣   x  j t ) = 0


   Σ  e ∈   R    d  m ×   d  m  


  0 <   c h ≤ h  (   x  j t ; 𝛾 )   ≤ C h < ∞ ,


    𝜉  j t  m = h (   x  j t ; 𝛾  )  1 / 2  Σ  e  1 / 2   e  j t ,


    x  j t


  E (   𝜔  j , t − 1  m ∣   x  j t ) = 0


  C o v [   x  j t , k , (   u  j t , d  m  ) 2 ] ≠ 0


  d = 1 , … ,   d  m


    u  j t , d  m


  k = 1 , … ,   d  x


    x  j t , k


      x ~  j t (   u  j t  m ⊙   u  j t  m  ) ′ ∈   R    d  x ×   d  m


      x ~  j t =   x  j t − E (   x  j t ) ∈   R    d  x


  E [     x ~  j t (   u  j t  m ⊙   u  j t  m  ) ′ ] ≠ 0


    x  j t


    x  j t


  E  (    𝜉  j t  m   𝜉  j t  y ∣    x  j t ) =   𝜎    𝜉  y   𝜉  m ≠ 0 .


    C  m y ∈   R    d  m  


  E (   u  j t  m   u  j t  y ∣   x  j t ) =   C  m y


  E (   𝜀  j t  y ∣   x  j t ) = 0


    𝜔  j t  m =   𝜉  j t  m


    𝜌  m m = 0  


  E  (    𝜔  j , t − 1  m ∣    x  j t ) = 0  


  E  (    𝜀  j t  m ∣    x  j t ) = 0 ,  


    u  j t  m =   𝜔  j t  m +   𝜀  j t  m


  E (   u  j t  m ∣   x  j t ) = 0


  E (   𝜉  j t  m ∣   x  j t ) = 0


  E (   𝜉  j t  y ∣   x  j t ) = 0


  E (   𝜉  j t ∣  ℱ  j , t − 1 ) = 0


   ℱ  j , t − 1


    x  j t  


  t


    x  j t ∈   R    d  x  


  t


  j


    x  j t


    u  j t  m


    𝜔  j , t  m  


  E (   𝜔  j , t − 1  m ∣   x  j t ) = 0


    𝜌  y m


    𝜌  m y = 0  


  E (   u  j t  m ∣   x  j t ) = 0


  E (   𝜀  j t  m ∣   x  j t ) = 0


  E (   𝜉  j t  m ∣   x  j t ) = 0


    𝜔  j t  m =   𝜉  j t  m


    𝜌  m m = 0


  E (   𝜔  j , t − 1  m ∣   x  j t ) =


    𝜌  m y = 0


    x  j t


    x  j t


  E (   𝜔  j , t − 1  m ∣   x  j t ) = 0


  E (   𝜉  j t  m ∣   x  j t ) = 0


    𝜔  j t  m =   𝜌  m y   𝜔  j , t − 1  y +   𝜌  m m   𝜔  j , t − 1  m +   𝜉  j t  m


    𝜔  j t  m


    x  j t


    u  j t  m =   𝜔  j t  m +   𝜀  j t  m


  E (   u  j t  m ∣   x  j t ) = 0


    x  j t


    x  j t


    u  j t  m  


    𝜔  j t  m  


    s  j t


    x  j t


    𝜀  j t  m ∈   R    d  m


    𝜔  j t  m ∈   R    d  m


    u  j t  m ∈   R    d  m


  Π ∈   R    d  s ×   d  m


    s  j t ∈   R    d  s


    m  j t ∈   R    d  m


    u  j t  m =   𝜔  j t  m +   𝜀  j t  m


    m  j t =  Π ′   s  j t +   u  j t  m


    x  j t  


    x  j t


    𝜌  y m    


    𝜌  y y  


    m  j t ,  


    k  j , t − 1


    k  j t


    m  j t ,  


    M  j t ,  


    k  j t


    K  j t


  E (   𝜔  j t  y ∣   x  j t ) = 0


  E (   𝜉  j t  y ∣   x  j t ) = 0


    x  j t


    𝜉  j t  y ∈ R


    𝜌  y m ∈   R    d  m


    𝜌  y y ∈ R


    𝜔  j t  y =   𝜌  y y   𝜔  j , t − 1  y +   𝜌  y m ′   𝜔  j , t − 1  m +   𝜉  j t  y


    s  j t ∈   R    d  s


    x  j t ∈   R    d  x  


    k  j t ,   m  j t


    K  j t ,   M  j t


    𝜀  j t  y ∈ R


    𝜔  j t  y ∈ R


    u  j t  y ∈ R  


  𝛽 ∈   R  p  


    m  j t ∈   R    d  m  


    k  j t = l o g   K  j t  


    y  j t ∈ R  


    u  j t  y =   𝜔  j t  y +   𝜀  j t  y


    y  j t = f (   k  j t ,   m  j t ; 𝛽 ) +   u  j t  y


    x  j t  


  E  [    u  j t  m ∣    x  j t ] = 0  


    𝜔  j , t − 1  y


    K  j t ∈   x  j t  


  E [   𝜔  j , t − 1  m ∣   x  j t ] = 0


  E [   𝜔  j , t − 1  y ∣   x  j t ] = 0


  E [   x  j t   𝜉  j t ] = 0


   ℱ  j , t − 1


    x  j t


  E [   𝜉  j t ∣  ℱ  j , t − 1 ] = 0


    𝜉  j t


    x  j t =   s  j t


    s  j t  


    x  j t  


    s  j t  


    x  j t


    s  j t


  t


    x  j t


    x  j t = (   K  j t ,   K  j , t − 1 ,   M  j , t − 1 ,   Y  j , t − 1 ,   P  j , t − 1  M ,   P  j , t − 1  Y ,   D  t , …  ) ′ .


    s  j t = (   K  j t ,   K  j , t − 1 ,   P  j t  Y ,   P  j t  M ,   D  t , …  ) ′ ,


    s  j t


    x  j t  


   ℱ  j , t − 1


    s  j t


    x  j t ⊆   s  j t  


    s  j t


    K  j t  


    K  j t ∈  ℱ  j , t − 1


   ℱ  j , t − 1  


   ℱ  j , t − 1 = {   K  j t ,   K  j , t − 1 ,   M  j , t − 1 ,   Y  j , t − 1 ,   P  j , t − 1  M ,   P  j , t − 1  Y ,   𝜔  j , t − 1  y ,   𝜔  j , t − 1  m , … }


    K  j t  


  t − 1


   ℱ  j , t − 1


    I  j t  


    𝛿  K  


    K  j , t + 1 = ( 1 −   𝛿  K )   K  j t +   I  j t


    s  j t


  j  


  t


    𝜔  j t  y = d (   M  j t ,   s  j t )


  d  ( ⋅ )  


   (    M  j t  ,    s  j t )


    𝜔  j t  m


    s  j t


    𝜔  j t      m


   (    𝜔  j t  m ,    s  j t )


    𝜔  j t  y  


    𝜙 ~  ( ⋅ )  


    M  j t =   𝜙 ~  (    𝜔  j t  y ,    𝜔  j t  m ,    s  j t ) ,


    s  j t


  t  


    K  j t


    s  j t  


    𝜔  j t  m  


    𝜔  j t  m


    P  j t  M


    P  j t    M ∗ = exp ⁡ (   𝜔  j t  m ) ⊙   P  j t  M ,


    s  j t  


    s  j t  


    M  j t


    K  j t


    s  j t


   Ƶ  j t


    D  t


    P  j t  M


    P  j t  Y    


    s  j t =    (    K  j t ,    K  j , t − 1 ,    P  j t  Y ,    P  j t  M ,    D  t ,   Ƶ  j t ) ′ ,


    K  j t


    s  j t


    M  j t =   𝜙 ~  (    𝜔  j t  y ,    𝜔  j t  m ,    s  j t ) ,


    𝜔  j t  y =   𝜙  − 1 (   M  j t ,   K  j t ) .


    M  j t = 𝜙  (   𝜔  j t  y ,   K  j t ) ,               ∂ 𝜙  ∂   𝜔  j t  y > 0 ,


    𝜔  j t  m


    P  j t    M ∗ = exp ⁡ (   𝜔  j t  m ) ⊙   P  j t  M .


    P  j t  M


   exp ⁡   (   𝜔  j t  m ) ⊙   P  j t  M  


  ⊙  


    P  j t  M  


        max ⁡    M  j t  {   P  j t   A  j t F (   K  j t ,   M  j t ; 𝛽 ) −    [ exp ⁡ (   𝜔  j t  m ) ⊙   P  j t  M ] ′   M  j t } ,  


    𝜔  j t  m  


    𝜔  j t  m ∈  ℝ    d  m  


  ∈   ℝ


    𝜔  j t  y


  log ⁡   A  j t =   D  t +   𝜔  j t  y ,


    D  t


    M  j t


    A  j t


  𝛽  


    M  j t ∈  ℝ    d  m  


    K  j t ∈  ℝ +


    A  j t ∈  ℝ +  


        Y  j t =   A  j t F (   K  j t ,   M  j t ; 𝛽 ) ,  


  t


  j


    o  p ( 1 ) .


      u  j ^  


    u  j  


    N  − 1   ∑  j = 1  N     ‖     u  j ^ −   u  j ‖ 2 =   O  p (   N  − 1 )


    u  j  



