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estimator and with the time varying partial least squares method, and show that these
are special cases of our approach. We asses the finite sample performance of our ap-
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alternatives proposed in the literature. Finally, we illustrate the empirical advantages
of our approach in an out of sample forecasting exercise, using a large panel of macroe-
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1 Introduction

Factor models can summarize efficiently information from large data sets and have re-
ceived extensive attention in the empirical macro and forecasting literature, starting from
the seminal contributions by Stock and Watson (2002a), Stock and Watson (2002b), Bai
(2003), Forni et al. (2000), Forni et al. (2005) (see also Stock and Watson (2011), Stock and
Watson (2015), for reviews). Stock and Watson (2009) and Bates et al. (2013) argue that
when the factor loadings undergo small instabilities, the factor estimates obtained via the
conventional principal component analysis (PCA) are still consistent. Simulation and em-
pirical support for this proposition are provided by Banerjee et al. (2008), who find robust-
ness of PCA also when there are limited changes in the dynamics of the factors. However,
since macroeconomic datasets typically span a long time period, it is restrictive to assume
that the factor loadings and their dynamic evolution are time-invariant or undergo negli-
gible changes during the whole period.

The problem of structural changes in factor loadings has received a great deal of at-
tention in recent years. Among the relevant contributions, some focus on detecting and
modeling a small number of large breaks, e.g., Chen et al. (2014), Breitung and Eickmeier
(2011), Cheng et al. (2016), Ma and Su (2018), Massacci (2017), others assume either slow
changes in the loadings, e.g., Su and Wang (2017),! or propose a modified Kalman filter
based estimation of a fully parametric time-varying factor model, as in Eickmeier et al.
(2015).

Another strand of the factor literature focused on improving the efficiency of factor es-
timators and associated forecasts, by focusing on a relevant subset of the available large set
of variables, or factors. A first possibility is to pre-select the indicators that are most corre-
lated with the target variable of interest, see for example Boivin and Ng (2006) and Groen
and Kapetanios (2016). A more efficient solution is the three-pass regression filter (3PRF)
developed by Kelly and Pruitt (2015), (KP), which is computationally efficient as it is based
on a set of simple OLS regressions and has a number of (asymptotic) optimality proper-
ties, performs well in finite samples compared to more complex alternatives, and produces
good nowcasts and short-term forecasts for a variety of macroeconomic and financial vari-
ables, see KP. Basically, contrary to the method of principal components, 3PRF assures that

the estimated factors are those most relevant for predicting the target variable of interest.

1Su and Wang (2017) use a local kernel estimator in the time dimension to study gradual changes in a PCA
framework. This approach excludes sudden large changes and exploits only the data in a local neighborhood
of a particular time observation. Most importantly, they assume a deterministic parametrization for the
loadings which can be questionable for economic data.



The 3PRF has been later extended to deal with mixed frequency data by Hepenstrick et al.
(2019) and to allow for Markov Switching in the factor loadings and dynamics by Guérin
et al. (2020). Yet, as Hansen (2001) points out, “it may seem unlikely that a structural break
could be immediate and might seem more reasonable to allow a structural change to take
a period of time to take effect”. Hence, it seems more realistic to assume smooth changes
rather than abrupt change.

The type of parameter time variation indeed is very important, as parametric meth-
ods are only optimal (and often only consistent) if the assumptions on the type of time
variation hold, but often testing these assumptions is difficult, as test statistics (e.g., An-
drews (1993), Corradi and Swanson (2014)) tend to have low power when applied with the
rather short time series typically available in macroeconomic applications. Hence, there
has been more and more interest in non-parametric modelling parameter time-variation.
While early studies, such as Robinson (1989), Robinson (1991), and Chen and Hong (2012)
assumed smooth deterministic changes, the more recent literature permits to have persis-
tent stochastic time variation and studies the properties of kernel-based estimators in this
context, see e.g. Giraitis et al. (2014), Giraitis et al. (2018), Giraitis ef al. (2021).

In this paper, we assume stochastic non-parametric time variation in the parameters of
factor models, introduce kernel-based estimators in the context of the 3PRF for factor es-
timation and forecasting, establish the limiting distributions of the estimated factors and
factor loadings under the standard large N and large T framework, and prove consistency
of the associated forecasts. We also link our proposed method with the time varying pa-
rameter constrained least squares estimator and with the time varying partial least squares
method, and show that these are special cases of our approach. Finally, we propose a
BIC-type information criterion to determine the number of common factors in this context,
and suggest specific cross validation methods to select the bandwidths of the kernel based
estimators

We then assess the finite sample performance of our approach by an extensive set of
Monte Carlo experiments, also comparing it with other alternatives proposed in the litera-
ture, ranging from the standard 3PRF and PCA analysis, to more sophisticated PCA based
approaches. Overall, the relative performance of the TV-3PRF is quite satisfactory, with
gains up to 25-30% with respect to 3PRF, also for rather small sizes with comparable N and
T dimensions (N = 100, T = 100).

Finally, we illustrate the empirical advantages of our method in an out of sample fore-
casting exercise, using a large panel of US macroeconomic series to predict key variables

of interest, such as the Federal Funds Rate, employment, hours worked, housing starts, or



the USD/pound exchange rate. The gains of the TV-3PRF are generally confirmed also in
this setting, making it not only an interesting theoretical contribution but also an additional
tool for applied econometrics and empirical economic analysis.

The rest of the paper is structured as follows. Section 2 describes the time-varying 3PRF
methods and the associated assumptions. Section 3 presents our theoretical contributions
and the relations with other popular methods in the literature. Section 4 discusses the
Monte Carlo results. Section 5 presents the empirical application. Section 6 summarises

the main results and concludes. All proofs are relegated to the Appendix.

2 The Model and the Estimators

In this section we discuss, in turn, the model, the estimation procedure, and the assump-

tions. The following section studies the properties of the estimators.

2.1 The model

Our set-up extends that of Kelly and Pruitt (2015) who first introduced the fixed parameter
three-pass regression filter (3PRF). We consider a target variable (y) that we wish to fore-
cast, by the use of a large set of predictors (x). Since the number of predictors (N) is large or
even larger than the number of time series observations (T), we assume a stochastic load-
ing, approximate factor model for the data. Yet, not all factors drive the target variable, but
a subset of them includes predictive information. We identify the set of relevant factors (f)
by the use of (M) proxy variables (z), which are driven by the same factors as the target
variable. Formally, the stochastic parameter 3PRF model is described by the following set

of equations

Yir1 = Por + BiF + 1e (1)
zt = Aot + AiFr + wy (2)
xt = Por + PiFr + ¢4 3)

where y;,1 is the variable that we wish to forecast (target variable); the full set of latent
factors is F; = (f/,g), where f; is the set of K ¢ > 0 relevant (for y;;1) factors, and g is
the set of K, > 0 factors that do not drive y; 1, but explain a portion of the large dataset
xt. According to this, we assume that the stochastic parameters of the equation (1) are
Br = <,B}t,,8;,t>/, ,B}t # 0, ,B;,t = 0, At = (Af, Agt), for the proxy equation and & =
(CDf,t,CI)glt), for the large dataset equation, as well as Bo:, Aot, ¢or that correspond to the

stochastic intercepts. Since the set of M proxies in the vector z;, and the target variable
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Yi+1, are driven by the same factors f;, we set Agt = 0 and require Ay; to have full rank
(see assumptions below for more details). We can allow M << min (N, T). The full set
of K = Ky + Kj factors in F; drive the large set of predictors x; according to the stochastic
loading matrix ®; and the intercept ¢o;.

Equations (1)-(3) define the factor structure. As mentioned, the target’s factor loadings,
Bt = (ﬁ}t, o’ )/, allow the target to depend on a strict subset of the factors driving the
predictors. We refer to this subset as the relevant factors, which are denoted f; . The
irrelevant factors, g;, do not influence the forecast target but may drive the cross section of
predictive variables x; . The proxies z; are driven by the relevant factors. In addition, each

variable has an idiosyncratic component, whose properties are specified below.

2.2 The time-varying three pass regression filter

Our estimation algorithm is based on the use of kernels that are associated with weights,
ki = K(55), Ky = Y11 kpts, where K (.) is generally specified as a probability den-
sity function. The bandwidth H governs the relative magnitude of the weights, with
H — o and H = 0o(T). Popular choices for K (.) include the normal density kernel,
K(u) =exp <—%u2) , the rolling window kernel, K (1) = I (0 < u < 1), and the exponen-
tial weighted moving average (EWMA) kernel, K (1) = exp (—u), for u € [0, c0).

Given the model in equations (1)-(3) the TV-3PRF consists of the following three steps.

Step 1: Run the time series regression of each predictor x;; on the M proxies z;,
Xit = goit + 2P +€ip, t =1,.., T (4)

and retain the i-th predictor loading estimates &Dit, fort=1,.,T as

T L
EI\)it = (Z kH,tj (Z]' — Zt) (Z] — Zt)/> <Z kH,tj (Z] — Et) (xij o Eit)/> (5)
= =

with z; = Kﬁlt Zszl ke 1121, and X = Kﬁlt ZIT:1 ks 11x;. Collect the estimates of factor load-

—~ —~ ~ /
ings, for all variables and each time period, in the matrix ®; = (CIDU, ey CIDNt) .

Step 2: For each time period ¢, run the cross sectional regression, of x; = (X1t - th)/ on &Dt,
so that each equation is
Xit = ¢oit + PiyFr + e, i=1,.,N (6)

and retain the obtained estimates in the M x 1 vector l?t obtained as
~ ~ ~\ 1 <
B = (®ndr)  ®Jn )
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where [y = Iy — %iNif\,, Iy is the N-dimensional identity matrix, and iy an N-vector of

ones.

Step 3: Run the time series regression of the target variable on the estimated factors, that is,

Yir1 = Pot + ﬁt/,Bt + 141, t=1,.,T (8)

where B¢ and B; are estimated by
~ T ~ = ~ =\ - T ~ =
B = (2 ki (1:] — Ft) (Fj - Ft) ) (2 kit (1:] — Ft) (Yjs1 — yt)) )
j=1 j=1
Por =7, — Fip:

with ﬁ = KL_} Zszl kL,]-tl? b Y= KL_} Zszl ki ity F is given by (7), and L is a bandwidth

parameter that can be different from H (used in step 1).

The TV-3PRF defined above extracts factors by first running N separate time series re-
gressions, one for each predictor and all periods t = 1, .., T. Here, the regression coefficients
describe the varying sensitivity of the predictors to the factors that drive the z variables,
and correspond to factor loadings. In the second pass, we run T cross sectional regressions
of all the variables on the loadings estimated in the first step, and the estimated coefficients
for each period t estimate the relevant factors for that period. The most important require-
ment is that the proxies” common components span the space of the relevant factors. Or,
put it another way, proxies and target have the same source of variation, after netting out
the effect of the time varying parameters. In the final step, we run a single time series fore-
casting regression of the target variable ;1 on the second-pass estimated factors F;, which
could be also denoted as ﬁ as they are only the relevant ones. Intuitively, since the relevant
factor space is spanned by F;, the third stage regression delivers consistent forecasts, in the
sense that ij; 11 = B\Ot + 1/5[ ,/B\t converges to Bo + F/ Bt. We will show this formally below.

To conclude, note that if all the factors are relevant, the 3PRF factors boil down to the
common principal component based factor estimators of Stock and Watson (2002a), Stock
and Watson (2002b). In this context, an M = K dimensional subset of x could be used as
proxies, and the TV-3PRF factors provide a general extension of the principal component

factor analysis to the time-varying case, assuming stochastic loadings.

2.3 Assumptions

To fully characterise the model described by equations (1), (2), (3), we introduce the follow-

ing definitions and assumptions. These provide the groundwork for the theoretical results
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developed in the next sections. For a generic random variable rj;, we write iy € Y (p) ,

p > 0, to denote a thin-tailed distribution for Fit:

m,chE exp(a|rj|f) < oo, for some & > 0, (10)
1
which implies

P (|ry| > ¢) < coexp (—c1¢”), co,c1 > 0. (11)

Also, with rj; € E(6), & > 2 we denote a heavy tailed distributed random variable for
which it holds that:
maxE|rj|® < oo, (12)
7t

which implies
P(|rj] >0) <1y 1 >0. (13)

Moreover, the generic centered stochastic process rj; — E(rj;) is strong (a-) mixing (but
not necessairily stationary) with mixing coefficients ay,” such that for some 0 < ¢ < 1, and
c>0,0 < cgbk,kz 1.

Next, we characterize the factors, the stochastic parameter time variation, and the resid-
uals in model (1)-(3).

Assumption 1 1. Forany (i, j) the processes (Fyy — E(Fy;)), (Fyi), (Fugje), (Fuwit), (1), (gjt).
(wjt) are strong (a-) mixing process. In addition, Fy is allowed to be heavy tailed distributed, i.e.
FFeEZ(0),0>8and E(F) =u,cov(F) = Af.

2. Let ®j; be the vector of loadings of the j-th series in x¢. Then N -1 Zjlil D T£>oo D < oo,

N~ 1®}IyD; Nﬁ> Ag, N71®| o N£> Py. Moreover, the elements of &y = (®jy,) and
— 00 —00
dor = (¢oje) satisfy

N2
|pojt — pojs| = C ('t TS|> Pojtss (14)

It —s|\ /2
‘(Djm,t B q)jm,s} =C T cI)jm,tsr

forallj =1,.,N,m =1,.,K 1 <s,t <T,and ¢pojt, Pjmt, Pjmts, Pojts € Y (p), for some
C,p>0.

3. E(ey) = 0, E ([ey]®) < C with C < oo. It also holds that E (Fey) = 0, E|Fey|” < C,
E (®iseit) = 0foralls, t, and E (|Pjse;r|") < Cwithr > 2.

2 et jr 0 denote o-fields generated by (re, t <j)and (r, t > j) respectively. Define the a-mixing coeffi-

cient as a = sup; sup , Bew, |P(A)P(B)—P(ANB)|.
o/ BES



4. E(wi) =0, E |Jw||* < C, K V2 L ki sws = Op (1), cov (wr) = Ao

5. E (e41lme B yie1, Fio1, ) = 0, E (24 e, e ye—1, B, o) = (7% and ey ;i1 = ,7_117t+1.
Also, E (1¢1) < C, fy41 is independent of (®jj;), and (g;) with E (Feq) = 0, E [Fapega|” <
C < oo, forall t, withr > 2.

6. The parameters Bot, B of the target equation evolve stochastically over time with

T
1/2
t—s
|,Bjt_,Bjs|:C(| T |) Bitss

where Bot,Bos,Bjt.Bjs/Bijts .Lots €Y (p), for some p > 0.
7. The elements of At = (M) and Aoy = (Aojt) satisfy

N 122
|Bot — Bos| = C (u) Bots (15)

it —s|\ /2
| Aojt — Aojs| = C - Aojtss (16)

It — s\ />
|Amj,t - Amj,s‘ =C Amj,tsz

T
forallj=1,.,K,m=1,.,Mand Ayjt, Aojts, Nmjtr Amjis € Y (0), for some p > 0.
Assumption 2 For C < coand any i,j,t,s, m,v:
1. E (gitgjs) = Oijis, |0ijts| < Ty, and |03 45| < 15 and
(@) NT'yl 17 < C (b) N7'y |owiss| < C
(c) Ki'Sfstis < C foralll  (d) NTUK7' Y546 |0ijus] < C, forall ]
2
2 E|NTV2RTVAET TN K [eei — E (enea)]| < C.

2
3. E K;l/z 2?:1 kstFuwor| < C, for the m, v elements of vectors Fy, wy.

2
4. E|K7V2YT kstsitwm,t‘ <Cforalls=1,.T.

Assumption 3 Ag = [ and Py = 0, Af is diagonal, positive definite, with each diagonal element
unique.

Assumption 4 A; = [Ag 0], and Ay, is non singular.

Assumption 5 The bandwidth parameters H, L and the cross section size N satisfy

) —o(1), withv = F%z, (17)

cONSSH,L=o< 5

(log T)"

8
—— >0,0>8, 0.
€>9_4> >0,0>



The assumptions above are similar to those commonly used in the literature on factor
models (see e.g. Stock and Watson (2002a), Stock and Watson (2002b), Bai (2003), Kelly and
Pruitt (2015)), but amended to account for the stochastic time variation in the parameters
(see e.g. Giraitis et al. (2014), Giraitis et al. (2018), Giraitis et al. (2021)).

In Assumption 1, we require factors and loadings to be cross-sectionally regular in that
they have well-behaved covariance matrices for large T and N, respectively. Extending
the work of Kelly and Pruitt (2015), we allow for temporal dependence in the factors F;,
through the strong (x-) mixing condition. We also assume that the factors are systematic,
in the sense that they affect an infinite number of cross sectional units x;. This is captured
by the full rank assumption of Ap. We also impose the identification assumption that the
second moments of the factors do not vary over time. Note that this is not limiting the
generality of our model. For instance, replacing the factors F; by L, = Ficovy (Ft)_l/ 2 A}_/ 2
and the loadings ®; by d; = Prcovy (Ft)l/ 2 A;l/ 2 we can ensure that the assumption is
satisfied even in the case cov; (F;) changes over time.

Moreover, we allow all parameters of the model to vary over time through the assump-
tions given in equations (14), (15), (16). An example of a process that satisfies this set of
equations is the bounded random walk model, other examples are provided in Giraitis
et al. (2014), Giraitis ef al. (2018). As discussed, we do not require a specific parametric form
for the evolution in ®¢, Ay, B¢, pot, Aot, Bt, Por but allow for general stochastic relationships
among model parameters at different points of time. This permits a quite flexible speci-
fication, which nests the constant parameter 3PRF, while still preserving good properties
for the parameter estimators, as we will see. Furthermore, when all factors of x; drive the
target (and proxies) variable, the model nests the time varying PCA model developed in
Su and Wang (2017), but for deterministic processes of the loadings evolution.

In Assumption 2 we allow for some cross sectional correlation and serial dependence
(including GARCH effects) among ¢;; (see also Stock and Watson (2002a)). Moreover, we
allow for some limited dependence among the errors of the equations for the proxies and
the factors and the idiosyncratic shocks.

Assumption 3 sets the identification conditions. We require the covariance of the pre-
dictor loadings to be the identity matrix (Ag = I), and the factors to be orthogonal to one
another. As with principal components, the particular normalization is not important. We
ultimately estimate a vector space spanned by the factors, and this space does not depend
upon the choice of normalization.

Assumption 4 states that, for all time periods t = 1, .., T, the proxies (i) have zero load-

ing on irrelevant factors, (ii) have linearly independent loadings on the relevant factors,



and (iii) their number is equal to the number of relevant factors. Combined with the nor-
malization assumption, this says that the common component of the proxies spans the
relevant factor space, and that none of the proxy variation is due to irrelevant factors.
Assumption 5 is a technical requirement on the bandwidth parameters H, L which gov-
erns how much information we want to use from the neighboring periods or, put it in
another way, our prior assumption about the smoothness of the model parameters, as a

function of time. All asymptotic results rely on this condition on H and L.

3 Theoretical Properties of Forecasts and Estimators

With the assumptions introduced in the previous section in place, we now derive the
asymptotic properties of the time varying three-pass regression filter. Our proofs build
upon the seminal works of Stock and Watson (2002a), Bai (2003), Bai and Ng (2002), Bai
and Ng (2006), and Kelly and Pruitt (2015), combined with the theory on stochastic pa-
rameter time variation developed in Giraitis et al. (2014), Giraitis ef al. (2018), Giraitis et al.
(2021), inter alia. The Theorems reported in the main text are our central new results, proofs

and additional results are provided in the Appendix.

3.1 Consistency results for the optimal forecast

Assumptions 1-5 contain the general conditions that are sufficient for consistency of the op-

timal forecasts. Weset S,y p = Kﬁ/lt ZjT:l ki (zj —21) (% — Et)/, forx; = K;I’lt YL ki s,

Zy = Kﬁlt Zstl kp tszs, for generic vectors x¢, z;, and bandwidth H. Also, for generic band-
. . 1T — —\/ _ 1T

width L, we define S, ¢ = KL,} Vi1 kg (xj = %) (yjs1 —7,) , for x; = KL/} Y1 kL tsXs,

Y = KE} Zstl ki tsys+1. The next Theorem says that the TV-3PRF is consistent, in the sense

that the difference between the feasible and the infeasible forecast vanishes.

Theorem 1 Let Assumptions 1-5 hold. Then,

(i) The time varying three pass regression filter is consistent for the infeasible best forecast, that is
Jis1=Po + BB D F/B:. 18
Yir1 = Por + Fi Bt N oo Bot + F; Bt (18)

(ii) The target equation of the time varying three pass regression filter can be written as

]//\t+1 = yt + (xt — 7t)//a\t —+ 0p (1) , (19)

~ _ / /
where ay = ]NSzx,H,t (Szx,H,t]NSxx,L,t]NSZX,H,t) Szx,H,t]NSxy,L,t-

9



(iii) Also, let @ be the i-th element of ay. Then, foralli =1,..,,N,

7 — 7
Naj; N/T—Loo (Dt — Dt) B, (20)
where (D — Et), = S;JN®; with S; being a 1 x N selector vector, with the i-th element equal to

1 and the remaining elements equal to zero.

In the Appendix we also provide probability limits for loadings ®;, factors F; and third
stage predictive coefficients Bt- The developed bounds depend on the kernel approxima-
tion and the number of cross-sectional and time-series observations, and in particular on
Assumption 5. Lemma A3 given in the Appendix, also provides these results for model
(1)-(3) as N, T increase to infinity, according to Assumption 5.

When the parameters are constant, this theorem reduces to the corresponding one in
Kelly and Pruitt (2015). Moreover, when there are no irrelevant factors so that the 3PRF
and PCA deliver the same factors (possibly up to rotation), Theorem 1 generalizes the
consistency of the feasible PC based forecasts obtained in the constant parameter case by
Stock and Watson (2002a).

The element (ii) of Theorem 1 provides an alternative characterization of the fitted tar-
get equation. This will be our main vehicle to derive asymptotic distributions as well as
to estimate the degrees of freedom. In this representation, a; can be interpreted as the
coefficients of the individual predictors x;.

As noted by KP, but in our time varying framework, a; links the factors to the target
variable via the large set of available indicators. Therefore, the probability limit of a; (el-
ement (iii) of Theorem 1) is the product of the loadings of x; on the relevant factors f;
((Cbit — 5t)/) and of those of y; on the same factors (B;). Hence, @; can be also interpreted
as a constrained least squares coefficient estimator, and we will explore the implications of
this observation later in the paper. It is also interesting to note that @; is multiplied by N
to obtain its (non-degenrate) limit. As in KP, this is due to the fact that the dimension of a;
is the same as the number of predictors, N, so that when N grows the contribution of each
predictor in x; goes to zero.

Next, we consider the issue of the selection of the proxies. If there is a single relevant
factor, then the target variable itself, i, can be used as proxy. Following KP, we will refer
to this as the target-proxy approach. In a case like this, the resulting 3PRF factor can be
quite different from the first principal component, which instead aims at maximizing the
explanatory power for x.

A multiple factor extention of the above target-proxy approach is to use the following

automatic proxy selection algorithm, which was proposed by KP and also links the 3PRF
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to partial least squares (PLS), as we will see in more details in the next subsections. This
method for proxy selection could be rather helpful in situations where economic theory

does not provide enough insights for choosing proxies.

Algorithm 1 Automatic proxy selection

Step 1 Initialize zo; = y;41, for k = 1,.., M do the following

Step 2 Define the k-th automatic proxy to be z;_1 ;. Stop if k = M; otherwise proceed
Step 3 Compute the TV-3PREF for target ;.1 using cross section x; and statistical proxies
1 to k. Denote the resulting fitted values ;1.

Step 4 Calculate zy y = Y11 — Yit1

The following Corollary is a direct extension of the corresponding one in KP.

Corollary 1 Let Assumptions 1-5 hold, except those related with the proxy equation and its error.
Then the automatic proxy three pass regression filter forecast of y automatically satisfies assump-
tions 1.4, 2.3, 2.4 when M = Ky. As a result the automatic proxy is consistent according to

Theorem 1.

When we know the number of relevant factors, Algorithm 1 constructs proxies that
satisfy the relevance criterion in assumption 4. When Ky = 1, the Corollary 1 proves that
the target proxy is consistent. When K > 1, the target-proxy does not extract enough
factors to attain the infeasible best. In this case, the automatic proxy selection can be used

M-times, and Corollary 1 establishes consistency.

We conclude this subsection with a derivation of the degrees of freedom (DoF) of the
TV-3PREF, to be used later on to design information criteria for the selection of the number
of factors. To do so, we employ the generalized definition of DoF proposed by Efron (2004).
According to this, we derive the the DoF as the sensitivity of the fitted values i, seen solely
as functions of y (see also Krdamer and Sugiyama (2011)). The next theorem provides the

result.

Theorem 2 Let Assumptions 1-5 hold and define the time t weighted Krylov sequence as W) =

{]Nsxy,H,t/]NSxx,H,t]NSxy,H,t/ o (INSsx )< ]NSxy,H,t}- The K-factor, auto-proxy TV-3PRF
forecast can be implemented in one step as

Yerr = Yp, + (0 — X)), (21)

11



with

i = WO (WS WO ) WSy, 22)
Then, the Efron (2004), DoF is

k d
DOFH,L,K = Z Lss + Z st , s ’ (23)

where aé)# is the t-th row of the T x N matrix
Yi+1

_ ) 1 )
4y = (Siy,10® Iv+ Iy @ Sy ) Hip) @ (Iv = HOS ) KAURAY) (IT IR t)) "

Kt
(24)
+ K HHOXD ALY (1 - —1TTA (2 )
and H((i)) = W(t) (W(t)lsa(cZC)Lt > { ]N/ (t)]NSxth]N/--/ X(t)]N( xth]N)K_l}/
1rr = 1T1/,A(2t) = A( )A() H = dlag(\/kHlt/ \/kHZt/ /\/kHTt) - H(())W()

X6 = [ki/lzfs 1, - ,kl/zzs T} , for Xsp = xp — Xs, With Xy = Kt_ Zs:l ki px;.

In empirical applications, the DoF can be used, together with an information criterion
(IC), to decide on the number of factors and the first and third step bandwidth parameters
H, L. All ICs are functions of the Degrees of Freedom (DoF) parameter. For instance, the

Bayesian IC (BIC) for a model with K factors can be written as
BIC (K) : |7k — y||* +log To2DoF (K), (25)

where U,‘;Z is the noise level which can be estimated from the residuals 7;,1. Hence, the
optimal H, L, K can be chosen as the value that minimizes BIC (K). Bai and Ng (2002) also
use information criteria to determine the number of factors by focusing on penalty terms
that account for large N, T dimensions, rather than the Degrees of Freedom, which they set

equal to the number of factors.

3.2 Asymptotic distribution of the optimal forecast

In this section we provide theoretical results on the asymptotic distributions of the optimal
forecasts and underlying quantities. These are mainly based on the asymptotic distribu-
tions of three quantities: K~ 1 Z;jr:l ktsFsts+1, K 1 Zstl ki sFseis, and N1 Zilil ®;.¢;. Under
Assumption 1, the limiting distributions of these quantities are provided in the Theorem 3,

elements (i), (ii), (iii) below.
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Theorem 3 Let Assumption 1-5 hold then,
(i) Let Spyp = Ki ' oy kesFanjsi1, Trpp = imr 00 K5 ) Y01 K2, E (FEly? ), then

K -1/2 d
ersﬂrt SFﬁrt — N (0, I) . (26)
2,

(i) Let CFe,it = Kfl Zz:l kt,sPssisz Let 1—‘I—“s,it‘ = lim7 e sztl Zstl Z;Tzl kt,skt,rE (FSF;{Eiseir); then

Creit — N (0,1). (27)

(iii) Let Tpest = pim N~ YN | E (9s®Le%), Cpeist = 5 Livq Piseir. Forevery s, t =1,.., T it
holds that

_ d
NVAT 2 Cheist =+ N (0,1). (28)

(iv) Let ay as in (19), and a;; = S;G,Bt, where S; is a selector vector, then

VKN (@i — ajt)

d
" 5 N(0,1). (29)

-1
where, G = INSLy i1 (w2 SeottINSwoLtINSLopis)  WSexiINSsp 1 and A2 is the i-th
diagonal element of Avar (@), with
—_— T
Avar (d) = Qqp (KL} Y kil (3 — %) (xj — %) /) o (30)
j=1
-1
for Qs = NSl (N2 i NSt NS ) N7 Suus I, and
_ — =1\ - _
SxfLt = KL} Z]-T:1 ki (xj— %) (F;—F:) ', for Fy = KL} YL kpsF.
(v) The automatic proxy three pass regression filter forecast given by Algorithm 1 is asymptotically
normal.

The element (iv) of Theorem 3 establishes the asymptotic distribution of the coefficients
ay which can then be used to construct the optimal forecast i/;11. Moreover, it can be
employed to derive feasible - and F-statistics for inference on a;, for example to decide
whether or not a single component of x; has predictive content for y;,1. Note that the ma-
trix G, appears in a4;; because factors are only identified up to an orthonormal rotation.
Next, using the results for @y, we can derive the asymptotic distribution of the TV-3PRF

forecast, which generalizes element (v) of Theorem 3.
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Theorem 4 Let Assumptions 1-5 hold. Then
(i) For Etyt1 = Bor + F B it holds that

A /KL,t (]//\tg Et]/t—i—l) AN (O 1) (31)
t

where Q% is the i-th diagonal element of N2 (x; — X ;) Avar (@) (x¢ — XL ¢).

(ii) Let Zﬁt ZthFq ot Sop = MApAy + Ay and Gy = ﬁltﬁz t,BgtN 1S HINSxf Lt
where ﬁl v, Bot, ,83 t, given in Lemma A5 of the Appendix. Then

VKi (Et - Gﬁ,tﬁt) 4N (0,Zg), (32)
where Avar <[§t> Qg, fKLt Z] 1kr, t]77]+1 (P Ft> (P Ft> Qp,t, and
-1
o = (<2 Lakes (7-F) (7))

This Theorem shows that the optimal TV-3PRF forecast is asymptotically normal, as in
the case of the static 3PRF, and it provides a standard error estimator for constructing pre-
dictive intervals that depends on Avar (@), the estimated variance covariance matrix of a;
(rather than on Avar (f ) and Avar (B) , which would be slightly more complex to derive).
The second element of this Theorem (element (ii)), provides the asymptotic distribution of
the predictive loadings on the latent factors (3;) and a consistent estimator of their asymp-
totic covariance matrix, which can be relevant for inference on the factor coefficients when

the forecasting equation is written as in (1).
Finally, we derive the asymptotic distribution of the estimated TV-3PRF factors.
Theorem 5 Let Hy; = Fy Py [ NTIK L Z Z ]N(P()t/ and Hy = Fp,Fy [INTIKGLZ Z ] OF,

as in ( 106) ( 110). Under Assumptions 1—5 we have for every t,
(i) zf Kii 0, then

= d
\/N (Ft — (HO,t —+ HtFt)) — N (0, Zp,t) ,

whereSp = (AMAFAL + Deot) (MAFAFAL) ™F AAFT pe f AR Ay (AMAFARAL) T (AARAL + Ay) .
(i) if liminf /N /Kg ; > T > 0, then

Kpis (E — (Hoy + HtFt)> =0,(1).

14



In Theorems 4 and 5 the matrices Gy and H; exist since we are estimating a vector
space. As in KP, we do not provide an estimator for Xr; since the presence of irrelevant
factors complicates its derivation. This is also another reason for using the representation
of the forecast equation in terms of a; and x; to derive the asymptotic distribution of the
TV-3PREF forecast.

3.3 Relation with Partial and Constrained Least Squares

The method of partial least squares (PLS) is a special case of the fixed parameter three pass
regression filter. In particular, KP showed that the PLS forecasts are identical to those from
the fixed parameter 3PRF, when (i) the predictors are first demeaned and variance stan-
dardized, (ii) the first two regressions run without the constant terms, and (iii) proxies are
automatically selected. The fixed parameter PLS forecast (see Wold (1975)) is constructed
with the following steps.

Algorithm 2 Fixed parameter Partial Least Squares

Step 1 Fori = 1,.., N, set the scalar ¢; = x}y and D= (fﬁl, (}52,...,931\;)/
Step 2 Set il; = x,®, and @l = (iiy, iy, ..., iit)’

Step 3 Run the predictive regression of y on i/

For one factor, and in one step, Algorithm 2 can be represented as 7 Jfls = ¥ + xjay, for

X = (X’ y (Y XX'XX'y) Ly XX y). For m factors, it can be shown that the PLS estimate
becomes &, = W (W/'SW) ' W’'s, for S = X'X, s = X'y and W is the Krylov sequence
{s,Ss,..., " 1s}.

Inspection of Theorem 2 allows us to infer the relationship between ¥ ils

plied by the TV-3PRE, implemented via the automatic proxy approach. In particular, the

and ¥/;41 im-

autoproxy estimate of &; given by equation (22), implies that the one step, multiple factor,
autoproxy estimate of TV-3PRF is identical to a time varying partial least squares method,
when we first demean and standardize predictors by their kernel based estimates.

To understand the relationship between the TV-3PRF and (TV-) constrained least squares,
we note that equation (19) allow us to infer the contribution of the i-th predictor x;;, when it
is combined with the remaining predictors. To this end, @; is a projection coefficient relating
Yi+1 to x; under the constraint that irrelevant factors do not influence forecasts. As in the
tixed parameter case, the TV-3PRF forecast may be derived as the solution to a constrained

least squares problem, as shown in the next theorem.
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Theorem 6 Let Assumptions 1-5 hold. The time varying three pass regression filter’s implied N-
dimensional predictive coefficient @y, given in equation (19), is the solution to the problem

T
. 2
arg min Z ki st (ysH —ag — x;at) (33)

aot,a
0t~ tS:]_

subject to the constraint

-1
(I - sz,H,t (SZX,H,fWXZ/Hft) W;CZ/H/t)at =0
where Wiz i1t = INSxz H t

The constraint in Theorem 6 has an intuitive explanation. Premultipling by (x; — ¥p;)’
we have that ((x; — Yt)' — (x¢ — Xt)/ Wiz H t (Szx,H,thle,t)fl W;Z,H,t)at = 0. Notice that, as
in the proof of (19), it holds that

T
(xt - Tt)/ sz,H,t (Szx,H,tvvxz,H,t)_1 Szz,H,t =F - K[jjl 2 kH,stFH,s + Op (1)
s=1

Then the constraint becomes

(xp — %) — D, (ﬁt — ﬁt) =&
~ et + Dgt8t,

as in Lemma A6 and where g:are the irrelevant factors. Since the covariance of a;,¢; is zero,
the product of a; with the target irrelevant common component ®;¢; is equal to zero. This

constraint ensures that factors irrelevant to y;,; drop out of the TV-3PRF forecast.

3.4 Selection of the Tuning Parameters

Application of the TV-3PRF requires the selection of the bandwidth parameter for the
passes 1 and 3 of the estimation algorithm. An information criterion combined with the
degrees of freedom discussed above provides an avenue for selecting this parameter. An-
other possibility is the use of a cross validation method based on the mean squared forecast
error (MSFE).

Pass 1 and 3 of the TV-3PRF depend on bandwidths H and L, respectively. These
two parameters can be obtained as the optimization of an end of sample cross validation
scheme, as follows,

1 < ~ L \2
{H,L} = argmin gj TZ;<+1 <y]' — Boj—1 + ,3;_11:];1> , (34)
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where « is the number of observations over which the MSFE is computed. In objective
(34), the H parameter does not vary with i = 1,.,, N. This reduces the flexibility of our
approach to capture varying degrees of time variation in loadings processes, but facilitates
the implementation of the TV-3PRF by selecting only two parameters. It also leads to faster
computation, especially when N is large. Allowing the bandwidth H to vary over i (i.e.
H;), in (34) can be a viable option only when N is small enough, as in this case objective
(34) will need to be optimized over N + 1 bandwidth parameters ({H;}Y |, L).

To allow for different bandwidths across the large set of N series, without exploding the
computational burden, we propose a parametrisation of H; that depends on the volatility of
series x;;. To this end, let ; denote the volatility of the i-th series, and define the adjustment

factor for series i as

0; — min(0;)

¢ =1 (dy —1),fordy € (0,1),i =1,..,N. (35)

max(0;) — min(o;)

The ¢; maps the volatilities of x;; on the interval [dg, 1]. The highest the ;, the lowest the
c;. Setting H; = ¢;H, allows us to link individual bandwidths H; with the global bandwidth
parameter H and the individual adjustment factors c;, When we choose diy = 1, there is
no heterogeneity for the bandwidths (H; = H). As we deviate from 1, we allow for higher
degree of heterogeneity across the bandwidths H;. At the end, we can choose a specific
value for dy (e.g. dg = 0.7) and optimize objective (34), or include the dp in the objective

of an end of sample cross validation, that is

1 - S a2
{dH, H, L} = arg min — Z (y] — [30]',1 + [3}_11:]',1) . (36)
K i=T=k+1

In our Monte Carlo section we fix dg = 0.7 while in our empirical section we also

choose it through cross validation.

4 Monte Carlo Evaluation

4.1 Design

We generate data according to the following model

Xt = Prift + Pg gt + ke (37)
Yer1 = fr+ (38)
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with 7y ~ N (O, (7,%) , where (7,? is adjusted such that the infeasible best forecast has an R2
of 50%. This R? was also chosen by Kelly and Pruitt (2015). We consider two sample sizes
with T = {200,100}, and N = {200,100}. The relevant (f;) and irrelevant (g;) factors are

generated as

fit = pffit—1 + ujt, ujp ~ N (0,1) (39)
81t = Pg8it + Vi, ;g ~ N <O, 0'12) (40)

forj=1,., kf , 1 =1,.,k;. We choose kf = 1,and kg = 4 and (712, [l = 2,..,4, such that the
irrelevant factors are dominant, in the sense that they have variances 1.25, 1.75, 2.25 and
2.75 times larger than the relevant factor. These choices make the relevant factor estimation
rather difficult, as the factor that drives y;,1 explains, overall, a small fraction of variability
of x.

For the idiosyncratic terms, we assume autoregressive dynamics
€it = agit—1 + Git
and cross sectional correlation specified via
Gt = (1+d)vis +dvi 1+ dvigry,

where v; 1 is standard normal and the cross sectional parameter takes values of 0 and 1.
The x parameter in the large dataset equation (37) controls the strength of the factor
model, such that the factor component ¢y ft + ¢g:g+ explains 10% or 30% of the variation

of xj; on average, as measured by

—

R? Va”i(‘Pf,ﬂt\"‘ <Pg,i,tgt)_ (1)

Var;(x;t)

The factor loadings for the five factors r = {f, g1, .., g4}, are generated according to the

following models

u .
Prir = % (42)
(Prit = Uyits (43)
(Prit = &, (44)

with 1,4 = i1 + €y, €%, ~ N (0,1), e, ~ N(0,1), for r = {f,g1,..,84}. The loadings
are centered on zero to have a balanced contribution of the common component across the

time dimension.
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The process defined in (42) is a bounded random walk process, that satisfies the set
of assumptions discussed in Section 2.3, as discussed in Giraitis ef al. (2018). The second
process considered, (43), is a random walk process that is not covered by the theory, but
since this is a common assumption in the empirical macroeconomic literature we will as-
sess the performance of TV-3PRF also in this case. The third process, defined in (44), has

tixed loadings.

10 20 30 40 5 60 70 80 90
Figure 1: The more volatile lines are two realizations of time varying loadings generated by the bounded
random walk model (42). The smoothed curved lines are the TV-3PRF estimates of loadings, and the dashed
lines are the fixed parameter 3PRF estimated loadings.

In Figure 1 we present two realizations of the loadings process (42), which generate the
large dataset x;;, their kernel based time varying estimates, as well as the fixed parameter
3PRF loadings estimates. The fixed parameter estimates of loadings capture only on aver-
age the path of the true loading process. On the other hand, our proposed kernel based
estimates are able to capture the upward and downward trends of the true process. As we
will see, this will imply a better forecasting performance

In our Monte Carlo exercise we compare the performance of the TV-3PRF with that of
the standard 3PRF (benchmark), standard principal component (PCA), and two targeted
predictors PCA methods (see Bai and Ng (2008)). In the first one, we first reduce the N-
dimension of the large dataset x by choosing the 30 most relevant regressors identified by
regressing v;41 on x; by the LARS algorithm (see Efron et al. (2004)); then the reduced set
of regressors is used to extract factors, through PCA (PCA-lars). In the second targeted
predictors approach, the target variable v, is regressed on each x;;, and the regressor x;;
is considered as relevant when its coefficient is significant at the 10% level (PCA-ht(10%)).
All the various methods are used to forecast the last observation of the target variable, and

average (across all simulations) relative mean squared forecast errors are computed.
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Time Varying Loadings, MSFE, DGP given by (42)

pf 0 03 03 03 03 09 09 09 09 0 03 03 03 03 09 09 09 09
g 0 09 09 09 09 03 03 03 03 0 09 09 09 09 03 03 03 03

g o0 o0 1 o0 1 o0 1 o0 1 o0 O 1 o0 1 o0 1 0 1
a 0 03 03 09 09 03 03 09 09 0 03 03 09 09 03 03 09 09

‘ RZ=0.1, N =100, T =100 RZ=0.1, N =200, T =200
pea(5) 084 087 088 092 1 099 093 1.07 1.05 0.83 0.87 0.88 093 095 094 091 1.18 1.12
pea(1) 08 082 085 086 099 098 09 128 1.19 0.81 085 0.86 0.92 094 093 0.88 1.25 1.21
pea-lars(1) 0.82 0.84 0.85 0.87 099 099 092 116 116 084 088 091 094 095 101 092 11 112
pea-ht(10%)(1) 091 091 093 092 1 099 092 1.16 1.08 0.87 09 091 095 096 097 093 114 1.1
3prf 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
to-3prf(1) 08 0.81 0.87 095 096 087 0.87 087 0.88 076 0.81 0.82 097 093 0.78 0.76 0.9 0.92
to-3prf(1,icpr) 08 082 0.88 094 094 09 09 095 094 073 0.8 08 096 094 082 08 094 095
to-3prfy,(1) 079 08 0.87 099 097 087 0.86 0.87 0.88 076 0.82 0.82 096 093 078 0.77 0.88 091
‘ R? =0.3,N =100, T =100 RZ =0.3, N =200, T =200

pea(5) 0.87 0.87 0.86 091 097 095 094 1.11 1.08 0.84 092 088 096 094 096 096 1.15 1.11
pea(1) 081 0.82 0.84 0.85 092 091 09 12 115 081 0.88 085 095 092 095 097 125 1.1
pea-lars(1) 0.83 0.84 086 0.86 091 094 094 113 1.13 082 09 085 096 093 094 099 111 1.07
pea-ht(10%)(1) 091 0.88 091 091 096 094 095 1.1 1.07 085 093 0.87 095 095 098 097 116 1.09
3prf 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
to-3prf(1) 072 073 0.75 0.86 0.86 0.78 0.77 0.92 097 0.67 069 0.69 082 086 0.73 0.74 0.87 0.81
to-3prf(1,icyr) 0.69 074 071 0.88 0.84 082 079 093 091 0.64 0.65 0.66 0.82 087 0.69 0.72 0.89 0.87

tv-3pr f, (1) 073 073 075 085 086 0.8 0.76 094 092 07 071 07 081 086 073 076 0.89 0.81

Table 1: Reported results are MSFE of each model over 1000 simulations. The pca(5) corresponds to the
PCA, five factors method, the pca-lars(1) corresponds to the targeted predictors, using lars algorithm, one
factor model, the pca-ht(10%, 1) corresponds to the targeted predictors, using t-test at 10% significance level,
one factor model. The 3prf corresponds to the fixed parameter, one autoproxy factor, three pass regression
filter, and fv-3prf, is the time varying parameter, one autoproxy factor, three pass regression filter, where
the bandwidth is selected through cross validation (see tv — 3prf (1) for (34) and tv-3prfy, (1) for (36)), or
through the BIC criterion (see tv-3prf(1,icy 1)). The best performing is in red.

Time Varying Loadings, MSFE, DGP given by (43)

pf 0 03 03 03 03 09 09 09 09 0 03 03 03 03 09 09 09 09
0g 0 09 09 09 09 03 03 03 03 0 09 09 09 09 03 03 03 03
B 0 0 1 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1
a 0 03 03 09 09 03 03 09 09 0 03 03 09 09 03 03 09 09
‘ R? =0.1, N =100, T =100 R? =0.1, N =200, T =200
pca(5) 085 0.88 088 096 094 101 098 106 11 079 08 078 098 095 097 091 11 115
pea(1) 08 086 083 091 09 094 097 116 118 076 077 077 099 094 094 089 119 12

pea-lars(1) 082 0.89 085 094 092 099 095 1.07 114 079 081 079 096 097 099 096 1.05 1.08
pea-ht(10%)(1) 0.86 097 089 097 094 1 099 107 1.12 081 084 086 099 097 1 095 109 111
3prf1) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
to-3prf(1) 078 077 08 09 096 0.8 086 094 09 065 068 068 09 094 072 075 092 086
to-3prf(l,icy) 078 077 083 092 093 087 0.89 094 094 0.62 067 067 092 093 075 079 095 091
to-3prfy,(1) 079 077 078 092 097 08 086 095 09 067 068 067 091 095 073 076 095 0.85

‘ RZ =0.3,N =100, T =100 RZ =0.3, N =200, T =200

pea(5) 078 0.84 084 099 093 092 092 1.09 109 075 082 0.84 088 094 083 09 118 1.1
pea(1) 07 079 077 092 092 086 092 121 125 069 077 079 0.85 092 091 088 1.19 1.12
pea-lars(1) 074 0.81 0.79 091 094 089 093 116 121 073 079 0.83 086 095 091 094 113 1.1
pca-ht(10%)(1) 0.83 0.88 091 095 096 096 096 1.12 1.15 079 0.83 0.88 093 0.96 093 095 1.12 1.05
3prf(1) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
to-3prf(1) 06 067 062 078 078 07 077 094 095 056 059 0.61 0.72 0.76 0.69 0.66 0.84 0.83
to-3prf(1,icy) 0.59 066 064 0.8 079 071 076 09 093 0.51 057 059 073 075 0.67 0.64 0.85 0.82
tv-3pr fi, (1) 06 065 064 0.74 077 0.69 0.75 099 099 055 06 061 072 076 0.7 0.67 087 0.86

Table 2: See notes in Table 1
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Constant Loadings, MSFE, DGP given by (44)

of 0 03 03 03 03 09 09 09 09 0 03 03 03 03 09 09 09 09

o 0 09 09 09 09 03 03 03 03 0 09 09 09 09 03 03 03 03

B 0 0 1 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1

a 0 03 03 09 09 03 03 09 09 0 03 03 09 09 03 03 09 09

R%Z =0.1,N =100, T =100 R% =0.1, N =200, T =200
pea(5) 1.04 106 106 112 106 108 112 114 109 097 1.02 114 122 12 097 11 121 12
pea(1) 117 117 1.09 112 1.02 123 126 137 125 141 145 131 121 119 135 133 138 1.36
pea-lars(1) 115 113 113 111 1.03 114 1.18 122 12 126 119 114 117 118 124 12 11 1.09
pea-ht(10%)(1) 1.05 1.07 1.1 1.07 103 1.02 11 123 117 117 119 114 115 116 1.12 115 121 1.19
3prf(1) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
to-3prf(1) 1.09 108 109 107 108 102 11 1 099 126 126 122 112 119 11 113 098 0.99
tv-3prf(1,icy,) 1.01 099 1 1 101 099 1 097 098 1 1 1 1.02 102 101 1 1 1
to-3prfy,(1) 111 107 111 112 1.08 1.05 1.08 1.01 099 127 127 124 12 125 111 115 101 1.03
R? =0.3, N =100, T =100 R? =0.3, N =200, T =200

pca(5) 093 093 097 126 129 09 099 114 114 092 096 094 131 138 092 096 1.19 1.21
pea(1) 156 146 155 14 144 164 156 146 138 184 164 165 151 154 181 174 1.66 1.58
pea-lars(1) 143 137 127 132 136 136 133 12 123 111 114 117 115 12 117 1.12 1.05 1.07
pea-ht(10%)(1) 131 126 124 13 133 131 124 118 116 159 144 15 138 144 156 15 124 1.23
3prf(1) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
tv-3prf(1) 129 117 123 109 115 121 129 11 112 144 128 13 121 115 132 132 1.16 1.09
to-3prf(1,icyL) 1 1 1 101 102 101 1 1 098 1 1 1 101 101 1 1 1 1
to-3prfy,(1) 131 12 121 1.15 124 126 134 111 113 145 132 135 128 1.23 1.38 136 1.19 1.13

Table 3: See notes in Table 1

4.2 Results

Tables 1-3 present MSFE results for, respectively, the loadings specifications in (42), (43)
and (44). Table 4 presents the numbers of factors determined by the BIC-type information
criterion in (25) for the loadings specifications in (42). Some interesting findings emerge
from these tables.

First, focusing on the bounded random walk evolution of loadings (see Table 1), we
observe that the TV-3PRF methods are the best performing providing benefits in the 10%-
40% range. As we increase the factor strength (R? from 10% to 30%) our approach is able
to forecast better, compared to the 3PRF, as expected. The three versions of TV-3PRF per-
form almost equivalently in this case. Selecting the bandwidths (H, L) through informa-
tion criteria is appropriate in all cases, while this approach seems to benefit more from the
strong factor model, than the cross validation methods for selecting bandwidths. The PCA
methods perform worse than 3PRF in terms of MSFE, except when the factors are highly
persistent. The two penalized regression versions seem to perform equaly well, and pro-
vide some slight advantages over the standard PCA methods. The above results are not
systematically affected by the the choices of p¢, pg, B, « that control the autocorrelation and
cross sectional dependence of the generated samples.
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‘ Number of factors Selected by IC, DGP given by (42)

of 0 03 03 03 03 09 09 09 09
0g 0 09 09 09 09 03 03 03 03
B 0 0 1 0 1 0 1 0 1

a 0 03 03 09 09 03 03 09 09

R2 =0.1

N=100,T=100 121 1.08 1.06 1.08 11 1.03 1.04 1.06 1.07
N=200,T=200 1.04 101 1.01 1.03 1.05 1.04 1.06 1.01 1.02
N=200,T=100 267 143 112 11 11 121 1.05 1.04 1.04
N=100,T=200 1.02 1.01 1.02 1.04 106 1.03 1.01 1.02 1.05

R2=0.3

N=100,T=100 1.16 1.11 1.08 111 112 1.06 1.05 1.02 1.03
N=200,T=200 104 1.03 1.02 1.04 1.05 1.01 1.01 1.01 1.01
N=200,T=100 152 114 1.09 1.08 1.08 113 1.05 1.01 1.02
N=100,T=200 1.04 103 1.04 1.06 1.07 103 1.01 1.01 1.02

Table 4: Average number of factors selected for the stochastically evolving over time loadings processes (42).
The data are generated using one relevant factor.

Second, for the random walk loadings (see Table 2), the results are similar to those
discussed above for the bounded random walk loadings, a remarkable result as this case is
not covered by the theory but is often used in empirical analyses.

Third, focusing on the fixed parameter loadings case (see Table 3), we observe that the
3PRF method is now generally the best performing. Interestingly, the TV-3PRF, with band-
widths (H, L) selected using the information criterion, performs equally well in terms of
MSFE. This indicates the robustness of this version of TV-3PRF to capture general loading
dynamics.

Finally, Table 4 highlights the good performance of the BIC-type criterion in equation
(25) for selecting the number of factors. In fact, on average, the selected number of factors
is very close to 1 across all parameterizations and sample sizes, even more so when the
explanatory power of the factors is 0.3 rather than 0.1. Results in the Appendix show
that this finding remains broadly unchanged even when the loadings follow random walk
processes.

In summary, this extensive analysis based on simulated data supports the use of the
TV-3PRF as a proper method to handle the case of generic time variation in the factor load-
ings. Its performance is systematically better than constant parameters 3PRF and PCA, and
generally also of more elaborate versions of PCA, which makes it a particularly interesting

tool for empirical analysis of macroeconomic data.

22



5 Empirical Application

As an empirical illustration of our proposal we use the FRED-QD dataset (McCracken and
Ng (2016)) to forecast a set of key U.S. macroeconomic variables >. Our dataset starts at Q1-
1960 and ends at Q3-2022, for a total of 251 quarterly observations. The factors are extracted
from a large set of 206 macroeconomic and financial time series included in FRED-QD

dataset.

4 |

51— -
L | | | | | | I
Q1/60 Q1/69 Q1/78 Q1/87 Q1/96 Q1/05 Q1/14 Q3/22

Figure 2: Factor estimates across the different methods considered. For the TV-3PRF and 3PRF method, the
GDP growth is used as the target and proxy variable.

First, we report results from an insample illustrative exercise. Excluding the GDP
growth rate series, from the large dataset x;; we estimate one factor (ﬁ) and its associated
loadings (®;;) using all the methods considered in the Monte Carlo section. In the 3PRF and
TV-3PRF methods the GDP is used as a proxy variable (autoproxy). The estimated factor
is presented in Figure 2. This figure shows that the factors extracted from all the methods
considered are relatively similar and follow closely the US business cycle, as captured by
the NBER recession periods (highlighted in grey in Figure 2). To better understand which
approach provides the best insample fit we compute their insample, mean squared errors
(MSE). To this end, we regress the target variable, GDP growth, on the estimated factor
and compute the MSE using the residuals of this regression (7; in equation (1)). The the
PCA factor delivers the highest insample MSE (0.80), followed by the hard thresholding
PCA factor (0.74), the LARS PCA factor (0.71), the 3PRF factor (0.51) and TV-3PRF fac-
tor (0.36). This exercise suggests that our approach provides important information about

GDP growth, that is not necessarily reflected in the competing approaches.

3Data details and series transformations are available online at FRED-QD description.
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Figure 3: Factor loadings across time for the TV-3PRF and 3PRF methods. The vertical stripes indicate periods
of NBER recession.

As we have discussed, an attractive feature of our TV-3PRF method is its ability to
capture general dynamics of the loadings processes. Figure 3 shows the heat map of the
estimated loadings across the time span (horizontal axis) and the large set of series (vertical
axis). For comparison, we include the loadings of the 3PRF method, that remain constant
across time. Some relevant considerations can be drawn from this figure. First, there is
substantial time variation in all the loading processes, providing evidence in favor of our
TV-3PRF method. Second, as in factor estimates (see Figure 2), the timing of loading shifts
seems to coincide with the business cycle phases, as captured by the NBER recession dat-
ing. Macroeconomic series associated with substantial time variation include the consumer
loans, the number of employed persons, the total reserves, and the industrial production,
which can be directly related to the state of the business cycle.* Overall, our results suggest
that the assumption of constant factor loadings often employed when studying this dataset
is likely to be too restrictive.

4In Appendix 7.5.3 we present the heatmap of series associated with high variability loadings
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Moving to the out of sample forecasting exercise, we focus on macroeconomic aggre-
gates that receive considerably attention in the literature and policy-making circles. The
series are presented in Table 5, and include GDP growth, industrial production, unem-
ployment rate, inflation indices, exchange rates, and several others. The evaluation period
starts at Q1-1985, including more than 150 quarterly observations. Following the approach
of Bai and Ng (2008) and Stock and Watson (2012), any variable that we eventually target
is removed from the set of predictors. Before forecasting each target, we first transform the
data by partialing the large set predictors and the target with respect to a constant and g
lags of the target. The lag length g is selected by the standard Bayesian Information Cri-
terion. This allows us to abstract from autoregressive model selection issues and focus on
the factor extraction, which is the main goal of our paper. At the end of this procedure,
we compute one and four step ahead direct forecasts using all methods considered in the
Monte Carlo section.

The forecasting performance of the alternative models is evaluated relative to that of the
standard 3PRF, using the relative mean squared forecast error (r-MSFE). For each model m

and target series s, it is:

L ()

-RMSFE = , 45
r (m,s) ZT <e(3prf,5)>2 (45)
t=tg t
where et(m’s) = ygs) — yﬁ’”fs) is the one or four step ahead forecast error of model m for
series s, and 65317 1) = ygs) - ]7537’ %) is the counterpart for the benchmark 3PRF model.

When the r-MSFE,, ) is less than one, model m out performs the benchmark 3PRF for
macroeconomic variable s. To assess the statistical significance of the MSFE differentials,
we use the common Diebold and Mariano (1995) test (henceforth DM test).” To assess
whether the relative performance of a model is stable over time, we implement the forecast
fluctuation test developed by Giacomini and Rossi (2010) (henceforth GR test). The forecast
fluctuation test measures the relative local forecasting performance for the two models.
In contrast to the DM test, which measures the global performance over the forecasting
horizon, the GR test assesses the stability of the relative performance over the entire time
path. The test statistic is equivalent to the DM statistic computed over rolling windows of
forecasts. Both DM and GR tests are computed relatively to the 3PRF method.

The tuning parameters of the TV-3PRF are calibrated by the two cross validation schemes

((34) and (36)). As an alternative, we use the information criterion (25) to select both the

SSince our out of sample period contains a large number of observations, the small sample correction of
the DM test proposed by Harvey et al. (1997) is not necessary, as it would lead to very minor modifications of
the original DM statistic.
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Series Names: Macroeconomic Forecasting

TBILL 3-Month Treasury Bill: Secondary Market Rate

IP-DCG Industrial Production: Durable Consumer Goods

AE-WT All Employees: Wholesale Trade (Thousands of Persons)

FEDFUNDS Effective Federal Funds Rate

PCE-FSI Personal consumption expenditures: Financial services and insurance

PFI Real private fixed investment: Nonresidential

CPI-LFE Consumer Price Index for All Urban Consumers: All Items Less Food and Energy
IP-M Industrial Production: Manufacturing

UNRATE Unemployment Rate less than 27 weeks

AHEP Real Average Hourly Earnings of Production and Nonsupervisory Employees: Manufacturing
cp 3-Month AA Financial Commercial Paper Rate

CLAIMS Initial Claims

HOUST Housing Starts: Total: New Privately Owned Housing Units Started

CUMENS Capacity Utilization: Manufacturing

GCE Real Government Consumption Expenditures and Gross Investment: Federal

PAYEMS All Employees: Total nonfarm

EXPORTS  Real Exports of Goods and Services

PCE-FE Personal Consumption Expenditures Excluding Food and Energy
GS10 10-Year Treasury Constant Maturity Rate

EXR-SUS Switzerland / U.S. Foreign Exchange Rate

UNRATE Civilian Unemployment Rate

GDP Real Gross Domestic Product

M2REAL Real M2 Money Stock

EXR-USUK U.S. / UK. Foreign Exchange Rate

FPI Real private fixed investment

Table 5: Macroeconomic series used in the Out of sample forecasting Exercise. All series have been trans-
formed to stationary according to the recommendations of the FRED-MD database.

bandwidths (H, L), and the number of factors (labeled tv — 3prf(ic) in the Tables). For
comparison, we also report results for the PCA method, when the number of factors is
selected by information criteria (see Bai and Ng (2002)).

In Table 6 we present the outcome of the forecast evaluation. Overall, across all the
predicted 25 variables and 2 horizons, the TV-3PRF models obtain the best forecasting re-
sults in 23 out of 50 cases, while they are among the best three performing models, in 37
cases. The 3PRF is best performing in 4 cases and the targeted predictors PCA methods
are the best performing in 5 cases. In the remainder of the cases, the two versions of the
standard PCA method perform best. More specifically, for 1-quarter ahead forecasting, the
TV-3PRF methods are the best performing in 17 out of 25 cases. The worse performance
at the longer forecast horizon is likely due to the use of the direct approach that, while
convenient in the large dataset context as it avoids the need of predicting a large number
of variables, weakens the relationship between target and explanatory variables. The most
significant improvements in forecasting with TV-3PRF are for the TBill, the Industrial Pro-
duction indexes (IP-DCG and IP-M), the Fed Funds rate, and the Commercial Paper. In
these cases, the TV-3PRF forecasts are also significantly different from their 3PRF counter-
parts in terms of DM and/or GW tests. It is interesting to note that the two cross validation
versions of TV-3PRF perform almost equivalently most of the times while, as in the Monte
Carlo section, the BIC-type specification of the TV-3PRF provides significant advantages in
some cases (e.g., for IP-DCG, AE-WT, IP-M).

In Table 7 we repeat the evaluation focusing on the NBER recession periods only, to
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examine whether this leads to any substantial changes in the model rankings. Overall, the
modifications are limited and point to an even slightly better performance of the TV-3PRF
during recessionary periods. In particular, now the TV-3PRF performs best in 27 cases, and
the 3PRF in 3 cases. As in the full evaluation period and in the Monte Carlo simulations,
the BIC-type based specification of the TV-3PRF performs particularly well.

Finally, results reported in the Appendix show that when the sample ends in 201904, so
that the Covid-19 period is excluded, the TV-3PRF methods are best for a lower number of
cases, 16 out of 50. Hence, the allowed time variation performed particularly well during
the Covid-19 period.

6 Conclusions

Parameter time variation is pervasive in econometric models, due to the many sources of
changes in economic relationships. This is typically addressed by making specific assump-
tions on the type of parameter evolution, for example assuming autoregressive or random
walk evolution of the parameters. Yet, since parameter time variation is unobservable, any
specific parametric model is likely mis-specified. Hence, in this paper, we consider stochas-
tic non-parametric time variation in the parameters, focusing on the case of the loadings
in factor models for large datasets, which has attracted considerable interest in the recent
empirical macroeconomic and financial literature.

We have introduced kernel-based estimators in the context of the time-varying three
pass regression filter, an efficient estimation and forecasting algorithm that permits to tar-
get the estimated factors to a specific variable of interest. We have established consistency
of the resulting forecast for the unfeasible forecast based on true factors and parameters,
together with the the limiting distributions of the estimated factors and factor loadings
under the standard large N and large T framework. We have also linked our proposed
method with the time varying parameter constrained least squares estimator and with the
time varying partial least squares method, and shown that these are special cases of our
approach. Finally, we have proposed a BIC-type information criterion to determine the
number of common factors in this context, and specific cross validation methods to select
the bandwidths of the kernel based estimators.

We have used an extensive set of simulation exercises to asses the finite sample per-
formance of our approach, in comparison to the standard 3PRF and PCA, and also to a
variety of more sophisticated PCA based methods. Overall, the TV-3PRF performs quite
well, even for rather small samples (N=100, T=100).



‘ Out of Sample Macroeconomic Forecasting

h 1 4 1 4 1 4 1 4 1 4
TBILL IP-DCG AE-WT FEDFUNDS PCE-FSI
pea(ic) 1.55 1.06 1.21 1.21 0.99 1 1.45 1.09 0.92 1.1
pea(l) 097 066 094 096 099 1.04 1.07 071 097 078

pea-lars(1) 12 081 092 11 094 106 155 078 096 096
pea-ht(10%)(1) 095 077 112 097 099 102 102 082 092 0.84
3prf(1) 1 1 1 1 1 1 1 1 1 1
to-3prf(1) 096, 075 072 111 081 109, 0.8 083 088  1.06
to-3prf(ic) 094 117, 091, 093 086 097, 085, 102, 101 092,
to3prfy,(1) 08l 08 07 115 081 111 079 087 089 107

PFI CPI-LFE IP-M UNRATE AHEP
pea(ic) 115 107 101 08 1 101 099 113 095 091
pea(1) 097 101 09 092 111 103 117 102 081 088

pea-lars(1) 104 119 106 1 102 114 107 116 083 091
pea-ht(10%)(1) 099 1 09 095 099 103 137 108 09 094
3prf(1) 1 1 1 1 1 1 1 1 1 1
to-3prf(1)  0.89° 122 09, 091 091 123 092 118 092 09
to3prf(ic) 0920 101 083%, 098, 086, 097, 104 1 0913 091,
to-3prfy,(1) 088" 114 093,, 093, 092 124, 092 121 098 09

cP CLAIMS HOUST CUMENS GCE
pea(ic) 1.53 1.06  0.95 1.07 1.02 1.18 1.11 1.02 0.92 0.98
pea(l) 0.99 0.79 1.09 1.02 1.01 0.88 1.18 1.16 0.87 0.98

pea-lars(1) 134 096 108 106 11 08 09 108 088  0.98
pca-ht(10%)(1) 099 0.85 112 103 101 091 085 098 089 099
3prf(1) 1 1 1 1 1 1 1 1 1 1
to-3prf(1)  092.. 095 092 098 093 108 093 097, 094 116
to3prf(ic) 09, 1040, 099 099 097 1 083, 099. 087 1.01
to-3prfu (1) 087.. 092 095 099 096 106 093 099, 097 115

PAYEMS EXPORTS PCE-FE GS10 EXR-SUS
pealic) 099 1 103 104 097 103 104 089 094 1.02
pea(1) 121 105 1 099 095 1 086 084 085 09

pea-lars(1) 118 119 101 101 113 104 088 082 087 089
pea-ht(10%)(1) 129 1 101 101 095 1 089 093 091 092
3prf(1) 1 1 1 1 1 1 1 1 1 1
to-3prf(1) 097 112, 097 113 098 1.09 1 091 114 119
) 1

to-3prf(ic) 106, 098,, 0.98 1 093 098 098, 109 112

to-3prfy,(1)  1.03 118, 1 113, 097 11 095 095 113 12
UNRATE GDP M2REAL  EXR-USUK FPI

peal(ic) 11 109 121 105 093 105 093 105 112 114

pca(l) 1.3 1.12 1.19 0.98 1 0.93 0.86 0.95 1.14 0.98
pea-lars(1) 1.19 099 1.01 1.08  0.99 1 0.91 1.01 0.85 1.04
pea-ht(10%)(1) 1.07 109 113 107 1 094 093 097 112 1.02
3prf(1) 1 1 1 1 1 1 1 1 1 1
tv—3prf(1) 1.3 1.06 1.05 1.17, 1.1 1.07,6 1146 1.08 0.97 1.29
to-3prf(ic) 102 099 098 099 112 097, 103 102 096 0.99
tv-3per[. 1) 1.36 1.13 1.01 1.19 1.12 1166 1.16 1.09 0.97 1.24

Table 6: MSFE results for h=1,4 periods ahead forecasts. The results are relative to the MSFE of the 3PRF, one
autoproxy factor model (3prf(1)). In red you can see the best performing method, in blue the second best
and in pink the third best. The * (**) denotes statistically different forecasts from the 3prf(1) model at the 10%
(5%) significance level, according to the Diebold and Mariano test. The ¢ (¢¢) denotes statistically different
forecasts from the 3prf(1) model at the 10% (5%) significance level according to the forecast fluctuation
test. The forecasting period starts at Q4-1984 and ends at Q1-2022, meaning that we forecast 151 quarterly
observations. The estimation period starts at Q1-1960. Table 5 presents details about the reference names of
the series.
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Out of Sample Macroeconomic Forecasting (NBER crises periods)

h 1 4 1 4 1 4 1 4 1 4
TBILL IP-DCG AE-WT  FEDFUNDS PCE-FSI
pea(ic) 252 127 0.65 098 1.01 085 221 14 0.67 1.16
pea(1) 1.04 122 099 108 1.16 135 1.09 121 0.72 0.73

pea-lars(1) 1.34 143 057 113 064 108 1.89 115 0.63 1.14
pea-ht(10%)(1) 097 118 12 1.08 1.04 126 1  1.06 055 0.77

3prf(1) 1 1 1 1 1 1 1 1 1 1
to-3prf(1) 048 129 043 098 0.62 095 052 13 064 038
to-3prf(ic) 0.77 099 0.88 093 087 0.82 0.84 095 1.02 0.92
to-3prf (1) 046 138 039 093 0.63 098 056 1.09 0.63 0.77

PFI CPI-LFE IP-M UNRATE AHEP
pea(ic) 094 11 1.03 096 0.69 1.01 078 1.02 093 1.1
pea(l) 0.82 118 0.7 081 148 116 15 134 0.84 096

pea-lars(1)  0.86 111 0.8 101 079 1.07 059 116 0.89 0.94
pea-ht(10%)(1) 0.91 1.02 072 0.83 1.07 112 175 1.09 1.04 094

Bprf1) 1 1 1 1 1 1 1 1 1 1
to-3prf(1)  1.06 119 039 083 073 112 0.77 119 092 0.63
to-3prf(ic) 092 097 041 095 096 1.01 098 1 09 09
to-3prfp (1) 101 114 038 081 072 112 07 119 122 0.68

cp CLAIMS  HOUST CUMENS GCE
pea(ic) 229 149 0.74 098 086 099 0.75 095 041 0.84
pea(l) 086 148 1.18 1.06 079 09 203 1.09 045 091

pca—lars(l) 1.07 1.04 093 1.02 094 086 0.68 1.16 044 0.73
pca—ht(lO%)(l) 082 117 134 1.07 081 092 0.77 1.04 062 0.95

3prf(1) 1 1 1 1 1 1 1 1 11
to-3prf(1) 074 157 053 1.08 018 086 086 106 0.67 0.63
to-3prf(ic) 0.68 096 088 1.01 0.87 096 1.07 1.02 0.29 0.49
to-3prfu (1) 078 111 054 1.02 024 082 086 1.07 031 0.62

PAYEMS EXPORTS PCE-FE GS10 EXR-SUS
peal(ic) 08 091 095 1.16 0.88 098 124 098 089 095
pea(1) 122 133 108 111 08 1 038 09 068 094

pea-lars(1) 0.72 1.09 109 1.06 12 105 038 087 0.69 092
pea-ht(10%)(1) 0.82 1.17 111 1.09 0.81 1.01 047 1 091 0.91

3prf(1) 1 1 1 1 1 1 1 1 11
to-3prf(1) 093 098 127 124 114 105 081 0.77 144 0.76
to-3prf(ic) 0.78 0.92 1.07 1.02 097 1 067 086 141 0.79
tv—3peri(1) 09 1.04 125 126 119 105 082 0.78 1.32 1.22

UNRATE GDP M2REAL EXR-USUK FPI

pea(ic) 04 106 083 107 11 104 107 104 063 115
pea(1) 201 133 108 131 098 1.03 092 102 127 115
pea-lars(1)  0.89 097 082 135 1.09 115 1.03 1 063 113
pca-ht(10%)(1) 096 1.05 0.66 125 0.98 1.03 1.07 101 134 1.14
3prf1) 11 1 1 1 1 1 1 1 1
to-3prf(1) 086 12 116 1.08 188 086 1.04 093 0.53 0.95
to-3prf(ic) 094 0.99 061 098 132 1.04 089 107 0.89 0.97
to-3prfp (1) 09 123 072 1.06 195 089 111 101 051 092

Table 7: MSFE results for the NBER crises periods for h=1, 4 periods ahead forecasts.
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Finally, to illustrate the empirical applicability of our method, we have conducted an
out of sample forecasting exercise, using a large panel of US macroeconomic series to pre-
dict key variables of interest. This exercise confirmed the gains from the use of TV-3PRF,
making it not only a relevant theoretical contribution but also a useful additional tool for

applied econometric and statistical analyses.
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7 Appendix

In this appendix we include the proofs of the Theorems presented in the main text of the
paper, together with a set of additional results needed for the proofs. Furthermore, we

include additional Monte Carlo evidence on the usefullness of our TV-3PRE.

7.1 Kernel weights

Our estimation strategy for the time varying coefficients is based on the use of kernels
K (x) > 0 with weights

t—s T
kps = K ( i ) ;and Ky = ) kpigs, (46)
s=1

where H is the bandwidth such that H — oo, with rate H = o (T). In what follows, when-
ever possible, we drop the subscript H in kg7 ¢ s and Kp 4, (i.e. write k¢ s, and K; respectively)
for notational convenience.

We consider kernels that satisfy the following conditions

F— g\ !
kt5§C<1+<’ _ ’) ) 7)
N —1
b =t (1 (221))

I

forv > 3.

7.2 Notation

To facilitate exposition, we define the following kernel weighted versions of data, fac-
tors, and idiosyncratic components. That is, let ! = [kl/ Y0, ,ktT Vi, T+1] , Yrs =

Ys = Yp Yy = Kt_1 Zszl ki1yi+1, and ﬁ(t) = [kl/zﬂtb s tT ’7t TH} , Mts = s — 1, with

7, = Ki Bl kg Also, Z6) = [kl/zzs 1,- ,kl/zzs T] for zgp = z — 2, with z; =
K, 1 ZST:1 kt;z; and ng) = k;ﬁzzt. We can define analogous weighted matrices for F;, x¢, wy,
¢;. In practice, all these matrices depend on a bandwidth parameter H (or L), through the

kernel weigting (46). Then, the matrix Z(*) is a function of the bandwidth H, that is ZS) .

When this does not introduce any confusion, we drop the bandwidth subscript.

34



When possible, we will use the summations S,y ; = K; ! 2]71:1 kij (zj —Zt) (xj — %t) ' and
Syt = K 2};1 kij (x; — %) (yj+1 — ¥;), which also depend on bandwidths H or L (i.e.

Szx,H,tr Sxy,L,t)-

7.3 Main Results

Here we present the main theoretical results of the paper. The proofs are derived using the
auxiliary results given afterward in section 7.4. As before, the notation used here follows

the descriptions in section 7.2.

7.3.1 Proof of Theorem 1
Proof of (i): By Lemma A4 and Lemma A5 we have
S -1
FiBr > (ADEPL+ ADrASE) (AAFAQAFAT) " (ASEA] + Bu) (48)

X (ADEAG + Ay) ' ADEAGAFA, (MAFAGAFAGAEN]) " AArAGAEp:  (49)
-1
— (ADEPy + ADFAGE) (ADFAGAFAGAEA,) ™ AtAFAGAE:. (50)

By Assumptions 3, 4, we have P; = 0, Ar is diagonal and positive definite, A; = [Af,, 0]
with Ay, non singular, and Ag = I. Then

5 -1
F/B: N Tﬁim F/AoArA; (AtApAq)AFAquFAD At AFASAF Bt (51)
— F/AoAeA; (AoDrA}) ' (ADEASAE) ! AAFAGAFB:
= FiB:.
Noticing that
Jit1 = Bot + Fi B (52)
and
,BOt = KL_,t Z kL,ts]/s—H - KL_,t Z kL,tst/ﬁL,tz (53)
s=1 s=1
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it follows that

T T
Jror = KLy Y kigsysi1 — Kpy Y kpsFope + Fipi
s=1 s=1
L T T T A
= Ki Y krssPos + Kip Y kpssFiBs +Kip Y kpgstissr —Ki} Y kissEipr + Fipy
s=1 s=1 s=1 s=1
L T T
= Ky Y kits (Bos — Bor) + Bor + Kf} Y kpgsts1 + K[} Y ki isFBs
s=1 s=1 s=1
1 e (2 2 1 e S
KoY kuasFL (B — Br) — Ko} Y kusFBs + Eiy
s=1 s=1
P !
RS F 54
NT e Bor + Fi Bt (54)

. S P - —
since F{By > F{By, ¥t Kp | L1 kiisijs1 = 0 (1) by Lemma A1, the Kp Yoy kpss (Bos — Bor) =

Op (ﬁ) by Assumption 1 and Corollary 9b in Dendramis et al. (2021). For the term
KUY ki sF! (Bs - Bt> , notice that by Lemma A5 it is

~ -1 _

Br — (AAFAL+ Aw) ™ Aibefr = Gy ' AApBy,
with Gy = (AtApA} + Ay). Moreover, it is

Bs — Bt = G M AGAEBs — GV AAEB = G AAFBs — Gy ' AGARB: + Gy ' AsArBr — G LA ARBy
= G A (Bs — i) + (G ABE — G AAE) By
= G71AAE (Bs — Br) + (Gs_lASAF — G IAAF + GIIAAE — G;lAtAF) By
= G ADE (Bs — Bi) + G Y (As — Ar) ApBy + (G;l _ G;1> AtARB:.
Furthermore, since
le:t -6 =||er (G- Go 61| < |[|6Y| G = Gili |6 (55)
and

|Gt — Gs|| < || AtAFAL — AAFAL|| = ||AtAEA] — AtDARAL + AApAL — ASApAL|
< A AR [|AF = AL+ 1A= Al TAFI] A (56)

36



we have that
T A~ A~ A~
K'Y kioEl (ﬁs - ﬁt)
s=1

T
K'Y ks (G;lASAF (Bs — Bt) + GV (As — Ar) Appy + (G;1 - G;1> AtApﬁf)
s=1

<

T
< CrmaxE |G| max | Asl| 14| K7 Y kis I[85 — 1)
s=1

T
+ CrmaxE||G || maxE ||| 18] K7 Y i [ (As = A
s=1

2 T
+ CrmaxE | Ay max||A¢ || maxE ||| max||G || Ki T Y kis G — G
s=1

since maxs E ‘ Z?SH < o0, as all elements in (102) have bounded norm, maxs E HG; 1H <

co, for the same reason, max; || As|| < oo, ||Ap|| < oo, max; E ||B¢|| < oo, by Assump-
ton 1, K £y kus s = Bl = Oy (), K L ke s = 20 = 0 (/¥ ), and

—Gs|| = Op (ﬁ) by (56), Assumption 1 and Corollary 9b in Den-
dramis et al. (2021), and this proves the result.

Proof of (ii): Notice that from equation (128) we have that

—~ -1
pt=5, Ht Sox HtINSx bt (Szx,HINSxx Lt INSe 1) SaxHtINSxy L +0p (1), (57)
Asin (104), we set
ﬁt = ﬁ(l)ltxt (58)
-1
= Szz,H,t (Szx,H,t]NS,/zx,H,t) Szx,H,t]Nxt‘- (59)
Then,
. . / 1 T . . /
F — Lt Z kL ts (F xt - .X's)> + KL,t Z kL,tS (( (1)t — F(l),S) xs)
s=1
= (x; — xt) Fliye+0p (1) (60)
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due to equation (127). Hence, we can write
Vi1 =Y, + ( ) Bt, (61)
which, together with (57), (60) and (104), implies

Vi1 =V, + (0 — %) @ + op (1), (62)

~ / !/
where 7; = ]stx,H,t (Szx,H,t]NSxx,L,t]stx,H,t) Szx,H,t]NSxy,L,t-

Proof of (iii): Let S;be a1 x N selector vector such that S;a; = aj;, then by algebra analogous

to that presented in Lemma A5 we have

~ -1 ‘
S Tﬁi N LS INDAFA, (A AFAD, AFAe, AFA}) ' AtAFAg, AEBy'-

This, by Assumption 3, Assumption 4 and Lemma A5, reduces to

Nait N'Tﬁgoo ( it — (I)t) ,Bf/

: P &) N-1yN LD
since S; [N D; N,T_Loo (CIDit — q)t) , N Zj:l D Tjoo D;.

7.3.2 Proof of Corollary 1

When Ky = 1, the result follows directly from Theorem 1 by noting that the loading of y; 1
on F; is B¢ = (,B}t,O’ ). Therefore, the target-proxy satisfies the condition of Assumption
4 and the consistency result follows. When Ky > 1, let 71) denote the 1 automatic proxy

TV-3PRF forecast. Then, because of derivations in (54) and Lemma A3, we have

=y - (63)
= Bot + F{Bt + 11t — Por — Eip (64)
= F{ (Bt — q’;(l)tﬁ(t)ﬁt) + 17— €t051)77t (65)
with
ofY = SLe it IN(Szx 1t INSx, Lt NSt 11 ¢Sz 1, INX (66)
where z; = y; in the autoproxy case that we consider here. Since B; = ( ‘B}t, 0’), the target

1) (1)

yt has zero covariance with the irrelevant factors, and also , ’, v, have zero covariance

(1)

with the irrelevant factors. This means that r, ’ has zero loadings on the irrelevant factors.
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Suppose we have k < K automatically selected proxies, with factor loadings [A, 0], and
Agft is of dimension k x K¢ with full row rank. Using the same arguments as in the k = 1
case, we can show that the residual rt(k) has zero loading on the irrelevant factors. We
turther need to show that the rfk) factor loading on relevant factors is linearly independent
of the rows of Ays. From equation (63), we observe that these loadings take the form
Bt — (IDQ(l)tf (1) B:. Next, project the relevant factor loading of rfk) onto the column space
of Agss. For linear independence this projection must result a non zero residual. To this
end, the residual is given by (I — A, (A ftA;(}tlAk 1) (Bt — @;(1)tf(t) Bt), which equals zero
when A} ft(AkftA;:}tlAkft) = I. The last statement is true when k = K;. Therefore, the
proxies satisfy Assumption 4.

To verify assumptions that correspond to the error of the proxy equation (w;), notice

that each automatic proxy is a forecast error y;1 — ¥/;+1, where ¥/, 1 is expressed as

Y1 = N"ajx, (67)

meaning that we can write the automatic proxy as z; = by f + w; with wy = 77,41 + N _1a;£f.
The 7; component directly satisfies 1.4, 2.3 and 2.4 by Assumption 1.5. Also the N~ laje;
component satisfy 1.4, 2.3 and 2.4, due to Assumptions 1.3, 2.2 and Theorem 3(ii). Then, all

conditions of Theorem 1 and 5 are satisfied.

7.3.3 Proof of Theorem 2

Inspection of equation (19), allows us to derive the autoproxy TV-3PRF estimator in one

step as
Y1 =7, + (e —%0p) @ +0, (1), (68)
where 1
a=wo (W(t)lsxx,L,tW(t)> WW'S,, 1, (69)
and W) = ]Nsxy,H,t/ ]Nsxx,H,t]NSxy,H,t/ e (]Nsxx,H,t)K_l ]Nsxy,H,t] is the Krylov

subspaces sequence, for K factors extracted.

To this end, we use the generalized definition of degrees of freedom, proposed by Efron

(2004), in which
oy
DoF = E {tmce (@>} . (70)
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Then, total differential of the estimator a; is given by

-1
da; = dW® (W(t)/sxx Ltw(ﬂ) W(t)’sxy,L,t

-1

-1
W xx L, tW ) dW(i)/Sxx,L,tW(t) (W(t)lsxx,L,tW(t)> W(t)/sxy,L,t

-1

-1 -1
(W xx L, tW > W(t)lsxx,L,tdW(t) <W(t)lsxx,L,tW(t)> W(t)/sxy,L,t
( dW(t)ley,L,t + H(t)dsxy,L,t/ (71)

W xthW )

where
-1

H® = w) (W(t)’gxx,L’tw(fU w (72)

Then, we have
-1
day = AW (WS WO ) WIS,

-1

_w (W(f)’gxx’L,tw(t)> AWO'S, 1 i HDS 14
-1

—H®S,, ; dW®) (W(t)lsxx,L,tW(t)> W(t)/sxy,L,t

-1
+ WO (WS W) aW sy 1+ K THO R g, (73)

Next, since vec (ABC) = (C' ® A) vecB, we have

da, = {s;y,uw(f) (W(t)'Sxx,L,tW(t)> ® IN} vec <dW(t)>

-1
- { w,L, JHYS o @ W (W(t)/sxx,L,tW(t)) } vec (dW(t)’>

{8l WO (WS W) 0 B0 vee (aw®)

+ S;cth ® W (W(t)/sxx,L,tW(t)> vec (dW(t)’>
+ K HOX ( ) dy’(t) 74)

and

i — {S;Cy,L,tW(t) (W(t) SxthW( )) ® (IN g )Sxth> } vec (dw(t))

+ {S;y,L,t (IN ~HYs Sxx,L t) <W Sxx L, tW >_1} vec <dw(f)/>

+ K T HOX g, (75)
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Notice that Cis p x 1, Bis p x m, Ais p x m then (C' ® B)vec (A") = (B® C')vec (A) =
BA’C and

di; = {s;yluwﬁ) (WS W) g (In—HYS 1) } vec (dw))

~1
+ {W(t) <w<f>’sxx,L,tw<f>) ® Sl (IN - H<t>s<f>) } vec (dW(t)>
+ K FHOX ), (76)
or, equivalently,

-1
i = { SO (WOSp W) 0 (I~ HOSw ) +
t = _

(t)
TWO <w<f>'sxx,L,tw<f>> L (IN _ H<t>5<t>> oee <dw t >

+ Kt HOX Y )
(S/y Lt Q@IN+IN® Sxy L t) {W(t) (W(t)lsxx,L,tW(t)> B ® (IN - H(t)Sxx,L,tﬂ vec (dW(t))

+ K T HOX D g, (77)
From the definition of W) we have

vec (W(t)) = K;thUf(]?g), (78)
where Ux = {ig)h\], Xg)]Nsxx,H,t]N,--z ig)h\] (Sxx,H,t]N)K_l} and vec (dW(t)> =
dvec (W(t)> = K Ugay®)

Also, since ]7(H) = Al(q) <y yHtlT)/ with A = diag (\/kuje /kupe - Vkuare), we

have that g{H) = Ag? (IT — KltlTlf[A%)Ag{)) y and also

1
gl = Al (IT = E1T1’TA§?A§)> dy. (79)

Combining this information with the previous derivations, we obtain:

. t - t 1 2,
A = (Shype® Iv+ In @ Sy 1) [HG) @ (v = HOS ) | Kihtia (IT = K_HtlTTA(L t)) dy
(80)

- 1
+ K THOX ALY (IT = ElTTA(LZ’t)) dy,

where H((B =w (W(t)’S,(fx)W(t)>

in T x 1 vector form as

2
, 1 = 1717, A(2 H— <A(Lt)> . Writing equation (68)

vy =y, +diag ((x1 — %11) , (x2 —%12)’, ., (X7 — YLT)’) vec (A) (81)
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where x; is a N x 1 vector of the N regressors at time ¢, A is the N x T matrix A =
[@1,@, .., ar], and the diag ((x1 —%11)", (x2 — %12)", ..., (x7 — X1)") is of dimension T x TN,

we finally obtain:

T ke , . , dvec <§>
DoF (K) = S; E + trace | diag((x1 —x1) , (x2 —X2)", ..., (x7 — XT) )T
Tk T oa
L,ss — I s
= =+ Xs — X ,
s; Kis S_Z‘i( s Ls) 9Ys+1
where aiﬁl is the t-th row of the T x N matrix given in (80).

7.3.4 Proof of Theorem 3

Proof of (i): In view of the Cramer-Wold device, it suffices to verify that for any vector v

with v'v = 1 the scalar random variable pr; := %v’ F;Ul{ 25 Fy 1, has the property
2t !

prs 5 N(0,1). (82)

Notice that for ¢;, := K, tl/ 2y F;Wl{ 2P5175+1 we have that

T
pre =Y kesCr..
s=1

Also, v/ F;Ul{ 2F5175+1 is a strong mixing sequence since F;, #7541 are both strong mixing se-

r
quences. Further, E (V’F;?l/{zPS;ySﬂ) =0,as E (Fsns11) =0and E V’F;?l,{zl-}rysﬂ‘ <M<

oo for all s and E |Fs#5+1|” < M < oo for r > 2. Also notice that

T T

_1/2 -1/2 -1/2 ~1/2 ~1/2

var (Kz,t/ Zkt,sU/FFU/{ Fs775+1> = VIFFU,{ var (KZ,t/ ZkfﬁFS”SH) FFU,{ v
s=1 s=1

T

_ —1/2p -1 2 2 —-1/2

= VT K5 Y KLE (FEin2, ) Tapy2v — 1.
s=1

The result then follows by White (2014), Theorem 5.20.

Proof of (ii): As in element (i), the scalar random variable pr; := %v’ Fgglfcpg,it has the
property -
d
prt — N(0,1). (83)
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Notice that, for &, := K, 1/2 VT 2Fe;., we have that

Fe,it
T
pre =Y kesCr.. (84)
s=1
Also, v'T glz/tstﬁis is a strong mixing sequence since F;, ¢;; are both strong mixing sequences.
r
Further, E (v FFsll/tzF sis> =0,as E (Fs¢js) =0and E ’FFgl/tzF gis] < M < oo for all s since

E |Fseis)]” < M < oo, for r > 2. Moreover,
7 = var ( ~1/2 ’F;sll/tz 2 ki sFs sls>
VT e ( W e,s> r1,
= VT2 ( Y 2 Z ki,skiE (F. Fr’sissir)> Trh?v — 1.

s=1r=

The result follows from White (2014), Theorem 5.20

Proof of (iii): It suffices to verify that for any vector v with v'v = 1, the scalar random

variable pn gt := N 172y F(P:étch,g,ist, has the property

d
pnst — N(0,1). (85)
Defining &y := N~1/2 ’F©3étszlsslt, then
X 12 1/2
PNst = Z‘:ist =NV ZV’F;&@ Djseip. (86)

i=1

Also, v F(Dg{ 2p,e;isa strong mixing sequence since ®;; is a triangular array of vectors and
gj; is a strong mixing sequence. Further E (1/’ Ig}zétzcbiseit) = 0 since E (®;s¢;;) = 0 and

E(

.
) < M < oo forall i since E (|®Pjs¢ei|") < M < oo, r > 2. Finally,

m—1/2
v rq)E,St chsglt

~2
o= var( 1/2Zvr®géf¢ € )

— Fq)iétzvar (N_l/z Z@iseit> Fcpiétzv
i=1

N N
_ gl (N Y <q>is<1>jsefte,~t>) r2
i=1j=1

The result follows from White (2014), Theorem 5.20.
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Proof of (iv):Notice that

. ~ 1
Naj; — Nayy = NSNSy m1 s (Sax, it INSxx Lt NSz 11 t)

1 1
— NS INSL 1t (mSzx,H,t]NSxx,L,t]NS;x,H,t>

1 G0
X —§ — XW'E
Zx,H,t]N KL/t L L ﬁt

Szx,H,t]NSxy,L,t

N

-1 (t)/’FV(t)

1 ~
= NSiINSLy 11+ (Szx,Ht INSxx, Lt INSex 1 1) Szx,H,t]NK_LtXL 1 Bt

1 1 <y~
+ NSiINSo i ¢ (Sax,HtINSxx, Lt INS2x 11 1) Szx,H,t]NK_UXy)/’?L,t

’

1 _1
- NSi]NS;x,H,t (mSzx,H,t]NSxx,L,t]NS;x,H,t>

1 1

() 5(t)
X ﬁszx’H’t]NK_L,tXL F, Bt

()

_ T _ 1 -
= Sz’]NS;x,H,t <N 2Szx,H,t]Nsxx,L,t]NS;x,H,t) N 1Szx,H,t]NmXL /77L,t-

The result follows from Lemma A8 since 77y = 7 + 0, (1).
Proof of (v): See proof of Corollary 1

7.3.5 Proof of Theorem 4

Proof of (i): First, set yr1 = ¥ ; + (xt — %1,+) GatBt and since 71 = Y+ (xe — X)) @ +
0p (1), we have that

VKLt G — Fe1) = VKo (i —x0) @ — (x0 — Xpt) GaPr)
=N (x—xp) KN (@ —ay),

for aj; = S;G, B¢, which implies that

K ~ o~
\/ INLt (ygl yt+1) i> N (0’ 1) )
t

o~

where Q? = N~2 (x; — Xr;) Avar (@) (x; — X1;). Also, by Theorem 1 we have
i1 = (T, + (xe = %) GagBt) 2 Ewyesn,
! N TS0

and by Slutsky’s Theorem convergence in distribution follows.
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Proof of (ii): Notice that

(,Et — G/S,t,Bt) = :/3\1_,['11/6\2,151/8\3:1}11\]_11( Z f K.} ()/.’?{Lt)

o El_,tlgz,tgg_,th_lK Z ] K ()/FL(t),Bt
+op(1)
_,31f,[52t,33t1N 1K ]NK ()U(t)-
Then,
K}/ﬁ (Bt - Gﬁlt:Bt> ﬁlfﬁZt,B;,;th 1KHtZ ] K= 1/22(Lf)/ﬁ£t)
4N (0,Zg,)

by Lemma A8, and following the results in Lemma A4 and Lemma A5, we have that
Ypi = ¥pilry Vg

where
_ -1
Yg: = ZZ,} (AtAFAq)tAFA;) (AtAFAq>tAFAq>tAFA;) A ArAg

B, = K AZW 70 Po A AAL A
P Hi%H 4H N/T% tAFNA; + Ay

7 P
Boi = NTIK2ZW' X N XY ()N,T_L AtApAg, AFA,
B = N2K2Z0' X\ Ink X' X 0 TN XY “N ?: _ ADEAGAFAGAFA].

By Assumptions 1-4, we have that
Zpr =L Tryily
To show that @ (Et> is a consistent estimator of X p,t, notice that
KI2 (B~ Gpubr) = B Bashs INT K Z) X Ik 12RO + 0, (1)
(KUP(;)'?(L”) K }/2?2) i o, (1),
which implies that the asymptotic variance of Bt equals to the probability limit of

=00\ TN =0z (=N T
K PL FL KL,tFL 77L77LFL KL,tFL FL .
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Assumpion 1 and Lemma A7 imply that (87) equals to

O iy -zt p

o< —~ _ !/
KL_}FL o Fr N T e K} ZlkLts (541 —77) kLts( s_FLt> (FS_FL,t)

T ,
p -1 2 ~ — -~ —
— K k k <F —F ) (F —F > .
N,T L,t E‘;- L/ts175+1 L,ts S L,t S L,t

By Theorem 1, we have that 7y = 7t +0, (1), 77, = 0y ( ) which implies that (87) and
Avar ( Bt ) share the same probability limit and therefore Avar <ﬁt) is a consistent estima-

tor for Xg ;.

7.3.6 Proof of Theorem 5

First, note that
(B = (Hos + HiFr) ) = FaeFg INT'KTTZO/ RO e
Using Lemma A9, we have that
VN (E — (Hot + HtFt)> 4N (0,Zry),

with Xr; derived from results in Lemma A9, Lemma A4 and assumption 3,4.

7.3.7 Proof of Theorem 6

An equivalent expression is
T , 2
arg min Y ki (}/s+1 — Y — (s —XLt) ﬂt) (83)
s=1

= argn}&n (ffp — }?g)at) (9?) N(t)at> .
Then, a; can be estimated by the minimization of the weighted sum of squared errors.
Notice that since the constraint is of the form Qja; = 0, by Amemiya (1985) (Section 1.4),
the solution is given as
ar = Rt (RiSxx1tRt) - RiSyy, 1t

Sty = K1 RO'RE)

SxyLt = KL}X( )/yﬁ)’
where R; is such that R}Q; = 0 and [R}, Q;] is non singular. The result follows when

Ry = Wy m .+, for which we have

~ / -1
ar = sz,H,t (sz,H,thx,L,thz,H,t)

/
WxZ,H,thy,L,t'
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7.4 Auxiliary Lemmas

The results presented in this part of the Appendix are necessary for the proofs of the main
theoretical results given in section 7.3. The notation used here follows that introduced in

section 7.2.

Lemma A1 Let Assumptions 1,2 and 5 hold then for Syk, = min <\/N, \/Ks) andallr =1, .., T.

2
1. E‘N_l/sz_l/ZZiuksuqu lenit — Ciiut]| <M

2
<M

2. E ‘N V2R A2YN ST Keumu [€iutis — i ut]
3. (@) NTV2KS2 ol TN kst = Op (1)

B NTV2EN e = 0p (1)

(c) Kg /2 Zt:1 st€jt = OP ( )
4. KV2y T kg = O, (1)
5 K2 kaeihir = Oy (1)
6. N~1/2K;1/2 YL YN kaeitin = Op (1)
7.NTK2YT SN ke For = Oy (1)
8. N1k 12 YL YN Puirksteirwnt = Oy (1)
9. NTV2KM2 L TN pirkeseinniin = O, (1)
10. N_lK;l/2 Yiu kiseiyeir = O ((SNI1<5)
11. N~1K;3/2 Z;frzl ZZ; Zzli Ksu€iulu-v1Kks €t = (5N11<s>
12. Ks_l/zN*l Zz;zl Z{il ksuFmu€in€it = <5N1Ks)

13. KT VANTVET ) YN Kewwmtiueis = Op (5N1K)
14. NTUKYY L YIS N  ksu€intus1ksiei Fne = 0, (1

7.4.1 Proof of Lemma Al
In the following we use the result

-1 Z R, = (89)
from 6.1 of Giraitis et al. (2014).

2
1. E ‘I\f_l/zK_l/2 Zi u ks uFmu [5iu£it - U—ii,ut]‘
=E ‘N 1K Zz JU,j,0 s uFmu [ Su) S) Uii,ut] ks,vaU [Sjvejt - O'jj,vt} )
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< maxyy E |quFmv| E ‘Nﬁleil Zi,u,]’,v ks,uks,v [5iu€it - Uii,ut] [5jvs]'t - Ujj,vt} ‘

2
< maxyy E |quFmv| E ‘N71/2K3_1/2 Zi,u ks,u [Eiueit - Uii,ut]

because of Assumptions 1 and 2.

2. Asin item 1.

2
3. 2) E|N-V2RV2 L T | =

= E (NN T BN L korejk ) =
=N~ 1K 1ZN1Et 12N121 1 stksl‘Tijtl

< N7IKg 12N1Et 1 2 g Ko ik,
=0, (1)

by Assumption 2.1 (d).

2
(b) E ‘N—l/z Zlejt‘ =F ( N1 Z;\IlzzN1€jt5it>
=N~ 121\]121 101]tt < N™ 12N121 1 ‘Uz]tt| _OP 1)
by Assumption 2.1 (a).

1/2 Zt 1 ks, tSJt =Ky 'E (Zt 1 Eu 1 ks, tgji’kS usju)
= Ky ! Zt:1 Zu:1 s,tks,uUjj,tu < Ks 21}:1 Zuzl ks, tks,u {0']'j,tu’ =0y (1)
by Assumption 2.1 (c).

2
4.E ‘Ks_l/z Y ks,t’7t+1‘ =E <Ks_1 Yy, ks,t’7t+1’71+1ks,1>

= KM Sy K3 E (17q) = Op (1)
by Assumptions 1.5 and (89).

2
5.E ‘Kil/z Y ktssz’ﬂ?t—i—l’ =E (K_l YT ktsktzﬁit’?t+1€iz’71+1>
=Ky 1Zt 1ktskts ( ) (’7t+1) 1Zt 1ktskt5‘7u #E (’7t+1)

< KM Sl KTE (1741)
by Assumptions 1.5, 2.1 and (89).

2
6. E ‘N‘l/ZI(l/2 YErN, ktsgitﬂt—&-l‘
=E (N Ko o Y, Z] 1 ktsktzsztﬂt+1€]ﬂ71+1>
=N, Z]N L Ko iy K0 (1174)
< N”Z 12] 1‘71] 121‘ 1kstE (77t+1) OP (1),
by Assumptions 1.5, 2.1 and (89).
7. By the Cauchy inequality N~!K; 1/2 Y, Zf\il Pmirkst€itFot
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- Nil 21111 ¢mir (Ks_1/2 Z?:l kstgitht>

1/2 B o\ 172
( ' 4’mzr> (N_l I (Ks 2yl kst8itht> ) =0y (1)
by Assumption 1.2 and Theorem 3.

8. N~ lK 1/2215 12 1¢mzr st€itWot = Z 1¢mzr< S_UZZtT:l SStS)wz(Jst)>

1/2 o\ 1/2
< o 4’mzr> (N_l Yy (Ks_l/z Yi kstﬁitwvt> ) =0, (1)
by Assumptions 1.2 and 2.4.

9. E‘N S0 R Vi yil 1‘szr€zt)77t(+)1 2
=E < NI Y e el Z]N1 ¢mzr€zt ’7t+1‘Per€§l)’71(+)l>
= NR I T BN E Gitmikiseieikis (113))
= K 2l kiE () KisE (N7 RN TN 14’m1f4’mﬂ81f€ff>

=K' KLE (n7) E <N V2 ‘szrgzt) =0p (1)
by Assumption 1.5, Theorem 3 and (89).

10. NT'K Y2y ksuenen =

= NIKY2yN ST ke (eiuit — Giiut)
+NTIKT 2N Y KsuGi

< NIKTY2yN ST ko (eiuis — O ut)
+max, (ksy) NT'KV2EN ST o
= 0y (N"1/2) 4+ 0, (K%)= O (33K )
by Assumptions 2.1 (b) and 2.2.

1L NTK20l ST SN kusentusakseeir
< KR P (RN 2L 2 i)

1/2 - o\ 1/2
S (K;1 ZZ; ksuﬂﬁ_._l) (Ksl Zz; ksu <N71Ks 1/2 Z?:l le\il kst£iu£it> )
—1
=0 (0xk,)
by Assumption 1.5 and item 10.

12. K Y2NIYT YN ke Funintir
=NKV2YT YN kuFo (€iutit — i ut)
+NTKTY 2L TN ksuFonGi

< N_le_l/z ZT EN ksuFu (Ezugzt Uzi,ut)
+max; (kst) Kg 1/2 maxy (|Fmnu|) N~ Z 1 Zfil Tii ut
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-0, (Nfl/Z) +0, (Ks—l/2>
by Assumption 2.1(b) and item 1.

13 K V2NIY T SN ksuwmueineir

=N~ 1K 1/22 =1 21 1 ksuwmu (Ezuezt Uii,ut)

+N~ 1K 1/22 -1 Z suwmuo'ii,ut

< NK2ET YN ksuwm (i€t — Giiur)
+max; (kst) Ks V2 maxy, (|wpu|) NTVET_ YN 04 e
=0, (N~ 1/2) +0, ( : 1/2)

by Assumption 2.1 (b) and item 2.

14 N7UK ) Y Y Kutiuaksi€in Ft
NTTEN (K2R ki) (K2 X0 kuseantiunn

2\ 1/2 2
< (N_l >N, <K§1/2 Y kstgitFmt> ) (N_l >N <K§1/2 I kus£iu’7u+1> )
= Op (1),
by Theorem 3 and item 5.

1/2

Lemma A2 Let Assumptions 1,2 and 5 hold. Then, forr =1, .., T and dyg, = min <N1/2, K§/2>,
we have

1. K V2EOG0 = 0, (1)
) K—l/zf(S)/ﬁ(S) = Op (1)

1/2A(s Oy (1) (a single element)

.N 172 ']Ncpt 0, (1)

NTIK1! e B 9 =0, (51;]}(5)
N-K 20 e @) = 0, (1)

N-12g; 1/2g ]N~(s)/ ~(s) _ 0, (Ks—l/z) =0,(1)
 NTIKS V2ROV g FE) = 0, (a3k )
NTIKS 2GR g ES = 0, (d3) )
10. N=1K;3250)26) g @) = 0, <5N}KS)

@Oo_\l‘_:h(ﬂ»-hpol\)

12. NI 20086 Jyer = O, (o34, )
13. N71K; /2016 e EO) = 0, (o3k )
14, N1 32080 [y @) = 0 (o3k )



7.4.2 Proof of Lemma A2
1.1tis K; V2P wl) = k128 T F90 = kV2YT |k Fol.

Then, K /2F0V@®) = KTV 2] BY 0l — (KR ko) (K2 £ ki)
= Oy (1), by Assumptions 1.1 and 1.4 and 2.3.

2. KPR = k2R Ft(s)ﬂt(s)/ - (Ks_l Ti kf,SFS> (K;1/2 i kt,s’75+1>
=0, (1), by Assumption 2.1, Theorem 3 and Lemma A1.4.

3. Ko V2O = KTV YL kesertpin — <K§1 Yi kt,s€t> ( eV ktsﬂt+1)
= O, (1), by Lemmas A1.4, A1.5 and Assumption 1.3.

4. The m-th element of N—1/2¢/ INPris N~ 172 Zl 1€irPmit — ( -1/2 Zl 1€t ) (N’1 Zf\il <sz',t>
= Oy (1) by Assumption 1.2, Lemma A1.3 and Theorem 3.

5. We have N~ 1K; 1@/ Jye) FG) = NIK; Tyl N 14)zr€zt) e
N2 P BN gk e k“ZF“

—N— 2K 121‘ 12 12]1\]14)”,th (5)/

+N2K2 o o N 1Z§V1¢zrk”2 K2EY

The mq,m, element of the above is
~NIK! WES — 0, (Ks/2) by L AL7
Zt 1 Z =1 ¢m11r€lt mot |4 S Yy Lemma /.

-N— 2K Zt 1 Z -1 Z;\] 1 (Pmlzregt)PrEzsz)t =
<N Z =1 (Pmlzr) < - Z]I\il s - Etzl e;f)ﬁgfz)t)
— 0, (1) x O, < ; 1/2> =0, (Ks_l/Z), by Assumption 1.2 and Theorem 3.

N2 YL Y N ikl %! (s)k1/zF(s)/:

= (K T K2R (N L 1¢mll,k1{2e§f))

but K;' YL 1k1/2F( )l = O, (1) by Assumption 1.1

and N2k 1T, ( ~1/2y°N 1¢mlzrk1/2 (s )) _

= N V2k YT kg, (N—1/2 ¥y 1¢m1ir€it> = 0, (N~1/2) by Theorem 3.
So, overall, NT'K;2YF v v 1q’)zrkl/2 kl/ZF() =0, (N2,

-N— ZK ZZt 121 12 12;\114)”]{1/2 kl/ZF()
= N X K2 (KT KPR (NTEY, ) = 0, (NV2K12)
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by Assumptions 1.1, 1.2 and Lemma A1.3.

Summing up the various terms, we have that A2.5is O, <5K11Ks) :

6. (N*K‘l/zcb’] ~(s)/~(s)> _ NilK_l/ZZZ; ZfL 4)1'785:)“]155)/
~NTIKPPEL v, e 1‘Pzrkl/2 kl/z ()
~NT2KTV2EL TN N gl ol

NP R T BN T gake e ke

Notice that
N2 ET YN e 0 = 0, (1), by Lemma A18.

NP Zf\] 1 4’zr€]t wt( V= (Nfl Yty ‘Pir> (Nile_l/Z i1 Zf\lzl 85-?)6055)')
= O, (1) by Assumptions 1.2 and 2.4.

NTIKSPY Lyl e 1(Pzrk1/2 kl/z ()

- < 1/221 1k¥2 U) < N7 Zt 12 1¢1rk1/2 )
=0, (N"1/2) = 0, (1) by Assumptions 1.4 and Theorem 3.

N KPR T T B gk e e

= (Nfl T <Pir) < ey 1k%2 > ( le L Z}ilk;ﬁzeﬁ))
= 0y (1) x 0, (1) x Op (N"V/2K; 1/2) = 0, (N172K;172)

by Assumptions 1.4, 1.2 and Lemma A1.3.

Then, overall, N_th_l/Zq);]NE(S)&VJ(S) =0y (1).

7. (N_l/zK’l/zq) ]N€ Vit )> N~ 1/2K UZZt o 14’zr51t ’7t(+)1
—~N~ 3/2K UZZt N 1Z]Nl¢ﬂ€]t ’7t(+)1
+N—3/2K; 3/2Zt 121 12 1Z]Nl¢zrk1/2 k1/2771(+)1

Notice that
N2yl YN 1<p1,szt 17t(+)1 = O, (1), by Lemma A1.9.

N~ 1/2K 3/22T 121 12 1(Plrk1/2 kl/zrll(Jr)l

= < 1/22 k1/2771+)1> N~ 1/2K ! Zt 1 Z =1 ‘Pzrkl/z =Op (1)
by Theorem 3 and Lemma A1.4.

N 3/2K 1/22t 12 12]1\]1(P17‘€]t 17§+)1
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= NN g (N2 TN 6 ) = 0, (1)
by Assumptions 1.2 and Lemma A1.6.
N T T gkl e K =
( 1y N 1%) ( S12y T 1k1/2’71(+)1) K 1/2 (N 2K 12y T Z k1/2 ))
= 0, (K172
by Assumptions 1.2, Lemma A1.3 and Al.4.
So, overall, N~1/2K; 12, e 57() is O, (1).

8. For the my, my generic element N‘lK;3/2f(S)E(S)]NE@)’FV(S) we have

= N7'Kg 3/22t 12u2 75151)”‘85:)1:11(15)15
NP T, o Fonaks el K 2E
SN2 YT YN YN e ZZ)P&RueL)F,Eth

FNT2KS 5/22t 121 1Zu2 1211\11 lz) 1511)uk1/28( )k1/2P11(12)l
SN2 YN YT YT kL2 )k%ézP&RU CES,

N2 e e T S k2 kL) K2 K2R

N2 e N L T PR o

NI SRS SN D PP DARD MRS wARY S Ts ey S ot s

Then, 8.(i),
N— 1K 3/2 Zt 1214 Z ml)u‘c’gf)Figflsz),t —

= K V/2N1 I ( s 1/2 Yoe iu 11(151),u> (Ks_l/z i 85?5521) = Op (Ks_l/z) by Theo-
rem 3.

8.(i)
N~ 1K_5/22t 121 1Zu Zz L€ m ml)ukl/z ()kl/ZFrEZ)l—
:<KS 2?:1 kl/ZP( s) ) N~ 1K 3/221‘ 1Zu 2 ml)ukl/2 ()

= (Kol 1k“2,$1 ) KR (NS ”Zzu £ el ml’ukme”)
§<K;12T kl/ZF ) ATk ( NI V2yTyN ml)uszt)

-1
=Op <5N,T>
by Assumption 1.1, Theorem 3 and Lemma A1.12.

8.(iii)
N2k TN 125%8521?1511%85#,55;

—K 172 (N 1K UzZu Zz 1 m n(isl)u> (N 1Ks 1/222;1 Z]I\LI 'S;i)FrSz),t>
-0y (k172)
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by Theorem 3.

8.(1v)

N2K2 L T EIEN TN e E éqfuk”ze( KPE)

= (KTl KP2ES) (N2 EN, el Pﬁiﬁu) (N KRN O ke )
=0, (1)0, (1) 0, (K;/2N"12) = 0, (K7 V/2N"172)

by Assumption 1.1, Theorem 3 and Lemma A1.3.

8.(v)
N— 1K S/ZZt 12 12 12T 1kg{l2€§u)kgé]21:rgﬁ)v€( )F(S)

mo,t

_ ( K1yl k2ES) ) (K YT kL2 §u>) (N K2y N T 85?552,1?)

=0, ( 1/2)

by Assumption 1.1, Theorem 3 and Lemma A1.3.

8.(vi
v Eia B D Kl B ke ko Fud ok e K 7, =
=<1<—1 S kPR ) (KT KPR

KU KN YT kL2 k2l

< (K. T  KL2ES >)( ST KRR

1Zt 1kst( 1/2N 12 1Zu 1ksu€zu€zt)

-1
=0p ((SN,KS)
by Assumption 1.1 and Lemma A1.10.

8.(vii)

I S VIRD FARD il oD MRY s oy )

= 0y (N1/2K;172)

see 8(iv).

8.(viii)

N2K T T T T Dl Tl KA R B ok e R
- (k0w ) (605 )

K;1/2N-1 (N 12p 12y N g k1/2 )) <N /2K~ 1/2E vyl 1k1/2 ))
_ Op( K-12N- 1)

by Assumption 1.1 and Lemma A1.3.

So, overall, summing up these terms we have that the item in 8 is Op ((5{11&) .
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9. The proof is as in 8, replacing w®) for F(*), Assumption 1.1 for Theorem 3, and Lemma
A1.12 for A1.13.

10. For the mq, my generic element of N™1K;3/2G6)g6) [ye6) &) we have
N2 TN el wfnfué Dl
e R S WD W W WY wml)ukl/z (S)kl/z‘*’;(;z)l

—N72K;%/2 Zt "> Z 125\]1 m)“’gnl)usgt)w;gfzt

N T DTN S e ikl e K )
R B S WD WARD WA 3 1k%2€m)k1/2w7(n1)v5( )w1(1152)t

NIRRT T BN T T kel kol okl e KL Pl
+N2K;°2y T v N Z Y Y g{d2glu)k1/2w£”1)"0€§t)w£nz)t
~NT2K72y T T yN Z}il yI  yT %Zt?m)kl/zwr(nl)vkl/z (s )kijzw(s)

7112[

Focusing on each element of the summation we have

10.(0),
NTK2EL el ey el wfnfue” ot =
=K;'/?N- 'Yy ( JPyhe i me) ( ;12 Y 1€1t w}(;;t) = Op (Ks_l/2>
by Assumption 2.4.

10.(ii)

N-1KS 5/22 121 YTYN e (s wml)ukl/z ()kl/z (s) _

71121_

= (K k2wl ) N2 DTN e mwmfuk”“)
<K Z:T—l kiéz mzl> 121?— ( lK 1/2214 21 1811,1 wml)”kl/2 ()>
< K2 (KPR K Pl ) K B ke (NTIRSY2 EVEN, e winluein)

mzl

-0, (%) 0, (5 =0y (3)

by Assumption 1.4, and Lemma A1.13.

10.(iii)

NZ2KP2 ol o el 125\[1 zu)wf(nl)uggt)wr(rz)t

_K;1/2 (N 1K 1/2yTyN ¢ (s wml)u> <N 1K;1/25T Zjlil 8;;)%(;2)»
-0, <K 1/2)

by Assumption 2.4.

10.(iv)
N2kl vyl eIy, EJN 1 Sm)w%uklé%ﬁ)klﬁ,{%gz
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_ K12 (K;l/z E ki,{zwr(;)l) (N—le—l/Z % %852)60;(;1)u> ( N-1K;! Z Z k1/2

1=1 i=1u
=0y (K12) 0, (1) 0, (K 1/2N7112) = 0, (k2N 1/2)
by Assumption 1.4, 2.4 and Lemma A1.3.

j=1t=1

10.(v)
is O, (33'r) as in 106,
10.(vi)
N2 T N Y T KRl KRl kL 2 K Pl =
:< 1Zlle1/2 (s) )( Iy T k1/2w1(nl)v>
K1yl KV2N-1yN v T 1k1/2?3 )kl/Z Et)
< (7L ) (75 Pl
Ko Tk (KN RN B elel))

=0p (K51) Op <‘51§,11<5> =0p <5KT}KS)
by Assumption 1.4 and Lemma A1.10.

10.(vii)
isOp <N_1/2K;1/2) as in item (iv).

10.(viii)

N2 T TN B T B kel K ol 26 KL o)

— K172 < -1/2 T k1/2w’(ﬂl)v> K12 ( -1/2 T, ki{z r(nz)l>

KSV/2N-1 (N—1/2K51/2 yN YT kg,{lzsgu)> <N 1/2K = 1/22 Y 1k1/2 ))
=0, (k1) 0, <K;1/2N*1> =0, (K;”ZN 1)

by Assumption 1.4 and Lemma A1.3.

So, overall, summing up these terms we have that the item in 10 is Oy (5&1&) .

11. For the m-th element we have the following expression
Ks_l/zNi1 Z Zz 1 mugm)szt
K PN B S ey

S S N ARD VARD ¥ R Sl o
HK3AN2YN ijil YT YT kM2 (s $)i1/2p(s), )

iu sl ml

We then have
CKVANTYT YN ESC)e = 0, (513,11<s> by Lemma A1.12.
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K VAN YT N ZJN 1 Frﬁfﬁefi)gjt

—_N-12(N ( -1/2 ZN1€ t) (NqKs—l/Zz TN mugm))
=0, (N~ 1/2)

by Theorem 3 and Lemma A1.3.

K 3/2N 12 12 121 1k%{/{2 1u) kl/zF(S)Slt
=< lelzlk;{zﬁil))K VANTIEN K2 e
< <Ks_1 Y k;fﬁ?) <K VNN, vl k%tzegu) 8it>

=0, (1) 0y (9. ) = O (9w
by Assumption 1.1 and Lemma A1.10.

K 3/2N 22 12]leu IZ:llel/2 m)ksl,{ZPrEﬂ)
— ( 15T kl/ZF )) (N /2K 129N yT k1/2 )) (N_l/zzl\ilsﬂ N-1/2
=Op (N™ 1/2)

by Assumption 1.1 and Lemma A1.3.
So, overall, item 11 is O, ((51(&(5)
12. The proof is as in 11, replacing w(®) for F(*) and Assumption 2.4 for Theorem 3.

13. For the m; generic element of N— 1K: 3/2 (s)3(s) ]Nss 'FG) we have
N2 R RN el niﬁlsif)Péfﬁt
NS T TN el ke KPR
SN2 RN TN ey e SES)
FNT2KS 5/22t X7 YTy N 125\11 1u);71(t—|)—1k1/2£( )kl/ZF()
—NTIKPP L O Y T 1kg{lzgm)kl/zrlz()llegt)F1§152)t
FNCIKT2yT YT YN YT e gl )k1/2,7§+)1k1/2 ()kl/zFT;Z)l
FNT2K; 52y T 1ZN12N12T Ly 1k%zsgu)k”zﬂillegt)Frfﬁt

SN T D D Dl Dl KPR K e R

Then, 13.(i),
N~ 1K 3/2 Zt 1 Zu Zz 1€y ﬂullsgt)FiSz)t =
= Oy (K'/2) by Lemma A1.14.

13.(ii)
N ES WD WD W WARE- Al I STl S

myp
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= (K L K2R, ) NTIRS 2 RN el ) e
=0, <5K]/1Ks> by Assumption 1.1, and Lemma A1.11.

13.(iii)
N~ ZK B/ZZt 12142 12;\,18111)171(4—%)-1 ;i)F’gfz)t
=K PNV (N2 ) ) (NTTRS 2 DY ) B

=0, (K/2N1/2)
by Theorem 3 and Lemma A1.6.

13.(iv)
N—2K; 5/2 Zt 121 1Zu Z 12]’\’1£m)17£+)1k1/28( )k1/2F( )

= ( Y kl/zF )> (N 12K 172 YN Yre iu 1714—4)—1) N 1/2 (N_le_l E]'I\il i k;f%?)

=0, (1)0, (1) 0, (K;/2N"12) = 0, (K;V/2N1)
by Assumption 1.1, and Lemma A1.3, A1.6.

13.(v)
IR i VD wARD VD 1k%{?efu>k“ 1,165 Fo

= (K k) m)) (K ol k2 (N UGN YL e RS

=K 12 (K22 K2 () (maxs (kop) K L N2 RN T e

=0, (K 1/2) 0, (5N}Ks> =0, (5N,1Ks>
by Theorem 3 and Lemma A1.12 and A1.4.

L) ()

it

13.(vi)
NIKT72yT v T v vT yT L2 )k1/217§ )kg/z ()kl/ZFrSQ)l_
(K pui 1ki§2Pm31) (ki g )
K1yl K K;V/2N-1 Z Z k1/2 )k1/2 ()
< Zz 1k%2F;$1)1)K 1/2< 1/227" 1kl/zm(]))
K kst Y- 1( KSVANTTEN m 1u zt)>

=0Op (K 1/2> Op <5N1K ) =0Op <5N,11<5>
by Assumption 1.1 and Lemma A1.10 and A1.4.

13.(vii)
N—2K; 5/2215 12 12]N12u 120 1k1/2 )k1/2’7z(})5() 1512)15

i=1u=1

T
— (N_l/szl/Z E 2 kg{lzglu) ( —-1/2 2 k%é}zﬂv )) Ks—lN—l/Z (N 1K 1/2 E 2 8;? it

j=1t=1
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= 0, (N1/2K:)

by Theorem 3 and Lemma A1.3 and Al.4.

13.(viii)

N—2K;7/2 yT 121 TN 12]1\112 Ly 1k%2€fu)k1/2177(,+)1k1/2 (s )k;,{zF;Sz)z

— K72 (K ( F2yT 1k1/2’77(h21) ( Sy kl/szz)l)

K;1/2N1 <N71/2KS—1/2 yN YT kg{?sgu)) <N 1/2K = 1/22 Ry 1kl/z (s ))
= 0, (K;'N71) < 0p (K V/2N1).

So, overall, the item in 13 is O, (5&/1&).

14. As in item 13, replace Lemma A1.14 with A1.15, A1.12 with A1.13 and Assumption
2.4 for Theorem 3.

Lemma A3 Let Assumptions 1,2 and 5 hold. Then,

JIROZ6) - K0 FEOAL - KGO = 0, (1)
TIXEXE) - k1o FOV ECI @ — KRS || = 0, (A)
;1)?(5)’?(5) _ Ks—lq>sf(5)’f(5)[3 K; ,7( s)iz(s) || = Op (M)

AZEZ6) _ KAFVEOA! — K@@ = 0, (A)

where A = x (log N )" max (Hfl/z, (%)1/2> =op(1),v= p+ , 0, %> 0.

Proof of Lemma A3 Let Ks = Ky 5, ks = kp s+ and notice that
KX XE) = KAV ko p (30 — Xs) (3 — %), with

Xt = (P()t + (I)tFt + &4, and

T T T T
X =K1Y kgxy = KUY kagor + K'Y kg ®iF + KoY ke, (90)
=1 1=1 1=1 s=1

which implies that for all t = 1, .., T and any s it holds

T T
Xt — X = por — K'Y kg o + i F — DsFy + DsFy — OFs + O Fs — K1Y kg D/ F + &1 — &
=1 =1
(91)

T

= (pot — Po) + (Pt — Ps) B+ @5 (F — Fs) + K1Y kg (@5 — ) Fy + (1 — &)
=1

=i+ atat s
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Without loss of generality we assume that the number of factors K = 1. When K > 1
the i-th element of ®;F; is comprised of terms le:l @, F;, whose bound equals the K = 1

bound when the number of factors K is finite.

Then, K; 'YL kot (x¢ — %) (xt — X5)' can be decomposed as
KIS kst (i +j2+j3+ja+js) h+j2+j3+ja+7s)
=Q+K Y kot (j3 + Js) (ja + )

with Qg = Ko Y/ ko i + Kot 2y ks i + Kot iy ks i
HKE Y Kt + K iy ks efofs + Ko P i ks ijafy

HK Y ks (14 j2+ ) j5 + Ky ks ja (1 + j2 + ja)’
FKSY Y ks efaf + Kot iy Ko pjafy + Ko ks tfaf)

+K ks s (1 + 2+ ja) + Ko S Kor (i + 2 + Ja) J5

We have that A = 0, (1) and we will show that

T T

KoY kor (xr —%s) (v = %s) — K'Y ko (3 +J5) (ja + Js)

! ‘ =0, (A). (92
t=1 t=1

Notice that from the property of spectral norm of a symmetric matrix

T T N
KoY kor (= %) (xr — %) — Ko ' Y ko (3 + j5) (3 + js)’H = (||| < max Y. \Qé'k ,
t=1 t=1 k=1
(93)
where O/ is the i, k-element of Q. When the following probability limit (94) holds,
maxPr(’Qlk >)L> = 0p (N 2), (94)

we have that

Pr ( max Z ‘Q’k

> A)

N .
> A) < Pr ( Y |0
ik=1

< N? max Pr(‘ﬂé’k
ik=1,.N

N
> /\> < ¥ pr(|o#

ik=1

>/\> =o0(1),

which proves (92), when (94) holds.
To prove (94), first notice that Qs is comprised of terms ] (i} o }w ith ] {iv iz, } (i)

being the i, k-th element of [¢; j, 1 i iy = K1 thl kst (jiy + Jip + ) (]]1 +ji, + ) )
Then, Pr (’Qi’k > )\) =

]i ] ] ]21+] ]24+]41+] +]44‘|’]{124}3+]3{124}+]{124}5+]é',k{1,2,4}’>A)
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< Pr (| + T pay] > 1) +Pr (|13 i)
+Pr< {124}5‘ > 1)‘) +FPr <‘]é',§1,2,4}‘ > éll/\>’ where Jjj, = Jih + TS + T+ T35+
fé',zJF] +]41+]42+]44

For the term Pr ( ‘ > %A) we have that by Lemma C1 in Dendramis ef al. (2021),
max; E |®;F| < oo, maxtE |Ft| < 00, |Pys| < 00 maxy |¢oir| < o0, and

KoY ks ’ ((fPOz't — ois) T (Pit — Pis) Fr+ KT kg (Pis — Byp) Fz) (Fy — Fs) Dys

< 2| Dy | maxy [F| Ko S/ Kot | oir — o]

+2 | Dy | max; |F| K; 1YL kst |®j Fr — O4EF|

+2 | Dy | max; |F| Ki 1YL kst | Py — D] EF

+2 | Dy | max; |F| Ki 1YL kst |Pjs| |[EF — F|

+2 | Dy | max; |F| Ki T EE kg (@js — D) F

= U]+ Uy + U3z + Uy + U5

When it is true that

T
K? Y kot [oit — Pois| = O , (95)
=1

T
K1 Y ket | @i — @jis| [EF| = O
P

T
K'Y kg (@i — @) | =0
i=1

(96)

/ (97)

we have that

1 1
‘> ZLA) <Pr (|u1+u2—l—u3+u4+u5| >1/\)

1 1
< Pr (|u135—{—u2| > §A> +Pr <|u4| > g)\) ,

with u135 = u7 4+ uz + us. Then,

1 H1/2 . T 1
- < - |\g12 _
Pr<|u4| > SA) _Pr( % |H t;ks't (F > 8C1A
T
<Pr||HY?*Y ket (F—EF)|>1|,
t=1

with n= 1 /\Hl/2 and there exists a1, a, > 0, such that a1 H < K; < aH, for all s, that is
(45) of Lemma 2 of Dendramis ef al. (2021), we obtain

H1/2 -

T
Pr (‘H_l/z Y ks (F; — EF)

t=1

>17) <gu(2,60,cm),2<6 <6/2 (98)
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with
roo_ (8 _
gH(vLGCcnﬂ==CO{eXp6—mn”0-+neff<2 1>}' (99)

Notice that for A = « (log N)" max (H‘l/zf (%)1/2>, for a x > 0, we have that >
a1k (log N)", a; > 0, and for 1, = 2, ((logN)V)2 > log N, when v = %. Also, it is true
that under the specified condition on A, we have N? = o (H 97,4) , and when c¢; (a1 K)z > 2

we have that g7 (2,6',¢,77) = 0 (N~2). We conclude that Pr <|u4| > 51—5)\) =0 (N72).

For the term Pr <|u135 + up| > %A), let
qi3s = CH Y2 kot |poit — Pois| + CH V2L kop [ @y — @js| + CH V2L ks | (P — Pyy) F|
g2 = CH YV2Y [ ks | Pt Fr — Py EF|

1 H/2 1
Pr (|M135+M2! > §A> < Pr X |g135 + 2| > g/\
1
Pr { |g135 + 92 > g |

with 7 1= ! sAH 1/2 Notice that when (95), (96), (97) are true, we have that 7135 = Op (%) ’

since

T T T
|q135| < CH /2 Z kst |@oit — Pois| + CH /2 Y ks | @it — @js| + CH V2 Y ks |(®ss — Pyp) F|
= =1 =1

- Hl/z < ZkSt ‘qb()lt (POzs’ + = S ;ksi | D — Dis | + stt is — Dir) F[’)
H
-0 (7).

Since there exist a1,

notice that

m . 5% (0gN)" 517 _ oy T2
\q135] — Cc-H, == 20’
T1/2

for any s > 0 and suitable . Then, since |q135| < 1771/16

1 1
Pr (\fms +q2| > g’?l) <Pr <M2| > gl = !6/135!)

1
Pr <|q2| > Eﬁl) .
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Thus, by claim (59) of Lemma 4 in Dendramis ef al. (2021), we have that

1
Pr <|l72\ > E’?l) <gn (1,0, ¢,m (1 Ndy)),

T1/2 2p
2 ! 2 - S
<0 <9/,dH H,’)’1 2+p,

with a A b = min (a,b). For H > T2 we have 1 Ady = dy, and
1 H TV?
m (A Ady) > gk (logN)VmT > Ck (logN)" .

Also, noticing that vy; = 1, itis

gu (11,60',¢,11 (1A dn)) < cq {eXp (—e1 (Cx(logN)") ™) + (Cre (log N)) ™ H—(%'—l)}

1 1
< ¢p{ exp (—cy (Cx)"log N) + ; ; =0 (N7?),
0{ P( 1( ) g ) (CK(IOgN)V)Q H<62_1>} ( )

when « is selected such that (Cx)"" > 2, ¢’ is selected close enough to 6/2, we have N? =
0 (H %_1>.

To prove (95), (96), (97) notice that ¢oit — Pp;s = (Poir — Pois) + (Pois — Po;s) Where Pojs —
$ois = Kt Zszl ks (Pois — ¢oir) = Op (ﬁ), by Lemma C3 in Dendramis et al. (2021),
implying that

Poit — Pois = (Poit — Pois) + Op ( %) : (100)

Then,

T T
_ — _ |H
K ! Z kst |fP0it - 4’01'5‘ = K, ! Z st (@oit = Pois) + Or ( T)
=1 t=1

by Lemma C3 in Dendramis et al. (2021). The same limit holds for (96) since |EF| < oo.
Also, for (97) it holds that

e H
K1Y kg (@i — Py) F = Oy < 7| (101)

I=1

by Corollary 9(b) in Dendramis et al. (2021).

For the term Pr (

]ﬁc/2/4},5‘ > %/\) notice that since max; |e;| < oo,
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KT ks <(<P0it — Pois) T (Pit — Pis) B+ KL kg (Pis — D) Fz) (Ekt — Eks)
< 2max; |e| KT CL kst | Poit — Pois |

+2max; e K1Y ko p | @i Fr — ®;EE|

+2max; |e;| K51 Zthl ks | @i — Djs| EF

+2max; [er| K ks ¢ |®is| |[EF — Fy|

+2max; |e;| K51 Zszl ks (Pis — D) Fi

Following the same arguments as in the term ]f{i{ 2433, We can prove that ‘]ﬁ‘z 5 5‘ =

0p (N72). The same bound holds for the terms ];,,]f{l,Z, e ]g,lf{l,Z, e

For the term Pr ( ]{1 24} 3‘ > %A) , nhotice that

Y

{124}3‘> yAe ‘]124‘)

Pr (‘]124 {124}3‘ > i/\) < Pr (‘]124‘

<Pr<

if we show that ‘ ]124‘ Oy (\/g ) . Then, notice that

1/2
1A ix(logN)" (%)

ik 1/2
T (%)

124’ < 1)\ and

> 2

for suitable x. Then,

)>%/\) =0, (1).

(‘]124+]{124}3’ > A) <Pr(

To show that ‘]12 4‘ Op (\ / %) , first notice that for the ]i]; we have

K'Yl ks (oie — Pois) (Pokt — Pos)
_1 kst (oir — Pois) (Poke — Poks)

Ko e kst (¢ois — Pois) (Poks — Pors)

< maxq | doir] K5 S/ kst okt — Poks| + |ois] K T/ kst okt — Poks|

+maxt |¢oit| 2K Zthl kst ‘ (‘POks - %ks) ‘ + [¢pois| 2K Zszl kst |(<P0ks - %ks) ‘

+|pois| Ko {2y kst | doks — Pogs| + maxs [@ois Ko Ty kst |Poks — Por|

=0y (\/g) , by (100), Lemma C3 in DGK21, and max; |¢g;;| = O (1) .

+ ’ZKS‘ UL kst (oi — dois) (Poks — Poks)

For ]ig we have
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KVl ke (oir — Pojs) Fr (Prt — Dres)

< max; ’§b0it‘ Ks_l 2?21 ks,t |Ft (cbkt - q)kS)’ + ‘501'5‘
by (101).

-a(v%)

Ks_1 2?21 ks,tFt (q)kt - CI)ks)

For the term K1 Y], ks 4j1/; we have
K T Kot (9oi = Fois) (Ko Ty Kot (@5 — @) )|

K'Yl kst (¢0ie — Pois) | Op (1) < Oy (ﬁ), by (101) and the steps of the proof

for the element K31 Y-F 1 ks ¢}

<

For the term K1 YT ks /2] we have
KoY/ Ko (P — Pjs) Fr) <K§1 Y Kot (Prs — D) Fl) ’
KV ks (@ = @) F) | (K5 B ko Fi (B — )|

<0, (\/?),by (101)

For the term K; ' Y[, ks +jsj;, we have
(K T ko (@1 = i) B) (K2 kot (P = @) F) | < O, (\@),by (101),and

this suffices to derive the reported bound of the Lemma.

<

With analogous arguments we can derive the other results of Lemma AS3.

~ ~ ~\1 o
Lemma A4 Let Assumptions 1,2 and 5 hold. The probability limits of F; = (@Q J N<I>t> DN,

~ ~ () ~ =1 _(n, ~
and @} = <Z§)/Z§?) Zg)/Xg) are

g N T£>—>oo (AdpA; + Ao (AfAFAq’AFA;)_l (AtApPr + AtArAoF) (102)
& B (MARA DY) T AARD,. (103)
N, T—o0

~

~ ~\ 1~
Proof of Lemma A4 Let Fjy), = <<I>I’f J N<I>t> @} ], then we can writte

Fy = Fayxi (104)
_ t—lz(t)lz(t) (N—th—Z’ZV(t)IX(t)]N)’Z(t)/’zv(t)>_ N—th—l’Z“(t)/X(t)]Nxt
= ?A,t?g}fc(l>,txt. (105)
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By Lemma A3, for the term I3 A+ we have

Kf—lZ(t)IZ(l’) — Kt—lAtﬁ(t)lf(i’)A; + Kt—la(t)/a}(t)

P
N,T_i)oo AtAFA; + Ay, (106)

with E (K;lcﬁ(t)’c?(t)) — A,. For the term Z?B,t we have

N7IK2Z0 RO X0 70 = N1 <K;1®tf()13 ) InK @ EOEB A
+NL (K;lﬁ”’a)(”) InK; T EOEO A (107)
4+ N1 (K[lcbtf()l—" ) InKEW 0 (108)
+ N1 (K;l’e‘fﬂ’@(f)) INK 0 (109)
p
NZF_~>> AAPASAFA, (110)

due to results in Lemma A2.6 and Lemma A3 . For the term fc<1),txt we have that

NI 1ZO RO a0 = N© (K Lo, F(E ) Tnéor (111)
N- 1( K1, F®) ) INDFi (112)
N1 (K g, E() ’) Iné (113)
N (K@ ) Tnghor (114)
N (KRGO [y (115)
+ N1 (Kt_l?:(t)w ) TneEr (116)
N,?: _ NBEPy A+ ABEBGFr. (117)

The final result is obtained via the continuous mapping Theorem.
P

~ ~ ~ N~ -1 ~ o~ ~ o~
For the term @, we have that &} = (K;lz(f>’z(f>) K;lz(f>'x(f> with K;lz(f>'z<f> NT—>
,1—00
N ApN; + Ay Also,
K1ZWx® = (K;1q>sf<5>’f<5>/\; + Ks_l'é(s)’c?(s)>/ (118)

P /

A ArD

N,T_goo i

by Theorem 3 , Lemma A2.1, and Assumption 2. Then, the final result is obtained via the

continuous mapping Theorem.
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Lemma A5 Let Assumptions 1, 2 and 5 hold. For the third stage predictive coefficient Bt we have
A -1 —1
Pry Tﬁi)oo (ALAFA; + Do)~ ADFAGAFAL (AMAFAGAFAGAFA}) ~ AtAFAGAFB:.  (119)

Proof of Lemma A5 The third stage estimator of the target equation is given by

~1
Bi = (KL‘,} i kpts (fs - t) (fs - ﬁ)/) (120)
s=1

T =
X (KL_} Y ks (FS - Ft) (Ys41 — ?t)) (121)

s=1

)l

h’j

_ A1
- A(l),tA(Z)/t’
Then, using the decomposition (104) of I—A}, we have

e (f(l),t (xs —X¢) + <1/:\(1),s - A(l),t) Xs + <A(1),ﬁt - ft))
A(l),t = KL,t 5221 kL,ts { " (I:\(l)’t (xs B Et) N <1/:\(1),S B A(l)’t> ot /\(1)’tft B ?t>)/

T . R T )
= KL} Z ki ts (F(l) p (s —X¢) (x5 — xt)/Fo) t) +KL_} Z KLts (F(l) i (xs — %) X} <F(1) s — Fy t> )
s=1 s=1
T . R — T R R
+Kpp ) ks ( ()t (Xs = Xt) < (1)1t _Ff) ) +Kpp Y ks ((P(l)s — t) xs (x5 — %) Fy t)
s=1 s=1
T R R R o T ~ _ ~
+Kpp Y ks (( s~ Fana) x5 (Fpa®e — Fr) ) K} Y ks (F e = F) (s = %) By,
s=1 s=1
T R _ R T R R U
K ks (B = Fe) 2 (Fops = By ) + KD K ((Fms—Fmt) v <1>s—F<1>t>)
s=1 s=1
T R . o
+ K1Y kg %t — F¢) (Fqy % — F
Lts; Lt ( (1),e4 t) ( (1)t t)

T
= KL_} Z kL,ts <F(1),t (xs - Et) (xs - Yt)/ F(l),t) + Sgl) + St(z) + 553) + 554)
s=1
+8% 450 £ 57 1 g®)

Analogously, for A, ; we have

T —
My =K} Yok (B —F) (1 = 7))
s=1

~ ~

= KL_} ékus (ﬁ(mt (xs —X¢) + (P(l),s — ﬁ(l),t) Xs + (P(1),t7t — E)) (Ys+1 — V)
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T

T
= KL_} ZlkL,tsF(l),t (s —xt) (Ys+1 — yt)/ + KL_} Zl KL ts (F(l),s - P(l),t) Xs (Ys41 — yt)/

T _
+ KL_} Zi ks <F(1),t7t — Ft) (Ysi1—7,)
s=

T
- KE} Z; kpsFaye (X — %) (Ys1 — yt)/ + Wt(l) + Wt(Z)-
sS=

We will prove that St + §{ + 53 1 s 1 65 4 5® 4 57 1 ) — (1) and W +
W =o(1).
(i)

Focusing on the terms S;”, i = 1,..,8 we have that

R - ~ !/
Sgl) = KL_} Y ks (F(l),t (xs — %) xg (F(l),s B (1)'t) )

/

= KL_,} Zzzl kL,tS (El),txsxsf(/”,s — ﬁ(1),t7tx§?(/1),s — f(l),txsng(’l),t + f‘(l)’tftx;ﬁ(,l)’J

= FaypexF(yy , — Fy@exiFly) = Foy oaxiEy)  + Fa) @ Ely

St(3) _ St(l)/

2N

F = K Dk ((ﬁ(l),s - ﬁ(m> %5 (A(l)m _ ﬁ)’)

~ o~ ~ = ~ o~ ~ =/
= Ky T ki (F (1),s%sXtF (1 s — F1) s%sFr — (1>,txsx£F(’1),t+F<1>,txsFt)

~

/ —
!

= ﬁkl),t'xtyilj(l),t - ﬁ(l),txfft - ﬁl),tftfiﬁ(/l),t ‘|‘ El),tftﬂ

H—mA
-
[l
=
=
=
gﬂ
i
LR
»
N
&
N
N\
™
=
[95)
|
)
=
N
=
19))

)
w“v o~
N\
)
=
195
|
)
=
N
~_




~ = -~ =\
Sgs) = K Yl ks (F(1),tft - Ft) (F(l),tft - Pt)

~ ~ =/ = ,~ = =/
= KL_} Y ks (F(l)ltfﬁglf(’l) ; — Fy i xeFy — FJQF(’l)’t + FtFt)

-~ -~ =/
/

~ =_,~ ==
= F(l),txtxi‘l:(l),t - F(l) tfot PthF(’l)/t + F+F,

Then, we have /

Z F( )txtxgﬁ(’l),t — F/F, —i—F( )txtxtl-"( e~ Fa )txtx;f(’l),t
- _KL,t Z5:1 kL/fSﬁ(l)fsxsxgﬁ(,l),s + KL,t 25:1 krts (1)/Sx5ng(ll),t
+KLt Ty K sFon) sxsx(Ely) = Kpj Ty kgsFy, 0

1T & F o p-1yT 5 7
_KL,t Zs:l kL,tSF(l),sxSFt + KL,t Eszl kL,tsF(l),txsFt
-~ ~ o~ —=/
KL Yot knasFo) e Flyy = Ky Ty krssEay exsFy

T T
- KL_} Z kL,tsF(l),sxs <x;F(/1),s - x;F(/l),t> + KL_} Z K ts (F(l),sxs - F(l),tXS) x;F(,l),t
s=1 s=1

T R R . T L R
KL_,} Z krts (F(l),tXS — F(l),sx5> F, + KL—,} Z kL,tsF(l),txt <ng(/1),t — x;F(’l),S> (122)
s=1 s=1

We will show that all the above terms are 0, (1). First notice that by the decomposition
(104) we have that f(l),txs = fA,th;}fc(l),txs and the term l/f\c(l),txs is

NI 1ZO RO fyxg = <I< =0 ) 1(1>th (dos — dor) + A (K;lﬁ(f>’ﬁ<f>) AN
(K LE(®) ) D)y (D5 — D) Fs + Ay (K;lﬂf)’f(f)) (N*lcb;]Ncbt) F
(77 (e

+ A (NTUKGTTEOE T, )

(N LK 1E®) ]Nq>5) F,
<N LK 1RO ]Nss)

+ (KT @O0 ) Ny (9os — dor) + (K '@ FOY) N7 g

+ A (K;la;“)’f(f)’) N~1®]y (s — &) Fs (123)

+ Ay (K—la;Wf(f)’) (N—lcbg ]NCDt) E,

« (s78070) (-t

+ (N e a)( )"é(t) ]Ncps) E.

+ NIK G yes + 0, (1)

69



— A (K;lf(t)’f(t)> N1 (dos — dor) + A (K;lﬂt)/’ﬁ(f)) N~} Jngpor
A <K;1f(t)’f(t)> N-1®) ]y (s — D) Fs + Ay (K;lf“)’f(t)) (N—lcb; ]N<I>t) F,
+0,(1)=0,(1), (124)

by Lemma A2 (items 4, 5, 6, 12), Theorem 3, and Assumption 1. Now, since

N
N_lq);]N ((POS - ¢Ot) = N_l Z q)it (¢Ozs (P()lt ( - Z cht) ( - Z (P()zs (P01t >

i=1

we have that

1

N~
N T
(N‘l @it> (N_l ) (Kt_l Y kes (¢ois — 4’0it)>)
iz i-1 =1
o, (

since N1 2 1Pt = 0p (1) and K U T kes (Gois — doir) = (\/g) Also, with analo-

gous steps we can prove that

L H
K'Y ks NI N (95 — 1) = Op < =
s=1

The expression in (124), the results in Lemma A2, and Assumption 1, imply that

N T
Yy @y (Kt_ YY" ks (ois — 4’0it)>
s=1

s=1

Mzi

T
KoY ks NT1® N (dos — dor) =

7

%

ZkL N <N K1ZO'x ]Nxs> NT& AAFPy + AAFAGF L (125)
,T—00

with F ; = KL_} Zstl kr 1sFs. Then, we have

1 4 i) I
Kit 3 ke (Foayams = Fy o)
s=1
-1
o K—l i kL s Szzt (N Szx t]NSzx t) f\]_lszx,t]Nxs
s=1 —Szzs (N Szx s]NSzx s) Nilszx sINXs

T (Szzt — Sz s) (N Szx t]NSzx t) ! N-1 Szx,t]Nxs
_ -1
= KL,} Z ki ts +52z, ((N Szx t]stx t) (N Szx s]NSzx s) ) N_lszx,t]Nxs
=1
° ‘|‘Szzs (N Szx s]NSzx s) (N_ Szx,t]Nxs - N_lszx,s]Nxs)
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where,

Z kr ts (f X5 — f(l)lsxs>

H (Nilszx,t]NS,/zx,t) o H max HNﬁlSzx,t]Nxs

K[j} Z kL,ts (Szz,t - Szz,s)

+maxHSZZ;llsH

KLt Z kL ts (N Szx t]NSzx t) (Nilszx,s]NS,/zx,s> - H msax HNﬁlSzx,t]Nxs

l

since, for all + we have H (N1S.¢ t]NSth)_lH = Oy (1), (see equation (110)), by (124)
maxs HN‘lSzx,t]NxSH = O, (1), and because of (106) max; ||Szzs|| = Op (1).
Also,

+ max I|Szz,s | max

(N Szx s]NSzx s) ) H

KE,} Z kL/tS (NilSZX,t]Nxs - NilSzx,s]N%)
s=1

=0p (1)

T
KL_,} Z kL,fS (SZZ,t - Szz,s) (126)
s=1
T
= ||KiE Y ki (ArARA] — ASAFAL) || + 0, (1)
s=1
T
<\ Kt Yo kigs (AAFA] — AAEAG+ A ApA; — AARAL) | + 0y (1)
s=1
1 ! ! / L p
< AN Y ks (A = A | {[KE2 Y ks (A= A9 | HIAr [l
s=1 s=1

o (%) 0 ({E) -0

Analogously, we can prove that Kg} Y kL (N71S.x4] NS;x,t)
0p (1).

-1 1

(N 1SZX S]stx s)_ =
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Also,

T
KL_,} Z kL/fS <N_1SZx,t]Nxs - N_lszx,s]Nxs>

s=1
T
= || Kpi X kiis (AtAFPy + AApAGF; — (AsBpPr + AsBpAE)) | +0p (1)
s=1
T
= Kf} Y kigs (At (AFPL+ ApAoFs) — As (ApP1 + ApAoFs)) || 40, (1)
s=1
L
< |Kpp 2o ks (A= As) || [[APL + ArdaF|| =0y (1),
s=1
and we conclude that
o 7 7
Kpp ) ki (F(l),txs - F(l),sxs> =0p(1). (127)
s=1
Moreover, since max; || Fs|| = maxs x’l?’ H =0y (1) maxs (1) tx,gH HKE} Y, kL,tSZ?(l)/txs
O, (1) which, together with (127), imply HZ St(l =0, (1).

For the term A, ; we will prove that W( ) 4 Wt(z) =0p(1).
We have, Wt( ) = KU Y ks < (1),s — F(l),t) Xs (Ys+1 — yt)/

:KE} EZ:1 ki ts ( sXsYs+1 — (1),sxs]7t - ?(1),txsys+1 + ?(1),9@2)
and

5 - S
Wt( )= KL,} 25:1 K ts (F(l),txt ) (Ys+1 — yt)
=K} Yl ks <1?(1),tftys+1 Fa) Xy, — Fyesr + Ftyt>

Then, Wt(l) + Wt(z) — P( 1), Xt — ( ), Xty + F( 1), 1 X1t — E]ﬁ
=K[y Yoo kresFoay e (657 — Xsyss1) — K f Yaoq ke isFay,s (XT5 — *sYs11) -

For the term (¥ — y;) we have

Kp s Sir kust (Vi1 = Ys1) = K Slg ki (Bor + BiF + i — Bos — BLFs — 1s1)
=K Yy kps (Bot — Bos) + Ki 2 Yy ke (BIF — BLE + BLE — BLFs)

+K e ke (1 = 1s41)

=K LYy ks (Bor — Bos) + Ki Y Xy ke (B — BL) Fi

+KU Yy kgl (B — F)+K NS kg (1 — 1s41)

=0p (1).
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Moreover, it is KL_g Y1 krg (Bo — Bos) = 0p (1) and KL_i Y ks (B —BL) F =0, (1)
by Corollary 9b in Dendramis ef al. (2021), and KL_g Eszl kps1Bs (Fr — Fs) = Op (1) since F; —
EF; is a strong a-mixing process and KL_i 2};1 ki sF—Fs = KL_g Zszl kp s (Ff— EFs+ EFs —

= K Y1k (F—EE) + K )Y ki (EFs—F) = Op(1) by Lemma 3 in Den-
dramis et al. (2021).

So, overall, by (127) we have that KL_} Y kL (1?(1“ — 1/5(1),5> Xs (Ys+1 — Ys41) = 0p (1),
implying that Wt(l) - Wt(z) =0, (1).

Since both Wt(l) + Wt(2) =0p (1) and Y8 Sgi) = 0 (1) we have that

—1
T
Bt = (KL_} Y ks <F(1),t (s — X¢) (xs — %)’ P(l),t)) (128)
s=1

T
X (KL_} Z kL/tSF(l),t (xs —xt) (Ys+1 — ]7;&)/) +0p(1).
s=1
In matrix form we can define

=) _ —
F o =Fa, <k£/t1 (x1=%t), .., ki,/tzT—l (x7-1— xt)) :

. (=) "1 x(t)r
ﬁt:(F F ) F 9" +0,(1)

= (KahZy'z}) CINTIKGRZ R X 7 (N2KRZY X K XX I ) ())_1
x N~ 1KH2tZ OryxWrz0 (K;tZ}J)’Z“))_l
x Keh 24"y (N 11<H2tz Oy xt “)> N2 ]NKL}X( e
= (K24 Z4)) " N R IR 2] (N K2 R KR RN Z))
x N~ 11<th WK IR )’g“)
= Byt B2iBisiBay
For ,/8\1_ and B, we have

Pie 7 ABPAT+ A, (129)
Bas N,Tﬁ _ AMARAGAEA;, (130)

For B\g Land 34 we have °

®The exact steps followed for Eg ! and By are the same as in Kelly and Pruitt (2015).
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~ P ~ p
B, N’T—_>m AApAGAFAGAE AL Byy N,T—>_>Oo NtArASArBy. (131)

From the continuous mapping theorem, we have the desired result.

Lemma A6 Let Assumptions 1-5 hold, and € = x; — $0t — O,F, with $0t = Kﬁlt Zstl kp sxs —
2 (- = , 25 p ~ P
O (KH}t Z;le kH,tsPs>. Then, it holds that ®¢Fp N,T—_>)Oo DS, F; and & N/T—_>>oo et + P8t —

KL v, ki, 1s@gsgs, for Sy a K x K selector matrix that has ones in the first K¢ main diagonal

positions and zeros elsewhere.

Proof of Lemma A6 By Lemma A4, Assumption 3 and 4, we have that
=5 P
q)tFt N,T—Loo q)tSth = q)ftftl (132)

and this implies the stated probability limit for &, since

T T
- ~1 S -1 5 &/T
& = xt — Ky, Y kppsxs + DKy Y kpgsFs — DiF

s=1 s=1

T T T
= (POt + PR+ e — K[?th Z kH,ts(POs - K[T[,lt Z kH,tsq)st - K;th Z kH,tses
s=1 s=1 s=1

. T R A T A T A

+ DKy Y KkesFs — OiF + Ky Y ks ®sEs — Ky Y ki s s F
s=1 s=1 s=1
T R T
= e+ Ky Y knss (Qor — os) + PeFr — OiFr — Kigy Y kgt
s=1 s=1
T R . . T A
+Kigh X kengs (B = &) B+ Kk Y ks (BoFs — iR
s=1 s=1
p T
— &+ (I)gtgt - Kﬁ,lt Z kH,tsq)gsgs/ (133)

N, T—o0 =

since Kﬁ,lt Yee1 krits (gor — os) = Op (\/g) by Corollary 9b in Dendramis et al. (2021),
KI_ilt Va1 kgses = 0 (1) by Lemma A1, &;F; — i N Tﬁ> D181, while for Gy = (AApAL + Aw)
' , 1 —00

we have
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O; — By = OAFALG, ! — DAFALG!
= OAFNGE — DAFALGTT + @ ARALGT — D ARG
— OiAr (AQG;l - Agcgl) + (@ — D) ApALGS!
= O,AF (A;Gt—l CAIGT EAGTT - Agcgl) + (D — D) APALG]
= O AFA, (G;l - G;l) + DA (A — AL) G+ (@1 — D) AFALGS
Then,
Kﬁ,lt Zle ke s (&)t — CT)s) E
=Ky Yo kn s (‘DtAFAi (Gt_ -Gy 1)) F o+ Kb X ks (®AF (A} — AL G E
K YL ks (@ — @) ApALGTY) E

The above matrix is of N x K dimension and we will prove that each elementi =1, .., N
is 0, (1). Notice that since |||, || A¢ll,[[AF|, B, Gt_lH = Oy (1) for all ¢, the conver-
gence to zero of the above sum is governed by the terms d(!) = Kﬁ’lt Y ikns (GT1 -G,
d? = Kgh Sl ks (A]— AL), and d® = K5, XL ki ss (Pumip — Prnis). Then, dD) =
op (1) by (56) , d?) and d® are o, (1) by Corollary 9b in Dendramis ef al. (2021).

Lemma A7 Let Assumptions 1, 2 and 5 hold. Then

T
Kt Y kpssFassn = 0p (1) (134)
s=1

Proof of Lemma A7 By (105) notice that

T T
Ky Z kptsFstis41]| < K} Z ki ts

5 alia
FA,SFB,S FC,5775+1H <

s=1 s=1
<o o 5 B
s=1
. T
< C||Kg; ZkL,tstWsH +0(1).
s=1

=0p(1),as N, T — o0
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Lemma A8 Let Assumptions 1, 2 and 5 hold. Then
KK VAN ZE W K % N (0, ArdpAGT ry i AaBEA}) , (135)

where U'py 1 is defined in Theorem 3.

Proof of Lemma A8
K KON ZR X X = A (KH%FS ) (N (koY)
—i—/\t( (f)/ 1(L1f> ( lK 1q> E(;)%))
+At( 1KHtFI(J/g( ]Nq)/>< FU’?”)
+ AN~ 1I<H1tF ke

+ (Ko By) (N etiver) (Kp i Fi)
+ (Kt By ) (N 'K jone i)
+ (N~ 1KH1tN W et (Kot E)

0y
- (NG R )

For K; = min (K t, Ky +), we have that the above equals to

0, <K 1/2) +0, <K‘1/2N_1/2> +0, (K—1/25—1 >+o (Kt 1/25N1Kt>
+op< )+o ( 1/21<;1)+op< )+op <K 1/25N11<t>

where the first term dominates and the stated asymptotic distribution is obtained by The-

orem 3.

Lemma A9 Let Assumptions 1,2 and 5 hold. As N, T — oo, for S,y = Ky ! Z( )/ X( ) we have
(i) if VN /K; — 0, then for every t

_ d
N7Y28, miIner — N (0, AArTreAPA) ;
(ii) if iminf VN /Ky > T > 0 then

N1ZW'X O yer =0, (1).
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Proof of Lemma A9 We have

NTKAZW' X Iver = NTKGAZ X T 1I<th DTy (¢or + DeF)  (136)
= Fe % — N~ 11<th O18 (por + DiE),

where ﬁC(l),txt has been defined in Lemma A4. Also,

NG Z X Iner = A (K B ) (N7 @ jwer) +

& (NG e
+ (Ko f};)’) (N1 ne)
+ N7 e Tner
=0y (N72) + 0, (55} K5 Y?)
+0, (K 1/2) 0, (N—1/2>
+0y (%K),

by results in Lemma A2 and Theorem 3.

When Kié\]t — 0, the first term determines the limiting distribution, in which case the
result (i) is obtained by Theorem 3.

Then, ifKLIﬁ > 1 > 0,wehave K 4 (N—lKI;’ltZg)/f(g)]Net> = Oy (1), since lim inf% <
< o0

A=

7.5 Auxiliary Monte Carlo and Empirical Results

7.5.1 Further visualization of our Monte Carlo design

In Figure 4, we use a sample generated by equations ( 37)-(38) and analyse the contribution
of the common factor component for the generated large dataset x;. This is measured
by the R? on the time () and cross sectional (i) dimension. As it becomes visible, our
design generates samples with balanced factor contribution across time and cross section,
while the x parameter of (37) can efficiently control the overall contribution of the common

component.
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histogram of R?, i =1,..,N
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tv loadings

0 10 20 30 40 50 60 70 80 90 100
R fort=1,.,T
\ \

0 10 20 30 40 50 60 70 80 90 100
histogram of R?, t = 1,..,T
\ \

. .

-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Figure 4: One realization of the data generated by equations ( 37)-(38). We report the histogram of R? for all
generated series of the large dataset, i = 1,.., N, when the loadings process generated by model (42) and the
parameter « of (37) is adjusted to have an R? = .3. The time t R, is computed using cross sectional data of

size N for all f = 1, .., T. More specifically, the R% is measured as R? = Ve
arg(Xit

7.5.2 Further Monte Carlo Results

In this section we present additional evidence on the performance of the Information Cri-

terion for selecting the number of factors.
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‘ Number of factors Selected by IC, DGP given by (43)
of 0 03 03 03 03 09 09 09 09

0g 0 09 09 09 09 03 03 03 03
B 0 0 1 0 1 0 1 0 1
a 0 03 03 09 09 03 03 09 09

R? =0.1

N=100,T=100 12 108 1.06 1.09 1.13 1.03 1.05 1.06 1.08
N=200,T=200 103 1.02 1.01 1.04 1.05 1.03 1.01 1.02 1.02
N=200,T=100 247 144 111 11 111 119 105 1.04 1.05
N=100,T=200 1.03 1.02 1.03 1.06 1.06 1.08 1.01 1.02 1.04

R? =0.3, tv loadings

N=100,T=100 117 11 11 114 113 105 1.04 1.03 1.05
N=200,T=200 105 1.05 1.03 1.05 1.05 1.02 1.03 1.01 1.02
N=200,T=100 134 114 11 109 11 112 106 1.02 1.03
N=100,T=200 1.06 1.04 1.04 1.07 1.08 1.03 1.03 1.03 1.03

Table 8: Average number of factors selected for the tv loadings process (43)

7.5.3 Additional Visualizations and Tables for the Empirical Section

pea loadings

.
oo [ | I |

Series Number

120

200
i i |

i i
Q1/60 Q1/69 Q1/78 Q1/87 Q1/96

i i
Q1/05 Q114 Q3/22

Figure 5: Loadings implied by the PCA method. The vertical stripes indicate periods of NBER recession.
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Series with high variability loadings

U 80
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CON..ERx
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NDM..EMP -60
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USW..ADE -100
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Figure 6: Loadings with the highest variability across time. The vertical stripes indicate periods of NBER
recession.

Series with high variability loadings

MANEMP All Employees: Manufacturing (Thousands of Persons)
CONSUMERx Real Consumer Loans at All Commercial Banks (Billions of 2009 U.S. Dollars), deflated by Core PCE

USFIRE All Employees: Financial Activities (Thousands of Persons)
TOTRESNS Total Reserves of Depository Institutions (Billions of Dollars)
USCONS All Employees: Construction (Thousands of Persons)

USGOOD All Employees: Goods-Producing Industries (Thousands of Persons)

IPMANSICS  Industrial Production: Manufacturing (SIC) (Index 2012=100)
NDMANEMP  All Employees: Nondurable goods (Thousands of Persons)
IPBUSEQ Industrial Production: Business Equipment (Index 2012=100)
USWTRADE  All Employees: Wholesale Trade (Thousands of Persons)

Table 9: Series associated with loadings of high variability
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Out of Sample Macroeconomic Forecasting:up to 2019Q4

h 1 4 1 4 1 4 1 4 1 4
TBILL IP-DCG AE-WT FEDFUNDS PCE-FSI
pea(ic) 158 09 079 12 099 093 161 108 093 1.06
pea(1) 094 065 107 095 1.04 1.07 1 072 095 081
pea-lars(1) 1.07 081 08 1.06 099 102 134 076 093 092
pea-ht(10%)(1) 093 075 111  0.97 1 1.03 098 081 0.89 0.84
3prf(1) 1 1 1 1 1 1 1 1 1 1
to-3prf(1) loo  0.74 0.8 124 092 109, 088 083 0.88 1.07
to-3prf(ic)  0.99o 119, 092,c 099 098 097, 0.92.. 1.05, 1.01 0.97
to-3prfy (1) 084, 079 078 128 092 107 085 088 089 1.08
PFI CPI-LFE IP-M UNRATE AHEP
pea(ic) 1.05 1.1 13 08 095 098 099 112 095 092
pea(1) 0.9 1.01 078 0.7 112 099 126 099 08 087
pea-lars(1) 1.01 1.06 097 081 1 119 1.01 123 0.83 09
pea-ht(10%)(1) 092 095 081 077 1.04 103 134 098 089 093
3prf(1) 1 1 1 1 1 1 1 1 1 1
to-3prf(1) 096 125 083, 08 08 098 098 116 09 0.91
to-3prf(ic) 0.95, 1 0675, 09 0925 093, 1.01 099 095 091
to-3prfu,(1) 096 119 084, 088, 0.85 0.97, 1 121 095 091
CP CLAIMS HOUST CUMENS GCE
pea(ic) 156 1.06 0.94 1.1 1.04 1.2 098 094 088 0.98
pea(1) 094 078 106 098 093 087 138 126 083 097
pea-lars(1) 112 096 104 105 104 08 092 109 085 0.98
pea-ht(10%)(1) 095  0.85  1.11 1 094 0.9 0.94 1 087 098
3prf(1) 1 1 1 1 1 1 1 1 1 1
to-3prf(1) 0.99,, 094 088 114 08 1.06 087 093, 091 1.16
to-3prf(ic) 09660 1.06o, 098 099 096 099 096, 097, 085 1.04
to-3prfy, (1) 093, 0.9 087 118 0.82 104 0.88 096., 093 1.13
PAYEMS EXPORTS PCE-FE GS10 EXR-SUS
pea(ic) 1.01 094 1.1 104 109 111 1.02 089 094 097
pea(1) 112 1.07 099 093 091 097 085 0.83 088 09
pea-lars(1) 092 105 1.02 095 113 1.04 087 081 088 09
pea-ht(10%)(1) 099 102 101 095 093 0.97 088 091 093 0.92
3prf(1) 1 1 1 1 1 1 1 1 1 1
to-3prf(1) 093 1.0l,, 094 112 098 115 1 0.9 118  1.19
to-3prf(ic)  0.855 095, 0.97 101 098 101 098 098, 113 1.12
to-3pr fu, (1) 096 1.04,, 0.94 112,, 099 116 094 094 117 1.21
UNRATE GDP M2REAL EXR-USUK FPI
pea(ic) 089 116 09 1.01 098 1.1 0.95 1 096 1.18
pea(1) 127 112 132 095 097 087 087 096 108 097
pea-lars(1) 114 098 094 109 097 1.01 091 1 0.85 1.05
pea-ht(10%)(1)  1.01 099 1.2 1.1 097 09 093 098 111 1.01
3prf(1) 1 1 1 1 1 1 1 1 1 1
to-3prf(1) 1.01 117 123 1.08, 127 091, 112, 1.1 0.88 1.26
to-3prf(ic) 1.01 099 099 099 1.06 095, 105 104 094 0.99
to-3pr fu, (1) 1.06 124 113 1 129 095, 119 111  0.89 1.2

Table 10: See notes in Table 6. Forecasting stops at 2019Q4
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