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Al. Sequential linearization.

Consider the functions f,h where moreover h = h(x, y). Their composition is f [h(x, y)] Linearizing

f[h(xy)] around gy = (X, Y,) we get

(En0xon)] = 1] + 1T T (o) + (@ ] y-y,) + R,

Consider now sequential linearization. First linearize f around some value h,

f(h) = f(h) + f'(hy)(h—hy) +R;.
Second, linearize h(x, y) around the same o, =(X,, Y, ) as before,

oh(a,)
OX

(x=x) + D)y _yy Ry,

h(x,y)= h(a,) + oy

Substitute in the previous expression

() = 1)+ ) nGa) + P o) ¢ Py s reon | v

aha(jo)(x—xo) R f’(ho)aha(jo)

(y_yo) + (f’(ho)Rf"' le)
Compare this with the expression from the one-step linearization,

, oh(q , oh(q
f[h(x,y)] = f[h(qo)] + f [h(%)]%(x—xoﬂ f [h(qO)JM(Y—Yo)Jr R,

We see that if h, = h(qo) the linearized parts become identical (and then necessarily the Taylor

remainder parts also).

Under this condition, sequential linearization as above is identical to one-step linearization around (,
directly.

Namely, instead of linearizing f [h(x, y)] directly around g, =(X,,Y,) we can:
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1) Linearize f[h(x, y)] around hy = h(q,) and express f as a linear function of h
2) Linearize h(x,y) around d, =(X,, Y,)

3) Substitute the linearized part of h(x, y) into the linearized f and obtain the linearization of f

around (X, Y, )-

Now, use the following notation for log-deviations from the steady state: X, =Inx, —InX, and note that
X =Xexp{%}.

In our case, f stands for any of the initial equations of the empirical model. Log-linearization around the
steady-state, means that we want to linearize around, among other variables, Bt =%,=0, in a one-

step linearization. Instead we start by linearizing around ZAt =0and f is expressed as a linear

function of 2t. So "h" is the 2t variable in our case, and h, =0.

Then we take the non-linear expression for Z, = Z, (Bt , ;(t), and we manipulate it in order to bring in the

surface the 2t variable,

o zew{x))

A (B 7) i
CHECIEY

1+, (B, 1)

7 =

: :>Z_exp{2t} (B exp{
exp

1+A(

=7, = In[AI(g exp{l§t } ;?exp{;(t})}—ln[uAt(E exp{l.%t } fexp{;(t}ﬂ—lnz_.

If we linearize the RHS at B, = 7, =0,
a) we linearize around the center of expansion that we would have wanted in one-step linearization, and

b) we essentially linearize aroundZ, =0, so we respect the condition for sequential linearization,

h, = h(qo). Then the linearized expression that we will obtain for 21 can be inserted into the

linearized f function, and obtain the same results as with one-step linearization.
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A2. Log-linearizing the auxiliary variable z,.

We have
:sz—exp{z}: A (Bexp{B |, 7exp{))
t 1+AI(B“Z1) ! 1+At(Bexp{E§t},;7exp{At})

=7, =-InZ + In[At(gexp{ét},fexp{;}t})}—ln[HAt(ﬁexp{ét},Zexp{)&}ﬂ

From eq. (I11.11) of the Technical Appendix 2024-03-11 we have

A, :[1&} [.9015(1—0:)]%17@(& )WﬂW[ X J
—h 1-x
3 B V(1-9) Yoo g N
Setting b=w, AE[&J [Qag(lfaq : W(B )/1—@ [L_]
0(1-9) 1I-o 1-x
we can write
1U(1-¢) % ) b .
A, E(LJ I:gag(l—a)g :' “ exp ¢ Bt} X exp{b;(t} g
1-o 1-¢ (1-zexp{2})
b A
B[ g |2 eolbi)
- ) (1-zexp{2})
So
Z, =-InZ + InA +bIn(1-%) + %E‘g + bz - bin(1-zexp{7})

—|n|:1+At (E exp{l§t } ;?exp{;?t})}
We now linearize the remaining non-linear terms around I.5>t =%, =0 to get

Z, =[-InZ + InA +bIn(1-7) - bin(1-7)-In(1+A)]

s ) 7 . oin(l+A), 5 aln(l+4A), .
+ —B, + by +b - B - —
l— ¢ t Zt (1_ ,?) )(t ﬁBt |ss t a}a | Zt

The term in brackets is zero. Re-arranging,
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2, | 220G, g {b s -8'”(“At)|ss}a

1-¢ OB, (1-2) %,
We have
ﬁln(]:\+At)| _1 0 Z-exp{ ¢ é}(l_f)bem{bft} | _$ A
o8, ¥ 1+A 0B, 1-¢ ( fexp{;&})b T 1-¢ 1+A

6In(1+At)| _ 1 i Z,exp & 5 _
07, ¥ 1+A 07, 1-¢ | (1

T14A (1-7)" T14A —7) 1+A1-7
So

5 ¢ A 4 |a 7 A b |,

~ _ B + |b+ b 2
‘ L—(ﬁ 1+A1—¢} ! +{ T - 7) 1+A1—;?}(t

. _ R 7 Z | .

=27 ~ (1—Z)£Bt + {1 + é —g}b)ﬁ
_ . (1-z

—(1—z)iBt +( _)b;gt

1-¢ 1-x

or forwarding once and re-instating the original coefficients,

or ZAt+]. ~ <l_z_)¢ At+1 + (1_Z)¢[0¢2+¢(1_0)j;2t+1
1-¢ 1-¢ | 0g(1-%)

After log-linearizing the measurement equation with respect to ZAI+1 we can insert the above expression in

place of 2t+1.
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A3. Log-linearizing the measurement equation.

A. Proportion of time working.

lgg_l——_lga)(l_ztl) |:1_(1_‘§)Zt+1:|(1— ht+1) = CtLh”l

t+1

:>|n[3§1_;)j+ln(l—ﬂi1)+ In[1-(1-§)Z., ]+ In(1-h,;)=Inc, + Inh, —Iny,,

At the steady-state,

In(‘g(l_;)j +In(1-7") + In[1-(1-&)Z |+ In(1-h) =InT + Inh -Iny

Subtracting the steady-state relation from both sides of the current relation, and using
% =Inx, —INX = x =Xexp{R }, we get

Inl-z5)+ In[1-(1-£)Z,, ] + In(1-h,,)
—1In (l_fL) —In [1_(1_§)Z_J —In (1_5) :ét+l+ ﬁ1+l_ yt+1

Linearize the components that need linearizing,
Linearize around zero log-deviations from the steady-state X, =0,

=L

In(L-7,) =l (1-7" exp{#,}) = In(1-7") - lj—_Lf;l
In[1-(1-£)Z.1] = In[1-(1-&)Zexp{Z.,} | [1-(1-£)Z] - ==

In(1-h,,)=In (1— ﬁexp{ﬁm}) ~In(1-h) - T h.,

Insert these into the equation, cancelling out terms, and then re-arranging,

- 1_—L t+1 1_(1_4:) = ZAt+l - 1— F] ht+1 = Ct+l + ht+1 - yHl
1 - (1-&)z
jﬁhul Yia T G = 1_7- Ttl:fl 1—(1—§)Z_ Zt+1
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...which is the equation in log-deviations from the steady state. We have re-arranged to obtain the order of
variables in the general form ®y,,, =d + Ay, + MX,,,+ Es,,,.

We insert now the expression for Z,,,

a Yt G =—

_(=9z (1—2_)¢{9¢2+(1—9)¢}A
[1-(1-6)Z] (1-¢) | op(1-7) |7

Note that since the steady state of the data-variables will be taken to be their empirical mean, they will
remain in log-deviation-from-the-steady-state form, but not the unobservables.

We assign matrix coefficients, we separate the SS values, we use the omega symbols for compactness and

we get
O,y + 0,% + 6,6, = d, +m13fti1 + &, InB; + Slny,
1
0, = =, 0,=-1 0,=1
(1-h)
—L
my =— L
(L.1) 1-
: _1-6 (1-2Z)¢ e e 0000
12 > 1-¢ > G13 = S12 6¢(1_}?)
d, = - (‘glzlng + ‘glsln}?)

Note that the structural coefficients 0,,, m,, are fixed since the steady states of the observables will not
be estimated.
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B. Output.

Yoi = @y kNG = Iny,, =In@,, + alnk,, + (1-a)Inh,,.

At the steady state

INy=In& + aInk + (1-a)Inh .

Subtracting the SS relation from both sides of the current relation, and re-arranging,
_(1_a) ﬁm + Yp = aRHl + ai)ul

Linearize what needs to be linearized which is only the omega variable,

B 09, +4(1-0)
—a + 'B+ “ At ”
@, = g10° £+ Ay L An "
[1—(1—6’)Zt+l] [1_(1_§)Zt+l Z:y

In@,, =In(g*°¢* ) +In A, +InB,, + L0+ 12009, Yz,

—aIn[1-(1-0)Z,,] -(1-a)In[1-(1-£)Z,, ]
We have

_ . _ 1-0)Z

In[1-(1-6)Z,,]= |n(1—(1—9)z exp{ZM}) ~ |n(1—(1—9)z)—15(1_2)z_ Z0

In[1-(1-¢)Z,, =In(1—(1—§)Z_exp{ZAM})zIn(l—(l—é)f)—ﬁztﬂ

Inserting into In@,,, ,
IN@,, =In(g?60 4 )+In A, +In Bt+1+wln;(t 1z
_ (1-6)z

—aln(l—(l—@)Z) + C{W 41

> )
—(1-a)In(1-(1-¢)z l-a)———————

(-a)n(i-(1-9)2) + (@-a)p =,
and compacting and rearranging, and subtracting from both sides the SS expression for omega bar,

Op,+ (1-60)¢ .
+ D, ( )¢ B
¢¢9
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Inserting the expression for 2t+1 we get

5 _A +{1+(1—Z_)¢{a(l—@)Z__+(1—a)(1—§)Z_
t+1 +1 7 1

1-¢ |1-(1-0)Z 1-(1-¢)Z
Op, + (1-0)¢ (1—Z_)¢{9¢2+(1—9)¢} (1-6
+ + a
$0 1-¢ | 6p(1-7) 1-(1-

We manipulate the coefficient expressions,

1+

(1—Z_)¢{a(1—9)2_
1-¢

1-(1-6)Z  1-(1-¢)Z

a(1-6)Z (1—Z_)¢+(1—a)(1
1

1-(1-6)Z 1-¢ 1-(1-¢)Z

=7+

(l—Z_)¢|:a(1—6’)Z_ (1-a
1-¢

Using for compactness the omega variables

Next,

O, + (1—e)¢+(1—f)¢{9¢2+(1—9)¢}{a (1-0)2_
$0 1-¢ | 60p(1-7) 0)Z
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¢0 1-7) 1-¢ 1—(1—9)2‘+ 1-

=0(p2+(1—9)¢{1+ 1 (1—Z_)¢{a(1—9)2_ (1-a)(1-&)Z 1—¢}}
( 1

_Op+(1-0)p 1 {1_Z+a(1—9)2_(1—Z_)¢+(1—a)(1—5)2_(1—2_)¢
1

¢0 (1-2) 1-(1-0)Z 1-¢ 1-(1-&)Z  1-¢
_Op+-0) |5 (1-2)d[ 2(1-0)7 (1-a)(1-¢)Z]| _
$0(1-7) 1-¢ |1-(1-0)Z 1-(1-&z | *©
Using the results just previously = Op, + 1-0)¢ Z+ (1_2_)¢ Z+(1_0‘)_1 -7
T ge(1-7) 1-¢ |0 @

Inserting back into the expression for omega-bar,

ai)Hl = '3\+1 +I:Z_ + (1_ Z )¢ (%+ (l_—a) _1]:| BAt+l

0 0

+

, O+ (1=0)| (1—2_)¢(
#0(1-7)

Substituting into the main equation

_(l_a)ﬁm + Yo = akAm + ’&A"'{Z + g"’ (1—:0!)_1j] éHl
1-¢ o w

We assigh matrix coefficients and we separate the SS values of the unobservables only,

[L.2]

0,0+ 0,,Y,, = dy tmyk, + EyInAL+E,InB,, +&,Iny,

0,= —(1-a), 0,=1

) (-2 (1-a) (e 00t 00
R T A Y M i ey

d, = - (e:211nA+e§221n§ +é;231n;7)
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C. Government expenses

Here, g,,, is government outflows (government consumption, investment and transfers) as a %GDP. The

postulated covariance relation is

t+1

- K. - R ~
i = {Ttlil {aa)m - 5(t_lj} +(1- a)TtLAa’m} + Vrat lr//ztil

~ K,.. . R ~
= Z—tf-l {aa’m - g(t_lj} + (1- a)Ttllla’m + Wt ‘//th+1

t+1

Note that

@, 51+1L(1—6v)zt = (L-a)@, = (1-a) +a(1-0)Z, =1-a[1-(1-0)Z, |=1-ad
-

So, bringing also all terms in one side

L

t+1

Qi1 — Ttlj-l {a@m - 5( J} - (1_05)Tt|;1£)t+1 - lﬁZtﬂ - 'ﬁltzﬂ =0

k
Ot _Ttlil |:0‘ (1_(1_6) Zt+1)_§Ll} - TtL+1 I:l_a(l_(l_e)zm)]

variable, Yin

orusingthe Z,,,

- V;ZHl - V7Zt2+1 =0

Steady state g-7~« (aa:)—ék:j -7t (1—055)— wy— vy’ =0
y

Log-linearization

GEXD{Qt+1} _fK exp{ftlil} a(l—(l—@)z_exp{im})—é#

-7t exp{ftil}[l—a@—(l—9)z_exp{2t+1}ﬂ

— yzexp{ i} - T exp{24,.,) = 0.

We have
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[ = k). _ . . o
g t+l_TK (aw_VJTtlil_ TL(l_aw)Ttlll_ VXX~ 2'//7(2%4

o — "ok ~ TSk .

+7*a(1-0)ZZ,, - T a(1-0)ZZ,, P 0

Compact and bring in the proper order,

—K ol —K ol —
—%)ﬂﬂ + 96,., = _%kwﬁf*( [aé—i]fﬁl + fL(l—aa:))rtl

+ (V2T ) + W(7 -7 )a(1-0)22,,

A

Decomposing Z,,,

—K o1, =K Sl k
POk, FeK, (a@_&]fgl + TH(1-ad),
+ (VI +207°) 2

—L =K > (1_Z)¢ 5 (1_2_)¢ Op, +(1-0)p | .
+ (T -t )a(l_g)Z[WBtu + 1-¢ 9¢(1_}?) An

—K o, =K oI, N,
_T _é‘k yt+l + gAt+1 = - d fk At+l+z_-K (aa:)_@]ft}il + ITL (1—6!0:))2"\:;1
y y
_(1-2)¢ .
+(fL—fK)a(1—9)z( )(’ijBH1
1-¢
L _(1-2)¢ 0p,+1-0)p | ._ . |
L =k 1-6 Z( P, 2572
{(r 7)a(1-9) > { i) |

We allocate matrix coefficients and separate SS values of the unobservables only, using also the
omega variables,
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[L.3]
—K =K e
. _é‘k At+1 + gAnl = - d ;k kt+1+fK [0‘5_5?}2151 + ZTL (1_0{5)?:11
I _(1-2)¢
+ (74 -7")a(1-0)Z - B,
L _(1-Z)¢[ o +(1—0)¢} L
+ (T -7 )a(1-6 Z( e Ty + 22U | 7
{( )-9) 1-¢ { 0p(1-2) -
632§lt-¢-l+033g/\'[+1 = dg+m3lk\t+l + mSZTAtlj—l + m337’:t|:-1 + &32 ln Bt+1 + %33 1nZt+l
Thok _
0, =- v , 0x=0,
m,, =0,,, m32—fK(aa:)—%J, m33=?L(1—a5)
L _(1-2)¢ Op, +(1-O¢ .
— L_=K 1— ( — 0, ~ o) 2
- (T T )a( a)) 1-4 s Ea |:§32 9¢(1_2) + WYy tapy
dy = - (&,InB + gylny )
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D. Consumption

S LY S | 199t PP Y GRS
.- Ct (l+77) t c t+1 t+1k

t+1 t+1

Simplify, compact and introduce an expectational error term to eliminate the conditional expected value:

TR = fn) P Ay ) {u (1—r§1>[aa3m » —5j}exp{—ec,t+l}

+1

Take logarithms,

=[91-y)-1]Inc, + 1-9)A-y)In(l-h) = In((lfn)] + [9@-y)-1]Inc,, +

t+1

+H1-9)(1-7)In@-h.,) + In{u (1—r§1)[ac?>t+1 o —5]} e

Linearize what needs linearization:
In(1-h,,)=1In (1— ﬁexp{ﬁm}) ~In(1-h) -
and analogously for h,

In(1-h)= In(l—ﬁexp{ﬁ1 })z In(1-h) - 1—ih’

Also, for the last term



Page 16 of 30

o[

In {H(l—f" exp{ft'jl})[a [1—(1—9)Z_exp{2t+1}} )‘:exp{ :”1} —5}]

At the perfect-foresight steady state we will have

ﬂ o]

@ {1+(1—f'<)(a[1—(1_‘9)z_}

Using this temporarily to compact a bit,

<l

In {1+(1—f'< exp{ft'jl})[a[l—(l—@)Z_exp{ZAHl}}z:eL{ym}—éﬂ

~_ B _ s (1 —z_ ZKAK Yij -« B _zA
) In{(lm)} (1+77)(0[[1 < Q)Z]E 5} i (1+,7)(1 Ja (1 Q)ZEZM

p -7 -7 Ly __P _ =K o1y
" (1+,7)(1 7)a[1-(1-0)Z ] = 9., (1+77)(1 )a[1-(1-0)Z] Tk,

So in all, the log-linearized (around the perfect foresight steady state, so e ., =0), Euler condition is
written
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=[9(1-y)-1]Inc, + (1—19)(1—;/)[|n(1—ﬁ) - iﬁ } =

B
In[(l+77)j + [$(-y)-1]Inc,, +

+(1—x9)(1—7){ln(1—ﬁ) _h g } _m{ p }

p =1y —K ~K s >y
—(1+77) (0{[1—(1—«9)2]%—5}1’ T — —(1— ) a(l- Q)Z%Z

+ s (1-7)a1-(1-0)Z] L - (17 a1 (1-0)2]

and simplifying constants and terms equal on the two sides of the equation

=[90-n-1Jinc, - @-A-) = =

[90-7)-1]Inc,, —(1-9)(1- 7) —hm

+
A+n)

Bring in the log-linearization of the Zeta variable
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=[90-n-1Jinc, - @-H)A-)—=H =

[90-»)-1]Inc,, —(1-9)(1- 2 —hm

_ B va z —K 2K
(1“7)( a[1-(1- 9)2]lz 5jr X

(1—2_)¢{9¢2+<1—0>¢} .
1_¢ + + 1_¢ 0¢(1_;?) ZH—l

N
1+7)

B 1 m\al1-(1-0)Z1 K
(1+77)(1 7 )al1-(1 H)Z]EKM

Bring in the proper order and divide throughout by [3(1—7/) —1]

-9y b p [(o7)e[i-0-0)Z]
[$@-y)-1]1-h ™ = (L+n) [9@-)-1]

X<l

yt+1 + In Ct+1

_(@-9@-» h .
eyt TG

t+1

B (1_;K)aMyk
(L+m) [9(1-7)-1] k

s T~ 1Y o)
@) [9(1—7)—1](“[1 w-0)z)f-o i

p__(-7) o(1-0)7 2822 5
@n [8a-7)-1] x

P (1—FK) L Z_z(l Z_)¢{9§02+(1 9)¢}
(1+77) [19(1—7/)—1]a( ) IZ 9¢(1 7() A
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Assign matrix coefficients and separate SS values while canceling off those who appear on both sides.

B
T

One more tweak is that we can dispense with by using the steady state relation

B 1
@rn) 1+(1-7)(ad(y/k)-0)

The efficiency parameter 7 is calibrated and not estimated, so by doing this we reduce by one the number of
unknown parameters. With this we have

[L.4]

941ht+1 + 942Yt+1 + 944Ct+1 = dc + 7\‘41ht + 7\‘44Ct

~

AK
+ Mk, + Murl, + §,InB, + Eglny,

I ) (o WL N (1-7")aa(y/k)
41 41 [19(1_}/)_1] (1—F]> s 42

Op, + (H)ﬂ

<S;43 :<t142|: 0¢(1_;t—/)

Note that the coefficients 0,, =A,, will be fixed since they depend on the steady states of observables and on
utility parameters that will be calibrated.
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A4. Inverting the matrix o

|. Determinant

0, -1 1
. . 0, 1 0
From the previous results, we have the matrix 0=
0 0, 0, O
e41 e42 0 1

Its determinant is (expanding based on the 3rd column)

0, -1 1
0 1 0, -1
|0]=65-16,, 1 0 2933-9 o | 0., o 1‘ =055 (0,,0,, =041 )+055 (0, +6,,)
41 e42 “ 2 2
= |®| - e33 (911 + e21 + 921942 _641)
1. Invertibility
—K —
1 75 (k/y) _
0 _m’ 0, = —(l—a) 5 03225" (1—0(&:))’ 0;,=0
_ @-9a-») h g (1-7%)aa(y/k)

b

o [8-»-1(1-h) 2T W+n)  [90-y)-1)
Since § > Oalways, we need only examine
0,,+0, +6,0,-0, =

1 g gy B (-T)ee(YK) a-9a-y) h
~ (1-h) (1-a)=(1-a) L+n)  [9@-n-1]  [9-7)-1](1-h)

Note that for well-behaved utility we require 0 <& <1 while for bounded utility we need » >1. To make
clear the sign of each component we re-write
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C L a)ee B T)@UK) a-96-) R

=y

XL+n)

[9(y —1) +1]

[9(r -1 +1] (1-h)

The last two components of the sum are therefore positive. Moreover, since 0<h <1, 0<a <1

we have that ~-(1-a)>0.

_1
=y

So we conclude that the determinant of ©® is always strictly positive, given a priori restrictions on the
parameters to make economic sense. So the matrix is invertible.

I11. Inversion

We will invert it using its cofactors (minors including the sign).

0, 0
0, 0
0 0, 0/=-0, 0 1
0, 0
921 1 0
|C14|:_ 0 932 e33 :_(_633)
e41 e42 0

0
=005 +05, =05 (1 +6,, )’

33

= _933911942 - 933941 = _633 (911942 + e41)

1 0O O
0, O
|C11| = 032 e33 0/=1- 0 1 2933: |C12| ==
942 0
0 1 O
21 0, 0
|C13| =10 e32 0= 032 ) 0 1 = 921932 >
e41 042 1 “
-1 0 1 0 1 1
|C21| = e3.2 e33 0= e42 ‘ -1
03 0 32
0, 0 1
0, O
0, 1
|C22| =0 933 0= 933 : 0 ‘: e33 (911 941),
0, 0 1 “
0, -1 1 8
|C23| =—0 e32 0= _632 " = _932 (611
0 1 O 1
4 Yy
6, -1 O 0 4
|C24|— 0 e32 933 _933'611
0, 0, 0 4 Yg

21

641

‘ = _921633’

e42

1
=04 (921642 - 041)-
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-1 01 0, 0 1
ICyl=|1 0 0]=0, |[Cyu|l=—0,, 0 0|=0,
942 0 1 941 0 1
0 -1 1
_ . . e21 1 e11 -1 . _ |®|
|C33| - O21 1 0 =1- +1- - e21942 _941+911+ e21 N
e41 e42 e21 1 e33
e41 e42 1
911 -1 0
ICyul==0, 1 0]=0
e41 e42 0
-1 0 1 0, 0 1
1 0 0, 0
|C4l| =—1 0 0=-Q): =—0,,, |C42|= 0, 0 0]=1- =0,,0,,
932 e33 0 e33
0, 0, O 0 0,5 O
-1
11 921 1
|C43|:_ e21 1 =-1 0 0 __9219329
0 o, %
911 -1 0
ell
|C44| = e21 1 0= 933 0 ‘ = O33 (911+921)-
0 e32 933 “
Then
E)33 E)33 (1 +E’42) 0 _933
@71 _ |®|fl _621633 e33 e11 _941) 0 921933
921932 _032 (911 _941) |®|/933 _921932
_633 (021642 - 641) _633 (911642 + e41) 0 e33 (611+621 )_
|®| = e33 (611 + 621 + 921942 - e41)
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A5. Obtaining the matrix o from the reduced-form estimates.

We take into account that that the parameters 77, S, 7, ¢, @,, if and when they appear in the expressions
below, are fixed outside the estimation procedure and of known value.

We have
=030y 0 0 —035 Yiu 0 0
F:i 0,103504 0 0 0,103 _ Ya 0 0 vy,
|®| —0,103,04 00 —0,,03, Yaa 0 0 vy
633(611""921)7‘41 00 933(911-1-921) Yoo 0 0 vy,
and
0, 1 0 1
0, 1 0 0 ) )
0= with determinant |©] =0, (6, +6,, +6,,0,, —6,,)
0 6, 6, O
0, 0, 0 1
We have the relations
1
0, =———, 0,=-1, 0,=1,
11 (1—h) 12 14
0,,=—(1-a), 0,=1
TKSk _
e32 - y > 63329’
1-9)a-y) (1-7*)ao(y/k)
040 =y == O =

[90-7)-1] (1-) ~ 4“_@+@ffKﬂa5@UEyqﬂﬁ9a—n—q’

04 =2y =1
1 . e .
e 0, =———. It can be computed using the empirical time-series mean of h
11 (1_ h)
Yo | 0,0
e 0, =—(I-a). 8, canbe computed from e et
Y1a |®| _633
7ok N : :
o 0, =-— . It can be computed from empirical time series mean of the data, and the calibrated

depreciation parameter.
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e 0, = g Itisequal to the empirical time series mean of government expenses.

Yu _ m 05500 -
V14 |®|71 —03,

o« 0, =M\, =— L=9NE=7) " anbe computed from
[9-»)-1] (1-h)

Mn = e41

e From this we can obtain the value of 9 using

_ @-9@a-y) h _ @-9@-1) h_
“T[sa-n-1(1-h) " [9¢-D+1](1-h)

=0, (1-h)[9(-D+1]=—=(r-Dh + S(r-Dh
=0, (1-h) + 0, (1-R) %G~ = —(»-Dh + S(r-Dh

=0,(1-h)+ (»-Dh = 9(r-Dh - 0, (1-h) (-1

(7_1)ﬁ + 641(1—5) _ h + O [(1_5)/(7_1)}

TG-Dh - 0,(1-N) - h - 0,(1-N)

It can be obtained using the previous results and the expression of the determinant |®|

—03, -0, 1
Y14 O] 04, (0,,+0, +0,0,,—0,,) A e T
1
=0,0,=——-06,-0, +0,
14
=0, =- 1 —h—1+%
0,171 0,, 0,

This concludes the recovery of the elements of matrix ® .
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A6. Recovering steady states and model unknowns.

1. Recovering the steady-state values of the unobservables.

With the matrix ® available, we can obtain the matrix = by pre-multiplication == OIT.

With = available we can obtain the steady states of the unobservable state variables as follows:

We have from the structural system of equations

d,=- (&,InB + &;lny)
d,= - (§211n/§+ £, InB +§231n;z)
dy = - (&,InB + g;lny )

d, = - (&zlzlnE + éASln;?)

This can be written as an over-identified system

0 &, & In K d,
1 & Sa INB |=— dy
0 &, & In7 dg
0 &, &u d

We have in generic notation

The vector w contains the logarithms of the steady-state values we want.

Exponentiating element-by-element w we will obtain the SS values of the unobservables, A, B, V%

XR| W@ >
I
@
X
©
——
L
(1]
[1]
~
(11
o
—
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2. Recovering the model unknowns.

e From 6, = —(1—-a) we can compute a=1+0,,

o From the obtained value for 0, we can retrieve the value of @

et

= [9(-y)-1]6,, +[9(1—y)—1]e42(1—fK)(@(y/l?)-&):(1—T—K)(y/|2)a5
= —[8(r -1 +1]0,, - [9(r-D+1]0,, (1-7" )a(V/k )@ + [9(r-D)+1]0,,(1-7)5

=(1-7%)(y/k)aw

- —[s(y—1)+1][1—(1—fK )5]942 =[1+[9¢ - +1]0,,|(1-7%)(V/K ) a0

) —[1—(1—?'()5][9(7/—1)+1]942
[1+[9¢ -1 +1]0,, ] (1-7%)(V/k )«

)l

=

We next use the coefficients of the = matrix,

_1-0(-2)¢ . _. Op,+0-0)
é;lz C(:) 1_ ¢ > élS élZ 9¢ (1_ ;?)
5, (1=2)¢(a (1-a) Op, + 1-0)
&21_1 ‘gzz_z + 1-¢ 5"' a:) -1, &23 (&zz )W
_ (=L =K = (1_Z)¢ Op, + (1-6)¢ A =2
ész_(f -7 )a(l_a’) 1-¢ Co = aazm + WYy +2uy
. (1-7")e(1-0)(y/k) (1-2)¢ - {Qﬁﬂﬁ(l—@)q
“ [1+(1—7K)(a5(7/12)—5) [9a-y)-1] 1-¢ YR op(1-7)
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1-2)s

We start by computing the composite

En=(T" -7 )a(1 5))(11__2;5)¢
(1-2)¢ Ea

Now that we have obtain the @ value and we also have the value of the composite

get the value for Z by

We can then obtain ¢ from

(1-Z)p £, N o
el P i I G | G L S e

_ ty _
En+(1-Z)(7" -7 )a(1-0)

= ¢

Then we can obtain @ from
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Op, + 1-0)¢p

2= (527 007

= ¢0 ( )5523 (gzz )9¢2+(§22_7?)¢_¢9(§22

[¢(1_ﬂ?)§23 (ézz )¢’2+¢ En— }9 ?522

(ézz _f)¢
¢(1_f)§23 +(¢_¢2)(§22 _7?)

= 0=

e The parameter £ can be obtained from

w=1-(1-¢)Z =1- Z +¢Z

N
|

+

2

=&=

Nj| —

Note: In the theoretical model, we have the relation

(l—a}9+{l—a9—[{l—a*ﬂj+(1—9}]ﬁ.}f. A ‘

W= )
M
-l )

E
oy

(1—&'}[1+(1—A}{1

_;?)

where the parameters A, u are calibrated outside the model. By using the obtained estimates for

&, a, 6 we can determine the range of permissible combinations of A, x that are consistent with

the sample.

e We can compute 5:1+1L(1—9)Z_
—a

° To compute @ we first compute A and then use its definition.

. 3. Alternative formulas
We can also compute the following alternative formulas for some of the above

e An alternative way to compute & is from

w=1-(1-0)Z = 0=1-Z+6Z

+ o

Z-1
Z

=0=
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e We can compute Z after computing A .

A7. Going from yearly to quarterly frequency in autoregressive
schemes

Assume a yearly relation (we care about the variances, so there is no need to include a drift) of an index

Xt+l = pxt +ut+l

Break the period to go from t to t+1 in four quarters,

X

Xgp = PgX + Uy

Xg2 = PgXgp T Uqe = psxt T PUg U,

Xq3 = PgXq2 T Uz = psxt + p§Uq1 + Pyl TUgs

— _ _ 4 3 2
Xt+1 - Xq4 - pqxq3 +uq4_pqxt +10quq1+pquq2+pquq3 + uq4
So

_ 4 _ 3 2
pxt _pqxt’ ut+1 - pquql +pquq2 +pquq3 + uq4

We get

1/4

Py =P

var (U, )

p§+p§'+p§ +1)

var (U, ) = (o5 + pg + o2 + 1) var (u, )= var (u, ) = :

A8. Expressions of reduced form coefficients in terms of structural coefficients.

This is just for purposes of scripting. We will use the notational convention to use upperscripts for the
elements of an inverse matrix so in this section we have

911 912 0 914 ]
0% 02 o 0%
0%t 92 B o
0% 92 o o%

o*=|o|"

The constant term
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o't o2 o 0" dh Olldh +6"4 dy + 914dC C,
C=|®|_l 8% 0% 0 0% dy =|®|_1 921dh + 622dy+ 924dc B C,
I R 0%d, +0%d, + 0¥d, +0%d, | |c,
9" 0% 0o o* dC G)“thrO“zderG)"""dC C,
Matrix T =@ 'A.
(0" 02 0 0“|[0 0 0 0] 0¥, 0 0 6“]
L_1]0% 0% 0 6][0 000 C1|6%,, 0 0 6
0| 6* 6% 0® 6*||0 0 0 0 ©]{6*r,, 0 0 ©*
_941 642 0 644_ _}\441 O 0 1— _944}\141 0 0 944_
Matrix ¥ =@ M.
ell 612 O 614 0 O m13
gl 0% 6% 0 0*|m, 0 O
_|®| gL 9% ¥ ¥ m, m, m,
641 942 O 644 m41 m42 0
612m21 +0"m i 0" m 0 611m13
- |®|*1 0%m,; +0%m,, 0%m,, 0%m,,
932m21 + 633m31 + 634m41 933m32 + 634m42 63111113 + 633m33
0%m,, +0%m,, 0“m,, 0*m,,
Matrix [T=07'= .
60 07 0 ][0 &, &
o=lel™ 0% 02 0 0|1 &, &y _
_| | 931 932 933 934 0 % é; -
32 33
_041 942 0 944_ 0 &42 §43
070, +60¢, 10", 011E,5 +6'E 5108
-1 022 621&12"'922&22"'_024&42 921§13+622§23+924§43

632 931&12 + 932§22 +633EJ32 +934£42 631‘:13 + 932‘223 +633&33 +934§43
642 e4l§12 +e42§22 +e44§42 9415_,13 +642§23+e44§43




