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Abstract
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that describe higher order asymptotic properties of these estimators.
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erties. Furthermore, the widely employed "feasibly biased corrected
estimator" is an one optimization step approximation of the suggested
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1 Introduction

Indirect estimators, hereafter abbreviated as IE, are multistep extremum
statistics derived in the premises of a (semi-) parametric statistical model
(say M) used for the estimation of a particular element of the model, termed
as the true parameter valuell] They were formally introduced by Gourieroux
Monfort and Renault [[I3]]. They are defined as (potentially measurable
selections of approximate) minimizers of criteria (inversion criterion) that are
functions of an auxiliary estimator, itself derived as an extremum estimator.
The latter minimizes a criterion function (auxiliary criterion), that reflects
(part of) the structure of a possibly misspecified auxiliary model (say A)E]
The inversion criterion, depends on a function on the set AM (or on the
set AM*Q where (2, F, P) is a relevant probability space). This is termed
the binding function. Minimization of the inversion criterion, which usually
has the form of a stochastic norm, essentially inverts the binding function,
thereby obtaining an estimator with values in M.

Given an auxiliary estimator, IE differ due to relevant differences in the
inversion criteria that hinge on differences between the binding functions that
each one involves. Among the IE involving the same auxiliary estimator,
the consistent ones depend on sequences of binding functions that converge
appropriately to a common limit binding function that satisfies some iden-
tification condition. In these cases, the auxiliary estimator, also converges
in a similar manner to the value of the limit binding function at the true
parameter value, hence consistency follows from identification. More refined
asymptotic properties of the cases considered may be different across the
particular IE, essentially due to the differences on the involved sequences on
binding functions.

Moreover, it is usually the case that the binding functions are not an-
alytically known, hence are approrimated numerically. In some instances
the derivation of particular IE involves nested numerical optimization pro-
cedures that impose a large numerical cost, a fact that potentially creates,
among practitioners, unattractiveness towards them. The same IE under a
more involved assumption framework also have attractive high order asymp-
totic properties,ﬁ] that are not exploited due to the aforementioned numerical
burden.

Part of the scope of the present paper, is the introduction of a class of

!This is usually a point in a topological space that is the image of the probability
distribution with which the undelying probability space is endowed, with respect to a
parameterization.

2 A could simply be a reparameterization of M.

3See e.g. Gourieroux and Monfort [[12]], and Gourieroux, Renault and N. Touzi [[14]].



(potentially multistep) IE, in which cases the binding functions depend on
approximations of moments of the auxiliary estimator. These approxima-
tions when are analytically known essentially reduce the numerical cost of
computation of the estimator. This can also remain the case when the par-
ticular moment approximations are also approximated numerically. Under a
relevant assumption framework, higher order asymptotic properties of these
estimators are potentially similar to the ones mentioned in the previous para-
graph. Hence this class of estimators can surpass the computational burden
without sacrificing useful properties.

The analysis of higher order asymptotic properties of the aforementioned
class of 1E, along with already established results, provides us with an in-
teresting unification of distinct procedures of (potentially approximate) bias
correction.

First, it is already established by Gourieroux, Renault and Touzi [[14]]
that the indirect estimator proposed by Gourieroux et al. [[13]], derived as
the solution of 6, — Fyf, = 0, is approximately unbiased, while it is ex-
actly unbiased if Eyf, is linear w.r.t. 6. Analogous properties hold for the
estimator defined as 6,, — Ej, 60, which can, under relevant conditions, be
approximated by a bootstrap procedure. Gourieroux et al. [[14]] show that
the latter coincides with the estimator derived by the sequential Newton-
Raphson approximation of the solution of 8,, — Eyf,, = 0 when it is restricted
to halt upon the completion of the first step. Hence they interpret the boot-
strap estimator as a one step numerical approximation of the indirect one
with equivalent second order properties.

In a direct analogy, when the previous framework is considered, the IE
proposed in this paper are essentially derived as solutions of 6, —0— K (0, a) =
0, where 0 + K (0, a) is an approximation of Fyf, in an appropriate sense.
Under relevant conditions, K (6, a) would converge uniformly as a — oo to
Ey6,,, hence these IE would converge in the appropriate sense to the one
proposed by Gourieroux et al. [[13]]. Under the same conditions the former
is also approximately unbiased of the same order. Again, a widely used
estimator in the econometric literature when K (0,a) is available, is 6, —
K (0,,a), which is also approximately unbiased. It can be easily seen that
under the same conditions, and as a — 0o, due to the aforementioned uniform
convergence 0, — K (0,,,a) would converge to the bootstrap estimator, while
it can also interpreted as a one step numerical approximation of the zero of
0, — 0 — K (0,a). Hence, if the one step Newton-Raphson approximation is
considered as an appropriate self function on the relevant space of estimators,
we obtain that the diagram shown below with the obvious choice of notation
commutes, while the relevant higher order properties of zero (6,, — Fy0,) are
retained across it.



zero(, — 0 — K(0,a)) == zero(f, — Ey(0,,))
kNRl llfNR (1)
0, — K(0,,a) S 0, — By, (0,)

Second, under appropriate conditions, Fyf,, can be expressed employing
an auxiliary reparameterization that depends on n, as the identity function
when restricted at an open neighborhood of the true parameter value. In
this case the IE proposed by Gourieroux et al. [[I3]] is unbiased. However
the (sequence of) auxiliary reparametrization(s) is (are) usually analytically
intractable. The same is true for K (0, a), while it can be shown that when
K (0,a) is locally the identity for any a, when a — oo converges to the
aforementioned local canonical representation of Eyf,,. We approximate the
canonical representations of K (0, a) using multistep procedures of indirect
estimation, where the number of steps depend on a. In this respect, although
the arbitrarily close approximation of the unbiased IE remains infeasible, we
are able to construct estimators that are approximately unbiased of any given
order.

Before the discussion of the framework on which the current results are
based upon, in section 2, notice that indirect inference algorithms were ini-
tially used by Smith [[24]], were formally introduced by Gourieroux et al.
[[13]], complemented by Gallant and Tauchen [[10]] and extended by Calzo-
lari, Fiorentini and E. Sentana [[8]]. Properties similar to those studied here
were more or less algebraically studied in Gourieroux et al. [[I4]] and more
formally in Arvanitis and Demos [[4]]. In section 3 we define the estimators
and derive their asymptotic properties in the following one. In section 5 we
extend the procedures to multi step ones, and apply them in two examples
presented in section 6. Conclusions are gathered in section 7 and in the ap-
pendix A we collect all proofs. In appendix B we present some useful tools
concerning the derivation of our results and in appendix C we gather the
calculations of the expansions employed in our examples.

2 General Framework

In this paragraph a general assumption framework is described, that facili-
tates the presentation of the already defined IE. This assumption framework
can be generalized in particular ways, some of which are locally remarked.
Then, two already known IE are presented along with some of their properties
and relations, that rely upon the particular assumption canvas.



Given a metric space (X, dx ) and R? equiped with the usual metric we de-
note with LS (X, RY) the set of functions X — R? with lower semi-continuous
components, suppressing the dependence on the metrics. The symbol O. (6)
will denote the e-ball around the point € in a relevant metric space and
O, (0) its closure. We denote with D", the 7"~ order derivative operator on
a relevant function space that maps to the space of the algebraic element
containing all the r*-order partial derivatives of the first.

For a matrix W, |[W| will denote a submultiplicative matrix norm]]
such as the Frobenius norm (i.e. |[W| = vtrW'W). The relevant metric
space of r-dimensional square real matrices is denoted by M (R,r). We let
PD (R,r) C M (R,r) be the cone of positive definite real matrices of dimen-
sion 7.

When suprema, with respect to parameters, of derivatives are discussed
these are obviously considered where the differentiated function is differen-
tiable. For a € A = {%, 1€ N}, d = 2a + 2 and ~~ denote convergence in
distribution.

Assumption A.1 The following characterize the basic framework:

1. © denotes a compact subset of the p-dimensional Euclidean space for
p € N, equipped with the relevant subspace topology. Let 6, € Int (©).
Given a measurable space (€2, F), the statistical model at hand is de-
fined by a correspondence par : © — P the set of probability measures
on F such that par (0) N par (') # @ iff § = §'. The (arbitrary) un-
known probability measure (say P) at which the inferential procedures
defined later aim, belongs to par (6y). Also let P, denote any member
of par (6).

2. The limit binding function (Ibf) b € LS (X,R?), for B be a compact
subset of R? for ¢ > p, such that b(©) C Int(B) and suppose that
b(0g) =b(0) iff 6 = 0y. bis d + 1 times continuously differentiable on
O. (6p) for some & > 0, and rank (2 (6o)) = p.

3. There exists a function ¢, : @x B — R that is Br/ (F ® Bg) —measurable
and ¢, (w, #) is (lower semi) continuous on b (0O) for Py—almost all w,
for any 6, and there exists a function ¢ : © x b(0) — R such that
¢n (W, B) ~ <(0,5) uniformly over b(©), uniformly over P, for any

0 € 0. Alsos(0,b(0)) <s(6,8) V3 € b(0) and V0 € OF]

4Notice that due to the fact that finite dimensional matrix spaces are identified with
finite dimensional Euclidean spaces, the norm equivalence theorem applies.
>Componentwise lower semi-continuity of the Ibf would follow from the continuity of



4. Let Wy (-,0) be Bur,g)/ (B, ® Bo) —measurable and Py,-almost surely
positive definite, for every 6 € ©.

We denote with Fyf (6') = / f (w,0") dPy (w) for any appropriate f and
0,0 € ©.
Remark R.1 For an appropriate sequence of measurable spaces ((2,, F,)) e 1,
we usually have that Q =[] Q,, F =@, F, and that any P* € par (0) is
the unique extension on F, of a sequence of probability measures (P)) " -
with P} defined on )", F;- that is Kolmogorov consistent. Given the Kol-
mogorov consistency, the existence of P* is guaranteed when €2, is a Hausdorff
topological space, F,, is the relevant Borel algebra, and P is tight for any n
(see corollary 15.28 of Aliprantis and Border [[I]]).Usually €2, is homeomor-
phic to R™ for some m in N and F,, is the Borel algebra with respect to the
Euclidean topology.

Remark R.2 Since B and © are compact subsets of finite dimensional
Euclidean spaces they are totally bounded. Also note that due to the fact
that the spaces © and B are separable, suprema of real random elements
over these spaces are measurable. Obviously the [bf is bounded something
that is also true for its derivatives on O, (6p).

In the following we suppress the dependence of the aforementioned bind-
ing functions on  where unnecessary. We also let 6 denote a random
element with values in ©. We consider the following real function on R" x
M (R,r)

(2, W) — (/W)

for a given W € M (R, r). This defines a pseudo-norm on R” which becomes
a norm if W € PD (R, ).

Definitions and Properties of Already Known IE  We can now define the already
known auxiliary, GMR1, and GMR2 estimators. These were initially formal-
ized by Gourieroux et al. (1993).

par (i.e. for any 6, 6, — 6 the sequence comprised by any member of par (6,,) converges
inside par (6) with respect to the weak topology), the uniform w.r.t. Py ¢, (w, ) ~ < (0, 3)
uniformly over b(©), a furher condition of injectivity for b and he identification of b (6)
with the degenerate probability measure at b(#). The differeniability assumptions could
follow from analogous assumptions for ¢ (6, 5) and the implicit function theorem.



Definition D.1 The auxiliary estimator [3,, is defined as

Sn (Bn) = inf ¢, (ﬁ)

BeB

Remark R.3 In view of assumption [A.1]3 and by remark (in Appen-
dix [B) the above estimator is well defined.

Definition D.2 The GMR1 estimator is defined as
18, — b(GMRl)HW;(ei) = 9125 18, — b (Q)HW;;(ei)
Definition D.3 Let b, (6) = Eyf3,,, then the GMR2 estimator is defined as
18, — b (GMRZ)HW;(GH = ég(g 18, — bn (‘%”W;(@j)

Remark R.4 The GMRI1 and GMR2 estimators are defined as ¢ (W; (0;{) ,b(0), ﬁn)
and ¢ (W;{ (9;) by (0) Bn) respectively where

¢ (A, k(0),c) = argmino (A, k (6), A)
S

and
J(A,]{?(@),C) = ||C— k(Q)HA

Their existence is justified by remark in view of assumption The
computation of the estimators relies on the knowledge of b and b,, which is
in most cases unavailable. Hence the estimators are usually approximated
by the use of resampling techniques such as Monte Carlo simulations, which
itself involves nested numerical optimizations that is of potentially large com-
putational cost especially in the case of the second estimator.

Assumptions Specific to a New Class of [E  Let a* = 3! for s > 2a + 1. Let
also £DG,, .+ denote the n term of an Edgeworth measure of order s with
respect to N (0,Vy), where Vjp is a positive definite ¢ x ¢ matrix for any 6,
and B¢ the collection of measurable convex subsets of the Euclidean R?*P
(see Appendix B).

Assumption A.2

*

sup [Py (v (8, — b(0)) € A) = EDGy e (4)] = 0 (1)

AeBeo
for any 0 € ©. Then, there exist k; 1 (z,0),7 =0,...,2a that are polynomial
functions in z, with O (1) coefficients such that

2a

1
/ szDQma’a = Z WE]{Z‘JFI (27 9) (2)
Ra

i=0
where Eky (z,6) = 0441 on ©.



Lemma 2.1 If s >2a+1

2a
1
Eof, —b(0) =) —r7a Bhie (2,0)

1=

=0 <n_“_%> (3)

Remark R.5 The assumption on the \/n rate of convergence of the auxiliary
estimator could be extended so as to allow different rates as long as these do
not depend on 6.

The remaining assumptions are local. The next one concerns the asymp-
totic behavior of the sequence of stochastic weighting matrices described in

[A.115,6.

Assumption A.3 W (0) is d-continuously differentiable Fy,-almost surely
V0 € O (6p). There exists a M (R,[) valued function denoted by W* (),
defined on O, (), such that

P(|Wr(0)—W*(0)]| >0)=0(n""), Vs >0,V € O. (b))

Moreover

9665(90)

P < sup ||DdW;f (G)H > CW*> =0 (n’“*)

for some Cyy+ > 0.

The following assumption, enables the stochastic approximation of the
Edgeworth mean in (2). This can facilitate the definition of the IE that de-
pend on the latter, in case where Ek; 1 (z,0) are analytically unknown for
some %, due to the structure of statistical model that could involve the pres-
ence of nuisance parameters, analytically unknown moments in the frame-
work of non linear models etc. We suppose the existence of another probabil-
ity space that enables the possibility of stochastic approximation via sampling
methods like Monte Carlo simulations, bootstrap e.t.c.

Assumption A.4 The following characterize the basic framework:

1. For a probability space (€', F', P’) and each i = 1,...,2a, there exist
Civ1, 1 X Q x© — RY, that is Bre/ (F ® F' @ Be)-measurable, Q-
almost everywhere continuous on © and @-almost everywhere d + 1
continuously differentiable on O, (6,), where Q@ = P x P’.

2. Q (SUPee@ HCHI” (w,w’,G)H > Ml) =0 (n_a*), for M; >0,Vi=1,...,2a.



3. Q (SUPee@(eo) HD’"QHn (w,w',Q)H > Miw) =0 (n*“*), for M;, > 0,
Vi=1,...,2a, forr=1,2.

w’ can be thought of as a simulated random element, which along with the
"observed" sample w constitutes a generalized sample that can be employed
to approximate the relevant expectations. The space 2’ can also depend on
some index that indicates the number of simulated paths which is suppressed.
In our framework we are only interested in the case that the number of
simulated paths remains bounded.

Remark R.6 This setup is general enough to allow for cases in which ¢;
is computed on initial estimators of 6y, and/or on estimators of nuisance
parameters. Similarly it allows for cases in which Ek; 1 (z,0) depends on
analytically intractable moments and/or moments that do not belong in the
structure of the statistical model at hand. These are generally functions of
0 and are approximated either by analogous sample moments w.r.t. relevant
functions of w’ and 6, or their value at 6, is approximated by measurable
functions of w. This allows also for approximations of Ek; ;1 (z,0) when
the latter is partially computed at stochastic point close to 6y, enabling the
derivation of estimators that emerge from partial optimization.

We enrich our assumption framework by a partial extension of assump-
tion that allows for analogous moment approximations of the estima-
tors to be defined in the next section. Let f, (6) be the vector contain-
ing the elements of Wy () — W*(0), and vec D'W; (0) — T;(0), for i =
1,...,d for T; (0) : O, (6y) — RImveeDWi0) “for any § € O, (6y). Let g, (0)
be the vector containing the elements of (;,; (w,w’,0) — Ek;11(2,0) and
vec D¢,y (w,w',0) — Z; (0), fori =1,...,d+ 1 for Z; () : O, (6p) — R for

any 6 € O. (6y). Let alsom?, (6p) be (8, — b(60)), vn (05 — 6o) , 2 (80) , ¢, (6))’
and EDG), . denote the n' term of an Edgeworth sequence of order s, for

vnm? () under Q.

Assumption A.5

sup ‘Q (\/ﬁm; (0y) € A) —EDG, 40 0" (A)‘ =0 (n_“*)
A€eBe
Remark R.7 Due to assumption and lemma 2 of [I8] we have that,
Q <\/ﬁ\|m; (Bo)|l > C’mvlnn> =o0(n™*"), for some C,, >0

Then it trivially follows that Q (||m;, (6)]| > ) =0 (n™*") Ve > 0.

9



A discussion on the validation of assumptions A3 is provided
in Appendix [B] The following lemma is useful, especially for lemma [4.5]

Lemma 2.2 Assumptions imply that
P(||[wy(8)) = wW*(8o)|| >6) =o(n™*),¥6>0

Assumption along with the postulated behavior of the binding func-
tion and the definition of the GMRI1 estimator implies that the latter admits
also a valid Edgeworth expansion of the same order. Due to reasons that
will become apparent in the next paragraph we also denote with 6, (0) the
GMRI1 estimator.

Lemma 2.3 Under assumptions [A.1} [A.3| [A.4] and Vv (0, (0) — 6y)
admits a valid Edgeworth expansion of order 2a* + 1.

3 Definition of the GMR2* () Estimators

We are now ready to define a new class of IE based on these moment ap-
proximations. In what follows we suppress the dependence of the approxi-
mating functions (;,, on the generalized sample space for notational conve-

nience and denote Co(0,a) = (¢y, (0) ..., Coapn, (0)) and by, (6,¢, (0, a)) =
( ) + Zz 1 n(z+1)/2 Cz-i-ln (9)

Definition D.4 The GMR2* (a) estimator is defined by
180 = b (8 (@) .Co (B (@) ) o) = B0 (18, — b (0.C, 0. )l o)
hence GMR2* (a) = ¢ (W;: (9:) b, (0,¢,(6,a)) ,ﬁn).

Remark R.8 The existence of GM R2* (a) is facilitated by assumptions
and and remark in the appendix.

Remark R.9 Due to Ek;(z,0) = 0,1 we identify the GM R1 estimator
with the GM R2* (0) one, and this justifies the relevant choice of notation in
the previous paragraph.

Remark R.10 Due to the fact that the analytical derivation of b, (0, (,, (0, a))
for finite a is generally easier than the analogous task for b,, () the GM R2* (a)
estimators can surpass the nested optimization burden associated with the
GMR2 estimator. Of course it increases the analytical burden, but this is a
shank cost.

10



Remark R.11 In the case that 5, = 6,,(0), and b(0) = 6, we consider a
variant of the GMR2* (a), defined as

2a 1

0 (a) = 0,(0) = > St (0n (0))

=1

-almost everywhere, the computation of which is of minimal arithmetic bur-
den. In this case 6}, (a) admits another interesting characterization. Consider
without loss of generality the issue of minimization of

2

2a
1
00 (0) =0 =Y~y Cinta (0n (0))
=1

Due to the structure of the problem, the solution could be characterized
as a limit of a Newton recursion scheme, in which the *"-term of the re-

cursion would be defined as 80 = 6, (0) — Y2, Loy (0“—1)), for

i=0,1,2,..., and 89V =4, (0). It is obvious that 67 (a) = 6V, hence it
is an one-computational step approximation of GMR2* (a). 6 (a) is widely
used in the literature in the case where a = %, and in this case it is called
"feasible bias corrector" of #,, (0). We will consider how some of its properties
are related to the analogous ones of GM R2* (a) in subsequent sections. In
this instance we note only the following:

1. it is possible that for some n and some measurable subset of R™ of
positive probability, ¢ (a) ¢ © or it will be in the boundary of © with
positive () probability, as it will be the case in some of the examples
considered later.

2. there is a direct analogy between the GM R2* (a) and 0, (a) as its one-
computational step approximation, and the GM R2 and the bootstrap
estimator as its one-computational step approximation.

4 Higher Order Asymptotic Theory

In this section the first part of the results are presented. This part concerns
the asymptotic properties of the newly defined estimator. Consistency, as-
ymptotic tightness, Edgeworth and moment approximations are established
in that order.

11



4.1 Consistency

It is proven that the GMR2* (a) is contained in an arbitrary neighborhood of
0o with probability 1 —o (n*a*). It is also shown, that given consistency, the
particular estimator has a very convenient characterization as a near mini-
mizer of the GMR1 and GMR2 criteria. Analogous relations are established
between GMR2* (a) and GMR2* (@), for any a, a’ in A.

Lemma 4.1 Under assumptions [A.4] [A.3] and [A.2] Ve > 0,

Q (Sgp }J (ﬁnv bn (9, Cn (9, a)) ’ W;{ (9:)) —J (b (90) ) b(@) 7W* (90))| > 5) =0 (n_a*)
and therefore
Q (/10 (@) = boll > &) =0 (n™")

Remark R.12 In the light of lemma it is evident that for example, 0.
could be defined as 67 (a) for some choice of the weighting matrix sequence
(e.g. W, =Id xq)-

The GM R2 estimator 6,, is defined by

From lemma we obtain the following results. These concern possible
characterizations of the estimator under examination. We employ first the
following proposition.

Proposition 4.2 If sup,cg || EoB,, — b(0)| = o(1), then

Q (s 100 0) = 0, 0.C, 0.0 > =) =0 (1) v2 > 0

Remark R.13 The assumption supy.q ||EsS, — b (0)|| = o (1) would follow
from the uniform pseudo consistency of the auxiliary estimator given the com-
pactness of B. If the [bf is a bijection supgee Py (supges |ln (8) — <(0, 8)|| > 6) =
0(1) V4 > 0 would be sufficient for this, given assumption [A.1]3.

Corollary 4.3 Under the assumptions of lemma [4.1] and proposition [4.2] we
have that

T (Bus Boutay (Ba) Wi (03)) < T (Bas Bo, (B) - Wi (63)) + s

with P (n, >¢) =0 (n™), a* = 5%, Ve > 0 and 7, is almost surely non
negative.

12



Remark R.14 The examined estimator is essentially an 7,-GMR2 estima-
tor (approximate minimizer of the GMR2 criterion). The 6, (co0) estimator
(if it exists) is almost surely equal to the GMR2 estimator for every n greater
than some n* € N. In the same respect, and in the light of paragraph 1.5
of Gourieroux et al. (2000), when f3,, is a consistent estimator of 0, i.e. the
binding function is, at least locally, the identity, we obtain that the 6 (c0)
(if it exists) is almost surely equal to the bootstrap estimator for every n
greater than some n* € N. Hence, we obtain an analogy in which the GMR2
estimator can be perceived as a limiting GMR2* estimator, and the bootstrap
estimator, which is an one computational step approximation of the former
is a limit of the one step computational approximation of the latter (see also

remark [R.11].2).

Remark R.15 We cannot be more informative on the minimum rate of
convergence to zero of any real sequence that bounds 7, with probability
1—o0 (n_“*), due to the lack of information with respect to the analogous
rate of uniform convergence of b, (#) to b (#). However, if

i=1n"3

HEegn b () =3 B (2, 9)“ — o (")

for any a € A, uniformly on O, then supycg ||b, (0) — b, (6,¢, (8,0))] =
o(n=®) for (11, (0) = Ekiy1(2,0), for any i = 1,...,2a, and therefore it is
easy to see that P (n, >~,) = o(n™") for 7, = o(n™). It follows that
if a — oo, hence a* — oo, P(n, >v,) = o(n™*) for v, = o(n™*) for all
a and therefore {GM R2}  is asymptotically indistinguishable as a sequence
from {GM R2* (c0)}, hence we obtain the characterization of the GM R2
estimator as a GM R2* (c0) one, with the obvious abuse of terminology. An
analogous asymptotic relationship can be established between the sequences
of the first order approximations of the aforementioned estimators, thereby
identifying 67 (co) with the bootstrap estimator. In this respect we justify
the commutative diagram presented in the introduction.

The previous reasoning can also establish analogous relations between
GM R2* (a) and GM R2* (a’) estimators, for a # o’ with a more detailed de-
scription of he structure of the error of the analogous approximation. With-
out loss of generality, let a > a'.

Corollary 4.4 Under the assumptions of for both a and a’, there exists

a real sequence v, = o (n’a’%) such that

J (B b (0 ('), a) , W (65)) < T (Bs b (B (a) ;@) , W (6)) + 17,

13



1 . 1

st+eifa=:= )

2#. 12 Wlth0<€<%.
a 1fa>§

with P (n, > v,) =0 (n™""), where § = {
Remark R.16 Again, any GM R2* (a’) is an approximate GM R2* (a) for
any a > a’. This is particularly valid when a’ = 0, since GM R1 = GM R2* (0).

Remark R.17 Obviously lemma |R.7| could be readily deduced from lemma
and an easily established uniform convergence of J (53,,,0(0), W} (67)) to
J(b(0o),b(0),W*(0y)) in Py,-probability 1 — o (n=%).

4.2 Asymptotic Tightness and Validity of Edgeworth Approximation

In this paragraph, we are concerned with the higher order approximation of
the distribution of GM R2* (a) for a > 0. We essentially rely on the previous
results, the local differentiability of the criterion from which it emerges and
lemma, presented at the appendix.

Lemma 4.5 Under the assumptions of corollary , there exists an {7}, ,
with Q (v [|n]l > ~,) = o(n™"), and 7}, = o(n™%) for some ¢ > 0, and
vV (0, (a) — 6, (0)) = n), with probability 1 — o (n™").

The validity of the Edgeworth expansion of v/n (0, (a) — 6y) of order s =
2a* + 1 can now be established by assumption [A.2] lemma [4.5] and corollary
presented in the appendix. In this case the sequence of distributions of
the aforementioned estimator is also approximated in the o (n_“*)— convex
variational distance by the relevant sequence of distributions of an sequence
of random vectors that are polynomial in a standard normal random vector
and in \/iﬁ
Lemma 4.6 Under the assumptions of lemma , the GM R2* (a) admits
an Edgeworth expansion of order s = 2a* + 1.

Lemma 4.7 Under the assumptions of corollary [4.6], there exists a C* > 0
such that @ (\/ﬁ 16, (a) — B|| > C* In'/? n) =o(n™").

Lemma does not provide any further insight on the form of the Edge-
worth approximation for GM R2* (a). However, lemma along with the
first part of lemma[AL.3|can validate an Edgeworth approximation, the poly-
nomials of the density of which, are obtained as in the proof of the first part
of latter lemma.

Lemma 4.8 Under the assumptions of lemma [£.5 the GM R2* (a) admits
an Edgeworth expansion of order s = 2a*+1, the density of which is obtained
as in the proof of the first part of lemma
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4.3 Moment Approximations

Lemma in the light of lemmas and if a* > a, provide with
an approximation of the sequence of (any order) moments of the defined
estimator. In the following we expicitily provide this type of approximation
in the case where a = % for the mean.

Lemma 4.9 If a* > a + %, then

By (6 (V6 () = 00)") = [ K (@)™ (142,

R4

)wv()d

l
=1 n2

is 0 (n=") where ¢, (2) = Pr, (757 D71 (0) (27)), K% = (K, @n), K IS as
in the proof of lemma : Rdim(mz) Rdlm(m;)_p is an orthogonal projec-
tion of RI™(m%) t0 a dim (m ) — p dimensional subspace composed with a lin-
ear isometry with RU("2)=r such (Dg, (0)) ™" N (@, (0)) " = {0} K is any

m-linear function on R? and 2™ = (z, x) and (1 + Z ) ey (2)
%,_/

denotes the density of the Edgeworth approximation of order 2a + 1 of
v/nm? (0o) and Pry, is the projection on the first p coordinates.

We next provide the analogous approximation for a = % We obtain the
following lemma.

Lemma 4.10 If the previous assumptions hold for a = % a* > %, then

i

where

Ego\/n0 <en (%) - 90) — E(q (2,0p)) — %E (g2 (2, 90))H =o0(n™)

— BW* (6o) kx

and

1 0°b;
@ = BW™(0y) ((kZ — Eky) — 2 [tr(h(h 808<(9' )] )
=l

.....

+ ((%Ia(:“)w* (o) al’ai)?”))_l [agjé—ée;)ql] W (90)) Ak
+ (Bw* (2,00) + B {83 W (00) q L o ) Ak
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0 o’ * o] -1 ov’ *
= (10— 50 (2000 ) 00) sy )

, 1,
b= (%W* (0o) 8%(3/0)> 8b8(g°) w* (z,6p) and ¢i are the O (\/Lﬁ) terms

of the mean of the Edgeworth distribution of \/nm} (6y) corresponding to
the weightening matrix and the initial estimator respectively, and z is a zero
mean normal random vector of dimension equal to dim (m} (6y)). Moreover

b6, 0) = 00) — B 65 21 00) ~ =5 000 | = (17

where
G =G

and

Remark R.18 Lemmald.10lis in accordance with the well known result that
the second order bias of estimators of this sort hinges on a) non linearity of
the estimating equations, b) difference in the relevant dimensions and c)
stochastic weighting (see for example Newey and Smith 2001).

Remark R.19 Notice that neither ¢; nor ¢; depend on the analogous terms
in the approxiamtions of the remaining elements of /nm} (6y). This would
not hold in higher order expansions concerning 6, (%)

Remark R.20 It is easy to see that ¢; and ¢ would provide the analogous
approximation to bias of 6, (a) for @ > 1.

Remark R.21 Even if the aforementioned moment approximations are not
valid (for example in cases where a* = 1), the relevant moments of the

Edgeworth measures could be used for comparisons between the employed
estimators in the spirit of Magdalinos [[18]] (see the second paragraph imme-
diately after Theorem 2).

-1
When p = ¢, then A = 0,, and BW* (0y) = (aba(gf))) . Consequently,

we trivially get the following corollary.

Corollary 4.11 Under the assumptions in lemma and for p = ¢ we

obtain )
~ (0b(00)
q1 = ( 60, > kl
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and )
b (00)\ 1 9°b; (6o)
= —* ko — Ek t
o ( 20’ ) (2 ) [”hql 2607 e
Use the following definition.

Definition D.5 An estimator admitting a moment expansion such as the
ones considered in the previous sections, will be termed approximately unbi-
ased of order s = 2a + 1 if the relevant expansion is valid, and

(s )

where E <g ( z, f’90)> =o(n™%).

Hence if 8;98(3,0) =0, e.g. b(0) is linear, we trivially get:

Corollary 4.12 If in addition to the provisions of the previous corollary
2.

aal;]a(g?) =0,4, Vi =1,...,q, Eq = 0,, hence the estimator is approximately

unbiased of order 2. This is not true for the GMRI1 estimator unless the

auxiliary estimator is is approximately unbiased of order 2 since Fqy = Eks.

Remark R.22 As it will become apparent next, the previous result can
easily be extended in the case of the 6 (a) estimator for any a > % That is,
it %

3939, , vanishes Vj , then 0 (a) becomes second order unbiased at 6.

Remark R.23 Under conditions that ensure that the derivatives of Eyf3,
are uniformly bounded around 6y, an analogous result would hold for the
GMR2 estimator (see Arvanitis and Demos [[4]]).

Remark R.24 If the previous assumptions hold for a = % a* > 1, in the

light of lemma[4.9]¢; and ¢o can be used in order to provide the second order
MSE of the estimator. In the particular case and due to the fact that Fk; is
zero, it can be easily seen that

i

for any 3 € A, thereby establishing the superiority of 0}, (a) for any a > 3
over 0% (0) w.r.t. 2"® order mean-MSE comparisons.

Eoon (6 (8) — 00)) (60 (8) — B0) — Equd, — %E (@udy + a2d})

0 (n’“)
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Returning to the issue of the bias approximation we extend the previous
result when the binding function is in local canonical form. For the definition
of the local canonical form, see Arvanitis and Demos [[4]], section 4.2, which
is derived by theorem 10.2 of Spivak [[25]]) (p. 44). This notion concerns
the choice of the auxiliary parameterization so that the binding function be-
comes canonical around 6y, hence locally linear. In this case, the GM R2* (%)
estimator is second order unbiased, as the next corollary demonstrates, if the
weighting matrix is non-stochastic.

Corollary 4.13 If b(6) is in local canonical form and W} (6y) = W* =

Wl,pxp W3,pxq—p then
Wé W2,q—qu—p

q1 = ( Tdyxp Wl_,plXpW37p><q_P )kl

and
42 = ( Idpxp Wl_,p1><pW37p><q—p ) <k2 — Ekg)

Remark R.25 The GM R2* (%) estimator is second order unbiased even in
cases where ¢ > p, when there is non stochastic weighting given that the
binding function is in local canonical form. However, given an admissible
auxiliary statistical model, there always exists an auxiliary parameterization

such that the previous result is valid, given the relevant weighting structure.

Remark R.26 We now consider the case of the one-computational step ap-
proximation of GM R2* (%), named 0, (l) and described in remark . It

2
can be verified using our assumption framework that

' Eo, (\/ﬁ (9;; (%) _ 90)) _E(k) 4+ %E (ks — Ehy)

thereby it is in this respect equivalent to /n (GM R2* (%) — 90), while it is
of minimal computational burden. However, we make the following observa-
tionsfl

=0 (n_l/Q)

1. Due to remark 1 67, (3) could be non-definable for fixed n, on

subsets of the sample space of positive probability.

2. They could be non-equivalent with respect to higher order relations,
whereas the analogous expansions could favor G M R2* ( %) , with respect
to its higher order bias structure.

6Notice that analogous ascertainments could hold with respect to the issue of the k*"
order comparison between 67 (a) and 8, (a) for arbitrary a, k.
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3. The same could be true even with respect to the second order relation,
when 6, lies on the boundary of the parameter space, in which case E'k;
could be different from zero. We suspect that in this case GM R2* (%)
would possess a more favorable second order bias structure than its one
step computational approximation. The validation of this statement
is out of the scope of the present paper, as it requires a theory of
higher order approximations of distributions of M-estimators when the
parameter is on the boundary.

5 Recursive Indirect Estimation

In the current section we are concerned with the issue of extending the notion
of indirect estimation in order to allow for procedures that potentially involve
an arbitrary number of auxiliary steps. This will enable the construction of
multistep IE that are approximately unbiased of some prescribed order with-
out explicit reparameterizations. These will provide a procedure of recursive
bias correction of any desired order of an arbitrary estimator of f, that admits
a valid moment approximation of the same order[] We make the following
assumption.

Assumption A.6 ,The binding function is the identity, and the auxiliary
estimator satisfies assumption for some s* > 2a+1 given a. For any a™ <

a consider any function of the form (, (6,a™) = (C2n (@), Caaty, (0))

where for each i = 1,...,2a", assumptions and hold, under the
convention that if 3, is s?*-order approximately unbiased for any s, < s*,
then (; ., () =0 Q —as. for any 1 < i < 5, — 1 and any . Denote by
GMR* (¢, (0,a™)) the GMR2* (a™) derived via the use of ¢, (0,a™).

The first part of the previous assumption does not pose any loss of gen-
erality compared to the previous sections, since 3, could itself be an IE of
0. In this respect any concern about the asymptotic behavior of sequences
of weighting matrices becomes asymptotically irrelevant. Denote the set of
functions satisfying the second part by Z, (a™, 3,,). This convention is moti-
vated by the fact that Z, (0, 3,,) = {0e}. We denote with GM R* (¢, (6,a™))
GMR2* (a*) wr.t. ¢, (0,a%) € Z, (a™,B,) [

"It will also provide an algorithm for the computation of the local canonical form of
the binding function, discussed in the previous section.

8Considering the notions that follow, it would be more appropriate to define Z (a) as
the set of equivalence classes of approximating functions, with respect to the relation that
renders two such functions equivalent, i.e. iff they define the same GM R2* estimator. We
choose to disregard this detail for notational convenience.
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Definition D.6 Given a1, as < a, let
GM R (gn (67 a2>> ® GMR" (<n (97 CL1))
denote the indirect estimator emerging as follows:

1. GMR* (¢, (0,a1)) is derived using (,, (6,a1) € Z, (a1, 3,,), and
2. GMR* (¢, (0,a2)) is derived using (,, (6, az) € Z,, (az, GM R* (C,, (0,a1))).

In this respect the GM R* (¢, (0,a2)) ® GMR* ((,, (f,a1)) is an indirect
estimator emerging in essentially three steps, the first one being the deriva-
tion of [3,,. Obviously such estimators can be derived by making the number
of steps arbitrary, yet finite. Hence, in general

®GMR (G, (0,07 (1)) = GM R (C,, (0, a5 (K)))®(®5 ' GMR (G, (0, a5 (1))))

where in the (K + 1) step the GMR* (¢, (as (K))) is derived using as an
auxiliary the ®* 'GMR* ((,, (0, ay (7)), for K € N,and a; : {1,2,..., K} —
{0,...,a}. Notice that [GMR* (¢, (0,a3)) ® GMR* ((, (8, a2))|®GMR* (¢, (6, a1))
is non definable, a fact that prevents this set of estimators from obtaining a

rich enough algebraic structure.

Remark R.27 It is trivial to see that in the present framework
GMR* (¢, (0,a)) ®GMR1 = GMRI®GMR" ((,, (0,a)) = GMR*((, (0,a))
for any a.

Lemma 5.1 Under assumption and if 3, is approximately unbiased of
order (2a; + 1), for a; < a, then GMR* (¢, (0,a2)) ® §,, is approximately
unbiased of the same order, Vas < a;.

Lemma 5.2 If 3, is approximately unbiased of order (2a; + 1), for a; < a,
then GMR* ((,, (0,a2)) ® 3, is approximately unbiased of order 2 (a; + 1),
Vag > aq.

Given the following question:

Question Does there exist an IE procedure providing an estimator that is
is approximately unbiased of order 2a + 17

An answer is provided by the next algorithmic procedure.
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Algorithm Suppose that 3, is approximately locally unbiased of order (2a; + 1),
for a1 < a:

e set 0 =3 and a® = gy,

o fora® =a V4l i=1...2(a—a),set 0\) =GMR* (¢, (0,a9))®
09U~V where ¢, (0,a") € Z, (a(i), 055_1)). The expansions needed for

n

the derivation of 8) can be obtained from the initial one and calcula-
tions similar to the proof of lemmal5.2) due to which it is approximately
unbiased of order (24 +1).

Then 9%2(“_‘“)) is approximately unbiased of order 2a2(¢=%1) 4+ 1 = 2q +1
as required due to lemma Obviously the above construction generalizes
the case where a = % and a; = 0, as implied by the results of the previous
section ]

Remark R.28 In the case the 67 (a(i)) is needed for some 7, remarks
and [R.26] would also hold.

Let us now turn our attention to two examples.

6 Examples

In this section we apply the suggested estimators to, approximately, correct
the bias of various estimators corresponding to the M A(1) model and the
MLE for an ARCH (1) one under conditional normality. To provide with
additional evidence for our theoretical results we perform a small simulation
exercise.

61 MA(1)
Consider the invertible M A(1) process

yy=u +0u;_q, t=..,-101.., 8|<1, w U D(0,0?).

Suppose that © is a compact subset of (—1, 1), the GM R1 estimator of

6 is given by R Ve i 32—463’ where (3, is the QM LE of the AR(1) coefficient

9Due to the need to avoid the relevant moment approximations at boundary points we
could consider a finite sequence of parameter spaces, say ©(*) for i = 0,...,2(a — a;) such
that ©@ c O~ and O is compact with non empry interior, and the relevant results
hold for any 6 in the interior of @),
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of an AR(1) auxiliary model (see Gourieroux et al. [[13]], and Demos and

Kyriakopoulou [[6]]). Notice also that b (6) = H%, and let B be a compact

subset of (—%, %) compliant to assumption E&

From the calculations in appendix C we have that

B[V (GMRL-0) = oot Jf{;gf - n

as in Demos and Kyriakopoulou [[6]]. As expected the GMR1 is not 2
order unbiased as the binding function is not linear.

Now a third step estimator of 8, GM R2S, simply solves the equation

B, = 1f92 — % (94 +260% — 20 + 20 + 1) %. In this case, the binding

function is the identity and consequently GM R2S is 2"¢ order unbiased (see
appendix C for details). In fact, this is GM R2* (%) ® GMR]1 (see section .

Alternatively, as a second step estimator, one can consider the application
of GM R2* (%) on f3,,, named GM R2R. As the binding function is not linear,
this estimator is not 2"¢ order unbiased (see appendix C for calculations),
apart from ¢ = 0. Hence

140 0+ 0510 (367

E [Vn(GMR2R - 0)] = (5)

However, considering GM R2RS = G M R2* (%) ®GM R2R, we have that,
as the binding function is the identity in this case, GM R2RS is 2"* order
unbiased. Finally, estimating € by the GM R2 we have that

2\ p2 4, 26 | 8
E\/E(GMRz—e):ie(?’ 92)9 +46* + 0 4;9 +17 (©)
N (11 6°)

i.e. the GMR2 is not 2" order unbiased, as expected due to nonlinearities
in the binding function. Comparing equation (5)) with @ it is obvious that
GMR2 is less 2"¢ order biased than GM R2R for all values of 6, apart from
6 = 0 in which case both are 2" order unbiased at 0.

Notice that our assumption framework is easily validated for any of the
IE described in the previous paragraph. More specifically, assumption [A.1].1-
3 follows easily while [A.1]4 is irrelevant. Assumption follows from the
results of Demos and Kyriakopoulou [[6]] for @ = 1 and a* = 1. Assumption
is again irrelevant, while due to the fact that (, = Eky assumptions
follow trivially from the continuity of the relevant expressions and
their derivatives and the compactness of ©. For the aforementioned IE in
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the realm of section , assumption follows trivialy (©(® is chosen as a
compact subset of the initial ©).

In terms of simulations, we draw a random sample of n € {50, 100, 150, 250,
500, 750, 1000, 1500, 3000} observations from a non-central Student-t distri-
bution with non-centrality parameter » = 1 and v = 20 degrees of free-
dom, standardized appropriately so that they have zero mean and unit vari-
ance. For each random sample, we generate the M A(1) process y; for 6 €
{—0.4,0.4}. We evaluate f3,, and if the estimate is in the [—0.499999, 0.499999]
interval we estimate all estimators, otherwise we throw away the sample and
draw another one. For each retained sample we evaluate eight estimators,
i.e. the GMR1, GMR2, GMR2S, GMR2R, GMR2RS, the QM LE of 0,
say QM LE, the second step GM R2* (%) on the QM LE, say QM LES, as
well as the feasibly bias corrected estimator of GM R1, BCGM R1, where

the estimated value of € is employed in equation [4| for bias correction, i.e.

L+ 5(60; (0))° +2(6; (0))" + (6, (0))° — [0 (O]
(1-6; (0)2)°

Out of these estimators only GM R2S, GM R2RS, QM LES and BCGM R1
are 2" order unbiased. We set the number of replications to 100000.

For the GM R2 estimator an additional question arises from the presence
of Fyf, in its objective function (see section 2). In general this expecta-
tion is unknown and consequently is approximated by an average of, say H,
monte carlo replications (see Gourieroux et al. [[13]]). Of course under the
assumptions in Gourieroux et al. [[I3]] as H — oo we have that the average
converges to the expected value. Nevertheless, in practice a finite number
of H is employed. Consequently, it could be of interest to compare the the-
oretical results, i.e. when H = oo, with those in practice, i.e. when H is
finite. Clearly, the larger H is the better the approximation is and the more
cputime is needed per iteration within the maximization routine. The second
effect is of course undesirable. Furthermore, on this point, one expects the
GM R2S to be faster than the GM R2, however how much faster is an open
question.

Consequently, we employ two values of H, i.e. H = 10 and H = 200,
denoting them by GM R2(10) and GM R2 (200), respectively. Taking the
average over the 100000 replications, in figure 1 we present the absolute
value of the biases of the estimators, multiplied by n, i.e. nE |GM R2 (i) — 6,
1 = 10,200, where the true ¢ is —0.4. It is obvious that for H = 10 the bias
of the estimator is far away from the approximate, up to o (%), absolute bias
which equals to 0.816 for this value of 6 (see equation [6)). Consequently, in
what follows we consider only the GM R2 (200) one.

1
BOGMRL = 6, (0)=~0; (0)
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In figure 2 we present the absolute biases, multiplied by n, of the biased
estimators. It seems that, apart from the GM R2R and GM R2, 250 obser-
vations are enough for the estimators to reach their asymptotic approximate
bias. For § = —0.4 these are 1.252 and 0.4 for the GMR1 and QM LE,
respectively. For the GM R2R, 500 observations are needed to reach its as-
ymptotic bias (2.094), whereas 3000 are needed for the GM R2.

In figure 3 the absolute biases, multiplied by n, of the unbiased estimators
are presented. It is obvious that, apart from the BCGM R1 estimator, all
estimators are by all means unbiased for sample size bigger or equal to 250.
The same is true for the BCGM R1 one but for sample size bigger or equal
to 500. It is worth noticing that, as expected, in almost all sample size cases
the multistep bias corrected estimators (GM R2S and GM R2RS) are less
biased than the feasibly bias corrected GM R1 estimator (BCGM R1).

It is worth noticing that, for n = 250, the average cpu time per iteration
for the GM R2S estimator is 2.47 x 10~* seconds, whereas the equivalent
time for the GM R2 estimator is 2.88 seconds. Consequently, the suggested
indirect estimator is not only 2"¢ order unbiased but the procedure is very
fast, as well, at least for this model["]

The results for § = 0.4 are qualitatively the same and are not presented
to conserve space. Let us now turn our attention to the second example.

62 ARCH(1)
Consider the second order stationary ARCH (1) model

Y = uz/zzt, up =01+ 07 |, t=..-101,..,
iid

0, > 0, 6,€(0,1) 2z~ N(0,1).

For the above model we have, from the Edgeworth expansions validated in

Iglesias and Linton [[16]], and Iglesias and Phillips [[I7]], that Eky = g*

~

for the MLE 6,, = < %1" )Where G and G* are given in the appendix

2n
We draw a random sample of n € {150,300, 500,750, 1000, 1500, 2000}
observations, plus 250 for initialization, from a standard normal distribution.
We perform 10000 replications. For each random sample, we generate the
ARCH (1) process y; with #; = 1.0 and 6, = 0.5, and we find the M LE's of
the two parameters, as well as the feasibly bias corrected ones as suggested
in Iglesias and Linton [[16]], named /L, and the indirect estimator suggested

10 ATl simulations have been performed to a computer with Intel i7 processor.
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here, named AD. As the H; and H} terms, for i = 2,...,7, (see appendix
involve summations up to the sample size, we truncate them in 10 and
40 and call these estimators IL — 10, IL — 40, and AD — 10 and AD — 40,
for the feasibly corrected estimators and the indirect ones, respectively (see
Iglesias and Linton [[16]], and Iglesias and Phillips [[I7]]).

In fact, these terms are evaluated from a long simulation with n* =
100000, where the M LE estimates are employed to generate the ARC'H (1)
process in the case of the two IL estimators. For the two AD ones the
summation terms are treated as nuisance parameters, implicitly depending
on the estimated parameters. Under the distributional assumptions of our
experiment, the validity of the above mentioned procedure, as well as the
expansions, are justified (see Corradi and Iglesias [[9]]). This experiment
elucidates remark [R.6] It is in this case that the Ek;;, are analytically in-
tractable as functions of 6. Hence they are approximated in the manner
described above. Notice that in the spirit of the same remark, a variety of
approximations could also be used, that could additionally involve approxi-
mations of some (or all) of the unknown moments involved in the expansions
using the observed sample (instead of or in addition to the Monte Carlo sam-
pling), as well as the computation of some of the approximating functions on
the QM LE etc. We did not employ such cases that can be easily adopted in
the framework of assumption for reasons of presentational convenience.

Our assumption framework can be validated for the AD type of estima-
tors as follows. © is chosen compact and the binding function is obviously the
identity. Hence assumption (again due to the coincidence of the under-
lying dimensions assumption .4 is irrelevant) follows trivially. follows
for the results of the aforementioned papers for a = %, a* = 1. ga,in ir-
relevant while assumption [A.4] follows from the continuity of G, G* and their

zl ) , the compactness of O, the conditional
2

normality and the fact that u; (f) has a uniform strictly positive lower bound.
where \;, () containes the elements of the derivatives of the of the i*" factor
of the logarithmic likelihood function up to order d = 3. Ay, (¢) contains the
elements that are used in the description above to approximate, via simula-
tions, the analytically unknown moments that emerge in G and G*. These are
in the form of arithmetic means with respect to independent random elements
that depend on 6 (for example an element of Ay, (6) would be %2?21 m,
where h = %) Due to the compactness of O, the conditional normality and
the fact that u; (0) has a uniform strictly positive lower bound and the results

derivatives with respect to 0 = (

For [A.5| consider the random element represented by %Z?:l (
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of the aforementioned papers, the conditions 2-4 of Gotze and Hipp [[11]] for
< A (0) ) are easily (yet tediously) established, a fact that validates an

A1 (6o) — EAq; (0o) ) No.
Az, (00) — EXg, (00) )

. 1 «—=n A1, (6o) — EXq, (6o) :
tice that v/n (0, — 6o) = m, (\/—ﬁ Do < Mo, Eeog W Eeo) )) + R,, with
P (||Ra]] > 7,) = o(n71) for v,, = 0o (n!), and m, satisfying the assumptions
of lemmal[AL.3| (see for example the proof of lemma 8 of Andrews [[2]]). Hence

\/ﬁ (971 - 00)
\/L,; Yo (A, (B0) — EA, (80)) | admits a valid Egdeworth expansion of
75 2ict (A2, (00) — EXa, (600))
order 3. Moreover the elements of \g, (f) are smooth functions of # and more-
\/ﬁ (971 - 90)
over 2= 371 (g, (6n) — Eda, (00) = 75 | v 2oim1 (i (B0) = B, (60)) | +
75 it (A2, (00) = EXa (00))
=o(n7!) for v = o(n™!), and 7% in the premises
L3 (e (62) — B, (60))

of remark [R.29, Hence | | Z@ 1\(/)\_11(?50)_ 902? A, (6)) admits a valid
Die
3.

Edgeworth expansion of order 3 for \/iﬁ S (

R: with P (|R%|| > 7*)

n

1 (A2, (60) = EXg; (60))

Now,

NGO
1
\f

er

Egdeworth expansion of order

\/ﬁ (9n - 90)
Vime, (00) = | v/nG (2370 Ae, (0)) ,60) — G (EXy, (60) ,60)
VG (3 2200 A2, (0,)) ,00) — G* (EXy, (60) ,00)

can be easily seen to satisfy an analogous expression with respect to a se-
5 i (N2, (0n) — EXo, (60))
v (0n = o)

quence of smooth functions of 1 S (Ar (By) — EAd, (60)) and an
i=1

vn =
75 izt (M2, (o) = Bz, (60))
appropriate remainder. Hence assumption follows. An analogous rea-
soning would justify the Edgeworth expansions for the IL estimators.

In few cases the feasibly bias corrected estimator of #, turns out to be
either greater than 1 or smaller than 0 (see remark [R.11]). In these cases we
throw away the particular Monte Carlo samples and draw new ones

HTn fact for n = 150 we observed that in 1.33% and 2.10% of the experiments the
resulting /L — 10 and I L — 40 estimator was greater than 1 or smaller than 0, respectively.
Of course for larger n these cases are fewer and for n > 750 there is none.
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In figure 4 the absolute biases, multiplied by n, of the estimators of the
constant #; are presented. It is immediately obvious that both estimators,
IL —10 and AD — 10, do not correct the bias of the M LFE, for n < 750. For
the 40 — window estimators both partially only correct the bias of the M LE,
although for n = 2000 the biases of both estimators are close to their MC
errors (around 0.987). For the bias-corrected estimators of 6 (the ARCH
parameter), in figure 5, it is obvious that all four estimators correct the bias
of the M LE. With the exemption of n = 1500, the 40 — window estimators
are less biased than the 10 —window ones and close to their MC error (0.894).
Notice also that in almost all sample size cases the AD — 40 estimator is less
biased than the I L — 40 one.

7 Conclusions

In this paper we define a set of indirect estimators based on moment ap-
proximations of the auxiliary estimators and provide results concerning their
higher order asymptotic behavior. Our motivation resides on the following
properties that these estimators posses:

1. Computational facility as they are derived from procedures avoiding
the nested numerical optimization burden that is usually the case with
the simulated analog of the GMR2 estimator. This comes at the fixed
cost of the analytical derivation of the approximation. This remark
also holds in cases where the analytical form of the approximation is
unknown and is in turn numerically approximated.

2. The GMRI estimator has a convenient interpretation as an approxi-
mate minimizer of the criteria from which the considered estimators
are derived. This facilitates enormously the analytical derivation of
some of the asymptotic properties. Analogous results hold between
any pair of the estimators studied.

3. More generally, their asymptotic properties are analytically more tractable
than the analogous of the GMR2 estimator. For example, there is no
need of imposing rate of convergence conditions on the derivatives of
the error of approximation, since the result that would be based on
such a condition in the case of the GMR2 estimator, is now based on
local boundeness conditions of the parameter functions of the relevant

polynomials in \/iﬁ
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We extend this class of estimators to multistep indirect estimators that in
conjunction with the previously mentioned results identifies subclasses that
have potentially useful bias structure of any given order.

We demonstrated that the well known "feasibly biased corrected" estima-
tor is an one-computational step approximation of the suggested estimator.
As expected the later performed better, in terms of bias, in two examples. Of
course, one could apply the suggested procedures to more complex models
than the expository ones employed in this paper.
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Appendices

A Proofs of Lemmas, Propositions and Corollaries.

Proof of Lemma The result follows from the compactness of B and
lemma [l =

Proof of Lemma Due to assumpion 0" lies in O, () with
P-probability 1 — o(n~*). Then a Taylor expansion of order d of W, (0:{)
around 0y along with assumptions [A.3] [AL.T], implies that for any § > 0,
exist 9; > 0,4 =0,...,d such that

P ([[wy (65) =W (80)|| > 9)
< P(|[W(Bo) = W (60)]| > o) + S0, P (][0, — 6o]| > 6:) = 0 (n™)

|
Proof of Lemma First notice that due to the definition of the GMR1
and remark the estimator lies in O. (fy) with probability 1 — o (n™").
Hence it satisfies first order conditions with the same probability due to
[A.1]2. A mean value expansion of the first order conditions around 6y along
with [A.2] [A.4, [A.5 implies that P <\/ﬁ 16,, (0) — 6| > O\/ﬁ) — o (n~"),
for some (' > 0. A Taylor expansion of order d of the first order conditions
implies that with probability 1 — o (n™*") /1 (6, (0) — 6p) = L\/nm’, (6o) +

pn (v/nm? ( 0)) + R, where L is an p x dim (m, (#)) matrix of rank p
due to[A.1] [A.3] p,, is a polynomial function with absolutely bounded coeffi-
cients due to A 1 and P (||R,|| > ~,) = o (n™") for some v, = 0 (n™*") due

to P (\/ﬁﬂen (0) — ol > C’\/lnn) =o(n™),|A.2, |A.4 A5 Hence from

lemma the result would follow if L/nm}; (6y) + \/iﬁ P, (v/nm? (0p)) has
a valid Edgeworth expansion of the respective order. This is established by
lemma 3 of [18] and assumption n
Proof of Lemma [4.1. 'We have that

Q (supgee |J* (Bns bu (0,€,, (0, a)) , Wi (67)) = T2 (b (o) ,0(0) ,W* (6o))] > ) =

Q < SUDPgeco |J2 (ﬁm bn (67 Cn (67 a’)) ) W* (‘9+)) 2 (6 7b (67 gn ( )) wr (90))| ) <
+supgee |2 (B, bn (0, G, (0,0) ,W* (65)) = J* (0(00) ,0(0) , W* (60))| > ¢ ] ~
( > £

Q gsup(;e@ | T2 (B, b (0,¢,, (0,a)) , W (6) — W™ (6))] > 5) +

Q (5uPyee |2 (B bn (6, C, (6,0)) , W (80)) — J2 (b (80) b (6) . V" (8)] > 5)-
Now, due to the triangle inequality, submultiplicativity [A.4]3, [A.2] [R.7] and
we have for the first term of the last sum that it is less than or equal to

Q (Supee@ 18, = b(8) = X0 storaCirn, OV W (60) = W= (00)]] > %) <
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SUPg,, 0.+ (b(60)) SUPoco Hﬁn —b(0) - Zfao WCmn )H ) +
[ (6:) = v @) >

n & Ocp (b(00))) <

(||5n|| + supy [|b (0] + Zz 0 n<z+1>/2 Supeee H<i+1n (Q)H) ) +
[ (07) =W (60)]| > 5

B, & Oz (b(6)))) <

W3 (62) = W= (6o)| >

n n

A/—\

g

T OO O

T~

N 2(01-"—02-&-2?20 n(liﬁ) ) +

P (Bn ¢ O.: (b ((90))) + Z?io Q (SUPee@ HCiHn («9)“ > M,) =0 (n*a*) due to
remark [R.7 For the second term we have that due to the continuous map-
ping theorem Jde > 0 :

Q (supg |2 (B, bu (0,60, a) , W* (00)) — J (b (8,) ,b(0) , W* (6p))] > %) <

Q (51pp | (B, b (0,8, @) , W* (B)) — J (b (Bo) b () , W* (8))| > €) and due

to the triangle inequality, this is less than or equal to

Q (SUpo H (Bn -b (0) - Zfao n(z+1)/2 Cerln (9)) - (b (90) —b (9))”1/1/*(90) > 6) <

Q (|18, — b(6o)| + S — 73 SUDgeo [¢iva, (B)]| > €). The last term is less
than or equal to

Q <||Bn — b ()] > ﬁ) +3°2%Q (supgee ||, (0)]| > M;) which

is obviously o (n~®). The result follows from the continuous mapping theorem
and assumption [A.1]3 which implies that J (b (o), b (), W* (6y)) is uniquely

minimized at 6,. ®

Proof of Proposition[4.2,  We have that Q (supgce ||, (0) — by, (0,C,, (6, a))|| > €) <

P (SUpeee 16, (0) = b(0)]] > ) +Q (Zz 1 nz+11/2 SUPgco ||Cz+1n (9>H > 5) <
P (Supee@ ||bn( ) ( >|| > )+Q (Zz 1 n%/z )+Z,2GOQ (Supoee HCerln
for some ¢ > 0. Now due to assumption [A.1]3 and due to the hypothesis
that supycg ||bn (0) — b(0)]| converges to zero uniformly on ©, the first two
probabilities are exactly zero for large enough n, and therefore the result
follows from remark [R.7. =

Proof of Corollary From the definition of the two estimators we
obtain that

T (B Eenm) W* (0)) — ( ( )) =
T (B, Eo,a) W* o)) —
| I(J (8. Een(a ( (g;:) ( (ﬁn,b <> (, )>),‘W;: (61))]

+\J(ﬁn,b< <> < 0), )W (01)) - ( Eo, (8,) Wy (6))]
<2sup9€@|J Brsbn (0) , W5 (6)) — J (B b (6,C ( (a),a)), *( ))|
and the result follows Wlth

N = 25uPgee | T (Burbu (), Wi (05)) = T (Bsbn (8, (6 (a) @), Wy (61))]
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due to the fact that P (n, >¢) =
P (supgee | (Bps b () , Wi (65)) = J (B, bn (6,C,, (6 (a) @) , Wi (6)))] > €) <

<SUPGGG) H(bn (9) — by, (07Cn (gn (a) va)))Hw;;(e;t) > 5) <
supgee [[bn () — ba (8,C,, (B (a) , a)) || ||W2 (67) — W (6)[|"?
+supgee [|bn <> b (0,C, (0 (@) ,a))|| W (80)[|/* > ¢
P (supyee |6 (0) = by (8., (0 (a) @) > e )+P (||[Wr (65) — W* (60)|| > K) =

1 1
( )forK>0andg*— mm(w,\/—? .

Proof of Corollary [4.4. As in the previous proof we have that
T (Bras b (0 ('), € (0 (a') @), Wik (03)) =T (Brys b (0 (@), G,y (9n( ) a)), Wy (0,))

P
P
2
0

S 2supee®|J(5n7bn (Qa Cn ((9,&))7W; (0:1_)) - J(6n7bn (07Cn (0 ( ))
Then we have that
P (supgee |J (B0 (6, C,, (8,0)) ,Wir (63)) = T (B ba (8,€, (8,0)) . Wi (6))] > ) <

P (suppee [1(bn (8., (6 @)) = b (8, (6, 0Dy (o) > %) <

Now we have that (supe

* * 1/2
p [ swoce 16n (0,€,, (0, a)) — ba (6, €, (0, ) [[W (67) - (6) ]| <
+suPgee [|bn (6, 60, @) = b (6, C,, (0, @) [W* (6)[* > %
2P (supg |bn (0, 0y, a) — by (0,05, a)|| > c. %) +P (||[Wr (6) — W* (6o)|| > K),
1
forK>0andc*—2m1n \/WT
—b(0 —w72Cit1, (0
Hﬁ Zz 1 D7 Cit, ( )H S
B, — b( )= > —w7aCitt, (0) H
P (su1:2>9 ||Z?i2a’+1 it ()] > %) <
P (3 sw i1 07 SUDgeo 1Cisa,, (0)” > ¢, 2} =0 (n™"), hence due to
we can choose v, < %ZZM 41 WMZ Hence in this case let n; =
2supy [ (B, ba (0,€,, (0,0)), Wy (67)) = T (B ba (0,€,, (6,0)) , Wi (6)) | and
the result follows. m
Proof of Lemma n Due to lemma and assumption [A.2) - see re-
mark- we have that 6, (a) and 6, (a’) are in O, (fy) with probability 1 —
0 (n ) Applying the mean value theorem on the gradient of J with respect
to 6, we have that /1 (6,, (0) — 0,, (a)) = (D*J? (B, bn (6,7, ¢, (6, F,a)) , W (6:)))_1><
\/ED‘]2 (anbn (Qn (O)7Cn (Qn (0),@)),W; (0:)) .
It suffices to prove that Q (v/n [0, (0) — 6, (a)| > 7%) = o (™), for some

v, = o(n~¢) whence the choice of 7 is possible. Due to the norm submulti-
plicativity we have that @ (v/n |6, (0) — 0, (a)|| > +,) <
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0 ( | (D27 (8,000 (054, (07 ) Wi (8))) ]| ) Now. due to

lv/nDJ (8, bn (6 (0) €, (8 (0), @), Wi (65)) ]| > 7,
the definition of GMRI1, the triangle inequality, norm submultiplicativity,

assumptions and the subsequent [R.2] and [R.7, and by choosing
91,02 > 0 and positive constants Ky, M;, M/ fori =1,...,2a we have that

Q (|v/nDJ? (B,, bs (6, <> Oy ), W (9+) | >2p,) <

Hab'(e W* (9+) Zz X nm Civn, (6, (0))H
iy, (e

@ H|Eh e 0) (3, - 000 >>>H
+ HZZ 1 n<z+11>/2 BCZH gn 0) Wy (9+) ZZ | 2 CZH” H >,

[0 ()] 52, o, 02 D)
s, d““%f"(o”

IN

¢ W (6111053, — b (6. (0))] <
2a 1 Cit1,, (On(0
i=1 pF2 0 X
W (o) 115 1#/24}“”( )l >
|2 %2 1222, 2o cmn (0. 0)]
Q | 1,11}/28@“ T H (5. — b (6 O))]
1 6EC’+1 (9 p
+|| 2wt DN, hainn, (60 )] > =
P (IWy (8:)]) > Mw) <
SUPyeo. (o) al?a_ée) X

2

SUDgco, (6y) Zzal ni/2 H%Jrln (03”
2 ¢

Q + sup0665(00) Ziil ni}/2 g@

(I8, =0 (Bo)ll + 116 (6 (0)) — b (o)1)

2a 1 8424—1” (0) ’

+SUPyco, (9,) e 1 nGTD/2 20

SUPyco. (6o) Zz 1 nz/z ’CH-In )H > J\Z—CV
+ P (6, (0) € O. (6o)) + P (|[Wyr (6)] > Mw) <

' (6)
89

SUPyco. (90)

supee@(eo) i= 1 nz/2 ||C£+,1n (e)H
2a 1 ¢ +1,,
p| TS5Woco.00) 2im1 i | a8

(118, — b (Bo)|| + |10 (65 ())azb((@eo))ﬂ)
+SuPycp, 90) Zz 1n<z+1/ 5 ‘

[Cia O > 7

Supeeos(eo) i= 1 nz/a
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+ P (0, (0) € O, (90)) + P (W (05| > Mw) <
Ky Zz 1 n(%l 7zt
> b (6o)l +
Zzzal nz//sz HH ( ) - 90” +
Zz 1n<z+1>/2 Zl 1 n(7+1)/2 > p:},
+ P (6, (0) € B-(6)) + P (||[W; (6] > Mw)
Q (HCZH” (9)H > Mz) —l-z L@ (H O, (Q)H M’>
Ky 2321 Tf\f/g
S %&Jr
Zfal nz//2 772 L2
+Zz 1 n<v+1>/2 Z, 1 nzfz > p:;V
P (0,0 € 0.(00) + P (W3 ()] > M)
+ 34 Q ([, O > 1) + 22 0 (| =5 Kis, <9>H M’>
+ P (0,(0) € @2 (60)) + P (3 € O (b (90>)) <

Q (Ho X2 25 + (01 + Ludo) S0y s + Y000 i 00 2 > )

+P@M)e@4%)+PQW@@DH>?@)G
+ 220 Q (6, O > 1) + 22, @ (| 252 > w)
+ P (0, (0) € O, (6’0)) + P (B, € Os, (b(6))) <o (n™") for

M! M! .
Pn S MW <Kb Z = n1/2 + (51 + Lb(52> Zl 1 ni/;Q + Z (1+1)/2 Zz 1 nz/l2)
@) (n’l/ 2). In an analogous manner we can prove that there exists a positive

constant C*, such that Q (|| (D27 (8, b (65, ¢, (65%,0)) . W5 (67))) [ > ) =

o(n~*) and therefore we obtain the needed result if we choose 7/, < 2C*p,,.
n

Proof of Lemma The result follows directly from in appendix
B due to lemma 45 =

Proof of Lemma It follows from lemma and lemma 2 of Mag-
dalinos (1992). m

Proof of Lemma [4.8 First notice that due to lemma [£7] the estimator
lies in O; (6p) with probability 1 — o (n™*"). Hence it satisfies first order
conditions with the same probability due to [A.12. A Taylor expansion of
order d of the first order conditions implies that with probability 1—o (n_“*)
V1 (0, (0) — 6y) = K, (vVnm}, (0)) + R, where k, is a polynomial function
that satisfies the conditions of lemma [AL.3] due to assumptions @ [A4]
- 5 and lemma 3.5 of Skovgaard (1981), while P (|| R, > 7,) =0 (n™") for
some 7, = o (n™®") due to the previous and lemma [4.7. Hence the result

P

Q
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follows from the first part of lemma[AL.3 =

Proof of Lemma It follows from lemmas 4.8} (second part),
and the fact that © is compact. =

Proof of Lemma- Lemmal4.9]is validated and therefore we essentially
compute K ( (1 + Z —7rl ) for m = 1 and K; () = z;,
j=1,...,p. Holdmg terms of the relevant order, we thus obtain

207, (62 (3) 1 Co (60 (3) @) W (6) v/ (B, = bu (80 (3) .G, (B (3) 1)) =

0, =
ov' (6 ob; (0,
o [ 6, -00) )%

=1,...,

< W (6o)
( 7 | 557 Wi, (00) v (0 — QO)L,' ) ’

|
( (Vi (8, = b(60)
(
=l
0)

) —
(% ) Vi (0, (3) — 00) -0, =
Vi (0 (3) = 00) T Vi (0 (

%)—90):|j:1 ..... q
<8b/a(g +%ﬁ[8§9(8699)\/_<9” (%)_90)]3':1 ,,,,, Q)
W= (0y)
" ( +osw (2,00) + = [az/W* (60) qf]m,:l ----- g >
<\/—( b(0)) — nEk2(00,2)>
2 /i (6, (3) ~ 6o) ST

~a0m [V (6 (3) = 00) T v (6. (3) ~ )] _
W 00) + x| Gt v (0 @)eo)]w*ww)

+\1faba(990 “(2,00) + \}aba(go [ag/w* (65) ql]

(ki (2. 80, 80) + = (2 (2,60, 60) — Eka (2,60,00)))

ab(0 OFk2 (00,2
— (2 + 122D (0, (4) ~ 6o) . -
O0FEk2(z,00,0 - p
i“éyf) 2Ly (8 — 60)

s [V (00 (3) — 00), S (00 (3) ~ 00)]
) (

(3
R >+%[a;9;gf> 7 (60 (2) -0 >]w<eo>
+\}abag° ( ) \1ﬁ8ba(go [%W ‘90 Q1] .

.....
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77777

<7€1 + 7= (k2 (2,00, 00) — Eks (2, 90,50))) — S5/ (0 (3) — o)
( o [V (0. () - > T (00 (5) —00)] ) T

B 00) + [%J&V( (3) = 00) | " (0
(bt e,
8§3f°)ﬁ(9 (3) = 6o) =

ab 90 )+ () + L [6;98999)\/—( ( ) 0)] W (6)

+}8b53° Felo) + G0 W O] ) "
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0

2
8b 9 X b(6o) 1 [ob;(60) X db(0)
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1 8b (60) 6o) 1 9V (0) | 8 1+ . db(00)
+\f 390 " (2 00) 39/ + n 390 [37er (6ho) QI]rjl . ag'o

e -w= T

W 17+ (By) ki (2, 60, J0)
+f[aaae’ ( (%) 0 )} * (00) k1 (2, 00, 60)
+ L) e (5, 60) by (zaelo,e&o) 1 (0) [83/ W (00) i (2’90’5°>]T,j:1 k1 (2,00, 00)
+\/1> b800 ( ) (kQ (Z 907 50) Ek, (2, ‘90, 60))
b’ (0o * /32
—h W 00) [V (0 (3) = 00) g7 (0n (3) = 60)]
b

8(308%9) ( ) )] we (90) 61:909’0)
2oy (6o) 2409 + L 00) 5 (2, 6,) 2i00)
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890 aa/W (6) ql]m‘ Lo 20

-----
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X /1 (0 — 0o) =
Wi o

+% [ 095909(3)\/% (en (l) - 90)} W (6o) k1 (2,00, 00)
2 (2, 00) ki (2,00, 00) + = 200 | 2wy (Bo)as | ki |
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- (2w (6) 250 ) 2 (2 00) s (2060
! ob'(6o) 0 * * 5
i <8b (o) 117+ () 200) ) (00) [80/W (6o) ‘h]mzl .... i (2,00,80)
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which is the required result. The result for the GMR estimator follows anal-
ogously. m
Proof of Corollary 4.13 Follows from direct substitutions on the results

of lemma 4.10| by noting first that a%gf’) = ( Olq%:xpp ), 8292,09(3) =0, Vj =

1,...,¢,and w* =0,. =

Proof of Lemma For a; = 0 the result follows from remark
For ay > % we have that for large enough n by expanding analogously and
keeping terms up to O (n~2%) we obtain

2a2

Ot = Vi1 (B, — 00) = 3 —=Copn, (B) — Td x /7 (6, (a2) — )

i=1 T2

due to the fact that any partial derivative of any order up to 2a; of ¢;

at 0p for any ¢ = 1,...,2as is 0 due to the convention of definition [A.6], and

therefore we obtain that \/n (0, (az) — 6o) «~ /n (8, — 6o) due to the same
al

convention. The result follows since an analogous expansion would be valid
for any 6 at a relevant open neighborhood of 6y due to local approximate
unbiaseness of the assumed order. m

Proof of Lemma We have that for large enough n in the case where
the final computation concerns the 6, (a*), by expanding analogously

2a2
1
0px1 = Vn(B, —0) — Z —Gis, (6o)
i=2a,+1 107
2a
L1 0, (0
<1d+ Z [ C-i-al;/( O)> ﬁ(en (CZQ) - 00)
1=2a1+1 n .z
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due to the fact that any partial derivative of any order up to 2ay of ¢;,, at
0y for any @ = 1,...,2a, is 0 due to the convention of and therefore by

keeping terms up to O (n_‘“_%> we obtain

1

Vi (0, (as) — 6o) :1 Vi (B, — 6o) — mcmwn (6o)
AN 1
~ 2 7 (kis1 (2,00) = Ekita (2,00)) + ——7 (kaai42, (2, 60) = Ekzar42,, (2, 60))
ait+3 5= N2 nttTe

and the result follows since an analogous expansion would be valid for any 6
at a relevant open neighborhood of 6y due to local approximate unbiaseness
of the assumed order. m

B Proofs of General Lemmas and Corollaries.

In this appendix we include several results, either directly drawn from the rel-
evant references or simple extensions and/or corollaries of the latter. These
are employed throughout the main body of the paper. Let {(,,} denote a
generic sequence of random vectors. In the following 7; denote polynomial
real functions on RY for 7 in some index set, with O (1) coefficients. Finally
¢y denotes the standard density function of the g-dimensional Normal dis-
tribution with zero mean and covariance matrix V. V may also depend on
n, hence we suppose that it converges to a positive definite matrix which we
also denote with V.

Definition D.7 Suppose that A is a borel set. We say that A has the
e-neighborhood property with respect to a probability measure P if P at-
tributes probability of order O () as ¢ | 0 to the e-neighborhood of the
boundary of A.

Definition AD.1 (, admits an Edgeworth expansion of order s around the
normal distribution with zero mean and covariance matrix V if there exist

polynomial functions 7; for i = 1,...,2a where a = % such that
s 1
sup |P nEA—/(l—i— ‘ W,x) r)dx| =o0(n"*
swp [PGed) -~ [ (1432 ~m@) e @ (n™)

where Bo denotes any class of Borel sets with the e-neighborhood property
with respect to the Normal distribution with mean zero and covariance ma-

trix V. The resulting signed measure whose density is (1 + Z;l anWZ (x)) oy ()
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is denoted as £DG,, ,. In the case that the m; are derived from the inversion
of a Taylor approximation of the Fourier-Stieljes transform of P, then the
Edgeworth measure is known as the formal one (see among others Magdali-
nos [[18]]) section 4, or Gotze and Hipp [[11]] page 2063, for the definition of
the polynomials in this case).

Remark AR.1 When the Edgeworth expansion exists it is not unique. This
is due to the fact if 7} is another polynomial such that |r; (x) — 7} (x)] =

a+5) for any = and some i then the relevant Edgeworth measure con-

0] (n_
structed by the new polynomials provides also a valid Egdeworth expansion
of the same length to (,,. It is also trivial to establish that when an Edge-
worth expansion of order s is valid then, the Edgeworth expansion of order

*

s* is also Valid for any s* < s, where the latter is the one with density

(1 + Z ) ¢y (x) given the former.

Remark AR.2 When B¢ denotes the largest class of sets with the e-neighborhood
property, then it can be easily seen that it also satisfies the provisions of theo-
rem 12.5 of Stokey and Lucas [[23]], hence it comprises of a weak convergence
determining class. The definition hence implies that the sequence of £DG,, ,
comprises of an o (n~%) approximation to the sequence of distributions of (,,
with respect to the weak topology. This in turn implies that the definition
uniformly holds for any class of Borel sets with the relevant property (see for
example Rao [[2I]] or Bhattacharya and Rao [[21]]. Hence the definition is
equivalent to the aforementioned weak approximation. The same conclusion
could also be drawn if B is chosen smaller than the previous. A typical
example consists of the class of convex Borel sets which is used in the main
body of the present paper.

Remark AR.3 It can be easily seen that given £DG,, , then

/<1+Zz— . > V@) de =3

i=1 3

where k; = [, xm; (x) ¢y () do which always exists, could depend on n and
converges to zero. This is essentialy used for the definition of the proposed
estimators in the present paper.

Lemma AL.1 Suppose that ¢, admits a valid Edgeworth expansion of order
s = 2a+1. Let {z,,} denote a sequence of random vectors and there exists an
e > 0 and a real sequence {a,}, such that a, = o (n™¢) and P (||z,|| > a,) =
o(n=®). Then any 7,, such that P({, +z,=mn,) =1 —0(n"?), admits a
valid Edgeworth expansion of the same order.
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Proof. We have that

sup |P(n, € A) = P((, +an € A)] < sup [P (1, € A, ¢, + 20 =1n,) = P((, + 20 € A)

AeBc AeBc
+P ((, + T #1,)

the last term being o (n~*). Now by assumption

Asélz? P, €A — /A (1 + Z n’%m (z)) ¢(z)dz| =0 (n*a)

where B¢ denotes the collection of convex Borel sets of R? and 7; (2) = O (1).
Then,
P, +x,€A) <P, €A—ay)+o(n?

uniformly over Bs. Therefore

2a+1 )
sup |P (¢, +z, € A) — /A (1 +Y nem (y)> ¢ (y) dy
—an i=1

AeBco

< sup P(Cn—i-anA—an)—/

AeBo A—an

as A — a,, is convex. Now,

2a+1

/A (1 + Z nim; (y)) o (y)dy = /A (1 + Z nim; (z — an)> ¢ (z—ap)dz

Hence, if Hj(z) denotes the k'™ order Hermite multivariate polynomial,
L (Hy (2),an, 1) and i-linear function of a,, with coefficients from Hj, (z), and

K

6z =) = (=) Y 1L (He (), ansh) + p, (2)
where
) = gy D L =) o K 4 1)6 (2 = )

and a; lies between a, and zero. If a < ¢ set K = 0, else, choose some
natural K > g — 1.
Then,

(1 + Z n*%ﬁri (z — an)> O(z—a,)=0o¢(z2) (1 + Z n*%’ﬁ (2)> + qn (2)
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where the 7} (z)' s are O (1) polynomials in z and g, (2) = (1 P i (2 — an)) 0, (2).
Hence
2a+1

/A (1 + Z nim; (z — an)) o (z—ay)dz

2a+1

/Agb(z) <1+;n-éw; (z)) dz+/Aqn (2) dz

and
2a+1 _
sup /qn (2)dz| < sup (1—1— Zniém (z—an)) pn (2)|dz
AeBc |J A AeBc J A 1
2a41 o
< / q <1+ an <z—an>> pu(2)|dz < —5 =0 (n"")

for some C,6 > 0. Hence, since supscp,, |Rn — [y an (2) dz! = o0(n"%), and
therefore

sup Rn—/qn (2)dz| > sup |R,— 2) qn (2) dz
AeBe A AeBe
> | sup Rl = sup | [ 6(2) 0 (2)de|| =0 (n?)
AeBeo AeBo A

and sup g,

P, +azn€A)— [,0( (1 + 2 g (z)) dz’ =o0(n™%)
due to the fact that the transformation from 7; (2) to 7} (z) does not depend

on A but only on a,, with R, = P (,, + x,, € A)— [, & ( (1 + S e (z)) dz.
]

Corollary AC.1 If a < ¢ then 7, (2) = 7} (2), Vi, and therefore the result-
ing Edgeworth distribution coincides with the initial.

Now, denote by P, the measure P o (;,'. Given the previous approxima-
tion and by strengthening the order of the Edgeworth expansion we obtain
the following lemma that is quite useful for the validation of the analogous
moment approximations.
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Lemma 7.1 Suppose that K is a m-linear real function on RP, if the support
of ¢, is bounded by O ., (0) for some p > 0 and (,, admits an Edgeworth
expansion of order 2a +m + 1 then

K (2™) (dP, — dQ,)| = o (n™%)

Ra

where (),, denotes the analogous Edgeworth measure of order 2a + 1 and
" = (x,z,...x).
~—_——

Proof. Since 2a+m+1 > 2a+1, we have that sup s¢p,, [P, (4) — Qn (A)] =
O (n=*""), where n > 0. Hence

a

n K (™) (dP, —dQ,)| < n® / K (™) (dP, — dQ,)
R4 Oc(inny<(0)

/ K (™) dP, / K (™) dO,
IRq\cgc(ln n)‘(o) IRq\()c(ln n)¢ (0)

< n%" (In n)me/ |dP, — dQ,| + n“/ |K ()] (dP, + |dQy|)
Oc(ln n)€ (0) Rq\oc(ln n)€ (O)

+n? +n

< " (Inn)™ sup n® |P, (4) — Qn (A)] +”a/ [ K (™) (d Py + [dQn])
AeBc R‘I\Oc(ln n)€ (0)

Due to the hypothesis for the support of P,

na/ |K (z™)|dP,
IRq\(gc(ln n)¢€ (O)

_ n/ \K(xm)|dPn+n“/ K (&™) dP,
[RINO, (10 ) (0)]NO 7, (0) [RINO, (10 )< (0)] (O 52, (0))

_ n/ \K(xm)|dPn:na/ K (z)|dP,
[RI\O, (10 ) (0)] MO 57, (0) O /i (O\Oc(in nye (0)

< na+mﬁpmqm/ L[> c(nn) dPn
Ra

Hence

n(l

[ o ap. - d.)

RY

™ (Inn)™ sup n*|P, (A) — Q, (A)]
A€eBe

+n T p" " P (||¢, ] > ¢ (Inn))

Tt / K (™)) 1d@Qu]
Rq\oc(ln n)¢€ (0)
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As supsep, n® | P, (A) — Qn (A)] = O (n77) for n > 0, we have that

(Inn)* sup n [P, (A) = Qu (A)| = 0(1)

AeBco

and n**2 pmg™ P (||¢, ]| > ¢(Inn)) =o0(1) if e > 1 and ¢ > v2a+m +1 by
lemma 2 of Magdalinos [[I8]]. Finally n® qu\Ocann)e(O) |K (z™)||dQ,] = o (1)
due to Gradshteyn and Ryzhik [[15]] formula 8.357. m

We extend the previous result in the case where (,, has unbounded sup-
port in exchage for the boundeness of the relevant moments of this random
element.

In the next lemma let Pr, : R? — R? (p < ¢) denote projection to the
first p coordinates.

Lemma AL.2 Suppose that ¢,, admits a valid Edgeworth expansion of order
s. Then Pr, (¢,,) admits an analogous expansion of the same order.

Proof. Let B- denote the class of convex Borel sets on RP. Then for A € Bo
we have that since Pr, 1 (A) has the e-neighborhood property with respect
to the relevant normal distribution, hence

P(Pr,(¢,) €A) = P(¢, €Pr,'(4))

— /Axmqp(l-Fzzlm >§0V()dx_|_0(na)
- /<1+Zz i )%vz/()dwro(n—a)

where v = Pr,, (2), z = (v,v*), I = (Idpxp, Opxg—p), and 7} (v) = [, ™ (V,0%) py (v, 0*) dv*.
The o (n™?) is independent of A hence the result holds uniformly over B and

therefore uniformly over any class of Borel sets with the e-neighborhood prop-

erty with respect to the normal distribution with zero mean and covariance

matrix IV I’ due to remark [AR.2l =

Lemma AL.3 Suppose that ¢,, admits a valid Edgeworth expansion of order
s. Let also H, (C) = {x eR?: ||z < C'ln'/? n} for C' > 4a + 2 and g, :
R? — RP (p < ¢) be measurable and continuously differentiable of order s+ 1
on H,, for large enough n, with lim,,_.., rank Dg, (0) = p, ||D'gy (O)Hl%1 =
o(n=®) for 1 <i< s+ 1and | D"g,(x)| = o(n™*) uniformly in H,. Then
gn (¢,,) admits an analogous expansion of the same order, i.e. there exist
polynomials 7} : R? — R, ¢ =1,...,s such that

Panclen- [ (14X, 2
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Furthermore, if K is a m-linear real function on RP

i (1 Ly ) ey () dr
= [ K((,( (1 - Z L ) pv (2)dz+o(n™")

R4 =l p32

i=1 n2

where B¢ denotes the class of convex Borel sets on R?, L = lim,, ., Dg,, (0),
b, (2) = Pr, (7 200 D'g; (0) (7)), g5 = (gn> @), @ : R — R is an
orthogonal projection of R? to a ¢ — p dimensional subspace composed with
a linear isometry with R9P, such (Dg, (0))"' N (@, (0))"" = {0}, g is
restricted to H, and 2™ = (z,x,...x).

—_—
Proof. For the first part assume p = ¢ without loss of generality. For if p < ¢
then consider ¢ satisfies the assumptions of the lemma if g, does. Then the
result would follow from lemma Due to the assumption for (,, the
choice of C' > 4a + 2 stems from lemma 2 of Magdalinos [[I8]]. Notice that
when g, is restricted to H,, (C') then due to a slight modification of lemmas 3.5
and 4.4 of Skovgaard [[22]], which consists in replacing 1gx with L in equations
(4.4) and (4.5) and in the proof of 3.5, it has an inverse g, ' satisfying the
same assumptions, defined on H, (C*) for some C* < C' < 4a + 2. Then ¢,
is essentially the s-th order McLaurin polynomial of g,,. Then for A € Bs we
have that g, ' (A) and g, (A) N H,, (C) possess the e-neighborhood property
with respect to the normal distribution with mean zero and covariance matrix
LV L'. Hence

P(gn(¢,) €A) = P(C, €9, (4))

- /gnl(A) (1 i Zl— n% > oy () de o (n)

= 1+ ) © dz
/gnl(A)mHn ( Z’* n2 V( )
—l—/ (1 + ; ) dr +o
g (A)NH(C) Z it v )
s 1
= 1+ A —iwix)gp x)dr+o(n*
/gnl(A)mHn(c)( Zlil n2 () ) ev (@) (™)

due to lemma 2 of Magdalinos [[I8]]. Now since g, is inverible on H,, (C') the
last integral equals

/A%(Hn( (1 3 ln% W (2 ))) v (9, (2)) det (Dg, " (2)) d=
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and due to the proof of lemma 3.5 of Skovgaard [[22]] H,, (C\) C g, (H, (C))
hence this equals

s 1 1 . B
/AﬁHn(C*) (1 + Zi: %‘Wi (Qn (Z))) Py (gn (z)) det (Dgn (z)) dz

s 1
+/ (1 Y —mi(ga! (2))) oy (Dg, " (2)) det (g,"
AN(n(Ha(C))/ Ha(C2))

the latter is bounded from

/Hc e (1 + Z@, I ))) v (9, (2)) det (Dg, " (2)) d=

which is o (n™®).Then the needed polynomials are obtained from

/AmHn(C* (sz_ =T ))) oy (9, () det (Dg,* (2)) dz

as in the proof of the first part of lemma 4.6 of Skovgaard [[22]] using re-
peated Taylor expansions and the fact that det (Dg; ' (z)) = det ™ (L) 4o (1)
uniformly on H, (C,), holding terms of the relevant order and esimate the
remainders as o (n~%) terms. The previous holds uniformly on B¢ due to the
fact that none of the employed consrucions depends on A. For the second
part, when p = ¢ the result follows directly from the second part of lemma
4.6 of Skovgaard [[22]]. When p < ¢ use the construction described in the
begining of the proof so that

e[ K (14 X, ) ) ey ()

n2

due to the previous. The last integral is o (n~*) due to equation (A.8) in the
proof of lemma 2 of Magdalinos [[I8]]. Hence the previous equals

/ ok ((Prp (Z—l, > i-0 D'y (0) (#7 )) ) m) (1 +3 nlé. m (z)> oy (2)dz+ o0 (n7%)

- /g:;(Hn(c)) K <(Prp (l' X D0 (0) g2 (Z))j)>m> (1 i Z’; n15
b (L et
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RP
s 1 Y
—/ K (z™) (1+Z, i (x)) oy (2)de+o(n™)
RP /g¥ (Hn(C)) =1n2
and
. sl y
/ I @ (14 30, 257 ) s (@) o = o ™)
RP /g (Hn(C)) i=1 3

since ¢F () = Lz + o (1) uniformly in H, (C), the fact that ¢,, admits a valid
Edgeworth expansion of order s + 1 and due to equation (A.8) in the proof
of lemma 2 of Magdalinos [[18]]. =

Remark R.29 Notice that the previous result can be easily established in
the case where g, is stochastic and it satisfies the needed conditions with
probability 1 — o (n™%).

Further Comments on the Assumption Framework

In this section we provide a brief commentary on our assumption framework.
This is in the form of further remarks with respect to several groupings of
the assumptions that appear in the main text.

Remark R.30 (Assumptions |[A.3} [A.4]|A.5)) The first part of assump-
tion can be established for example when W (0) = £ > W (z; (w),0)
with z; and W appropriate random elements and function respectively. If for
any 0 € O, (0y) the sequence (W (z,, (w),#)) is stationary and strong mixing
(see Assumption 3 of Gotze and Hipp [[I1]]), and

By [W (21 (w),0) = EgyW (1 (w) , 0)]|" < 400

for p > 2a* then the first part of the assumption follows from the Yokoyama
moment inequality (see Andrews [[2]], proof of lemma 3) with W*(0) =
Eg,W (21 (w), ). In an analogous manner the existence of the T; functions
can be established. Hence if

Eg, [|[D'W (21 (w) ,0) — Egy D'W (21 () ,0)|" < +o0

then the T; can be identified with vec Eg, D'W (z; (w),#) for alli =1,...,d.
The second part of the assumption could be obtained from an asymptotic
equi-Lipschitz condition with probability 1 — o (n™®) for DW* (f) and the
compactness of O, (6). In the case that W () = 2> W (z; (w),6) then a
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Lipschitz coefficient of D*W; (0)— Eg, D*W (1 (w) ,0) would be = 3~ (I (z; (w)) + El (z; (w)))
where [; is the analogous coefficient for DW (z; (w),6) and if the sequence
(I (z; (w))) is stationary and strong mixing, and

Epy || (21 (w)) = Epyl (w1 (w))[|" < 400

then the equi-Lipschitz property would follow from lemma 3.b of Andrews
[[2]]. Assumption [A.4]2,3 would, analogously to the previous, follow from
equi-Lipschitz conditions with probability 1 — o (n™*) on ;1 (w,w’,0) (on
©), and D*(;,; (w,w',0) (on O. (). In the case that (; ; (w,w',0) =
L3 & (y; (w,w,0),0) for &, appropriate functions and y; (w,w’,0) ap-
propriate random elements then along the same lines of the previous dis-
cussion the needed conditions would follow from strong mixing, stationarity
and moment conditions on the relevant Lipschitz coefficients. In the same
respect the functions Z; (), used in assumption , can be identified with
vec EgD'¢; 4 (y1 (w, W', 6p) ,0).

Remark R.31 (Assumptions |[A.2} [A.5], |A.6) This particular set of as-
sumptions requires the validity of Edgeworth approximations of the distribu-
tions of random elements smooth transformations of which are the IE at hand.
Obviously this can be established with the help of the general results that
appear in the previous section along with more primitive assumptions that
guarantee analogous expansions for similar random elements. Assume the ex-
istence of a sequence of random elements S, (w,w’, #) with values in R’ (I >
dim (m?)) of the form S, (w,w’,0) = n=Y2 (X, (w,u',0) — EpX, (w,u',0)),
Assumptions 2-4 of Durbin [[7]] hold. These assumptions essentially concern
the rate of uniform integrability of the characteristic function of X,,, the
asymptotic behavior of its derivatives and of the cumulants of X,, of order
2a + 2 uniformly in a neighborhood of 6y. These assumptions guarantee the
validity of the formal Edgeworth expansion uniformly in the aforementioned
neighborhood. These do not require independence between the random vari-
ables comprising X,,, nor that the latter is in a form of a sum. They were
used for example by Andrews and Lieberman [[3]] for the validation of the
formal Edgeworth expansions of .S,, when X, is comprised by the elements of
the derivatives of the aforementioned order of the likelihood function or the
Whittle likelihood function and the consequent validation of the Edgeworth
expansion of the analogous MLE and WMLE respectively uniformly on their
parameter space for long memory Gaussian processes. In a similar fashion
S, (w, ', 0) could be of the form n=Y2 ("7 (X, (w,w’,0) — EX; (w,',0)))
where X, (w,w,0) = g(ey—i (w,w'),0;i € N) and the ¢, comprise an i.i.d.
process. Using the results of Gotze and Hipp [[11]] (Lemma 2.3, Assump-
tions 2-4) if for any 0, ¢ satisfies some Lipschitz conditions, has almost
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everywhere continuous derivativw w.r.t. to ¢, these are appropriately non-
degenerate in a set of positive probability, E || X; (w,«’,8)]***® < oo, and
g (eni (w,w'),0;i € N) satifies a weak dependence condition, then S, (w, w’, #)
again admits a valid formal Edgeworth expansion of order 2a + 2 for any
6. Given the previous if /nm?* (0) = m, (S, (w,’,0)) + R, (0) with Pp-
probability 1 — o (n~*), where for any 0, 7, satisfies the provisions of lemma
AL.3{and Py (| R, (0)] > 7, (8)) = 0 (n™®) for v, () = o (n=V) with € (0) >
0, then due to lemmas|AL.3|and [AL.1|the discussed assumptions hold (in fact
assumption holds for any 6). In the case that € () = a then the relevant
expansion can be identified as the formal one. Notice finally, that due to
the fact that m? () contains the elements of 8, — b(6) and ;) — 6, which
can be assumed to satisfy smooth first order conditions with Py-probability
1—o0(n~*) which can be reduced with Ps-probability 1—o0 (n~*) to be formed
by elements of S,, (w,w’, ), the elements of 7, and R,, corresponding to the
elements of 3, — b () and 0 — 0, say 7% and R, can be obtained by recur-
sive applications of the implicit function theorem. The conditions imposed by
lemma[AL.3Jon 7 would then be justified by conditions-imposed on the func-
tion that defines these first order conditions-enabling that the jacobian at 6 is
asymptotically invertible and the higher order derivatives satisfy conditions
similar to the ones imposed by this lemma . Analogous Lipschitz continu-
ity conditions on the highest order derivative, would ensure that || R’ (6)||

. . . _ Sp(we0) 24T .
is bounded with Pp-probability 1 — o (n=%) by ||z, (0)]] ‘ "TH with

Py(||zn (0)|| > M (0)) = o(n~*) for M (f) > 0 (see for example the proof of
lemma 8 of Andrews [[2]]).

arg min Properties

In the following, let © be a compact metric space, and (2, F, P) a complete
probability space. Let (K (©),H) denote that space of compact subsets of
O, equipped with the Hausdorff metric. Let By denote the corresponding
Borel algebra.

Remark AR.4 Let J be a real function on {2 x O, continuous on © for
almost every w € () and jointly measurable on the product algebra of €2 x ©.
Then due to the compactness of © and by theorem 3.10 (iii) of Molchanov
[[19]] argming oJ is non empty, measurable and almost surely compact val-
ued. By theorem 2.13 of Molchanov [[19]], argmingo J has a measurable
selection.
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C Examples’ Expansions
MA(1) calculations

Given the expansion results in [6], and employing the notation of lemma 4.2
in Arvanitis and Demos [[4]] we have that

' +1 1 3 1 3
ki =wz, and ko= —20 - Clat a3+_a1—|— ang

(92+1)3 6 w? 6 w2
where
62 + 46" + 6° + 6° + 1 60 (1+6%)" (1+64° +6°(1+6%)°
w2 = 4 , a1 = 5 + G I€§,
(146%) (1+46%) (1+6%)
o _49(92+494+96+98+1)(1+94)
’ (6> + 1) |

k3 is the third order cumulant of u;, and z is a standard normal random
variable.

Now from Arvanitis and Demos (2010) we have, for the second step esti-
mator 6, (0), that:

(abo)‘lk VO 40 65 6%+ 1
= —_— o Z
q1 80/ 1 1_02

() (L () P
QQ - a0/ 2 2 a0/ 8989IQ1

0 0'+1 (1+6°)°aV +3aY 00 —3) 0% +40* + 65+ 65 +1
= gt e e ¢V (1-06)° o

Now for 6, (%) ,applying corollary m again we get that

. VO + 40" +0° +6° + 1
G =4 = [ _ 2 z,
1(6%+1)" a; +3a3 , , 0> + 40" + 65+ 65 +10(3-06%) , ,
* _1 _1
LTI T W (= -1+ (1_92)3 (0 +1) (= -1)

and consequently E (65 (3) —6) = o(n™1).
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For GM R2R applying corollary [4.11] once more we get:

**_¢92+4e4+96+98+1z

a 16
and
2 2 (1) 2 4, 06, p8 2
q;*zl(e +12) ay’ + 3ag (z2_1)+9 +40* +0 +39 +19(?; H)ZQ.
6 1—0 w? (1-6%) (0 +1)

Taking expectations we get the result in section 6.1.
On the other hand for GM R2RS, we have that

s VP40 1581
e 1= 0 -

e 1(02 1) 0V 34, 02+ 40° + 05+ 05 +160 (36 ,
@ _6 - 2 (z —1)-‘r- (1—92)3 (92+1) (Z —1)

Evin (9;;** (%) - 9) S (mé) .

Finally, for the GM R2 estimator we have that

and

02 +1)°
and
02 12(1) (1) 93_02 2 4 6409811
qz:é(ljez) - :23% (2*—=1) + ( )0+ 46"+ 6° 16" 22,

1-6° (1+6%)°

Taking expectations we get the result in section 6.1.

ARCH(1) calculations
For the ARCH(1) model we have that

yf12 211 f‘/t21
el o,—p (YY) (1, + o0

() +2(5) (2)
—|—H1_1 t t

2
+E (%) He - B(%) B (%) B

Uy

G = H;'




and

y2 2 y4 1 4 y2
Uy Ug Uy Ug Uy
1 yt2—1 1 1 .
+H; [—E = | B =) (2Hs+ Hs) +03E | — | H7 |,
Uy Ui Uy

L Yia i\’ v2
E{=|E 5 | — F 5 , Hy= g FE — —5 5 ,
Uy ug uy i1 Upue—;  uiup,
2 .2
Yii1 YY1 yt—l yt—lyt—i
- s H4 = E E ( - ) 5
(U?Uti uiug_; ) —1 Upu—;  uiui,
n 2 .2 .2 n 4 4 .2
Y 1.% i1 YUY i Y1 Ye 1Y
Hy = E E — , Hg= E E — and
; : ( Uy upup ) tT 4 (U?uti U??@_i)

yfﬁl—lytz—i—l y?—lyg—i—lyg—i)

where

le

2 2,2
Now taking into account that

u—; — th
03

the above formulae can be simplified to

2 1/2
=Y and Yy =u'"2

E(1+603% + 01k — 10, (L +03%)) iy
_E (1 — 20,1 + 01—) E (ui - 91%2) (H: + 2H;)

)+ e () 0 () £ ()]

20135 + 0150 ) Hg

() o) (&) o«

G = (H)"

[QE (%) — 20,E (
e w2 (4
) -

ey

o

U

(5(&) 208 (3)

(
Gt = (H)T| 40 (1-20,F (uit)w? () E (%) (Hi +6,10)
| —92(11—29115( )+92 ( 1)) ( ) |
+0, (HY) ™! {— <E<ut>—0E< )) u_%> (2H; + HY) +E<U—§>H;‘}

o4

%)) (0o H + H?)



£(0)) o () - ()]

=1

* ]' * - ]- ’2152—1'
s = ( t2> ( up > Oty Hi= Z <E <Utut—z‘> o <Utut—z’>> l
=1 =1
1 - 22 - 22 . 1
H = — E | 2= El2=\|-E —0,H:
’ (u ) ; ( Ut " 912 { (Ututz’) <ututi):| Ot

1
—E ( )} +01Hy, Hi = —0,(2H; +0,H})

and H, as before.
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10 A

I \ v (3] F'Jl:lﬂ]
p .H _gP—GMR2(200)
2 ~—
ﬂ I 1 1 1 I 1

a 500 1000 1500 2000 2500 3000

Figure 1: n|E (GMR2(i) — 6)|, i = 10,200, M A(1) model, § = —0.4
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r / \ ——GMR1
\ == GMR2
i - r 1
i (UMILE
i e —I—GMRZR
. ;/ :
T T T T T
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Figure 2: n ’E (5) — 6| Biased Estimators, M A(1) model, § = —0.4.
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Figure 3: n ‘E (@) — 0| Unbiased Estimators, M A(1) model, § = —0.4.
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4.5
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35~

3 —4—MLE
2.5 =—|L-10

2 —ir—AD-10
1.5 i |L-4.0

1 ——AD-40
0.5

0 . : :

150 650 1150 1650
Figure 4: n ‘E (92) - 91‘ ARCH(1) model, 8, = 1.0 and 6, = 0.5.
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Figure 5: n ’E (9;) — 0y ARCH(1) model, #; = 1.0 and 65 = 0.5.
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