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Abstract

This paper develops universal preference spaces in the Expected Utility
paradigm using functorial fixed point theory in enriched categories. We work
within the CMS-enriched category of compact metric spaces with embedding-
retraction morphisms and define the endofunctor vNMλ, which maps each
object to a space of Lipschitz-continuous von Neumann–Morgenstern utilities.
Under conditions, vNMλ admits a canonical fixed point, representing a univer-
sal space of recursively structured preferences. This construction is extended
to multi-utility preferences by composing vNMλ with the Hausdorff functor.
Both universal spaces are also characterized as colimits of their respective
ω-chains, starting from the terminal object. These constructions provide a
categorical framework for representing layered decision models under ambiguity.
Possible extensions include dropping embedding requirements and organizing
preferences via coend-based constructions.
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1 Introduction

A central challenge in decision theory under uncertainty is modeling preferences when

agents are uncertain not only about outcomes, but also about their own evaluative

criteria. Classical expected utility theory represents preferences over probabilistic

outcomes by a von Neumann–Morgenstern (vNM) utility function, defined as a linear

functional on the space of probability measures over a compact outcome space X.

This theory assumes that agents possess a stable and uniquely defined utility function

over X. Yet in many economic environments—such as contexts involving preference

ambiguity—this assumption may not hold.

To accommodate such phenomena, one may consider recursive layers of uncertainty,

where an agent is unsure about her utility function, about how to resolve that

uncertainty, and so on. This motivates studying fixed-point constructions that

stabilize such recursive ambiguity. This idea leads to the formulation of a universal

preference space: a mathematical object that contains all consistent levels of meta-

preferences structured by repeated application of a functor that organizes the set of

preferences definable on a related outcome space.

This notion is related to the concept of a universal choice space studied, for

example, in Vassilakis (1991); Lipman (1991); Moss and Viglizzo (2004); Galeazzi and

Marti (2023), where recursive selections are performed over sequences of transformed

choice sets. A universal choice space is a more general concept as it can incorporate

procedures involving agent computations and actions across the different levels of

uncertainty-see again Vassilakis (1991); Lipman (1991), while as mentioned above, the

universal preference space is a mathematical description of the entities that represent

preferences across those layers-see, for example, Pivato (2024a,b). Both concepts can

be obtained as appropriate limits of the relevant infinite regresses.
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Our constructions employ tools from category theory-see the Supplemental Ap-

pendix Arvanitis et al. (2025) for some introductory notions and mathematical

references. The use of categorical language to address problems of recursive structures

in economic theory is obviously not novel here. For example, and in the context of

games with incomplete information, Mertens and Zamir (1985) proved the existence of

a space that contains all possible hierarchies of beliefs that agents can form in a game.

This space is frequently called the universal type space, and it is constructed as a

(what is termed direct) limit of a suitable sequence that accommodates hierarchies of

beliefs and belief interactions between agents. The aforementioned result essentially

allows the formulation of the problem through category theory. Indeed, many authors

have used category theory to provide comprehensive accounts regarding the problem

of existence of the Universal Type Space. See for example Vassilakis (1992), Moss and

Viglizzo (2004), Pintér (2010), Blumensath and Winschel (2013), Heinsalu (2014),

Fukuda (2024), Guarino (2024).

In the context of decision problems with absence of strategic interactions-as the

one we consider here, suchlike recursive structures forming infinite regresses similar

to the above, were considered by Vassilakis (1989) and Lipman (1991), who gave

sufficient conditions for the existence of a universal choice space; Vassilakis (1991)

showed that this was realizable as a minimal fixed point of a functor defined on a

suitable category. Pivato (2024a,b) developed the idea of a universal preference space,

among others motivated by concerns over bounded awareness, higher-order reasoning

and autonomy. Our results indicate that in a framework involving vNM expected

utility this can be realized as a simultaneously minimal and maximal (this is termed

canonical) fixed point of a functor that associates a class of vNM utilities to any

compact metric space of primitive events. This can be also characterized as a limit of

self-iterations of the particular functor initiated on singleton metric spaces-terminal
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objects in the categorical language-and are thus up to isomorphism independent from

the original space of primitive events.

More precisely we work within the context of enriched category theory, particularly

the setting developed in Adámek et al. (2018) and extended in Adamek and Reiterman

(1994), where categories are enriched over complete metric spaces and endofunctors

can be contractive. We work in the CMS-enriched categoryCompMetEmb
CMS of compact

metric spaces with Lipschitz morphisms, further restricted to embedding–retraction

pairs to support stable interpretations of model expansions. The key functors we

consider are:

• the probability functor ∆, assigning to each space the set of Borel probability

measures (endowed with the Wasserstein metric), and

• the utility functor vNMλ, mapping each space to its vNM utility functionals

formed by uniformly Lipschitz Bernoulli utility functions.

We define recursive preference structures via the endofunctor vNMλ, and show

that it admits a canonical fixed point—denoted UvNMλ
—in the sense of Adamek

and Reiterman (1994), using their fixed-point theorem for contractive endofunctors.

This fixed point contains, in a well-defined and internally coherent sense, all levels of

iterated utility uncertainty that are metrically stable. We also extend this framework

to preferences represented by multi-utilities, by composing vNMλ with the Hausdorff

hyperspace functorH, yielding the endofunctorMvNMλ := H◦vNMλ, and establish

the existence of its canonical fixed point UMvNMλ
; an entity that summarizes all

layers of iterated uncertainty over preferences representable by vNM multi-utilities

formed by compact sets of uniformly Lipschitz Bernoulli utilities. This space among

others contains information about standard stochastic dominance relations, and

(multi-)utilities that represent preferences over them under ambiguity.
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The remainder of the paper proceeds as follows. Section 2 introduces the CMS-

enriched categorical framework, defines the key functors and provides the main

result; i.e. proves the existence of the canonical fixed point UvNMλ
and interprets its

structure. Section 3 extends the construction to compact multi-utility preferences and

shows that the functor MvNMλ also admits a canonical fixed point. The final section

discusses the semantic implications of the construction, contrasts it with alternative

formulations of recursive preferences, and outlines future directions, including possible

applications of coend constructions in non-retractive categories. The main technical

apparatus—contractivity, enrichment, and the fixed-point construction—is explained

in the Supplementary Appendix (Arvanitis et al. (2025)).

2 Main Result

2.1 Categorical Framework

Let λ ∈ (0, 1) be fixed. We work in the category CompMet whose objects are

compact metric spaces with distances uniformly bounded by 1, and whose morphisms

are 1-Lipschitz maps. Following Adámek et al. (2018), we enrich this category by

endowing each hom-set with a complete metric space structure. We achieve this by

defining for any X, Y ∈ CompMet and f, g ∈ Hom(X, Y ), the uniform metric

dX,Y (f, g) := sup
x∈X

dY (f(x), g(x)) .

Moreover, in the enriched category composition is non-expansive in both variables.

This means that,

dX′,Y ′(p ◦ f ◦ q, p ◦ g ◦ q) ≤ dX,Y (f, g)
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for any p : Y → Y ′, q : X ′ → X. We denote the resulting enriched category by

CompMetCMS. In general, any category whose hom-sets are complete metric spaces

with composition non-expansive in both arguments is called a CMS-enriched category.

We focus further on the category of embeddings, denoted CompMetEmb
CMS (see

Adámek et al. (2018); America and Rutten (1989), and Part III of Adamek and

Reiterman (1994)). Its objects coincide with those of CompMetCMS, but morphisms

are pairs (f, gf ), where f : X → Y and gf : Y → X are morphisms in CompMetCMS

such that gf ◦ f = idX . Such pairs define a section–retraction structure and embed

X into Y as a retract.

Each hom-set is equipped with the max-sup metric:

d
(
(f, gf ), (h, gh)

)
:= max

{
sup
x∈X

dY (f(x), h(x)), sup
y∈Y

dX(gf (y), gh(y))

}
,

which also makes the space complete. By Adamek and Reiterman (1994), see Sec.

III there, CompMetEmb
CMS is also CMS-enriched.

Objects of CompMetEmb
CMS model compact choice spaces, while morphisms repre-

sent interpretable model expansions and retractions. Requiring both the embedding

f and its retraction gf to be non-expansive ensures that preferences remain metrically

stable under such expansions. The enrichment supports reasoning about approxima-

tion and stability of utility representations under outcome spaces refinements.

2.2 Two Useful Endofunctors

We now introduce two key endofunctors: the probability functor ∆ and the utility

functor vNMλ. The former assigns to any object its space of Borel probability

measures, and the latter assigns the space of von Neumann–Morgenstern utilities

formed by λ-contractive Bernoulli utilities.
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The probability functor ∆. For any X ∈ CompMetCMS, ∆(X) is the set of

Borel probability measures on X, equipped with the 1-Wasserstein metric:

d1W (P,Q) := inf
γ∈Γ(P,Q)

∫
X×X

dX(x, x
′) dγ(x, x′),

where Γ(P,Q) is the set of couplings with marginals P,Q. This metric topologizes

weak convergence (see Rahimian and Mehrotra (2019)).

Lemma 1. ∆ is a well-defined locally non-expansive endofunctor on CompMetEmb
CMS.

Well-defined means that it satisfies the categorical definition of a functor and

locally non-expansive means that it satisfies the standard contracting inequality with

constant equal to 1 (see the Supplementary Appendix Arvanitis et al. (2025) for

details on both).

Proof. Since X is compact, ∆(X) is also compact (Theorem 15.11 of Aliprantis and

Border (1999)). For any f : X → Y in CompMetCMS, define ∆f : ∆X → ∆Y via

∆f(P) := P ◦ f−1. The change of variables formula and the non-expansiveness of f

ensure that ∆f is non-expansive in the Wasserstein metric. The functoriality of ∆

follows from the obvious ∆1X(P) = 1∆X(P), and that ∆(g ◦ f)(P) = P ◦ (f−1 ◦ g−1) =

(P ◦ f−1) ◦ g−1 = ∆g(P ◦ f−1) = (∆g ◦∆f)(P).

Finally, for any two morphisms (f, gf ), (h, gh) from X to Y , we have:

sup
P∈∆(X)

d1W
(
P ◦ f−1,P ◦ h−1

)
≤ sup

x∈X
dY (f(x), h(x)),

and likewise for the retractions gf , gh, showing local non-expansiveness.

The utility functor vNMλ. Define vNMλ(X) to be the set of linear functionals

vu : ∆X → R given by vu(P) :=
∫
u dP, where u : X → R is a λ-Lipschitz Bernoulli
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utility bounded above by 1. This space is compact in the uniform topology due to

total boundedness and completeness of the Lipschitz functions on X; see Proposition

4.1 in Ok and Weaver (2023) for non-emptiness, compactness then follows from that

X is the set of extreme points of ∆(X), as well as from the fact that the set of

Bernoulli utilities that form the elements of vNMλ(X) is uniformly Lipschitz and X

is compact.

Lemma 2. vNMλ is a well-defined locally contractive endofunctor on CompMetEmb
CMS.

Proof. Let (f, gf) ∈ Hom(X, Y ). For each vu ∈ vNMλ(X), define f ⋆(vu)(Q) :=∫
Y
u(gf(y)) dQ(y), which lies in vNMλ(Y ) because the composition u ◦ gf remains

λ-Lipschitz and bounded. Similarly define g⋆f .

We set vNMλ(f, gf) := (f ⋆, g⋆f), and verify that this defines a morphism in

CompMetEmb
CMS. The functorial properties follow by associativity and identity of

integrals.

The contraction property is verified as:

sup
Q∈∆(Y )

|f ⋆(vu)(Q)− f ⋆(v′u)(Q)| ≤ λ sup
y∈Y

|gf (y)− gh(y)|,

and similarly on the other side, confirming that the functor contracts by the fixed

factor λ.

The functor ∆ can be interpreted to reflect probabilistic beliefs formation over

the measurable parts of outcome spaces, while vNMλ represents boundedly rational

preferences under uncertainty. The contractiveness of vNMλ ensures diminishing sen-

sitivity to model refinements, and recursive application supports multi-level preference

hierarchies—such as agents uncertain about their own utilities.
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2.3 Universal vNM Preference Space

The endofunctor vNMλ captures the representation of preferences over distributions

in terms of λ-contractive Bernoulli utilities. Since agents may be uncertain about their

preferences, iterated applications of vNMλ can model higher-order beliefs or meta-

preferences. This leads to considering the sequence X,vNMλ(X),vNM2
λ(X), . . ..

The limit object of this iteration, if it exists, should embody a universal structure

capable of representing all such levels of preference ambiguity in a coherent way.

The following result, based on the canonical fixed point theorem of Adamek and

Reiterman (1994)-see their Theorem 3, establishes the existence of a canonical fixed

point of the vNMλ endofunctor.

Briefly, this theorem states that if a CMS-enriched category CCMS is connected

and has a terminal object and inverse limits of contracting sequences, then each

endofunctor defined on CEmb
CMS with the properties of being hom-contracting and

AR-contracting, has a canonical fixed-point. For definitions of these properties see

Adamek and Reiterman (1994) as well as the Supplementary Appendix Arvanitis et al.

(2025). This theorem is applied on the von-Neumann Morgenstern utility endofunctor

vNMλ. We have the following result.

Theorem 1. The functor vNMλ admits a canonical fixed point.

Proof. Lemma 2 established the local contractivity of the endofunctor defined on

CompMetEmb
CMS. This directly implies that the functor is hom-contracting. The

AR-contractivity property also follows from the uniform λ-Lipschitz property of the

Bernoulli utilities involved; using partly the notation of Adamek and Reiterman

(1994) and using the notation in Sec. III of Adamek and Reiterman (1994), we

obtain that for any pair X, Y of objects in the category, and morphisms pair f, gf ,

δvNMλϕ ≤ supv⋆u,P⋆ |
∫
Y
u⋆(f(gf (y)))− u⋆(y)dP⋆| ≤ λ supy∈Y d(f(gf (y)), idY (y)) = λδϕ.
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Moreover, the underlying category CompMetCMS is connected, which means that

all hom-sets are non empty, due to the existence of constant functions. Hence, the

existence of a canonical fixed point would be then obtained by Theorem 3 of Adamek

and Reiterman (1994), as long as CompMetCMS has inverse limits of contracting

sequences (see the Definition in Par. II of Adamek and Reiterman (1994)). Since

CompMetCMS has also a terminal object (the one point space), it suffices to show that

CompMetCMS has inverse limits and this is proven in Sec. 2.2 of the Supplementary

Appendix (Arvanitis et al. (2025)).

This canonical fixed point, denoted UvNMλ
, can be characterized as the colimit of

the ω-sequence-see :

1
(f,gf )→ vNMλ(1)

vNMλ(f,gf )→ vNM2
λ(1)

vNM2
λ(f,gf )→ · · · ,

where 1 denotes the terminal object (the one-point space) of the category, and the

pair (f, gf) is an arbitrary morphism emanating from the terminal object-see the

first part of the proof of Th. 3 of Adamek and Reiterman (1994). Each map in

the sequence is given by the image of the embedding induced by the functor. By

construction, UvNMλ
contains all iterated structures of λ-contractive vNM utilities on

probability measures of previously constructed spaces, forming a universal receptacle

for all such preference levels.

The space UvNMλ
provides a formal setting to accommodate agents with deep

uncertainty about their utility functions. It allows internal summarization of utility

perspectives that encode ambiguity about the agent’s “true” utility function. Through

the recursive structure of the vNM endofunctor, the universal fixed point space

captures all possible levels of utility uncertainty—representing not just preferences

over outcomes, but preferences over lotteries of utilities, and so on—while preserving
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axiomatic coherence. The categorical construction ensures stability under model

expansion and supports rationalization of a broad class of behaviors. Thus, UvNMλ

acts as a canonical universal preference space under von Neumann–Morgenstern

rationality extended to meta-preference hierarchies.

3 Compact Multi-Utilities

We extend the construction of the universal expected utility space by considering

multi-utility preferences (see, e.g., Ok and Weaver (2023)). In particular, we examine

the composition H ◦ vNMλ, where vNMλ is the contractive endofunctor defined

previously and H denotes the Hausdorff functor that maps each compact metric space

to the hyper-space of its nonempty compact subsets endowed with the Hausdorff

metric. Each such compact subset of vNM utilities represents a multi-utility preference,

interpreted as the product of the preference relations defined by its members. We

show that this composition yields a contractive endofunctor on the metric-enriched

category CompMetEmb
CMS, whose canonical fixed point admits a natural interpretation

as a universal space of compact multi-utility preferences.

3.1 The Compact Multi-Utility Functor

Consider the Hausdorff functor defined in Example 5.2.6.(4) of Ch. 5 in Adámek

et al. (2025). For X be an object in CompMetCMS, H(X) is the hyper-space of the

non-empty compact subsets of X, equipped with the Hausdorff metric-a compact

metric space (see Remark 5.2.1 of Adámek et al. (2023)). On morphisms f : X → Y

operates by sending each non-empty compact subset of X to its f -image, a compact

subset of Y due to the continuity of f . The analysis in Example 5.2.6.(4) of Ch. 5 in
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Adámek et al. (2025) implies that the functor also respects pairs of sections-retractions

morphisms and that it is a well defined non expansive endofunctor on CompMetEmb
CMS.

Then the composed functor MvNMλ := H◦vNMλ is a well defined endofunctor

on CompMetEmb
CMS. This categorically organizes the compact λ-Lipschitz multi-utility

orderings that among others appear in Theorem 4.1 of Ok and Weaver (2023). Notice

that if X is any compact non empty subset of the real line equipped with the usual

metric, then several stochastic dominance relations are included in MvNMλ(X), like

for example tthose that structurally depend on the set of Russell-Seo ramp functions

that can be scaled to become λ-Lipschitz (see Russell and Seo (1989)).

3.2 Universal MvNM Preference Space

In economic environments where agents face non-totality of underlying preferences,

the latter would typically fail to be rationalized by real-valued utility functions-see for

example Sec. 3.4 of Ok and Weaver (2023). Instead, agents may reason via compact

sets of plausible utilities, each encoding a coherent view of the world. The existence

of a canonical fixed point of MvNMλ would provide a universal preference space that

accommodates not only such ambiguity-aware non-total preferences but also their

higher-order recursive structure—representing preferences over sets of preferences,

and so on—while preserving rational consistency under refinement. Similarly to the

ambiguity considerations of the previous section, this leads to considering sequences of

the form X,MvNMλ(X),MvNM2
λ(X), . . ., and subsequently the issue of existence

of a canonical fixed point for the functor at hand.

The aforementioned properties of the factor functors, namely the local and the

AR-contractivity of vNMλ, and the non expansiveness of H directly imply the

applicability of Theorem 3 of Adamek and Reiterman (1994) in this case:
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Theorem 2. The functor MvNMλ admits a canonical fixed point.

Proof. The non-expasiveness of H, and the local contractivity of vNMλ along with

the composition property of Lipschitz functions imply that MvNMλ is both AR and

locally contractive.

Similarly to the previous case, this canonical fixed point, say UMvNMλ
, is charac-

terizable as the colimit of the ω-sequence-see :

1
(f,gf )→ MvNMλ(1)

MvNMλ(f,gf )→ MvNM2
λ(1)

MvNM2
λ(f,gf )→ · · · ,

where again 1 denotes the terminal object (the one-point space) of the category, and

the pair (f, gf) is an arbitrary morphism emanating from the terminal object-see

the first part of the proof of Th. 3 of Adamek and Reiterman (1994). Thus by

construction the fixed point encompasses every potential ambiguity present at any

level of preferences characterized via compact sets of vNM utilities.

The canonical fixed point UMvNMλ provides a universal semantic domain for

modeling agents whose preferences and meta-preferences are not pinned down by a

single utility function, but rather by coherent, compact sets of vNM utilities formed

by Bernoulli λ-Lipschitz utilities. This could accommodate multi-criteria decision-

making under ambiguity, or incomplete preferences. Notably, the canonical fixed

point UvNMλ constructed in the previous section embeds naturally into UMvNMλ via

the singleton map η : u 7→ u, which preserves the recursive structure. This embedding

admits a natural retraction given by a selection operator or representative utility

within a compact set—when such selection is warranted—allowing analysts to recover

crisp preference representations from ambiguous ones in well-posed cases. The present

enriched categorical framework thus encodes both the usual vNM rational utility
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theory and its multi-utility generalizations, providing a mathematically robust and

behaviorally meaningful foundation for modeling recursive preference uncertainty.

4 Discussion

This paper proposes a categorical framework for representing recursive preference

structures under uncertainty, using contractive functors in a metric-enriched setting.

Within the CMS-enriched category CompMetEmb
CMS, we defined two key endofunctors:

the von Neumann–Morgenstern utility functor vNMλ, assigning λ-Lipschitz utilities

over probability measures, and its multi-utility extension MvNMλ := H ◦ vNMλ,

which captures compact sets of such utilities. Both functors were shown to be

locally contractive, and their canonical fixed points were constructed using a general

fixed point theorem from the enriched categorical setting. These fixed points were

interpreted as universal preference spaces that internalize recursive levels of utility

reasoning—either via single utilities or compact subsets thereof.

A related construction is provided in Pivato (2024b), where universal recursive

preference structures are defined over ∆(X) for a compact metric space X, as the

terminal coalgebra of an endofunctor that produces recursive preference structures.

Our framework identifies a specific subclass of such recursive preferences—those

representable via compact sets of vNM utilities—and a part of the universal space

that arises as the canonical fixed point of the contractive multi-utility functor. This

construction yields a space that is independent (up to isomorphism) of the underlying

domain X, and realized both as a colimit of iterated functor applications and as a

canonical fixed point. It seems therefore to shed further categorical light on a portion

of Pivato’s universal preference space, exploiting the additional categorical structure

used here.
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The main constructions presented here may be relevant for modeling economic

agents who are uncertain about their utility functions or operate with multiple

evaluative dimensions. In this setting, compact sets of utilities can serve as proxies

for ambiguity-robust or incomplete preference representations. The universal fixed

point of MvNMλ offers a structured space capable of supporting such representations

across multiple levels of recursive reasoning. Moreover, the canonical embedding of

the single-utility fixed point UvNMλ
into the multi-utility space provides a principled

way to interpret standard expected utility as a special case.

The framework could be helpful for the investigation of hierarchical decision

making under uncertainty and ambiguity without strategic interactions. For example

in certain multilevel organizations—such as administrative agencies or policy hierar-

chies—decisions made at one level often treat objectives from superior levels as fixed

inputs, resolving internal ambiguity through level-specific evaluative schemes. Klein

and Kozlowski (2000) emphasize how such nested decision architectures function with

loosely coupled, non-strategic levels. Also, for an example originating in the cognitive

sciences, the dynamical systems perspective of Varona and Rabinovich (2016) provides

a useful analogy: they explore how the brain may resolve informational conflicts

hierarchically, through dynamic preference stabilization without inter-layer strategic

modeling. Though not institutional in scope, this layered form of information pro-

cessing suggests broader potential for the further investigation of the structure of

universal preference spaces that represent ambiguity resolution in hierarchies without

invoking game-theoretic interdependence.

A natural direction for further investigation is to explore the formulation of

recursive preference spaces in categories without embedding–retraction pairs. In such

settings, and given the then resulting contravariant nature of the analogous vNM

functor, the fixed point machinery seems inapplicable. Instead the machinery of
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coends may provide an alternative method for aggregating structured families of

preferences. Specifically, given a functor that assigns to each compact metric space its

corresponding space of preferences (single or multi-utility), one may define an object

which intuitively aggregates all ways that preferences over various spaces X can be

transported into a target space Z-see Ch. X of Mac Lane (1978) and the supplementary

material (Arvanitis et al. (2025)). Such a coend construction generalizes the idea of

“gluing together” preference representations across spaces via morphisms, and may

offer a way to systematically encode meta-preferences, transformations of preferences,

or polymorphic preference updates. In the absence of embeddings, coends can preserve

the functorial structure needed to reason about preference composition, while avoiding

the rigidity of retractions. A precise understanding of whether this construction yields

a meaningful universal preference space is left for future research.
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1 Basic Definitions

The central concept of category theory is the notion of a category. A category can be

thought of as a universe of objects and relations between them. The definition is the

following.

Definition: A category C consists of a collection of objects, denoted by ob(C) and for

each pair of objects A,B ∈ ob(C), a collection of morphisms from A to B, denoted

by HomC(A,B), that satisfy the following:

Composition: For A,B,C ∈ ob(C), there exists a function called composition,

◦ : HomC(B,C)×HomC(A,B)→ HomC(A,C) that satisfies an associativity axiom:

If f ∈ HomC(A,B), g ∈ HomC(B,C) and h ∈ HomC(C,D), then (h ◦ g) ◦ f =

h ◦ (g ◦ f).

Identity: For A ∈ ob(C), there exists a morphism in HomC(A,A), called

the identity morphism, denoted by 1A, that satisfies the following axiom: If f ∈

HomC(A,B), then f ◦ 1A = f = 1B ◦ f .

We will typically write X ∈ C to mean X ∈ ob(C) and also we will call sets

like HomC(A,B) as a hom-set of the category, and when the underlying category

is understood, we will skip the index, i.e. we will write Hom(A,B). Finally, we

will write f : A → B belongs to C, or f ∈ C, to mean that f ∈ Hom(A,B). The

following definition will be useful:

Definition: A category with non-empty hom-sets is called connected.

It is natural to think that categories are objects as well, and there may be systematic

relationships between them. This leads to functors, which are essentially maps between

categories. Their definition is the following.
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Definition: Let C1 and C2 be categories.

A functor F : C1 → C2 consists of a function F : ob(C1) → ob(C2), and for each

A,A′ ∈ C1, a function F : HomC1(A,A
′)→ HomC2(F (A), F (A′)).

The latter preserves composition and identity. This means that if A,A′, A′′ ∈ C1,

f : A→ A′ and f ′ : A′ → A′′ are in C1, then F (f ′ ◦ f) = F (f ′) ◦F (f), and if A ∈ C1,

then F (1A) = 1F (A).

In the paper, we work with the category CompMet (see page 4 of the paper for

the exact definition), modified in two ways as follows. First, hom-sets are equipped

with a metric that provides them the structure of a complete metric space, with non-

expansive composition in both variables. Obviously, this enrichment can be achieved

to other categories as well. Hence, we denote by CCMS, the category C whose hom-

sets are enriched with a complete metric space structure such that composition is

non-expansive in both arguments.

Moreover, for reasons pertaining to the nature of the vNMλ functor, based

on Adámek et al. (2018) and Adamek and Reiterman (1994), we restricted our

morphisms to be pairs of morphisms with a section–retraction structure. This means

that morphisms are now pairs of morphisms (f, gf ), where f : X → Y and gf : Y → X

are in CompMetCMS and satisfy gf ◦ f = idX . This new category is known in the

literature as the category of embeddings, and it is denoted by CompMetEmb
CMS (objects

are the same as before). As with the enrichment, any category C, restricted to pairs

with a section-retraction structure is denoted by CEmb.
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Examples of Categories and Functors

We now present some standard examples that clarify the abstract definitions intro-

duced above.

Examples of Categories

• ω: The category whose objects are the natural numbers {0, 1, 2, ...}. Morphisms

for any two objects are described by the less than (≤) relation. That is, there

exists (unique) arrow/morphism from i to j if i ≤ j. This category generalizes

the idea of a partially ordered set.

• ωop: Objects are the same but morphisms are now described by the greater

than (≥) relation. That is, there exists (unique) arrow/morphism from i to j if

i ≥ j.

• Set: The category whose objects are sets and whose morphisms are functions

between sets.

• Top: The category of topological spaces with continuous maps as morphisms.

• Met: The category of metric spaces with Lipschitz or non-expansive maps as

morphisms.

• CompMet: The category of compact metric spaces with continuous maps.

• VectR: The category of real vector spaces with linear transformations.
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Examples of Functors

• The power set functor P : Set → Set, which sends each set to its power set

and each function f : X → Y to the function P(f) : P(X)→ P(Y ) given by

A 7→ f(A).

• The probability measure functor ∆: CompMet → CompMet, which maps

each compact metric space to the space of Borel probability measures on

it (endowed with a suitable topology like the weak-* or Wasserstein), and

continuous maps to their pushforwards.

• The Hausdorff functor H : CompMet→ CompMet, assigning to each com-

pact metric space X its hyperspace of non-empty compact subsets with the

Hausdorff metric.

• The forgetful functor U : VectR → Set, which forgets the vector space structure

and retains only the underlying set.

A standard example of a CMS-enriched category is CMS itself, whose objects

are complete metric spaces and morphisms are non-expansive maps, with hom-sets

metrized by the supremum distance-see Adámek et al. (2018).

2 Limits in Category Theory

The notion of limit in category theory is way more general than the usual corresponding

notion in analysis and topology. This stems of course from the nature of Category

Theory as a field. A limit in a category is first and foremost an object of the category.

However, as in usual analysis, a limit in a space must satisfy a certain property with

every other element on a sequence of elements, a limit in category theory must satisfy
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certain properties with other objects in a certain sequence of objects. Moreover,

the uniqueness of limits in category theory is reflected by a property that is called

universality.

Categories are fundamentally defined by the “direction of dependence” between

the objects that “live” within them. For any two objects, either there exists an arrow

that represents a certain relation between those objects, or there is not. From this

perspective, we can see limits as objects for which, for every appropriately-defined

sequence of objects, there is a certain systematic relationship between any object of

the sequence and the limit. Moreover, the universality means that for every other

candidate-object that satisfies the same properties with all objects of the sequence,

there is again a certain systematic relationship between the limit and the candidate-

object. In what follows, we formalize these ideas. Most of the material presented

here is from Leinster (2014).

Consider a category C and the category ωop that we defined above. A functor

D : ωop → C is called a diagram in C of shape ωop. This functor represents what

we would think of as an inverse sequence of objects. Diagrammatically, it has the

following form:

D(0)
D(1→0)←− D(1)

D(2→1)←− D(2)
D(3→2)←− D(3) ...

Then, we have the following definition.

Definition: A Cone onD is an object L ∈ C, together with a family (L
fi−→ D(i))i∈ωop

of morphisms in C, such that for all morphisms u : i → j in ωop, it is true that

D(u) ◦ fi = fj.

The object L is called the vertex of the Cone.

Then, L is an (inverse) Limit of D, if it is a Universal Cone on D. That is, for

any other cone (A
gi−→ D(i))i∈ωop on D, there exists unique morphism f̄ : A→ L in
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C, such that for any i ∈ ωop, it is true that fi ◦ f̄ = gi.

Why do we call this an inverse limit? This has to do with the choice of the

category ωop and the resulting direction of the arrows in the diagram D. Clearly, we

could choose to work with the category ω instead, and this would lead us to direct

limits (or colimits), the dual notion of limit in category theory. The definition of

colimits stems from dualization of the one above and we present it for completeness.

Definition: If we have a diagram D : ω → C of shape ω, then a Cocone on D is an

object C ∈ C (the vertex of the Cocone), together with a family (D(i)
fi−→ C)i∈ω of

morphisms in C, such that for all morphisms u : i→ j in ω, it is true that fj◦D(u) = fi.

Then, C is a colimit of D, if for any other Cocone (D(i)
gi−→ A)i∈ω on D, there

exists unique morphism f̄ : C → A in C, such that for any i ∈ ω, it is true that

f̄ ◦ fi = gi.

2.1 Examples of Limits and Colimits

The following is an indicative list of examples of limits and colimits, relevant to the

exemplary categories met in the current text:

• Product in Set: Products are special cases of limits. Given sets A and B,

the product is A×B equipped with projection maps πA, πB. This is the limit

of the discrete diagram A ← · → B. This diagram denotes a functor from

a two-object category with only identity morphisms that assigns to the two

objects, the objects A and B in Set.

• Inverse Limit in CompMet: For a diagram · · · → X2 → X1 → X0 of

compact metric spaces with continuous maps, the inverse limit is the closed
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subset of the product
∏

Xn satisfying compatibility:

lim←−Xn =
{
(xn) ∈

∏
Xn | ∀n, fn(xn+1) = xn

}
.

• Coproduct in Set: The coproduct of two sets is their disjoint union A ⊔ B

with canonical injections iA : A→ A ⊔B, iB : B → A ⊔B. This is the colimit

of the discrete diagram A← · → B.

• Colimit in CompMetEmb
CMS: Given a diagram of compact metric spaces and

1-Lipschitz embedding-retraction pairs (fn, gn) : Xn ⇆ Xn+1, the colimit can

be constructed as the metric quotient of the disjoint union
⊔

nXn under the

identifications x ∼ fn(x), equipped with the canonical quotient metric.

2.2 CompMetCMS has inverse Limits

CompMetCMS has inverse limits since for any ωop-sequence in this category, rep-

resented by the set of non-expansive morphisms {Xn+1
hn→ Xn}n∈ω, the product∏

n∈ω Xn equipped with the maximum metric, is compact. The inverse limit is de-

fined as the subset IL = {(x0, x1, ...) ∈
∏

n∈ω Xn xn = hn(xn+1), n ∈ ω}, equipped

with the set of projections {IL πn→ Xn}n∈ω, where πn(x) = xn, which is obviously

non-expansive, since the following two conditions are satisfied by the construction.

First, πn = hn ◦ πn+1 must hold for all n ∈ ω. It is easy to see to see that this holds

by the definitions. The second condition is that for any other set of non-expansive

morphisms {X fn→ Bn}n∈ω such that fn = hn ◦ fn+1 for all n ∈ ω, where A is an

object in the category, a unique morphism f : X → IL such that fn = πn ◦ f for all

n ∈ ω must exist. The proof of latter condition follows easily if we define f in the

only possible way, that is f(y) = (f0(y), f1(y), ...), and notice that f(y) ∈ IL due to
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the way each morphism fn is defined. Due to the definition of the max-metric and

the properties of the associated functions f is readily seen to be non-expansive, and

the uniform distances between any such functions are bounded by 1.

3 A Functorial Fixed-Point Theorem

Our aim now is to describe in detail the theorem that we used for the main result

of our paper. That is, theorem 3 of Adamek and Reiterman (1994). However, in order

to state this theorem, we first need some additional definitions. These are general

definitions for any category C.

Any functor F : C→ C is called an endofunctor. In what follows in this section,

unless otherwise noted, we assume that we have such an endofunctor. We now have

the following definitions.

Definition: A morphism f : A→ B in C is called an isomorphism if there exists a

morphism g : B → A in C such that g ◦ f = 1A and f ◦ g = 1B.

Definition: A fixed-point of F is an object A ∈ C together with an isomorphism

between A and F (A).

Definition: An object A ∈ C is called initial if for each object B ∈ C, there exists

unique morphism from A to B. Dually, an object A ∈ X is called terminal if for each

object B ∈ C there exists unique morphism morphism from B to A.

Both initial and terminal objects are unique up to isomorphism. We denote the

initial object by 0 and the terminal object by 1.

Definition: A pair (A,α), where A ∈ C and α : FA → A is in the category C, is

called an F−algebra, or an algebra of F .

We can show that F−algebras constitute a category where the objects are

F−algebras and the morphisms between two objects, say (A,α) and (B, β), are

9



the morphisms m : A→ B in the category C, that are homeomorphisms, i.e. they

satisfy m ◦ α = β ◦ Fm.

Dually, an F−coalgebra, or in other words, a coalgebra of F , consists of an object

A and a morphism α : A→ FA in the category. In a completely analogous way, the

category of coalgebras is constructed, with objects the coalgebras, and morphisms

the homeomorphisms m : A→ B in C, for any two coalgebras (A,α) and (B, β).

It follows directly from the definitions, that a fixed-point of F can be viewed as

either an algebra or a coalgebra of F .

Definition: An initial object in the category of F−algebras, if it exists, is called an

initial algebra. Dually, a terminal coalgebra is, if it exists, the terminal object of the

category of coalgebras. Both the initial algebra and the terminal coalgebra are unique

up to isomorphism.

Moreover, by Lambek’s lemma, Lambek (1968), we know that if an initial

F−algebra exists, then it is a fixed point of F . This is a fundamental result in

category theory.

Examples: To fix ideas, consider the following standard examples-see for example

Adámek et al. (2025). The functor P : Set → Set, mapping a set to its power

set, is an endofunctor; P does not have an initial algebra since there are no onto

maps from the power set to the underlying set. The initial algebra of the Set

endofunctor F (X) = 1 +X, where 1 is a singleton, and + signifies disjoint union,

is isomorphic to the set N. Its terminal coalgebra also exists and is isomorphic to

the set N⊤ = N ∪ {⊤}, where ⊤ represents an infinite descent. Its structure map

τ satisfies τ(0) = ∗, τ(n) = n − 1 for n > 0, and τ(⊤) = ⊤, capturing both finite

and infinite behavior in a coinductive manner. Intuitively, the terminal coalgebra

represents potentially infinite unfolding: finite elements eventually reach the base
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case 0, while ⊤ models an endless process. This coinductive structure allows one to

reason about both finite and infinite dynamics within a unified framework.

Definition: A canonical fixed-point of an endofunctor is an initial algebra, say

(A,α : FA→ A), for which the inverse pair (A,α−1 : A→ FA) is a terminal coalgebra

for the endofunctor. If it exists, it is unique up to isomorphism.

Hence, a functorial fixed point is canonical iff it is isomorphic to an initial algebra

and a terminal coalgebra at the same time.

The following notions of functor-contractivity play a major role in the paper.

Definition: An endofunctor on a CMS-enriched category is ϵ-locally contractive

if there exists ϵ < 1 such that for any two morphisms f, g : X → Y in C, where

X, Y ∈ C we have that d(Ff, Fg) ≤ ϵ · d(f, g).

The functor is also called locally non-expansive if ϵ = 1. The property of local

contractiveness essentially means that the functor is contractive on hom-sets.

Moreover, F is called hom-contracting, if it is ϵ-locally contractive on hom-sets

of the form Hom(1, A), for any A ∈ C. Clearly, a locally contractive functor is

hom-contracting. Moreover:

Definition: Consider a CMS-enriched category with embeddings, CEmb
CMS, and with a

terminal object 1. An endofunctor F on CEmb
CMS is called AR-contracting, if there exists

ϵ < 1, such that for each pair of morphisms (f, gf ) where f : X → Y and gf : Y → X

in the category CEmb
CMS, it is true that dFY (Ff ◦ Fgf ,1FY ) ≤ ϵ ∗ dY (f ◦ gf ,1Y ), where

dFY and dY are the metrics with which the hom-sets Hom(FY, FY ) and Hom(Y, Y )

are equipped, respectively.
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We can state now the main theorem that we use, that is Theorem 3 from Adamek

and Reiterman (1994).

Theorem:If a CMS-enriched category CCMS is connected and has a terminal object

and inverse limits of contracting sequences, then each AR-contracting and hom-

contracting endofunctor on CEmb
CMS, has a canonical fixed-point.

4 Coends

This section provides a brief introduction to the notion of a coend. For more technical

depth, see Mac Lane (1978).

Consider a functor F : Cop×C→ D, where Cop×C is the product of the opposite

category Cop and C itself. A morphism in this product category has the form (f op, f)

for a morphism f : C → C ′ in C. The objects of this product are pairs (C,C), and

the functor F maps such pairs to objects in D.

Definition (Wedge): Given a functor F : Cop ×C→ D, and an object d ∈ D, a

wedge from F to d is a family of morphisms {ζC : F (C,C) → d}C∈C such that for

every morphism f : C → C ′ in C, the diagram

ζC ◦ F (f,1C) = ζC′ ◦ F (1C′ , f)

commutes.

Definition (Coend): A coend of F is a pair (d, ζ), where d ∈ D and ζ : F ⇒ d is

a wedge, such that for any other wedge ζ ′ : F ⇒ d′, there exists a unique morphism
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h : d→ d′ with ζ ′C = h ◦ ζC for all C ∈ C. The coend is often denoted symbolically as:

∫ C∈C
F (C,C).

In concrete categories such as Set, the coend
∫ C

F (C,C) can be constructed as a

coequalizer: ∐
f : C→C′

F (C ′, C) ⇒
∐
C∈C

F (C,C)→
∫ C

F (C,C),

where the two arrows identify F (f, idC) and F (idC′ , f) for every morphism f : C → C ′.

This means that coends “mod out” redundancy along morphisms, capturing the idea

of identifying equivalent representations along morphisms in C.

In the main paper, the universal preference spaces are objects capturing how

preferences across multiple hierarchical compact choice sets can be coherently aggre-

gated. While this construction in the main text relies on an endofunctor, one may ask

whether a more general notion-such as the coend-could offer a unifying perspective

even when the expected utility functor becomes contravariant (e.g., due to duality or

retraction structures). The coend provides a formal apparatus to aggregate functorial

data when domain and codomain are allowed to vary dually, thereby generalizing

the fixed-point idea and enabling representation of preference systems that are not

expressible as canonical fixed points of an endofunctor. This may prove especially

relevant in cases where preferences are induced via contravariant or profunctorial

processes, such as conditional expectations or adjoint correspondences between belief

and act spaces.

13



References

Adamek, J., Reiterman, J., 1994. Banach’s fixed-point theorem as a base for data-type

equations. Applied Categorical Structures 2, 77–90.
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