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Abstract 

Using data for the United States over the period 1973-2019, we find that there is a long-run stable 

relationship showing that the real interest rate is determined by real investment, real money supply, 

the velocity of circulation, and the rates of wages, economic growth, technological change, and 

population. Moreover, upon an arbitrary shock in one of its aforementioned determinants, holding 

all the rest fixed, we find that the real interest rate returns to the long-run equilibrium within a few 

years. The estimated equation is derived by embedding monetary policy in a general equilibrium 

growth model of heterogeneous capital. From the latter’s theoretical analysis, we expected that 

some instability might show up in the data because of the negative real interest rates, twice in the 

1970s and then again in the early 2010s. However, no such evidence emerged, perhaps because the 

bias of monetary policy at those times was away from the zero bound and the real interest rate 

turned negative due to unexpected but transient shocks. The same of course may not be the case if 

the model is tested with data after 2019, when the bias of the monetary policy reversed, driving the 

nominal interest rates very close to the zero bound and thus, probably, giving rise to the current 

signs of economic instability.   
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 Introduction 1.

For reasons that will become apparent shortly, we wish to start by drawing on a relevant well-

researched country episode for reference and comparison. Suppose we lived in the proto-

capitalist economy of classical Athens and observed the framework of state institutions and mar-

kets, within which money was produced and served as a medium of exchange and store of value, 

the Attic drachma. This currency was based on the silver standard. A state-owned mint cut and 

officially stamped coins of various denominations for the state, as well as for local and foreign 

economic agents who brought silver bullion for conversion into Athenian coins. Credit in the 

form of loans was furnished by bankers cum banks and much less so by individuals. There was 

no central bank and no lender of last resort. The state provided and enforced all necessary institu-

tions for safeguarding the integrity of the currency and the process of competition as in a setup of 

free banking. Lastly yet importantly, the nominal and the real prices of goods and services, in-

cluding the interest rate, coincided because, according to the evidence discussed in Bitros (2022, 

18-20), there was no general inflation.  

What was the nature of the interest rate and how was it determined? The answer is easy. The in-

terest rate was the price of a scarce resource, that is, savings, and it was determined in a market 

where the supply of savings met their demand by households, enterprises, and the state, seeking to 

borrow for consumption and investment. The interest rate in this setting could never be zero, and 

much less negative. For, a zero interest rate would imply that savings had transformed into a free 

good, whereas a negative interest rate would signify that the political, economic, and social circum-

stances had become so pervert that the virtues of saving and lending as private activities promoting 

the best interests of society had turn into vices to be avoided. Alternatively, would savers become 

themselves investors? Some would even if they lacked the necessary know-how and risked losing 

their savings on top of wasting their precious time. But most would not and the only loser would be 

the economy and the society at large.   

Now let us move fast forward by switching to the United States (US), the political institutions of 

which, as well as the currency, the US dollar, stand in the world today much like the Athenian 

drachma stood over the Eastern Mediterranean and beyond. What is the nature of the interest rate in 

the US and how is it determined? The answer is complicated, but not difficult to articulate by draw-

ing on the narratives found in the macroeconomics textbooks. Authorized by the US Congress to 

handle all issues of money is a central bank called U. S. Federal Open Market Committee (FOMC) 

or the Fed. In 1972, the latter stopped converting the U. S, dollar into gold, and hence since then 
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the currency has been based exclusively on the fiat standard. Aside from serving as lender of last 

resort to the banking system, the Fed is mandated by the U. S. Congress to pursue price stability, 

maximum employment, economic growth consistent with the economy’s productive potential, and 

low long-term interest rate. Even though their achievement is scientifically doubtful, the Fed pursues 

these objectives using two main policy instruments, that is, the quantity of money supplied, up to the 

1990s, and ever since the discount rate or the so-called Federal Funds Rate (FFR).  

With these brief details in mind, let us return now to the question. The Fed has defined price 

stability to apply at an inflation rate in the neighborhood of 2%. Combining this target rate of infla-

tion with an estimate of the rate of economic growth and the economy’s productive potential, and 

hence maximum employment, the Fed arrives at an estimate of the “natural or neutral interest rate  

𝑟∗.
3
 In turn, the difference of this interest rate from some market proxy becomes the basis for in-

jecting or withdrawing stimulus. While this setup aims at attaining the policy objectives over the 

business cycle, the Fed does not remain indifferent to its mandate for a low 𝑟∗ in the long run. Fig-

ure 1 displays a possible sequence of actions in this regard. The Fed positions itself in the credit 

                                                 

3
 The great majority of researchers call 𝑟∗ natural or neutral interest rate and define it as the equilibrium real interest 

rate that would prevail in the short- and in the long-run in an economy where money is managed by a central bank; in-

flation is kept at a constant rate targeting maximum employment commensurate with economic growth close to the 

economy’s productive potential; there are no natural or man-made supply and demand shocks; prices and wages are 

flexible; and competition reigns in the markets for goods and services. This definition is purposely counterfactual to 

allow for the possibility of identification and estimation of the effects that transpire when its equilibrium is disturbed 

due to various shocks. As such, 𝑟∗ is unobservable, and hence it must be inferred from the data.  
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market, along with household and enterprise savers, by offering “artificial” savings in the form of 

new money. Having done so persistently in recent decades, the supply curve of such “savings” 

has shifted from 𝑆1
𝑠, where the equilibrium interest rate was 𝑟1

∗, to the supply curve 𝑆2
𝑠, where the 

interest rate is now close to zero. Presumably this development has transpired because, as the 

supply of “savings” expanded, the demand for investment increased at a slower pace and, by 

shifting only from 𝐷1
𝑠 to 𝐷2

𝑠, the interest rate declined from 𝑟1
∗to 𝑟2

∗. As for point 𝑆3
𝑠, this is remi-

niscent of Fed’s policies in the 1970’s, and less so in the late 2010s, which pushed 𝑟 ∗ even to 

negative levels as depicted by 𝑟3
∗.   

In sharp contrast to the above analysis, the bulk of the literature on this issue attributes the per-

sistent decline of the interest rate since the mid-1980s to structural shifts that cannot be influenced 

by the Fed. For example, Brand, Bielecki, Penalver (2019) find that responsible are developments 

such as the slowdown in the growth rates of the labor force and the Total Factor Productivity 

(TFP), the decline in the labor participation rate, the ageing of the population, inequality, the flight 

to safe assets, and the global saving-investment imbalances. Certainly, some adverse structural 

shifts are not in the Fed’s tasks to mind. Regarding them, we know that they lie in the domain of 

other institutions in free societies to control or even try to reverse. However, as suggested by 

Bitros (2018), the Fed cannot be absolved from all responsibility for the spectacular decline of 

the labor share in the US and, given that it manages the pre-eminent currency in the world, it 

cannot be considered alien to the global imbalances in the saving-investment nexus. Moreover, if 

Bernanke’s (2005) hypothesis, while he was chair of the Fed, and the related findings by Rachel, 

Smith (2015) attest to a global glut of savings, then look at the data exhibited in Figure 2 and ask. 

How can we explain the negative interest rates that prevailed for several years five decades ago 

in the US and Europe? Was there at the time a savings glut in both sides of the Atlantic? In our 

view, there existed no glut of “true” savings then
4
 and there is no glut of such savings now. As 

noted above, the negative interest rates then and now reflect a long-term deceleration of invest-

ment, the root causes of which have to do with at least two ominous trends. Namely, the worsen-

ing structure of Western type democracies, and the way in which elected governments have come 

to apply their monopoly power over money, especially after the abolishment in 1972 of the con-

vertibility of the U. S. dollar into gold.  

                                                 

4
 To dispel any doubts that savings were in short supply on both sides of the Atlantic in those decades, see Blanchard, 

Summers (1984), and particularly the accompanying comments by the world-renowned economists who participated 

in the discussion of this paper.   

file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Brand_Bieleck_Penalver_2019
file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Bitros_2018
file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Bernanke_2005
file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Rache_Smith_2015
file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Rache_Smith_2015
file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Blanchard_Summers_1984
file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Blanchard_Summers_1984


`5 

 

To corroborate this view, Figure 3 displays the average age of the capital stock in the U. S. pri-

vate business sector over the last 60 years. The data are based on historical cost prices of structures, 

equipment, and intellectual property rights, but the graph remains unchanged if instead current cost 

prices are employed. Observe that before the mid-1980s the capital stock was getting younger, 

whereas since then it has been getting older. The reason for this development is profound. In the 

earlier period, even though according to Figure 2 the interest rate was trending upwards, invest-

ment accelerated both quantitatively and qualitatively, and incorporated into the capital stock vin-

tages of producers’ durables embodying the most recent achievements of science and technology. 
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Thus the average age declined. On the contrary, after the mid-1980s, even though the interest rate 

trended downwards, gross investment decelerated, the process of speedy renewal of the produc-

tive capital reversed, and its average age has been rising ever since.  

A convenient first step to explain these developments is to look through the lenses of the steady 

state solution of Solow’s (1956) celebrated economic growth model. This takes the form of the fol-

lowing equation: 

( )
g n

r a
s

 
 ,                                                             (1') 

where r corresponds to r , denotes the marginal product of the accumulated capital stock, 

 and g n  stand  respectively for the growth rates of output and population,   is the depreciation 

rate, and s  represents the rate of saving.  Consider the developments since the mid-1980s. Since the 

average age of the capital stock was increasing,  was falling. As the latter declined, given that

0r    , r  declined as well. This first round effect though did not stop there. With the capital 

stock growing older and incorporating newer technologies at a slower pace, its marginal product, 

that is , declined. In turn, this reduced the contribution of capital to the rate of economic growth 

and precipitated further declines in the interest rate, because 0r g   . Moreover, since workers 

were working with implements that were getting older, the decline in the productivity of labor 

pushed g  also downward. The interest rate depressing effects of the declining growth rate of the 

population have been confirmed by multiple sources, so we can turn immediately to the saving rate 

for which it holds that 0r s   . In addition to loans from the banking system and the market, 

enterprises finance their investments through retained earnings and funds freed via the depreciation 

accounting process. In the US though the statutory depreciation service lives of capital goods are 

updated very slowly, so that depreciation allowances most likely exceeded significantly the neces-

sary funds for replacement investment.
5
 For, otherwise, the practice whereby corporations return 

capital to shareholders by buying back company shares would not have been adopted as widely as 

in recent decades. Apparently, abundant internal sources of funds, in conjunction with easy credit 

conditions that the Fed propagated throughout this period, pushed the rate of “artificial” and “true” 

savings systematically upwards and the interest rate downwards. On account then of all the above, 

                                                 

5
 Although this point derives from a long forgotten literature, it is still worth recalling that without any emphasis on the 

useful life of producers’ goods and the crucial role of the interest rate, Eisner (1952) and Domar (1953) found that de-

preciation allowances exceed replacement requirements in a growing economy with stationary prices.   

file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Solow_1956
file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Eisner_1952
file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Domar_1953
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what would be surprising and in need of explanation is if the interest rate had not declined as spec-

tacularly as exhibited in Figure 2.  

 Yet, irrespective of how informative they may be, inferences drawn from the steady state of an 

economic model limit their explanatory power to an environment where the effects from various 

shocks on the variables of interest have adjusted optimally and remain stationary over the long 

haul. Herein we are interested in the transition paths to the steady state and this renders it impera-

tive to switch to a complete model which, in order to allow us to replicate the above analysis and at 

the same time highlight the short-run dynamics, it must be centered on the service life of produc-

ers’ goods and the real interest rate.
6
  Our research objective is to tweak a long forgotten general 

equilibrium model based on the useful life of an infinite series of heterogeneous capital goods; to 

derive an equilibrium relationship for the interest rate; and to estimate it in two consecutive phases. 

First, using data from the US, so that we may have the opportunity to study the effects of monetary 

policy on the interest rate in a world currency managing country, and secondly, to extend the esti-

mations using panel data from a sizable sample of advanced, emerging, and underdeveloped coun-

tries. This paper focuses on the US and it is organized analogously.     

 The interest rate in the growth model with heterogeneous capital  2.

In a series of papers presented several years ago, one of the co-authors drew on the dynamic gen-

eral equilibrium model presented by Brems (1968, 473-503) to highlight certain important issues in 

the realm of capital theory. For example, in Bitros (2008) the model was employed to explain the 

reasons why the structure of capital and the useful lives of its constituent components may offer 

precious insights regarding the whims of the economy’s business cycles. However, the focus in 

these papers was on the microeconomic dynamics that emanate from the presumed behavior of 

firms and their macroeconomic implications were held in abeyance. As a result, the strong potential 

of the model to shed light on such crucial contemporary issues as, for example, the slowdown of 

economic growth, the worrisome developments in the distribution of income, the destabilizing 

asymmetries of fiscal and monetary policies, etc. remained unexploited. Therefore, what we intend 

to do in this section is twofold. Initially, to shift attention from the microeconomic to the macroe-

conomic dynamics of this model, so as to shed light on the determinants of 𝑟∗ in the absence of a 

central bank, and then, by relaxing this assumption, to bring the analysis closer to the U.S economy 

and the implications of the monetary policies conducted by the Fed.  

                                                 

6
 Unless indicated otherwise, henceforth the real interest rate will be referred to as interest rate and denoted by r. 

file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Brems_1968
file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Bitros_2008
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2.1. The interest rate in the absence of a central bank  

Section 2.1.1 summarizes the microeconomic foundations of the model. Its solution at the repre-

sentative firm level enables us to derive an equilibrium relationship of the useful life of producers’ 

goods, the interest rate, and the rate of technological change. In section 2.1.2, we present the mac-

roeconomic analysis of the model. This leads to a supply and demand model centered on the equi-

librium interest rate of loanable funds for investment purposes in the absence of a central bank in 

the economy. Lastly, in section 2.1.3, we comment on the nature of prices and money that pertain 

in the setting of this model.      

2.1.1 Microeconomics 

We consider a free market economy populated by any number of firms, one of which is representa-

tive of all others. Aside from its management, the representative firm comprises two distinct busi-

ness units or divisions: That is, division C that produces consumer goods and division D that manu-

factures producers’ goods for the C division. This organizational setup implies that the only mar-

kets that function in the economy are those of consumer goods and loans. Due to the nature of the 

issues of interest here, the analysis will focus on the equilibrium in the market where loans are ex-

changed for investment purposes.
7
 However, this choice should have no bearing on the economy-

wide equilibrium, since by Walras’s law, if equilibrium holds in the one of the markets, it should 

hold in the other as well.   

While for now we assume that in the economy there is neither central bank nor government, lat-

er on we shall relax the assumption with regard to the former of these institutions. During year υ , 

the firm’s C division produces a basket of consumer goods in the quantity of ( )X υ  by combining 

( )L υ units of labor with ( )S υ  units of producer’s goods newly built and supplied by division D.
8
 

The production of consumer and producer goods takes place under the following definitions, con-

ventions, and functional specifications aimed at simplicity and generality of the analysis:     

                                                 

7
 When investigating the determinants of the interest rate, contemporary macroeconomics literature follows two approach-

es. One, when the emphasis is on the short run partial equilibrium analysis, considering that prices may be sticky, and 

another when the emphais is on the long-run general equilibrium analysis and prices may be presumed to be flexible. 

The model adopted in the former case, called Liquidity Preference (LP), is based on the well-known Keynesian concep-

tualizations of the demand for money, whereas the model recommended in the latter case, called Loanable Funds (LF), is 

based on the well-known classical conceptualizations about the neutrality of money. In this paper, given that the Fed’s 

target inflation rate is not differentiated between short and long run, we shall bridge the two models by assuming in the 

context of the LF model that the central bank maintains a given target rate of inflation throughout.    
8
 Notice that the amount of newly constructed producer’s goods is financed by an equivalent amount of loans extended 

to firms through saving by the workers who are employed in their D departments. Hence, the symbol for new invest-

ment ( )S  stands for the amount of loans.     



`9 

 

 The unit of physical or real capital used in the production of consumer goods is defined as 

the quantity of producer’s goods operated by one unit of labor. Hence, we set: 

( ) ( )L υ S υ .                                                                  (1) 

 The capital-output coefficient is defined as: 

( )
( )

( )

S υ
b υ

X υ
  .                                                                (2) 

 Owing to technological progress, which proceeds at the rate μ , the capital-output coeffi-

cient declines over time as follows: 

   
( )( ) ( ),  for   and <0μ t υb t e b υ t υ μ   .                                  (3) 

 If   and k u  denote respectively the minimum labor required for building one unit of pro-

ducer’s goods and its useful or service life, the mechanism that governs their relationship is 

conceived to take the form:  

1

0 0 1,   , 0,
uk e   

                                                    (4) 

      Parameter 0  reflects the balance of several factors. For example, the level of development 

of the country in which the representative firm operates is certainly one. Since the nature of 

productive techniques embodied in the capital stock, say, in the United Sates is more ad-

vanced than in Greece or Bangladesh, it takes more direct and indirect labor hours per unit 

to build. Another factor is the resource endowment of the country. In one rich in unskilled 

labor, building structures and equipment will rely more on simple labor hours relative to 

one rich in scientists and engineers. Still a third factor is the amount of resources a country 

devotes to Research and Development (R&D), given that it is hard scientific work that 

leads to discoveries of new products and productive techniques.  

On the other hand, the rationale for introducing 1 is less easy to explain. We do not con-

ceive of it as a means to capture differences in the wages paid to workers in the two de-

partments because, say, of differences in their human capital. In both departments workers 

are paid the same wage rate w . But those in the D department are special because of their 

crucial contribution to the determination of the “durability” of capital goods they construct. 

Referring to the latter property, the case is that u  is determined much less by the sturdiness 
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of built than technological obsolescence, which, by reducing the revenue earning capacity 

of producers’ goods, shortens their useful lives. On the consumption side, this effect is rep-

resented by and is captured in the model through equation (5) below. For citizens as con-

sumers it represents a benefit. But for the management of the representative firm, which has 

to repay the loans through which the building of producers’ goods is financed, losing reve-

nues is a minus. For this reason, the management has a strong incentive to keep reducing 

the period over which funds are tied up in these productive assets. But shrinking u increases 

the minimum labor required per unit of durable goods built and raises the share of the wage 

bill that goes to the workers in the D department. Hence, the management faces a trade-off, 

which is reflected in the term 1ue 
. Choosing a relatively high (low) 1 , the minimum labor 

requirement does increase (decline), but at the same time u  declines (increases) and the 

firm’s productivity and competitiveness improves (worsens). The success or failure of man-

agement lies in selecting and adjusting from time to time the value of this parameter. 

Lastly, to keep the analysis simple and tractable, we assume that durable goods are pro-

duced exclusively with labor.    

 The price that the firm expects to emerge in the market for its output follows the rule:   

           
( )( ) ( ),    for >  and <0.μ t υP t e P υ t υ μ                                           (5) 

 The unit cost of producer’s goods is described by: 

p kw
 ,                                                                 (6) 

        in which ŵ denotes the wage rate that serves also as a Walrasian numeraire.  

 Assuming that capital goods are not subject to wear and tear due to utilization, the net 

worth ( )n υ of each unit of producer’s  goods, put in place in year   and lasting for u  years, 

takes the following form:  

    1

( )
( ) ( )

0

( ) ( ) 1 1
( ) [ ]

( ) ( )

μ r u ru
υ u

γ uμ t υ r t υ

υ

P υ P υ e e
n υ e w e dt p w γ e

b υ b υ r μ r

 


     
      

 
 .         (7) 

Looking closer at this expression, several noteworthy remarks are in order. First, observe 

that the stream of net revenues that the representative firm earns is discounted by the factor

( )r  for 0  . As ascertained by equation (5), this implies that the benefits from techno-
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logical progress pass on to consumers in the form of reduced consumer prices. Second, in 

the absence of a central bank, the deflation that productivity improvements bring about 

drives a positive wedge between the current and the equilibrium values of r . On the con-

trary, in the presence of a central bank, monetary policy induced inflation drives a negative 

wedge between these values. The significance of this difference is that, whereas in the for-

mer case the wedge represents real benefits for consumers in the form of goods and ser-

vices, in the latter case the wedge is purely nominal since it amounts solely to a change in 

the general level of prices. Third, on top of their wages, the workers in the D department 

may earn a second stream of income revenues. For, if they manage to improve on the man-

agement’s choice of u, say by u , they will be paid for extra time 1 uk e     per unit of 

producers’ goods built. The revenues from this stream, together with those that spring from 

the function of these workers as lenders of funds for the financing the firm’s producers’ 

good, may give rise to “income inequality”. In the model, the latter is considered socially 

beneficial rather objectionable, because it mobilizes the “human capital” of these workers 

to the benefit of citizens at large.      

 Dividing (3) and (5) side by side yields:  

( ) ( )

( ) ( )

P υ P t

b υ b t
 .                                                                (8) 

Interpreted in conjunction with (8), this equation ascertains that the net worth of a unit of 

producers’ goods is invariant with respect to the time it the firm put it in place. This is as it 

should be because the output price ( )P υ  and the capital-output coefficient ( )b υ  decline at 

the same rate, leaving the revenue stationary. 

 Lastly, with an eye towards obtaining analytically manageable results, it is postulated that 

in the market for consumer goods the firm faces the following constant-elasticity-of-

substitution demand curve:  

( ) ( )[ ( )] ,   for < 1, ( ) 0,  ( ) 0,  ( ) 0.ηX υ M υ P υ η M υ P υ X υ                       (9)                        

Assuming that the firm behaves as if to maximize the net worth of an endless stream of invest-

ments (0), ( ), (2 )S S u S u , it can be shown that the optimal solution is found by equating to zero 

the partial derivatives with respect to (0) and P u  of the following objective function: 
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1

0

( )

1(0) 1
(0) (0) (0)[ (0)]

(0) 1 1

uru

r u

e r eP w
A b M P

b r e














  
  

  
.              (10) 

Here, we shall focus first on the partial derivative of (10) with respect to u,
9
 which is given by (11) 

below, and permits neither an explicit solution for u nor some other form of approximation:  

1 1( ) ( ) ( ) ( )u (2 )

0 1[ [( ) (1 )]] ( ) 0
r u ur u r u r r ur e r e e e r e e                                 (11) 

To characterize its properties in the setting of the US economy, we solved (11) numerically for u 

using the following empirically reasonable values for: ( 0.02,  0.03, 0.04, 0.05)r  , 

( 0.01, 0.015, 0.02, 0.025)      , 0( 3,  3.5,  4, 4.5)  , while we adjusted the values of 1  to 

achieve convergence at 1( 0.000,  0.0005,  0.001, 0.0015)  . As it can be ascertained by looking 

in Appendix A, from the solutions it emerged that u  relates positively to r  and negatively to  

for all values of 0 1( , )  . Is this finding consistent with the evolution of the interest rate as exhibit-

ed in Figure 2 for the post war period? The following analysis is in favor of a positive answer. 

 A good proxy for   is the rate of change of total economy output per hour worked. According 

to Gordon (2015, 24), throughout the post war period in the US this index trended downwards, 

starting from around 3% in 1953 and declining down to around 1% in 2013. Placed in the context 

of our numerical solution of (11), this evidence suggests that the useful life of the capital goods  

would be expected to increase, the depreciation  rate  to decline, and hence by equation (1') the   

interest rate to trend downwards. Figures 2 and 3 show that, while this prediction is consistent 

with the data after the middle of the 1980s, the same does not hold in the earlier period during 

which r trended upwards even though  was decreasing. Stated differently, it is odd that the 

useful life of the capital stock declined (see Figure 3) in the earlier years. The depreciation rate 

increased. And the interest rate climbed (see Figure 2), while technological progress was 

decelerating. We believe that this contradiction is more apparent than real, because the evolution 

of the growth rates of the other variables that are present in equation (1') have not been allowed 

for as yet. Thus, to facilitate the extension of our model in this direction, instead of (11) we 

adopted (12), which has similar properties.  

                                                 

9
 To ascertain that the second-order conditions for a maximum are also satisfied, please see Brems (1968, 165-166). 

file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Gordon_2015
file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Brems_1968
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                                      (12) 

As we turn to the derivation of the demand curve for loans in the money capital market,
10

 this 

approximation, where  stands as an appropriate scaling factor, will prove very useful.  

2.1.2 Macroeconomics 

Now, let the economy consist of firms all of which are exactly as the one described above. If so, 

within any year the economy will produce two goods, i.e. 𝑋(𝜐) 𝑎𝑛𝑑 𝑆(𝜐), of which the former re-

mains the same from one year to the next whereas the latter changes according to (4). Additionally, 

we introduce the following conceptualizations. In the economy, there exists a money capital market 

where firms may borrow, and households may lend funds at the annual rate of interest r with con-

tinuous compounding. The labor force is a fix proportion  of the population 𝑁(𝑡), which grows at 

the annual rate n . Lastly, it is assumed that of the workers only those who are employed in the D 

divisions of the firms save money from their income and extend loans. The objective below is to 

trace the demand curve for loanable funds at the economy level.   

 The economy-wide demand for loanable funds  2.1.2.1

The mass of the physical or real capital stock ( )K t used in the economy may be obtained by 

means of the following integral:  

( ) ( )
t

t u
K t S υ dυ


  .                                                         (13′) 

In view of the controversies in the relevant literature regarding the units of measurement of this 

mass, it should be noted that while producers’ goods of different vintages differ in quality, their 

quantity is well defined because of (1).
11

 Moreover, it is assumed that producers’ goods are physi-

cally and productively infinitely durable, and that the termination of their service life at u comes 

                                                 

10
 As we shall explain later on, money in this model is in the form of debits and credits in the accounting books of the 

firms that operate in the economy.  
11

 It should be noted that, since by (1) the variable of gross investment is measured in labor units, no monetary values 

are involved in (13′), and hence, there arise no issues of aggregation.  
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about because the advancing technology renders them obsolete with zero resale value.
 12

 Consid-

ered in this way, let  𝑆(𝜐) grow at the rate n per annum, which coincides with the growth rate of the 

population  𝑁(𝑡):  

( )( ) ( )n t υS t e S υ .                                                        (13″)  

Now, inserting (13″) into (13′) yields:  

( ) 1
( ) ( ) ( )

nu
t

n t υ

t u

e
K t e S t dυ S t

n


 




  .                                             (13) 

From this equation we see that since 𝑆(𝜐) is growing at the rate n per annum, the accumulated 

capital stock is growing at the same rate. 

Next, using (13) in conjunction with (1) and (4), the structure of full employment is given by: 

1

0

1
( ) ( ) [ ] ( ) ( ),  0< <1.

nu
γ ue

L t l t γ e S t αN t α
n




                                 (14)  

In this expression the symbols ( ) and ( )L t l t  stand for the workers employed in the industries 

of consumers and the producers goods, respectively, whereas α denotes the labor force participa-

tion rate. Observe from the middle expression that time enters only through ( )S t , which by (13″) 

grows at the rate 𝑛 per annum. This ascertains that full employment is guaranteed because by defi-

nition, with given  α , the population 𝑁(𝑡) and the labor force are growing at the same rate.  

Again though, equation (14) cannot be solved explicitly for u. Hence, linearizing it at 0u  , we 

obtained the following condition for the service life of the capital stock at the economy level: 

 0
0

1

( ) ( )
,  for ( ) ( ) 0.

(1 ) ( )

N t S t
u N t S t

S t

 
 




  


                                       (15) 

This equation, if satisfied, constitutes the equilibrium condition for the service life of capital at the 

full employment level of the economy, whereas equation (12) gives the equilibrium condition for 

the optimal service life of capital at the level of the representative firm. Therefore, for equilibrium 

to attain at the micro and macro levels of the economy, both equations should give the same value 

for u. Thus, substituting equation (12) into equation (15) and rearranging yields:  

                                                 

12
 Thus, absent from the determination of the useful life of capital are operating policies like the intensity of utilization 

and maintenance, and capital policies like abandonment and scrapping. For a detailed analysis of the latter policies, 

and how they affect the useful life of producer’s goods, see Bitros, Flytzanis (2002, 2004).  
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(1 ) ( )
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( ) ( ) ( )

d
d S t r

r
N t S t S t

 
 

  

 
   

 
.                                       (16) 

Regarding this equation, two comments are in order. First, recall that both ( ) and ( )S t N t  grow at 

the rate n . Consequently, (16) remains stationary over time and only irregular changes in the rate 

of investment or the population may affect the demand price of loanable funds. Second, 
dr  re-

lates positively to the population, ( )N t , the labor participation rate,  , and the effective unit con-

struction cost of producers’ goods, 0 1   , and negatively to the loans demanded for business 

investment, ( )S t . These findings are as they could be expected from economic theory. But why 𝑟𝑑 

relates positively to technical change 𝜇 is less obvious. An explanation is that, as technical change 

increases, the demand for replacement investment increases, the demand curve for loans in Figure 

1 shifts to the right, and this in turn raises the interest demanded for all levels of loans.  

Our next undertaking is to trace the equation for 𝑟𝑠, that is, the price of loans offered by savers 

for investment purposes.   

 The economy-wide supply of loanable funds 2.1.2.2

Recall that by assumption the workers in the C departments consume all their income, whereas 

those in the D departments save some part and lend the funds to firms to cover the expenses for 

new investment. Hence, the workers in the D departments of the economy receive each period 

three streams of revenues. The first consists of their wages: 

1

1 0 ( ).
uY e wS t 

                                                            (17') 

The second stream comprises the interest income that that they earn on the undepreciated value 

of the capital stock. Equation (13) expresses the entire physical capital stock in terms of the output 

of producers’ goods of the latest vintage within it. Hence, multiplying it by
1

0

u
p e w

 
 , the inter-

est income earned by these workers is given by: 

1

2 0

1
( )

nu
u e

Y e wS t r
n




 
  
 

                                                  (17'') 

Lastly, there is the issue of technological obsolescence. Due to the advancing technology, capi-

tal goods in place loose income-earning power.  In actuality, firms accumulate funds in the so-

called depreciation reserve account, and draw on them to replace capital goods at the end of their 
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service lives. For simplicity, here we assume that depreciation funds due to technological obsoles-

cence are used to repay debt, and hence, that the said workers receive each period:  

1

3 0

1
( ) ( )

nu
u e

Y e wS t
n

 


 
                                                   (17'') 

In view of these three streams of revenues, the workers in the D departments of the economy are 

perceived to allocate them between consumption and saving to maximize their level over the useful 

life of the producers’ goods, and at the same time to shift their composition in favor of incomes 

from capital.  To achieve their plan, assuming that they behave rationally, it would be to the ad-

vantage of these workers to increase over time the share of 
2 3Y Y  in their total income 

1 2 3Y Y Y   

by giving more weight to income from capital. They may do so by maximizing with respect to u 

the expression:    

1 ( )

0

1
( ) [( )( ) 1] ( )

nu
u r ue

F t e r e wS t
n

  


  
   
 

.                            (17) 

Observe that the weighting factor 
( )r ue 

 increases over the service life of producers’ goods, where-

as the share of income from labor enters into the objective function with a weight of 1. This is the 

second source of benign or creative “income inequality” among the workers in the two departments 

of firms in the economy.  

 Linearizing the first order condition from (17) at  𝑢 = 0 yields the expression (18') below. On  

  

1

2

1 1

1

,
( )[2( ) ]

0,  0,  0,   0

r
u

r r n

u u u u

r n

 

   

 

 


    

   
   

   

                                            (18') 

closer observation, it turns out that the partial derivative with respect to the interest rate is opposite 

to that in equation (12). This suggests that the workers in the D departments take an opposite view 

to that of the managements regarding the interest rate and the useful life of producers’ goods. In 

particular, at high interest rates they would bid for low service lives, whereas the management 

would pursue high service lives, and the same antithesis holds with reference to the rate of techno-

logical change μ. Moreover, observe that now present in (18') is the growth rate of the population, 

and hence of the labour force n , since the participation rate is held fixed at 𝛼. These considerations 

reflect the different perspectives that managements and workers in these departments take in the 

context of their cooperation within firms. Through the key decision on the service life of producers’ 
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goods each side pursues its interests. But their cooperation does not stop there, because by assump-

tion the workers in the D departments of firms are the only ones that save part of their incomes and 

extend loans in the money market for the financing of the producers’ good constructed each year. 

In turn, they are the only source of loans and this explains the linkage of savings to the useful life 

of producers’ goods, which takes the form of the supply curve of loanable funds sought.    

  To this end we proceed as follows. For general equilibrium in the economy, it is imperative that 

the value of u  from (18') is equal to that from (15). Yet, equating the two expressions gives an 

equation that cannot be solved explicitly for r . This difficulty led us to approximate (18') by the 

following equivalent expression in terms of the directions in the derivatives: 

                
1

1

1
    ,  0

              0,  0,  0.

u r n
r n

u u u

r n

 
 



    
  

  
  

  

                                       (18)                          

Thus, using (18) together with (15) we obtained the following supply curve for loanable funds:  

1
1

0

(1 ) ( )
,  0.

( ) ( ) ( )

s
s S t r

r n
N t S t S t


 

 

 
    

 
                                   (19) 

 The equilibrium interest rate in the economy 2.1.2.3

Equations (16) and (19) give respectively the demand and supply functions in the market for loans. 

For equilibrium in this market, it must hold that: 

d sr r                                                               (20) 

Considering equations (16), (19), and (20) as a system, it should be possible in principle to solve 

for the equilibrium values
*( , ( ))r S t

, as well as to examine the stability of this equilibrium. In 

symbolic terms the solution would take the form * *

0 1( ( ), ( ); , ; , , )r r S t N t n,     , whereas in 

graphic terms it would be given by the cross of the supply and demand curves for loans shown in 

Figure 4 by point A. Clearly, at this point, the interest rate is positive. So let us ask. In the absence 

of a central bank, can the interest rate decline to zero or become even negative?  Observe that with 

the pair of demand and supply curves (𝑟𝑑, 𝑟𝑠), for  𝑆(𝑡) = 0, the interest rate is 1

sr n    .  

By the side condition in (18), this should be positive. Now for demonstration purposes suppose that

0n  . Then, ceteris paribus, the supply curve for loanable funds would shift to the position depict-
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ed by 𝑟1
𝑠,  thus establishing an interim equilibrium at B and eventually another at C. In the transi-

tion from points A to C, the equilibrium interest rate converges to 1 0r   and remains there while 

the equilibrium gross investment declines, initially to 1 ( )S t at point B, and ultimately to 2 ( )S t at 

point C . This shows that, in the absence of a central bank, the interest rate in the economy may be-

come zero but not negative. However, at points B and C there arise serious issues of economic and 

social instability that may act as deterrent from ever reaching a state where 𝑟∗ = 0.  We relegate their 

discussion in Subsection 2.3.     

2.1.3 Nature of prices and money  

In the economy analyzed above, producers’ goods are built in the D departments of firms and 

transferred internally to the C departments at the price ( )p t .  In contemporary jargon the latter is 

a transfer price, i.e. an accounting price for intrafirm exchanges and record keeping purposes. 

The price of consumers’ goods, as well as the general price level, is denoted by 𝑃(𝑡). From the 

first order conditions for the maximization of equation (10) with respect to consumer goods 

prices it follows that:  

(0) (0)
1

uP e b w






 .                                                     (21') 

Among others, (21') reveals that the general price level depends on the numeraire wage rate w , the 

value of which is defined to be equal to the purchasing power in terms of consumer goods of one 
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unit of labor. The question then that arises is how transactions are carried out in this economy. The 

answer is that money takes the form of entries in the accounting ledgers maintained by firms and 

all exchanges in the markets for consumer goods and loans are settled by debits and credits in those 

ledgers. By contrast, in today’s market economies exchanges take place through a medium of ex-

change and store of value, the quantity or price of which is determined by a central bank. There-

fore, the issue is how to tweak the model to render it capable to shed light on the influences that the 

central bank may exercise on the interest rate  𝑟∗.  

Our objective in the sequel is to focus on this question by assuming that the loans market in the 

US is dominated by the Fed.  But before turning to this task, two simplifications of (21') are in or-

der. To allow for the first one, we assume that the market for consumer goods is perfectly competi-

tive. This implies that     and renders the term /1   equal to 1. As for the second, using 

equations (2) and (3) to write (0) / (0) ( ) ( ) ( )P b P t X t S t , and substituting into (21'), yields: 

( )
( )

( )

u S t
P t e w

X t

 .                                                           (21) 

This is of interest for the following reason.  

 So far, under the model, the rate of economic growth is n   and the available labor is fully 

employed because the capital stock of the economy increases at the rate 𝑛, which coincides with 

the growth rate of the population, and hence of the labor force. Consequently, with the two of the 

Fed’s four mandates met, the ones that remain are price stability and low interest rate in the long-

run. Equation (21) is central to tackling these two issues.  

2.2. The interest rate in the presence of a central bank   

Recall from equation (5) that the prices of consumer goods P(t) decline at the rate  𝜇. In other 

words, under the model the economy experiences deflation because productivity improves at the 

rate of technological change 𝜇 . On the other hand, earlier we mentioned that the Fed defines price 

stability at 𝜃 = 0.02. Therefore, in the light of this objective, let economic agents presume that the 

Fed follows Buiter’s (2007) recommendation by introducing a mechanism relating the U. S. dollar 

to a unit of account such that at the new numeraire  𝑤, the prices of consumer goods increase at 

the rate 𝜃 − 𝜇 . Operationally this can be accomplished by setting
( )μ θ uw we  . Moreover, let 

the firms presume that the Fed conducts monetary policies by following some version of the 

quantity theory of money 𝑀(𝑡)𝑉(𝑡) = 𝑃(𝑡)𝑋(𝑡), where M(t) and V(t) stand respectively for the 

file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Buiter_2007
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quantity of money and its velocity of circulation, and 𝑃(𝑡)𝑋(𝑡) denotes the Gross Domestic 

Product (GDP). In the model, the latter is given by:  

1

( )

0

1
( ) ( ) ( ) ( )

n u
u u e

P t X t e e wS t
n


 



 
  

 


.                                      (22) 

So, substituting first in (22) for w , and then into the quantity theory of money equation, leads to:  

 1

( )
( )

0

1
( ) ( ) ( ) ( )

n u
u u e

M t V t e e wS t
n


   



 
    

 


                                (23) 

Lastly, upon linearization of (23) at 𝑢 = 0, we obtain:  

0
0 1

0 1

( ) ( ) ( )
,  ( ) 1 0

[ ( ) 1] ( )
F

M t V t wS t
u

wS t


   

   


    

  
,                               (24) 

where the new symbol  𝑢𝐹 stands for the average useful life of producers’ durables as determined 

by allowing for effects of monetary policies that are channeled to the economy through the quantity 

of money, 𝑀(𝑡), the target rate of inflation, 𝜃,  the wage rate, 𝑤, and the velocity of circulation, 

𝑉(𝑡). Equating (24) to (18) and rearranging yields the Fed-influenced supply of loanable funds: 

0 1
( , ) 1

0

[ ( ) 1] ( )
,  0.

( ) ( ) ( ) ( )

s
s F

F M

wS t r
r n

M t V t wS t S t


   
 



   
    

 
                               (25) 

 Figure 5 shows that for 𝑆(𝑡) = 0 the interest rates 𝑟̄𝐹
𝑠 and 𝑟̅𝑠 coincide. Given that gross 

investment is bounded from below to zero, what this finding inplies is that in that event the interest 

rate 𝜇 + 𝑛 − 𝛾1 that would emerge in the presence of the Fed would be the same as that in its 

absence (see Figure 4). But, ceteris paribus, for values of 𝑆(𝑡) > 0, the two interest rates would 

diverge because the curve 𝑟 𝐹(𝜃,𝑀)
𝑠  stays always to the right of curve 𝑟𝑠. As a result, perhaps because 

of the uncertainty that central bank policies introduce in the economic system, and not just the 

targeted inflation rate, gross investment shrinks by the difference 𝑆∗(𝑡) − 𝑆𝐹(𝜃,𝑀)
∗ (𝑡) > 0.

13
 

Additionally, the Fed strives to achieve a low long-term interest rate. To this effect, it expands money 

supply M(t) by offering “ficticious” or “fake” savings to reduce the interest rate and stimulate 

investment. In Figure 5, this policy is represented by the shifts of the  𝑟𝐹(𝜃,𝑀)
𝑠   curve to the two 

                                                 

13
 Evidence of a negative relationship between investment and inflation at various levels of aggregation has been re-

ported by various studies. For example, Madsen (2003) has found such evidence at the level of OECD countries. 

However, more recent experiences from the case of Japan show that a low rate of inflation may stimulate investment. 

On this latter view, see Klein (2015). 
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positions marked respectively 
( , )

s

F M
r


and 

( , )

s

F M
r


. These shifts, ceteris paribus,  follow increases 

in the money supply to ( )M t  in the former case and to ( )M t  in the latter. At point B the interest 

rate declines to zero, whereas at point D the interest rate becomes negative. Thus, in line with the 

data exhibited in Figure 2, the model shows that at times, in the presence of a central bamk, the 

interest rate may indeed become negative. Yet episodes of zero or negative interest rates can be 

pursued by central banks neither by designed nor for long because, as we shall argue in the next 

subsection, they may give rise to highly unsettling economic and social circumstances. 

2.3. The instabilites of zero and negative interest rates   

Let us return to Figure 5 and focus in particular on points B, C, and D. Observe that, while the 

curves  𝑟𝑑, 
( , )

s

F M
r


 and 

( , )

s

F M
r


 are negatively sloped to the interest rate axis, the latter two curves 

cross the former from below. Drawing on Samuelson’s (1941, 103) comparative static analysis, the 

equilibria at points B and D are unstable because the excess demand (supply) for loans before (af-

ter) these points declines (increases) while the interest rate declines (increases). Hence, the follow-

ing question comes to mind: Given that the Fed faces no technical constraints regarding the quanti-

ty of the “artificial” savings that they may create, would it be a viable policy to reduce the interest 

rate to zero at point B, or even push it through the so-called zero bound to point D? Based on the 

file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Samuelson_1941
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following considerations, in both cases the answer is in the negative.   

 Relevant to the instability at point B are the questions: a) how might savers react to the zero in-

terest rate? b) Would the demand for business loans remain unabated? And c) what course might 

we expect the instability to take under the economic and social circumstances that may emerge? 

Some savers may be expected to withdraw from the loans market and stash away their savings in 

safety boxes and bank deposits. These would absorb the safety and storage costs involved. Others, 

after weighing the benefits of forgoing storage and safety costs against the interest offered by higher 

risk borrowers, may continue lending their hard-earned savings just to avoid losing interest income. 

However, if anything is certain, this is that all savers, and particularly the retired people who depend 

through their pension funds on interest income, will suffer significant wealth losses. By implication, 

the latter may be expected to shrink aggregate consumption and discourage firms from investing. As 

a result, equilibrium at point B will slide gradually to point C, where
* *

( 0,  ( ) 0)r S t  , and some-

where along this path the worsening economic crisis will evolve into a severe political crisis.  

 In closed free market economies, equilibria like point B may occur at times due to unforeseen 

shocks either on the supply or the demand side of goods and services. They may transpire irrespec-

tive of whether there is or there is not a central bank. But as a rule they are more or less temporary 

because markets are resilient enough to absorb even non-systematic errors by a central bank, if 

there is one. This property functions particularly effectively, if the economy is open to international 

trade, like that in the U.S today. For then, before reaching point B, and certainly long before having 

to confront the social and political turmoil that would accompany the transition from B to C, loans 

would be redirected abroad and/or to consumer credit, curve 
( , )

s

F M
r


 would shift rightwards, and the 

interest rate would remain in or return to the positive territory. In the case of classical Athens, the 

interest rate was positive throughout because, there was no central bank to commit errors in the 

creation of “artificial” savings, the economy was open, consumer credit, including trade credit that 

had been officially outlawed, was regularly practiced, shocks from technological change were lim-

ited, if not nil, and “true” savings constituted a precious scarce resource.
14

 

To conclude, the unsettling economic and social circumstances may be even worse in case the 

                                                 

14
 Referring to the interest rates in classical Athens, Bitros, Economou & Kyriazis (2020, 170) conclude as follows:  

The interest rates in the private sector of ancient Athens were two to four times those in the U.S. in the 

postwar period. Hence, drawing as we should on the established proposition that the interest rates are re-

lated inversely to the level of a country’s economic development, it is rather surprising that based on this 

index, the Athenian economy stood relatively to the U.S. to where many emerging countries stand today. 

file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Bitros_etal_2020
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central bank pursues for long systematic policies of negative interest rates. Then, most likely, equi-

libria like point D would stir the following sequence of developments; a) the interest income of 

workers in the producers’ goods industries would turn negative (see equation (17'')); b) since the 

stock of producers’ goods has been financed by the savings of these workers, as we argued above, 

these workers  would suffer major wealth losses;  c) because of  these losses, in addition to slowing 

down their consumption, these workers would lose all incentives to improve on the frontier of 

technological change; d) unemployment would increase, economic growth would decelerate, and 

deflation in the economy would require that the central bank continues reducing the policy rate fur-

ther into the negative territory; and e) this spiral will evolve into a major economic and social cri-

sis. The worst in this course of these events will be the indirect nationalization of the economy’s 

capital stock, the true ownership of which will pass from citizen-savers to the central bank. This 

scenario corroborates that pushing deliberately the policy rate to the negative region cannot last for 

long. Otherwise, it will cut into the fundamental principles of the free market economy, which ac-

cording to Bitros, Karayiannis (2013) is a necessary condition for the survival of democracy.   

2.4. The theoretical model of the interest rate  

All points of stable and unstable equilibria shown in Figure 5 correspond to solutions of a system 

of equations consisting of (16), (25) and the equilibrium condition:  

𝑟𝑑 = 𝑟𝐹(𝜃,𝑀)
𝑠                                                                  (26) 

In principle, if it were possible to solve this system analytically, the solution would give us a rela-

tion for the Fed-influenced interest rate like the one below:  

       * *

0 1( ( ), ( ), (t); , , , ; , , )r h s t m t V n w     ,                                     (27) 

where * *

( , )F Mr r     and the symbols 
*( ) and ( )s t m t stand for the respective variables expressed 

in real money terms.   

The predictions from (27) of the effects that the various determinants may exert on the interest 

rate are consistent with those from Solow’s steady state relationship (1'). For example, a decelera-

tion in the population growth rate n, ceteris paribus, would be expected to reduce 𝑟𝐹(𝜃,𝛭)
∗ .  The rea-

son is that with the savings rate kept fixed, the capital-labor ratio would increase, the marginal 

product of capital would decline, and this in turn would push 𝑟𝐹(𝜃,𝛭)
∗ downwards. However, while 

from other economic growth models in the tradition of Diamond (1965) one derives similar predic-

file:///C:/Users/gcbit/OneDrive%20-%20aueb.gr/Documents/01_Briefcase/002_Work%20in%20progress/3.Interest%20rate/BitVid.US/BitVid.200622.docx%23Bitros_Karayiannis_2013
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tions regarding this relationship, in the case of models following Ramsey (1928), predictions differ 

because in such models the savings rate adjusts and the capital-labor ratio remains fixed, so chang-

es in the population growth rate leave 𝑟𝐹
∗ invariant. Ambiguities of this nature cannot be resolved 

by further refinements in the structure of the adopted models. For this reason, following Mankiw’s 

remarks on the paper by Baker, Delong, Krugman (2005, 318), our research approach is to look at 

what the empirical evidence has to say. To this end, our objective in the sequel is to estimate (27) 

and experiment with it to highlight the short- and long-run dynamics of the adjustments. Moreover, 

at this stage, we plan to test for the significance of variables that do not appear in (27) but have 

been found to be empirically relevant in the extensive literature in this area. 

 Data, variables, and estimates         3.

All raw data refer to the US economy and cover the period 1973-2019.
15

 By implication, our 

sample includes 47 observations. We collected them from the databases of the World Bank 

(WB), the International Monetary Fund (IFM), the Organization for Economic Cooperation and 

Development (OECD), and the International Labor Organization (ILO). More details about the 

series that were selected from these sources are given in the notes section of Table B-1 in Ap-

pendix B. However, it should be noted that in the estimations all level variables have been ex-

pressed in constant 2015 prices.   

 Table 1 below reports the definitions and the measurement of the main variables used in the es-

timations, whereas Table 2 displays some summary statistics for these variables. Since the interest 

rate ( )Fr  is unobservable, as shown in the third row of Table 1, it is measured as ( )Fr r   . At the 

same time, since by doing so the left hand side of (27) was expressed in real money terms, for con-

sistency, ( ) and ( )S t M t  were normalized to allow for the impact of inflation. 

                                                 

15
 On August 15, 1971, the U.S. abandoned the gold standard and turned the U.S dollar into a purely fiat currency. But 

the burial of the Bretton Woods system came a few months later. In particular, in December 1971, monetary authori-

ties from the world’s leading developed countries met at the Smithsonian Institution in Washington, DC to rescue the  

international system of fixed exchange rates, which was rapidly disintegrating. They came up with the so-called 

Smithsonian Agreement. However, within fifteen months, the Bretton Woods system collapsed. This course of events 

explains why we decided to start collecting data from 1973. 

Insert Table 1 

Insert Table 2 
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3.1 Pre-estimation diagnostic tests 

For (27) to be properly estimated, the first task required confronting the possibility of spurious re-

gression issues. From a technical perspective this necessitated testing of the variables that enter into 

the estimations for stationarity. Consequently, unit root tests were performed at the levels and first 

differences of the variables using the criteria of Augmented Dickey–Fuller (ADF), Phillips–Perron 

(PP), and Kwiatkowski–Phillips–Schmidt–Shin (KPSS).
16

 Under the ADF and PP criteria, the null 

hypothesis is that the time series considered are integrated of order (1)I , whereas the KPSS criteri-

on assesses their trend stationarity. The results are presented in Table 3. They show that the de-

pendent variable, r, is (1)I while the set of right-hand regressors consists of stationary and non-

stationary variables. In particular, the logarithms of gross investment
17

 and money supply are (1)I ; 

the velocity of circulation ( )V t  and the index of the labour cost w  are stationary in the first differ-

ences; the rates of economic growth and technological progress,  and g  ,  are stationary; and the 

rate of population growth n  appears to be (1)I . Moreover, unit root tests were performed to investi-

gate whether the variables under consideration have unit roots with structural breaks and the results 

are presented in Table 4. From them it turns out that the dependent variable has a break in 1980. 

In view of the above findings, estimating (27) by a standard least-squares approach would be in-

appropriate because, as Jordan, Philips (2018) have argued, the probability of committing a Type I 

error, that is of accepting the existence of a statistically significant relationship, where there is 

none, would be high. Thus, to bypass this hurdle, it became imperative to adopt an estimating 

process based on the property of cointegration. In particular, according to Engle, Granger (1987), 

if, for example, two time series 𝑌(𝑡) and 𝑋(𝑡) are (1)I , and the residuals from a regression be-

tween 𝑌(𝑡) and 𝑋(𝑡) are (0)I  then, these two time series are said to be cointegrated and the dif-

ficulties posed by the finding that they lack stationarity can be avoided by switching to estima-

                                                 

16
 These criteria have been developed the by authors after whom they are named in Dickey, Fuller (1979), Phillips, Per-

ron (1988), and Kwiatkowski, Phillips, Schmidt, Shin (1992). 
17

 In the model of the economy from which (27) derives and in the presence of a central bank, investment coincides 

with worker saving plus artificial saving created by the central bank.  

Insert Table 3 

Insert Table 4 
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tion based on the so-called Autoregressive Distributed Lag (ARDL) specification.  

In the time since then, econometricians have proposed several alternative approaches to ARDL 

estimation.  One was firstly introduced by Pesaran, Shin (1999) and further extended by Pesaran et 

al. (2001). This allows including a mix of (0)I and (1)I regressors. But, in order to test for cointe-

gration, the dependent variable must be (1)I and no regressors must be integrated of order greater 

than 1.  In our case, this restriction is satisfied. Additionally, one of the advantages of this estimat-

ing approach is that it permits researchers to incorporate different number of lags in different varia-

bles, thus rendering it very flexible. 

3.2 Estimation 

The estimates to be presented derive from the ARDL specification that Kripfganz, Schneider 

(2018) introduced in Error Correction Form (ECF): 

  
11

0 1 1 1

1 1

( ) ,
qp

t t t ri t i xi t i t t

i i

r b b t r r e    


   

 

              X X Χ             (28) 

where Δ is the difference operator, tr  is the interest rate at time t, tX is a vector of control variables, 

δ  is a vector of the long-run coefficients, γ is defined as the speed-of-adjustment coefficient, 

 and xp q  are the optimal lag length operators selected by the Akaike information criterion, which 

can be different for each control variable, rψ , xψ and   are vectors of coefficients showing the 

short-run effects, and te  stands for the residuals at time t.  

The preceding unit-root results indicated that tr  experienced a structural break in the year 1980.  

Most likely this related to the recession in the US economy that started in that year.
 
But looking 

closer at the yellow line in Figure 2, the data show that potentially there might be two more struc-

tural breaks. One in the period 2008-2009, which coincided with the great recession that erupted in 

the period popularly known as the “global financial crisis” of 2008, and another relatively brief and 

shallow during the years 2015-2016. Thus, the issue of whether it would be appropriate to add in 

(28) one or more dummy variables in order to allow for these possible breaks was left to be re-

solved by reference to statistical criteria. On this ground, preliminary estimations suggested that it 

was adequate to insert just two dummy variables, one for the break in 1980 and another in 2009.
  

Perhaps because the sample provided for too few observations after 2015-2016, including a dummy 

variable for a possible structural break in this period did not turn out to be statistically significant. 
 

Table 5 presents the estimates of (28). Looking closer at them, several key features are worth 
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stressing. Observe that the estimated equation has remarkably high explanatory power. In particu-

lar, adjusted for degrees of freedom, the coefficient of determination displayed in the last row of 

the table explains 96.7%% of the variation in the interest rate. Of equal, if not higher, importance is 

that the coefficients of the long-term effects are all statistically significant at comfortable levels 

of confidence and their signs are consistent with those expected from theory. This assessment 

holds true even for the component of unexpected inflation, , 1
ˆ

t  , which was introduced on an ad 

hoc basis. Given that in the long run money would be expected to be neutral with respect to pric-

es, the coefficient of this variable would be expected and it was found not to be different from 

zero. However, in the short run the coefficient of , 1
ˆ

t  is statistically significant with a negative 

sign. What this finding implies is that deviations from the expected rate of inflation, while neutral 

in the long-run, in the short run they affect inversely the interest rate. By implication, economic 

agents do not appear to suffer from “interest rate illusion”, and hence, monetary authorities 

should not rest assured that policy induced changes in the interest rate may escape unnoticed and 

without unintended consequences for the economy. With reference to monetary policy, it is also 

interesting to observe the strong negative long-run effect of money supply. In the light of this ev-

idence, there is hardly any doubt that the issuing of voluminous “artificial savings” by the Fed 

has contributed to the downward trend of the interest rate. Last, but not least, notice that the coef-

ficients of the dummy variables 1 2 and I I  are both statistically significant, thus ascertaining that 

in 1980 and 2008 the US economy did experience two structural breaks; and also that the coeffi-

cient of the Error Correction Term (ECT) is close to 1, which implies that after some disturbance 

the interest rate returns to equilibrium exceedingly fast.  

Not shown in Table 5 are several ad hoc variables with which we experimented in the estima-

tion stage. In particular, against our expectations, the variables of the exchange rate and inequality 

that are frequently found to influence the interest rate, did not turn out to be statistically significant. 

However, a set of tables including these variables is available on request from the authors. 

3.3 Post-estimation diagnostic tests  

The results from the unit root tests in conjunction with those discussed above regarding the estima-

tion of (28) confirm with high levels of confidence that a long run relationship between the interest 

Insert Table 5 
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rate and its determinants does pervades in the data. This is an important finding. Indeed so im-

portant, that for further assurance we found it imperative to test for its presence by following the 

procedure that Pesaran, Shin, Smith (2001) have suggested, to be called hereafter PSS bounds test. 

In contrast to the earlier approach that was based on the significance of the lagged variables, these 

researchers focus on the asymptotic distribution of the popular Wald or F-statistic used to test the 

statistical significance of lagged variables. In conditional unrestricted correction  models (ECM), 

these tests are “non-standard” under the null hypothesis of no-relationship in levels, irrespective of 

whether the regressors are purely I(0), purely I(1), or mutually cointegrated. Thus, they introduced 

the bounds test to investigate the existence of a relationship in the levels irrespective of the pres-

ence among the regressors of a mixture of I(0) and I(1) variables.  

Additionally, they provide two sets of asymptotic critical values; one for the case that all regres-

sors are purely I(1) and another in which all regressors are purely I(0). These two sets of values al-

low for the application of the bounds test. More specifically, if the values of the F-statistic associ-

ated with the statistical significance of lagged independent variables, or the values of the t-

statistic associated with the statistical significance of lagged dependent variable, fall outside 

the critical bounds of the test, the existence of a relationship in the levels is confirmed without 

knowing prior to testing the integration status of the underlying regressors. However, if the 

values of F- or t-statistic fall inside the bounds, the test is inconclusive and then it is necessary 

to know the order of integration.  

Table 6 shows the results of the PSS bounds test and the respective critical values. The asymp-

totic approximation of critical values depends on the number of observations, the number of regres-

sors that appear in the levels (in the present case is 8), and the restrictions (if any) on the constant 

and the trend. The null hypothesis is that there is no relationship in the levels. If F (or t) is lower (or 

higher) than the critical values for I(0), we do not reject the null hypothesis and hence there is no 

relationship in the levels. However, if F (or t) is higher (or lower) than the critical values for I(1) 

we do reject the null hypothesis of no long-run relationship. The results exhibited in Table 6 sup-

port the rejection of the null hypothesis at 10%, 5% and 1% level of significance, respectively. 

Therefore, the existence of a long-run relationship is confirmed.   

Drawing on this finding, the next step in our research plan was to employ the estimated equation 

Insert Table 6 
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to conduct certain experiments to highlight the nature of possible effects of monetary policy on the 

interest rate. However, before turning to this task, following established practices, we considered it 

necessary to check on the robustness of the estimates presented in Table 5. To this end, we con-

ducted a battery of popular post-estimation diagnostic tests,
18

 the results from which are displayed 

in Table 7. In particular, lines 2 and 3 display the results for detecting heteroskedasticity. The tests 

derive from Cameron, Trivedi’s (1990) decomposition information matrix,
19

  Breusch, Pagan 

(1979), and Cook, Weisberg (1983). On their account, it turns out that one fails to reject the null 

hypothesis that the residuals are homoscedastic. Lines 4, 5 and 6 of the table show the results of 

test for serial correlation or autocorrelation following Durbin’s (1970) alternative test,  Breusch’s 

(1978) and Godfrey’s (1978) test for high-order serial correlation, and Engle's (1982) Lagrange 

multiplier test for the presence of autoregressive conditional heteroskedasticity. Again, on the basis 

of the results we failed to reject the null hypothesis of no serial correlation or autocorrelation. Next, 

Ramsey’s (1969) RESET test was computed to examine the possibility of omitted variables in the 

specification of (28). Under this test, the null hypothesis is that the estimated equation has no omit-

ted variables. As the results in line 6 of this table attest, the null hypothesis cannot be rejected, thus 

implying that the equation is correctly specified.  

Moreover, to be able to make statistical inferences, we need to validate the assumption re-

garding the distribution of the residuals. Relevant to this test are the values in the rows 7 and 8 

of the table. The first test, suggested by D'Agostino, Balanger, D'Agostino (1990), examines 

the skewness and the kurtosis in the residuals, whereas the second is the popular Jarque-Bera 

(1987) asymptotic test for normality. On the basis of the results, the null hypothesis of normal 

distribution cannot be rejected. That this is the case can be further ascertained by examining the 

distribution of the residuals through plotting their quantiles, the quantiles of normal distribution 

estimates, and the standardized normal probability plot. Figures 6 and 7 below are consistent 

with this assessment. 

                                                 

18
 The usefulness of these diagnostic tests is confirmed by many scholars. For example, see, Kripfganz, Schneider 

(2018), Sarkodie, Owusu (2020), and Pata, Isik (2021). 
19

 This test is similar to the one suggested by White (1980). 

Insert Table 7 
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Finally, to test the stability of the parameters in the estimated equation, Figures 8 and 9 present 

the cumulative tests of recursive residuals, firstly introduced by Brown, Durbin, Evans (1975) and 

further enhanced by Ploberger, Kramer (1992). Since, the plots are within the 95% confidence in-

terval, the stability of parameters is confirmed.  Hence, all diagnostic tests indicate that the esti-

mates of the ARDL model are reliable and robust. 

Figure 6: Quantiles of residuals against quantiles of normal distribution 

 
Notes: This figure plots the quantiles of residuals against the quantiles of normal distribu-

tion and the plot confirms that the residuals on the estimated model are normally 

distributed. 

 

Figure 7: Standardized normal distribution 

 

 

Notes: This figure plots the standardized normal distribution and shows that the residuals 

are normally distributed. 
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Figure 8: Cumulative test using OLS CUSUM plot 
 

 

 
 

Notes: CUSUM test for parameter stability. Black lines show the 95% confidence interval 

around the null hypothesis of non-existence of structural break. OLS residuals are 

used. 

              Figure 9: Cumulative test using recursive residuals 

 

 
 

Notes: CUSUM test for parameter stability. Black lines show the 95% confidence interval 

around the null hypothesis of non-existence of structural break. Recursive residuals 

are used.  
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 Short- and long-run dynamics    4.

Having made sure through pre- and post-estimation tests that the estimated form of (28) represents 

a stable relationship, now it befits our research plan to use it to highlight the pattern and speed of 

adjustment of the interest rate to possible changes in its determinants in the short- and in the long-

run. To this effect, we have chosen to employ the novel dynamic ARDL simulations procedure, 

which has been proposed by Jordan, Philips (2018).  

 Upon reparameterization of (28), we obtained the equivalent expression in the form of (29) 

below. Table 8 presents the dynamic ARDL simulation estimates of this equation. As explained in 

Note 1 at the bottom of the table, the optimal lag length in the estimation was chosen by Schwarz’s 

information criterion; the optimal number of lags was selected by the dynamic ARDL estimating 

procedure itself; and the values of F- and t-tests from the PSS bounds test turned out to be equal to 

20.74 and -10.85, thus ascertaining in comparison with the critical values presented in Table 6 the 

existence of (27) in the particular configuration that the coefficients of long term effects specify.   

Now these estimates may be used to assess the possible effectiveness of monetary policy. To 

this end, a good indicator is the sensitivity of the interest rate to changes in those of its determinants 

that may be presumed to be controlled by the Fed. Table 9 reveals that such is the supply of money

tm . Expectedly, when the Fed decides to change this variable, the interest rate experiences a se-

quence of short-run changes, which after some time subside and give rise to a new long-run equi-

librium. The elasticity in the cross of the extreme left column and the third row of the table shows 

how the interest rate would be expected to change in the long run when the Fed increases the tm  by 

1%. Ceteris paribus, observe that it would decline 0.5%. What this elasticity implies is that mone-

tary policies channelled to the economy through money supply may exercise a very large impact 

on the interest rate in the opposite direction. By itself, this is an important finding. However,  

given that the new long-run equilibrium may lie certain years into the future, thinking in ceteris 

1

0 1 2 1 , 1 1, 1,t j k, k,t j

1 1 0 0

        (29)
kqqpK

t t k k t i t i j j t

k i j j

r b b t b r x r x x e       
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paribus terms is a useful but utterly counterfactual thought experiment, because most likely the 

velocity of circulation V and other determinants of the interest rate will change, and indeed in 

ways unknown to and unpredictable by the Fed. Hence, in the light of this evidence, our first 

conclusion is that, if the Fed places the emphasis of its policies on achieving certain results in the 

long-run, their efficacy depends on how long the long-run is. For, if the transmission of the poli-

cy effects takes too long, with its manipulation of the money supply the Fed may risk doing more 

harm than good to the economy or even render monetary policy totally untenable. This explains 

the importance of the insights from the analysis of short-run dynamics.  

Critical in this regard is the coefficient of the Error Correction Term (ECT). From Table 8 it 

turns out that its value is -0.93 and that it is statistically significant at a comfortable level of confi-

dence. Its importance springs from two grounds. The first is that, since it has the expected negative 

sign, it provides extra reassurance that the estimated relationship does exist. As for the second 

ground, this has to do with its size. By being so close to 1, this finding suggests that, after a shock 

to any of the determinants of the interest rate, while all others remain fixed, convergence to the 

long-run equilibrium is very fast, with its major part being completed within the next 2-3 years.  

Hence, given that in this short horizon non-monetary policy related determinants of the interest rate 

may remain unchanged, our findings suggest that the Fed should be properly mindful of both the 

short- and the long-run effects of monetary policy.   

To corroborate this assessment, the following indicative graphs display the adjustment paths of 

the interest rate, given an arbitrary increase once at a time to investment, money supply, and the 

rate of population growth. The cumulative plots of the adjustment paths are obtained by applying 

5,000 simulations. With the exception of the control variable changed, all others are held fixed to 

their sample means and all differenced variables are set equal to zero.
20

 Figure 10 shows the 

cumulative response of the interest rate to a 1% shock in the logarithm of investment at time t=5. 

At the end of the adjustment process, the value of the interest rate would have increased by 0.27%. 

This is analogous to the long-run effect of the ARDL model (see Tables 8 and 9). Black circles show 

the cumulative change in the predicted real interest rate every year and the spikes from darkest blue 

to the light blue show the 75%, 90%, and 95% confidence intervals, respectively.  What is important 

to observe is that indeed, after the shock is applied, the interest rate increases by 0.25% in the first 

year and by 0.269% in the second year, which is very close to its long term change of 0.27.      

                                                 

20
 For more details, we encourage readers to study the work of Jordan and Philips (2018). To perform the analysis, we 

used the STATA package dynardl.  
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Figure 10: 1% shock in real investment 

 

Figure 11: 1% shock in real money supply 
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Unlike its very fast adjustment given a change in investment, Figures 11 and 12 show that the in-

terest rate will adjust slower after a change in the supply of money and much slower when the pop-

ulation rate changes. In particular, in the former case, the major part of the adjustment will take ef-

fect within three years whereas in the latter case within four years, but after taking a downward dip 

in the first year.  

 Conclusions 5.

After the 2008 international financial crisis, central banks in Western type democracies adopted 

various forms of unconventional monetary policies. More recently, one of these policies assumed 

the form of zero and even negative central bank funds rate. In the U. S. the Fed came very close to 

adopting a zero Federal Funds Rate, but it did not breach this bound. On the contrary, central banks 

in the European Union, Switzerland and elsewhere apply negative rates to the present day. These 

policies have grave implications for saving and investing in free market economies because they 

distort the real interest rate which drives them. Our objective in this paper was to shed some light 

on the nature of possible distortions that may spring from monetary policies. For this purpose, we 

Figure 12: 1% shock in population growth rate. 

 



`36 

 

adopted a research strategy based on three tasks. The first one was to derive a relationship between 

the real interest rate and its determinants, including possible influences from the country’s central 

bank. We obtained one by embedding monetary policy in a long-forgotten general equilibrium 

growth model of heterogeneous capital. The second task was to estimate this relationship using 

time series data for United States; and the third task was to employ the estimated relationship to 

highlight the short- and the long-term dynamics of the real interest rate, given an arbitrary shock to 

variables, related and unrelated to monetary policy.  

Among other findings, the analysis on the theoretical plain indicated that, by injecting (with-

drawing) “artificial savings”, the central bank influences the real interest rate negatively (positive-

ly), thus creating conditions of economic instability by disturbing the long run plans of economic 

agents for saving and investing. On the empirical plain, using data over the period 1973-2019, we 

found that there is a long-run stable relationship showing that the real interest rate is determined by 

real investment, real money supply, the velocity of circulation, and the rates of wages, economic 

growth, technological change, and population. Also, upon an arbitrary shock in one of its afore-

mentioned determinants, holding all the rest fixed, we found that the real interest rate returns to the 

long-run equilibrium within a few years. From the theoretical analysis we expected that some in-

stability might show up in the data because of the negative real interest rates, twice in the 1970s 

and then again in the early 2010s. However, no such evidence emerged, perhaps because the bias 

of monetary policy at those times was away from the zero bound and the real interest rate became 

negative due to unexpected and transient shocks. The same of course may not be the case if the 

model is tested with data after 2019, when the bias of the monetary policy reversed, driving the 

nominal interest rates very close to the zero bound and thus, probably, giving rise to the current 

signs of economic instability.  
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Appendix A 

Results from the numerical solution of equation (11) in the text 
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Appendix B 

Data sources and conventions adopted in constructing the variables 

Table B-1 below presents the list of the variables used in the estimations, along with certain other 

useful details for tracing their sources of origin and definitional content. Because of their sheer 

volume, the actual data of the variables will be posted separately.   

Table B-1: Data sources of initial variables used in the estimations
a 

Names of variables 

 

Symbols 

 

Source
a
 

 

Code of series
b
  

 

 

Particular remarks 

 

Nominal interest rate 
Fr  IMF FIGB_PA

1
 In current US dollars    

Prices 𝑃(𝑡) IMF FP.CPI.TOTL
2
 

Consumer Price Index   

(Base year 2010=100) 

Nominal gross investment 𝑆(𝑡) 

WB 

 & 

OECD 

NE.GDI.TOTL.CD
3
 

In current  

US dollar prices  

Real gross investment 𝑠(𝑡) 

WB 

 & 

OECD 

NE.GDI.TOTL.KD
4
 

In constant 2010 US dol-

lars 

Index of labor cost 𝑤 AMECO QLCD
5
 Base year 2015=100 

Nominal 

Gross Domestic Product 
𝑌(𝑡) 

WB 

& 

OECD 

NY.GDP.MKTP.CD
6
 In current US dollars 

Real 

Gross Domestic Product 
𝑦(𝑡) 

WB 

& 

OECD 

NY.GDP.MKTP.KD
7
 

In constant  

2015 US dollars 

Labor participation rate 𝑎 FRED CLF16OV
8
 

Percentage of total  

population of ages 15+ 

Population 𝑁(𝑡) WB SP.POP.TOTL
9
 Midyear estimates 

Nominal money supply 𝑀(𝑡) WB FM.LBL.BMNY.GD.ZS
10

 % of 𝑌(𝑡) 

a. Notes: Abbreviations of sources 

1. IMF - International Monetary Fund 

2.  WB – World Bank Open Data 

3. OECD - Organization for Economic Cooperation and Development 

4. ILOSTA - International Labor Organization 

5. AMECO - Annual macro-economic database of the European Commission's Directorate General for Econom-

ic and Financial Affairs 

6. USCB - US Census Bureau 

7. FRED – Federal Reserve Bank of St. Louis 

 

b. Explanatory details: 

1. Derived by International Financial Statistics database. It represents yields to maturity of government bonds or 
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other bonds that would indicate longer-term rates.  

2. Consumer price index (2010=100) reflects the average cost to consumer for acquiring a basket of goods and 

services. The Laspeyres formula is generally used. 

3. Gross capital formation (formerly gross domestic investment) consists of outlays on additions to the fixed 

assets of the economy plus net changes in the level of inventories. Fixed assets include land improvements 

(fences, ditches, drains, and so on); plant, machinery, and equipment purchases; and the construction of roads, 

railways, and the like, including schools, offices, hospitals, private residential dwellings, and commercial and 

industrial buildings. Inventories are stocks of goods held by firms to meet temporary or unexpected fluctua-

tions in production or sales, and "work in progress." According to the 1993 SNA, net acquisitions of valuables 

are also considered capital formation.  

4. Data as described under 3 above. 

5. Real unit labour costs: total economy which is the ratio of compensation per employee to nominal GDP per 

person employed.  

6. GDP at purchaser's prices is the sum of gross value added by all resident producers in the economy plus any 

product taxes and minus any subsidies not included in the value of the products. It is calculated without mak-

ing deductions for depreciation of fabricated assets or for depletion and degradation of natural resources. Dol-

lar figures for GDP are converted from domestic currencies using single year official exchange rates. For a 

few countries where the official exchange rate does not reflect the rate effectively applied to actual foreign 

exchange transactions, an alternative conversion factor is used.  

7. Data are in constant 2015 prices, expressed in US dollars. Dollar figures for GDP are converted from domes-

tic currencies using 2015 official exchange rates. 

8. Retrieved from Federal Reserve Bank of St. Louis, only for United States, and is defined as the civilian labor 

force level, measured in thousands of persons, 16 years of age and older. The data are seasonally adjusted. We 

derived the annual data which is calculated on the average. The primary source is US Bureau of Labor Statistics.  

9. Total population is based on the de facto definition of population, which counts all residents regardless of legal 

status or citizenship. The values shown are midyear estimates. World Bank data derived from (1) United Nations 

Population Division. World Population Prospects: 2019 Revision. (2) Census reports and other statistical publi-

cations from national statistical offices, (3) Eurostat: Demographic Statistics, (4) United Nations Statistical Divi-

sion. Population and Vital Statistics Report (various years), (5) US Census Bureau: International Database, and 

(6) Secretariat of the Pacific Community: Statistics and Demography Program. 

10. Broad money (IFS line 35L.ZK) is the sum of currency outside banks; demand deposits other than those of 

the central government; the time, savings, and foreign currency deposits of resident sectors other than the cen-

tral government; bank and traveler’s checks; and other securities such as certificates of deposit and commer-

cial paper. 
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Table 1: Definition and measurement of variables 

Symbol Description Derivation 

( )P t  𝜃 Observed rate of inflation 
𝑃(𝑡) − 𝑃(𝑡 − 1)

𝑃(𝑡 − 1)
 

 
Fr  Nominal interest rate Table B-1 

 𝑠(𝑡) 
Real loanable funds measured by  

real gross investment at time t 
Table B-1 

 𝑦(𝑡) Real gross domestic product at time t Table B-1 

 𝑚(𝑡) Real money supply at time t Table B-1 

( )y t  𝑔 Economic growth rate 
𝑦(𝑡) − 𝑦(𝑡 − 1)

𝑦(𝑡 − 1)
 

 𝑤 Index of labor cost Table B-1 

 𝜇 Rate of technological progress 
𝑦(𝑡)

𝑡𝑜𝑡𝑎𝑙 𝑙𝑎𝑏𝑜𝑟 𝑓𝑜𝑟𝑐𝑒(𝑡)
 

( )N t  𝑛 Rate of population change 
𝑁(𝑡) − 𝑁(𝑡 − 1)

𝑁(𝑡 − 1)
 

 𝑎 Labor force participation rate Table B-1 

 𝑉(𝑡) Velocity of money at time t 
𝑦(𝑡)

𝑚(𝑡)
 

 

Table 2: Summary Statistics 

 

Variable Mean Std. Dev. Min Max 

r  0.023 0.025 -0.035 0.081 

𝑠(𝑡) 3.21 0.35 2.48 3.74 

𝑚(𝑡) 2.07 0.4 1.42 2.75 

𝑉(𝑡) 1.43 0.1 1.28 1.68 

w 104.83 3.24 98.63 109.9 

g 0.03 0.02 -0.03 0.07 

𝜇 0.05 0.02 -0.02 0.1 

𝑛 0.01 0 0 0.01 

Notes:The variables 𝑠(𝑡) and 𝑚(𝑡) are in logarithmic form.  
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Table 4: Unit root results with structural break 

 r  𝑠(𝑡) 𝑚(𝑡) 𝑉(𝑡) 𝑤 𝑔 𝜇 𝑛 𝜀𝜃̂ 

ZA -3.24 -2.43 -1.88 -2.84 -3.76 -5.82*** -6.19*** -2.65 -5.50*** 

Break 1980 1993 1994 2001 2001 2009 1984 2008 1980 

Notes:  

The null hypothesis is that the series have a unit root with a structural break against the alternative hypothesis that 

they are stationary with a break. The test is performed in Eviews using the command buroot. The optimal lag is 

chosen by Schwarz information criterion. This test is outlined based on the work of Perron (1989). The symbols 

***, **, * denote the rejection of null hypothesis for α=1, 5, and 10%, respectively.  

 

Table 3: Unit root tests 

 r  𝑠(𝑡) 𝑚(𝑡) 𝑉(𝑡) 𝑤 𝑔 𝜇 𝑛 𝜀𝜃̂ 

Panel A: Levels  

ADF-test -2.34 -0.86 0.07 -1.06 -0.99 -5.27*** -3.72*** 0.11 -2.08 

ADF-test with trend -2.47 -0.252 -1.99 -1.15 -2.17 -5.28*** -5.46*** -0.82 -3.25* 

PP-test -2.35 -0.85 -0.09 -1.47 -1.04 -5.29*** -3.66*** -0.49 -1.99 

PP-test with trend -2.41 -2.73 -2.56 -1.52 -2.37 -5.27*** -5.42*** -1.21 -3.35* 

KPSS 0.19** 0.13* 0.07 0.20** 0.19** 0.07 0.13** 0.25*** 0.15** 

Panel B: First Differences  

ADF-test -6.92*** -5.85*** -4.44*** -5.36*** -6.36*** -9.05*** -9.51*** -4.43*** -6.7*** 

PP-test -6.94*** -5.81*** -4.45*** -5.41*** -6.37*** -10.05*** -11.48*** -4.42*** -6.8*** 

KPSS 0.05 0.04 0.04 0.07 0.05 0.04 0.04 0.05 0.05 

Notes: 

The variables 𝑠(𝑡) and 𝑚(𝑡) are in logarithmic form. The null hypothesis for ADF and PP unit root tests is that the time series 

is non-stationary. 𝑍(𝑡)-statistics are presented for both tests. The null hypothesis for KPSS unit root test is that the time series 

is trend stationary. The LM-statistics are reported. The maximum lag for KPSS is 3 and has been chosen by the Schwarz crite-

rion. The symbols ***, **, * denote the rejection of null hypothesis for α=1, 5, and 10%, respectively.  
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Table 5: ARDL estimates
1
 

 Variables Coefficients T-ratios 95% CI 

Short-run effects 

ts  0.05 1.27 [-0.03, 0.13] 

tm  -0.66*** -9.28 [-0.81, -0.51] 

1tm   -0.06** -2.40 [-0.11, -0.01] 

tV  -0.44*** -9.07 [-0.54, -0.34] 

tw  -0.005*** -5.02 [-0.006, -0.003] 

1tw   -0.002** -2.20 [-0.004, -0.0001] 

tg  0.90*** 5.32 [0.55, 1.25] 

t  -0.26* -1.79 [-0.57, 0.04] 

1t   0.313*** 5.45 [0.19, 0.43] 

tn  7.24*** 6.90 [5.06, 9.54] 

1tn   -7.50*** -5.93 [-10.13, -4.87] 

2tn   -6.12*** -4.90 [-8.72, -3.52] 

 ̂  -0.67*** -8.57 [-0.84, -0.51] 

 , 1
ˆ

t   -0.27*** -4.71 [-0.39, -0.15] 

 , 2
ˆ

t   -0.15*** -3.56 [-0.24, -0.06] 

Long-run effects 

1ts   0.27*** 7.58 [0.20, 0.34] 

1tm   -0.50*** -7.34 [-0.64, -0.36] 

1tV   -0.46*** -8.68 [-0.56, -0.35] 

1tw   -0.003** -2.90 [-0.005, -0.0007] 

1tg   0.96*** 5.68 [0.61, 1.32] 

1t   -0.79*** -3.28 [-1.29, -0.29] 

1tn   10.12*** 7.65 [7.37, 12.88] 

, 1
ˆ

t   -0.06 -0.37 [-0.37, 0.26] 

ECT 1tr  -0.93*** -11.22 [-1.09, -0.75] 

Exogenous variables 

 1 1 1980tI t   0.03*** 7.33 [0.02, 0.04] 

 2 1 2008tI t   -0.01** -2.33 [-0.03, -0.001] 

t  0.005*** 5.40 [0.003, 0.008] 

0b  0.76*** 6.40 [0.51, 1.008] 

ARDL(1,1,2,0,2,0,2,3,3) 

Number of observations 47   
2R  0.985   

2

R  0.967   

 MSE  0.003   

Notes:  

1.  The optimal lag length is chosen by Schwarz’s information criterion; the symbols ***, **, * denote the rejection 

of null hypothesis that the coefficients are equal to zero for α=1, 5, and 10% confidence intervals, respectively; 

and lastly it is worth noting that on the basis of the critical values presented in Table 6, there is strong evidence 

of cointegration. 
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Table 6: PSS bounds testing 

 

  10% 5% 1% 

 K  (0)I  (1)I  (0)I  (1)I  (0)I  (1)I  

F  15.51 2.37 3.45 2.69 3.83 3.34 4.63 

t  -4.83 -3.13 -4.53 -3.41 -4.85 -3.96 -5.49 

 

Notes: 
I(0) and I(1) denote the lower and upper bounds for asymptotical critical values at 10%, 5% and 1% significant 

level of Pesaran, Shin and Smith bound test.  
 

 

Table 7: Post-estimation diagnostic tests 

 

  Test statistics p-value 

Heteroskedasticity 
Cameron-Trivedi IM, White, test 47.00 0.43 

Breusch-Pagan/Cook–Weisberg test 0 0.95 

Serial Correlation/ Auto-

correlation 

Durbin's alternative test 2.15 0.16 

Breusch–Godfrey LM test 4.56 0.05 

LM test for ARCH 0.18 0.68 

Misspecification Ramsey RESET test 1.91 0.16 

Normality 
Skewness and kurtosis tests 0.15 0.93 

Jarque-Bera test 0.02 0.99 
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Table 8: Dynamic ARDL estimates 

 

 Variables Coefficients T-ratios 95% CI 

Short-run effects 

ts  0.05 1.27 [-0.03, 0.13] 

tm  -0.66*** -9.28 [-0.81, -0.51] 

1tm   -0.06** -2.40 [-0.11, -0.01] 

tw  -0.005*** -5.02 [-0.006, -0.003] 

1tw   -0.002** -2.20 [-0.004, -0.0001] 

t  -0.26* -1.79 [-0.57, 0.04] 

1t   0.313*** 5.45 [0.19, 0.43] 

tn  7.24*** 6.90 [5.06, 9.43] 

1tn   -7.50*** -5.93 [-10.13, -4.87] 

2tn   -6.12*** -4.90 [-8.72, -3.52] 

̂  -0.67*** -8.57 [-0.84, -0.51] 

, 1
ˆ

t   -0.27*** -4.71 [-0.39, -0.15] 

, 2
ˆ

t   -0.15*** -3.56 [-0.24, -0.06] 

Long-run effects 

1ts   0.25*** 8.31 [0.19, 0.31] 

1tm   -0.47*** -7.88 [-0.59, -0.34] 

1tV   -0.43*** -9.01 [-0.53, -0.33] 

1tw   -0.003** -2.99 [-0.004, -0.0007] 

1tg   0.90*** 5.32 [0.55, 1.25] 

1t   -0.73*** -3.47 [-1.18, -0.30] 

1tn   9.46*** 7.45 [6.82, 12.10] 

, 1
ˆ

t   -0.05 -0.37 [-0.35, 0.24] 

ECT 1tr   -0.93*** -11.32 [-1.11, -0.76] 

Exogenous variables 

 
1

1 1980
t

I t   0.03*** 7.33 [0.02, 0.04] 

 
2

1 2008
t

I t   -0.01** -2.33 [-0.03, -0.001] 

t  0.005*** 5.40 [0.003, 0.008] 

0b  0.76*** 6.40 [0.51, 1.008] 

ARDL(1,1,2,0,2,0,2,3,3) 

Number of observations 47   
2R  0.986   
2

R  0.967   

 MSE  0.003   

Notes:  

1. The optimal lag length is chosen by Schwarz information criterion. ***, **, * declares the rejection of null hy-

pothesis that the coefficients are equal to zero for α=1, 5, and 10%, respectively. The F- and t-tests are 20.74 

and -10.85, respectively. Comparing with the critical values, presented in Table 6, there is strong evidence of 

cointegration.  

2. We call “long-run” effects the estimates of lagged variables for representation purposes. However, these esti-

mates do not directly correspond to the estimates of Table 5 and the vector, 𝛿, of long-run parameters. One can 

compare the estimates of Table 5 with the estimates of Table 8 and verify that the estimates are identical by 

multiplying the opposite of the speed of adjustment, 𝛾, and the estimated long-run coefficients, 𝛿̂, reported in 

Table 5. Or, alternatively, by dividing the long-run coefficients reported in this table by the opposite of the ECT 

coefficient.  
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Table 9: Long-run elasticities & semi-elasticities of the interest rate
1
 

 

Variables Coefficients T-ratios 95% CI 

ˆ
rse  0.27*** 7.58 [0.20, 0.34] 

ˆ
rme  -0.50*** -7.34 [-0.63,-0.37] 

ˆ
rVe  -0.45*** -8.68 [-0.55, -0.35] 

ˆ
rWe  -0.003*** -2.90 [-0.005, -0.01] 

ˆ
rge  0.96*** 5.68 [0.63, 1.29] 

ˆ
re   -0.79*** -3.28 [-1.26, -0.32] 

ˆ
rne  10.12*** 7.65 [7.53, 12.72] 

ˆ
ˆ

ree


 −0.06 0.37 [-0.35, 0.25] 

Notes 

1. The elasticities shown in this table have been calculated at the sample mean values of the variables using the 

estimates obtained from equation (29) and reported in Table 8. Given that the interest rate is measured in 

logarithms, when an independent variable 𝑥 is expressed also in logarithms, the elasticities are calculated by 

applying the formula: 

2

ˆln

ˆln
rx

d r
e

d x b


   

Otherwise, the semi-elasticities are computed by the formula: 

2

ˆln

ˆrx

d r
e

dx b


   
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