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Abstract

We provide a limit theorem to a normal limit for the standardized sum of a mar-
tingale transform that holds even in cases where the second moments diverge at an
appropriately slow rate. This extends relevant results with stable but non normal limits
to the case of asymptotic normality, as well as results of asymptotic normality by allow-
ing domains of non-normal attraction. In those cases the rate is slower than \/n and
it contains information for the rate of divergence of the truncated second moments. A
major application concerns the characterization of the rate and the limiting distribution
of the Gaussian QMLE in the case of GARCH type models. By extending the relevant
framework we accommodate for the case of slowly varying and potentially diverging
fourth moments for the innovation process as well as the possibility that the parameter
lies on the boundary. The results are of potential interest to financial econometrics in
view of the conditional leptokurtosis of the empirical distributions of asset returns.

KEYWORDS: CLT, Domain of non normal Attraction, Martingale Transform, Slowly
Varying Second Moment, Stationarity, Ergodicity, Conditional heteroskedasticity, Gaus-
sian quasi likelihood, QMLE, boundary point, infinite fourth moments, leptokurtosis.
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1 Introduction-Motivation

It is empirically known that distributions of financial asset returns exhibit fat tail behavior.
Modelling the conditional moments of such processes using GARCH-type models has only
partly explained this behavior (the standardized returns exhibit among others, significant
skewness and leptokurtosis-see for example Diebold [11]) and therefore considering heavy-
tailed distributions for the innovation process is of particular interest for applications in finance.
The use of the Gaussian QMLE for the parameter estimation of such models is very convenient
as it has been shown to be consistent and asymptotically normal under mild conditions and
thus reducing the risk of model misspecification. However, asymptotic normality with the
usual /n rate breaks down when the fourth moment of the error process is infinite. It is
worth noting that, contrary to the QMLE, the MLE estimator can be /n-consistent in this
case, which has led to the consideration of the MLE and the QMLE using non-Gaussian
densities that allow fat tail behavior such as the Student’ t distribution with unknown degrees
of freedom or the generalized error distribution (see among others Engle and Bollerslev [12],
Calzolari et al. [7], Hansen [14], Hsieh [15], Nelson [26]). However, as the error distribution



is generally unknown, this could result to the inconsistency of such estimators as Straumann
[28] showed.

In this respect, the relative superiority of the QMLE has led to the construction and use
of limit theorems for sequences with infinite second moments that imply distributional con-
vergence to a-stable distributions with rate of convergence slower than y/n. Note that for an
a-stable distribution the stability parameter a which takes values in the interval (0, 2] con-
trols the tail behavior of the distribution and a = 2 corresponds to the Gaussian distribution.
Mikosch and Straumann [23], extending the work of Hall and Yao [13], derived a limit theorem
to stable laws with a € (0, 2) for martingale transforms of the form )" | £,V; where (¢,),.,,
is an iid sequence, (V}),., is a stationary ergodic sequence with sufficiently high moments,
that also satisfies a certain mixing condition. Note that the rate is partially characterized but
not analytically obtained. Furthermore, several properties of the limit remain incompletely
specified (with the exception of « itself-see Remark 2.3 of Mikosch and Straumann [23]).
Then applying this limit theorem they derive the convergence in distribution of the QMLE
for the GARCH(p, ¢) model to an a-stable distribution. Surgailis [30] also derived a limit
theorem for analogous zero mean sums for a € (1,2) when the distribution of &, lies in the
domain of normal* attraction of an a-stable distribution, without the need of the mixing con-
dition. Jakubowski [17] improved the result by requiring the existence of lower moments for
V. Here, the rate is completely specified, and the characteristics of the limit are specified up
to linear transformations. Arvanitis and Louka [4] applied Surgailis’ limit theorem to derive
the asymptotic distribution of the QMLE for the GQARCH(1, 1) model with rate n'='/2, A
detailed comparison with Mikosch and Straumann’s approach can be found in the latter.

Our motivation lies in the fact that, although not evident in the literature, it is possible
to derive asymptotic normality of the QMLE even when the error process has infinite fourth
moment, under conditions regarding the rate of divergence of the truncated second moment
of the squared error. We derive a CLT for sums of (vector) martingale transforms which
essentially extends that of Surgailis for a = 2 allowing for domains of non-normal attraction
to the normal distribution. The latter is used to show the asymptotic normality of the QMLE
estimator with a rate of convergence that is slower than \/n but faster than the rate that is
implied in the relative literature. Thus, the main purpose of this paper is to enhance the limit
theory of the QMLE by including this intermediate case concerning the distribution of the
errors. The framework we use to examine the asymptotic behavior of the Gaussian QMLE
builds on the application of the Lipschitz stochastic recurrence equation (SRE) theory by
Straumann [28] as well as Wintenberger and Cai [33] and is also closely related to that of
Arvanitis and Louka [4] which allows the parameter of interest to lie on the boundary of
the parameter space. They partially use the methodology of Andrews [3] when it comes to
the asymptotic approximation of the likelihood function by a second order polynomial, but
they depart from the latter by characterizing the asymptotic parameter space using upper
Painleve-Kuratowski limits (see for example van der Vaart [32] Lemma 7.13.2-3). The main
departure with respect to the Arvanitis and Louka [4] paper, is that we extend the results to
allow for a non normal domain attraction, that we restrict our attention to the normal law,
that is when a = 2 and that by using the theory of Wintenberger and Cai [33] we derive the
results by utilizing weaker moment conditions for the derivatives of the ergodic version of the
quasi likelihood function.

The remaining structure of the paper is organized as follows. First, the main result is

!Remember that a distribution lies in the domain of normal attraction of an a-stable distribution (a € (0, 2])
iff the slowly varying function appearing in the local to zero representation of its characteristic function has
a limit. In this case the standardization is of the form —L.



presented regarding the CLT involving martingale transforms with slowly varying truncated
second moments that could diverge slowly enough. Notice that among others the CLT ex-
tends the results of Abadir and Magnus [1] when &, follows a Student's t distribution with
four degrees of freedom. Secondly, we provide the framework and the required assump-
tions regarding the consistency and asymptotic normality of the QMLE. We also provide
an extension of the limit theorem that incorporates simple cases that do not conform to the
aforementioned framework. We then perform a Monte Carlo study regarding the QMLE for
the GARCH(1, 1) model which indicates that the asymptotic results approximately carry over
to (sufficiently large) samples. Finally we conclude.

Notation Let us initially fix a general framework along with some notation. To this end

(Q, F,P) denotes an underlying complete probability space and thereby P a.s. denotes that

a property holds for any element in a measurable subset of {2 of unit P probability, —, ~~
p

denote convergence in probability and distribution respectively while «~~ denotes asymptotic
equivalence as n — co. “%” denotes exponentially fast almost sure convergence under P.
Remember that z, “%" 0 iff "z, — 0 P a.s. for some v > 1 (see Paragraph 2.5 of
Straumann [28]). ||-|| denotes the usual Euclidean norm or the Frobenius matrix norm, the
distinction will be obvious by the context, and B (6,¢), B (6,¢) denote the open and the
closed ball respectively, centered at 6 and having radii € > 0 in some relevant metric space.
For a self function (say ®) on an appropriate space, -(™) denotes m-fold self composition,
with the convention that for m = 0 we obtain the identity function, while if the function is
Lipschitz then A(™ (®) denotes the Lipschitz coefficient of &™), i.e. (A (®))™. -7 denotes
transposition and diag(x) denotes the diagonalization of a vector x to a square matrix. Finally,
C denotes a generic positive constant, while ¢, denotes the Student's ¢ distribution with v
degrees of freedom and In™ (z) = 1j1 1o0) (2) In 2.

2 A CLT Involving Martingale Transforms With Slowly
Varying Truncated Second Moments

In this section we present the main probabilistic result which is a direct consequence of
the principle of conditioning-see Jakubowski [16] and [17], Kwapien and Woyczynski [21]-
Theorem 5.8.3 and Surgailis [30]-Theorem B.2. It concerns the convergence in distribution
of a properly standardized sum of (vector) martingale transforms to a normally distributed
random vector. The result nests a special case of the CLT for square integrable stationary
and ergodic martingale differences but it also allows for cases in which second conditional
moments do not exist, as long as their truncated versions diverge slowly enough. In such
cases the rate ceases to be of asymptotic order y/n but it also contains information on the
speed of divergence of the aforementioned moments.

Remember that if © is a (Lebesgue measurable) real function defined on a neighborhood
of infinity (i.e. on an interval of the form [z, +00) for some z; € R) we say that it varies at

infinity with index a > 0, iff for any ¢ > 0, lim, Z((tf)) = t*. The variation is termed regular

if a # 0 otherwise it is termed slow (see among others the Definition and the discussion in
paragraph 1.8 of Bingham et. al. [6]). The Karamata representation (see Theorem 1.3.1 of
Bingham et. al. [6]) of a slowly varying function at infinity (say @) has the form

p(z) = exp <C(:U) + /x j #dt)
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where ¢(-), €(-) are Lebesgue measurable, while ¢(z) — C, e(x) — 0 as © — 4o00. Consid-
erations of asymptotic equivalence may imply that it is of no loss of generality to restrict our
focus to functions that admit the representation

o ([ ).

The latter is said to belong to the Zygmund class of slowly varying functions (see Theo-
rem 1.5.5 of Bingham et. al. [6]) and this along with the measurability of ¢(-) imply that
e(z)p(x) = xp'(z), Lebesgue almost everywhere. We are now ready to state the result.

Theorem 2.1 Let the following hold:

1. (&),ey Is an iid sequence of random variables and (V;),.y is an R%-valued sequence of
random elements that is point-wise stationary and ergodic. For the filtration (F),.y

with Fy = 0 (£, Ve, &1, Vie1,€49,Vica,...), &, is independent of F,_y and V, is
measurable w.r.t. F;_q.

2. For the second truncated moment of the distribution of &, say F¢,

o(x) o / Edr,,,

where  is a continuously differentiable, slowly varying function of the Zygmund class
such that e(z)p(x) is bounded.

diag?(Ve) (In |V,

3. If p has a limit then B ||Vy||* < +o0, otherwise E‘

)i:1,~--,dH < 4o00.

Then as n — oo
1
ng (v/n)

The first condition describes the martingale transform emerging from a multiplicative
structure between an iid and a stationary and ergodic sequence. This structure is typical
in conditionally heteroskedastic models either for the process itself or for the score process
emerging from the relevant Gaussian quasi likelihood function. From this we derive our
initial motivation. The third condition concerns further restrictions on the distribution of the
(Vi)nen in the form of moment conditions. The first case is essentially a special case of
the martingale difference CLT. The stricter moment condition in the second one, would be
satisfied if & ||V0||2)‘ < +o00 for some A > 1. These conditions can be easily verified in the
background of the Gaussian QML estimation for the score process of several GARCH-type
models.

The second condition imposes a special structure on the form of the slowly varying function
that is asymptotically equivalent to the second truncated moment of &,. First notice that if p
has a limit then it is always asymptotically equivalent to a function that admits this structure
in a trivial manner. Second, it is easy to see that the condition is satisfied by functions of
the form p (z) = C'lnz, an observation that generates the concluding remarks of the present
section. Given this, a non trivial class of slowly varying functions can be built that satisfy the
restrictions of condition 2, as non exhaustively exhibited in the following remark.

i &Vim N (OdvE (V(JVOT)) :



Remark R.1 /tis a matter of routine calculations to see that functions of the form C %

for 61 € [0,1],: 05 > 0 or of the form C(In"™ (exp (1) + z))° for 6 € [0, 1], with appropriate
domain, satisfy 2.1.2. Furthermore, if p;,: 1@ = 1,--- , k satisfies the aforementioned condi-
tion then the (appropriately restricted) function p(x) = [[r_, (pi(x))% for §; € [0,1] for all i
does too. Notice that counterexamples can be constructed from the previous considerations
by exponentiation. For example a function of the form exp((In™"(z))(In""?) (z))~1) for
d € (0,1] would also be in the Zygmund class and satisfy the differentiability restriction but
it would fail to satisfy the boundedness part of the aforementioned condition if m; < ms.
The same restriction generally precludes functions of "infinite oscillation" such as those of the
form C' exp(In'/3(z) cos'/3(x)) that also meet the other requirements.

Hence the theorem allows for slower than logarithmic rates of divergence for the truncated
second moment.

Remark R.2 Using the direct and the dual versions of Potter’s Theorem (see Theorem 1.5.6
in Bingham et. al. [6]) it is easy to see that (suppose without loss of generality that d = 1)
for any increasing slowly varying o if B |Vp|** < 400 for some A > 1 then

mp(x/m)
1m sup — i = max ) =
L b P DT 0 0+ Vo

and

1 P T
lim P | inf — ) "V >

n—oo m>n 1M, 4

11@ (IVol* max {V;°,V5}) | =1

]

=

3
|

for any A > 1 and any 0 < 6 < 2(\ — 1) (see the previous remark). This is due to the fact

t||\Vi — to
proof of theorem 2.1) and since ¢ (\/n) — oo Potter's Theorem is applicable. In order to
obtain results such as the one in theorem 2.1 further structure is imposed on ¢ that allows
that limits can simultaneously be considered as A | 1 and ¢ | 0.

with P probability converging to 1 (see the set C,, i defined in the

Remark R.3 The convergence rate % of the arithmetic mean =37 | &V, can for
o1
example be replaced by —— " since from the proof of theorem 2.1 we have that any

p(wnp(\/ﬁ))
@(x\{@)

a sequence (1,,)nen Such that n, | O the former is asymptotically equivalent to

— 1 as © — +oo. More generally, given
\/ﬁ

an

function satisfying 2.1.2 also satisfies

where

22

¢n = Max, {W <1+ nn} (see for example the proof of Theorem 2.6.2 of Ibragimov and

Linnik [19]). Given its definition it can be seen that q,, must be of the form p*(n) where again
©* is a slowly varying function (see paragraph 2.2 of Ibragimov and Linnik [19]). When and
only when o has a limit, then the rate is of the form C'\/n whereupon we obtain the notion
of the domain of normal attraction to the normal distribution.



Some special applications of theorem 2.1 are the following.

Remark R.4 The theorem nests as a special case the results of Abadir and Magnus [1]. More
specifical/y, whend =1,V, = 1P a.s. foralln and &, ~ ty then p (x) = 2Inz and therefore
\/7 Yob & ~ N(0,1). A more complex case is (among many similar others) the one

nlnn

where (V;2),. oy is a stochastic volatility sequence, e.g. it satisfies the SV (1,1) recursion
V2 = exp (w + aus_1 + [ln Vf_l)

where (uy),,o; is iid with I (ug) = 0, the distribution of uy has a moment generating function
(say M), u; is independent of us for any t,s. If || < 1 then Theorem 2.6.1 of Straumann
[28] and the fact that continuous transformations preserve stationarity and ergodicity imply
the validity of condition 1. Furthermore, when |3| < 1 and Aa, for some A > 1, lies in the
interval of absolute convergence of InM (i.e. the cumulant generating function) then 2.1.3
is valid and thereby some calculations show that

\/nl—Zt &V~ N (0 exp (ﬁ +Y M (w’))) .

In the case where uq follows the standard normal distribution we have that In M (a/3") = #

and the asymptotic variance becomes exp (ﬁ + ﬁ) )

We distinguish the following result in a separate corollary since it constitutes a special
case of the form of the score for the Gaussian (quasi-) likelihood function in the context of
conditionally heteroskedastic models.

Corollary 2.2 Let &, = 22 — 1 where V229 ~ t4, and suppose that conditions 2.1.1,3 hold.
Then

\/ﬂTZt 1€tvt ~ N (Odv 3E (%Vb )) :

When £, = 22 — 1 the aforementioned score has the form of the sum in theorem 2.1. This
is essentially motivation for the considerations in the following section.

3 Limit Theory of the QMLE for GARCH Type Models
With Slowly Varying Fourth Conditional Moments

A major application of the theorem presented in the previous section concerns the character-
ization of the rate and the asymptotic distribution of the Gaussian QMLE in GARCH type
models. In what follows we briefly describe the framework and derive the results. The deriva-
tions draw heavily on the theory developed by Straumann [28] as well as Wintenberger and
Cai [33]. The differences correspond first to the fact that we allow for the centralized squares
of the elements of the structuring sequence to lie in the domain of non normal attraction to
the normal distribution and second to the parameter of interest to be on the boundary of the
relevant parameter space.

The framework is structured as follows: first, we define the process as the unique sta-
tionary and ergodic solution of a stochastic recurrence system of equations, second we are
occupied with the issue of existence, uniqueness, stationarity and ergodicity of the solution of
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a transformation of the aforementioned recurrence, that essentially enables the invertibility of
the volatility process for any parameter value. This allows the approximation of the latter pro-
cess, which is latent, by filters that are measurable functions of the observed heteroskedastic
process (this is related to the notion of observable invertibility essentially appearing in Strau-
mann [28]-see definition 2 of Wintenberger and Cai [33]). Third, we define the QMLE and
given the previous, we describe sufficient conditions (e.g. existence of logarithmic moments
and of universal lower bounds for the filtered processes) that establish its strong consistency.
Finally, we are occupied with the issue of existence, uniqueness, stationarity and ergodicity of
the solutions of recurrence equations that emerge by differentiating the previous equations,
along with analogous (moment existence, linear independence etc.) conditions for those so-
lutions that permit among others the application of the CLT of the previous section, and are
in any case helpful for the establishment of the rate and the weak limit of the QMLE via the
results in the last part of the Appendix.

The process Suppose that © is a compact subset of R? and let 6, be an arbitrary member
of ©. Consider the conditionally heteroskedastic process (w.r.t. 6y) defined by

Yt = Otz
2 2 2
0y = o, (thla ey B—py Of_ gy - e - 7Ut—l)

where the structuring sequence (2;),., is a process of iid random variables with Ez, = 0 and
Ez2=1,¢9 € C(O xR x (R")? R™) for any § € © and | = max (p, q). Let

,teZ (1)

Dy 0 () = (9o (215 - -5 Zt—pt1, T1y oo, X1) 5 T, - - - ,xl_l)'.

Given the definition of (z),., and the properties of gy,, the sequence (®;g, (7)), is sta-

tionary and ergodic for any x due to Proposition 2.1.1 of Straumann [28].

teZ

Assumption A.1 Suppose that

Eln+ |990 (ZO7 sy Bep+1 YLy - - 7yl)| < +00,

for some yy,...,y € RT™, @, is P a.s. Lipschitz w.r.t. = with coefficient A (®;4,) that
satisfies
Eln™ A (®gg,) < +o00 and for some m € N*, Eln A (<I> ) < 0.

The previous assumption along with Theorem 2.6.1 of Straumann [28], imply that the
stochastic recurrence equation (SRE) in (1) admits a unique (up to indistinguishability) sta-
tionary and ergodic solution (af)teZ and furthermore any other solution converges exponen-
tially almost surely to this one as t — oo. Due to continuity those properties extend to the
heteroskedastic process itself.

Continuous Invertibility and the (h;),., Process Given the described process, the next
part of the framework concerns the issue of continuous invertibility (see Definition 4 of Win-
tenberger and Cai [33]). This is closely connected to the properties of the filtering of the
latent volatility process and thereby to the optimization procedure on the relevant likelihood
function. Consider gy from before along with the first equation of (1). Given the process
(Yt) ey, consider the following stochastic recursion

hi (0) =g

o| 22 Yl ), e (0) ] 2
( R <>> )

7



where t € Z and 6 € ©. Likewise to the previous section consider

\Iltﬁ (.T) = (99 (yt_lw")yt_p_laxlw'wxl) 7x17"'7xl—1) .
\/T1 /Tp

Analogously, the sequence (¥, (1)), ,, is stationary and ergodic for any x, §. The following
assumption is essentially condition (Cl) of Wintenberger and Cai [33].

Assumption A.2 Suppose that

Yi—1 Yi—p—1
Jo gy 3 L1, .., X < 400,
(v$1 VZp )D

for some x1,...,x; € RT™. W, 4 is P a.s. Lipschitz w.r.t. x with coefficient A (V) that is
P a.s. continuous w.r.t. 8 and satisfies

Eln* (Sup
0co

Eln" sup A (¥g4) < +o0 and for some m € N*, Eln A (Wg?) <0 forall§ € O.
0€O ’

The following lemma summarizes some of the implications of the first pair of assumptions.
It is essentially Theorem 3 of Wintenberger and Cai [33].

Lemma 3.1 Under assumptions A.1 and A.2 for any 6 € © there exists a unique stationary
and ergodic solution (h; (¢)),., to (2). Moreover h; (0) is continuous w.r.t. 0. Furthermore

for any 0 € © and any other solution to (2), say (ﬁt (9)) , there exists ¢ > 0 such that
tez

SUDye (om0 | (0') — he (0)] “5 0.

This is extremely helpful since the actual evaluation at each parameter value, and thereby
the computability of the optimization of the likelihood function, depends on solutions of (2)
based on initial conditions. It implies that any such solution (that is in general non stationary
due to its dependence on initial conditions) will converge to the stationary and ergodic solution
fast enough as t — oo. The local uniformity of the approximation, the stationarity and
ergodicity of the solution, along with some moment existence could imply the convergence

of arithmetic means of the (ﬁt (9)) process evaluated at a convergent sequence to the
tez

expectation of the ergodic solution evaluated at the limit of the aforementioned sequence. All
these will be convenient for the establishment of the asymptotic properties of the estimator.

The QMLE-Definition and Existence Given a finite realization (y;),_, ,, from the het-
eroskedastic process, the following defines the Gaussian quasi likelihood function Cn. The
term is used in an abusive manner since the original function would be constructed as
—% % ¢ (0) + const. This form enables the characterization of the QMLE as an approxi-
mate minimizer.

Assumption A.3 Suppose that ;. : Q@ — R*" is measurable for any 6 € © and P almost
surely continuous w.r.t. 0 for all k = 0,...,1 —1 and, (4 : 2 — R is measurable for any
6 € © and P a.s. continuous w.r.t. 6 for all k =0,....,p— 1.



Definition D.1 Define the filter (izt (9)) for 0 € © by

t=1,....,n

hi(0) = cro whenk=0,...,1—1andy, = (,p whenk =0,...,p—1 and

iLt (9) = 9o Yt Yiop-t iLt 1 'aiLt—q—l (9)

a0 iy

We can now define the Gaussian quasi likelihood function and the subsequent estimator,
as a (possibly measurable selection) of its approximate arg min.

Definition D.2 The Gaussian quasi likelihood function is
1~
=—> ()
t=1

where

2
p 7 yt
0, (0) =Inh, (0) + = .
t() t() ht(6))

For €,, an P almost surely non negative random variable the QMLE 6,, is defined by

én (0,) < ég(g Cn (0) + .
€, can be perceived as an optimization error, and thereby the definition is wide enough to
include the estimator obtained (as is usually the case) by numerical optimization of ¢,. The P
almost sure continuity (w.r.t. @) of the filter, inherited by the definition of gy and assumption
A.3 along with the compactness and the separability of © imply the existence of #,, even when
e, = 0 P a.s. This is rigorously established in the proof of the following proposition.

Proposition 3.2 Suppose that assumption A.3 holds, then the QMLE exists.

Consistency We turn to the limit theory for the estimator. The aforementioned exponen-
tially fast approximation of the filter by the stationary and ergodic inverted process (h),;
(locally uniformly) along with the consequences of assumption A.1 enable the asymptotic
approximation of ¢, by an average of ergodic contributions obtained as

=36 )

with
2

Yy

0 (0) =Inhy (0) + n (0)

We can address ¢,, as the "ergodic likelihood". Several of its properties are appropriate ap-

proximations of analogous properties of ¢, and thereby they will be used for the establishment

of the limit theory. In this respect, given the previous, the following assumption provides with
sufficient conditions for strong consistency.

Assumption A.4 Suppose that:



1. ¢,— 0P as.
2. Eln" 0% < +cc.
3. infghg(0) >C P as.

4. For any 0 € O:
ho (0) = 03 < 0 = 6.

Condition A.4.1 implies that the optimization error vanishes asymptotically. A.4.2 requires
the existence of logarithmic moments for the volatility process and due to the properties of 2z,
it also implies that Eln* y2 < co. By Theorem 2 of Wintenberger and Cai [33] it follows from
assumption A.1 and a condition of the form E (In™ |gg, (20, - .., 2—ps1, Y1, - - - ,yl)|)2 < +o0
for some y € R™*. A.4.3 requires the existence of a universal deterministic lower bound for
the volatility processes that is naturally obtained in several GARCH-type models again due
to the form of the recursion, the positivity constraints and the inclusion of a strictly positive
constant. In more complex cases (e.g. the EGARCH model), it could be obtained by placing
further restrictions on the parameter space. A.4.4 is an identification condition that can be
obtained by requiring more structure on the support of the distribution of z; as well as on the
form of the defining recursion. The result is presented in the following theorem.

Theorem 3.3 Suppose that assumptions A.1, A.2, A.3 and A.4 hold, then the QMLE is
strongly consistent.

Notice that assumptions A.1, A.2, A.3 along with conditions A.4.2-4 are identical to the
conditions C.1-C.4 of the relevant theorem 5.3.1 of Straumann [28] (see the proof of the
second part) or Theorem 4 of Wintenberger and Cai [33]. Hence theorem 3.3 is essentially
an extension by allowing the existence of an asymptotically negligible optimization error, and
thereby by providing sufficient conditions for the consistency of approximate optimizers of the
likelihood function.

Rate and Asymptotic Distribution The remaining elements of the limit theory, i.e. the
rate and the limiting distribution can be established by conditions that are local in nature. The
results depend crucially on the asymptotic existence of a local to 6, quadratic approximation
of ¢}, as required by theorem 5.2. In accordance with the differentiability properties of hy for
a variety of heteroskedastic models, we will assume that the approximation has the form of
a second order Taylor expansion. Hence due to the possibility of 6, being on the boundary
of © we will need a form of differentiability for the filter (and the subsequent stationary and
ergodic approximation) that is consistent with this. We will use the notion of left/right (1/r)
partial derivatives as in paragraph 3.3. of Andrews [3]. This requires some further structure
on the set on which 6,, at least asymptotically attains its values. The following assumption
takes care of those concepts.

Assumption A.5 Suppose that:
1. For some n < = for some 1 < m € N and the ¢ > 0 that corresponds to 6 in lemma

3.1, ©NB (6y, n) coincides with the closure of its interior. Furthermore, ©NB (0o, n)—0
equals the intersection of a union of orthants and an open cube.

10



2. The function

% Y
0", ... N
( » L1, 717) — 9o (\/.T_l’ 7\/x—paxl> 7xl)
has continuous second order (//r) partial derivatives differentiable on © N B (6o, n) x
(RT) for every fixed (41, ...,y,) € RP.

3. The functions ;¢ and (; , have continuous second order (//r) partial derivatives on
©NB(by,n), Pas., forallk=0,....0—1and k=0,...,p— 1.

A.5.1 ensures that at any point of © N B (6y,7), there exists enough space around each
of its elements so that a left and/or right perturbation can be defined, and its second part
is essentially Assumption 22*.(a) of Andrews [3]. This implies that at any such point a left
and/or right partial derivative could be in principle defined. A.5.2 and A.5.3 ensure that both
ge and the initial conditions have well defined and continuous left and/or right second order
partial derivatives. Given those, the Taylor approximation is valid on any K that is a non
empty compact subset of © N B (#y,n) even if the coefficients of the relevant polynomials
may depend on random elements that can take values outside K with positive P probability.
Furthermore, since the vector (z1,...,2;) belongs to (R™")' the relevant derivatives w.r.t.
to the elements of this vector are by construction left and right. Due to the chain rule (see
Appendix A. of Andrews [3]), they imply that the analogous derivatives of the filter (w.r.t. 0)
are also well defined. In what follows we denote the matrices of first and second order (//r)
partial derivatives with - and -” respectively. Their existence along with the form of ¢, and
Theorem 6 of Andrews [3] imply the P a.s. existence of a second order Taylor expansion of
the likelihood function around 6y. This does not suffice for the second part of Assumption A.8
to hold, and thereby theorem 5.2 cannot be directly used. The possibility of the existence,
stationarity and ergodicity of h; and h} along with the possibility that they provide geometric
approximations of izg and ﬁg’ respectively could enable the verification of the aforementioned
conditions. The following assumption and the subsequent proposition takes care of this after
the establishment of some notation.

Let k; be the i-th element of the vector (GT,xl, o ,xl). Thenfore,j=1,...,d,...,d+I

define 5
&b, (07, a1, ... 7)) = Yoo Yt g
¢t( » L1, ,l'l) @klge <\/$—17 ) \/.T_p y L1y » Ll
and

Oi’jzbt (HT, Tiy.-- ,ZL‘Z)

2
0 Yt Yt—p+1
ce T A
x ) ) )

= 8]{'18]?]99 <\/—1 \/flf_p y L1y
Assumption A.6 Suppose that:

1. fori=1,...,d,...,d+1

E |InT sup |(9i1/)0 (0,ho(0),...,hy (9))| <400
#cONB(69,m)
Furthermore for every i = 1,...,d, ..., d+I, there exist a stationary sequence (@-71 (t))
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with E [In* C;; (0)] < co and some function r; : R — R that is continuously differ-
entiable in a compact neighborhood of zero and r; (0) = 0 such that

sup ‘0’%@ (QT,m, o ,xl) — 0", (QT,xll, e 7517;)‘ < Cia () (Jz— '), (3)

6€OnB(60,1)
where 7 = (21,...,2;) and &/ = (z,...,2}) in (R))"",

2. Fori,j=1,...,p,...,p+q

E [In* [ sup |04y (6", ho(6),...,h_i(0))] < +00,
GEB(GQ,T])
and Eln™ | sup |hg(0)]| < +oo
QGB(GQ,U)
Furthermore for every 7,57 = 1,....,d,...,d + [, there exists a stationary sequence

(Ci,j,2 (t)) with E [anr Cijo (0)} < 00 and some function 75 : R — R™ that is contin-
uously differentiable in a compact neighborhood of zero and 75 (0) = 0 such that

qu }ai,jwt (0T7 Ty, ,ZE[) - ai7j¢t (eTa x/h s 71:;)‘ < C_’i,j,2 (t) T2 (|I - ZE,|) :
0cONB(0o,n)
(4)

This assumption essentially implies the existence and uniqueness of stationary and ergodic
solutions to the SRE's obtained by (//r) first and second order differentiation of the second
equation in (1) w.r.t. 6. Furthermore, first those solutions are identified with h; and A}
which are continuous w.r.t the parameter and h, fAL;’ rapidly converge to their ergodic version
uniformly in a neighborhood of 6y which without any damage to generality and for notational
simplicity we assume that it coincides with © N B (6y,71). The derivation of the previous along
with their implications on the asymptotic relation between the Taylor expansions of ¢, and ¢,
are obtained in the proof of the following lemma.

Lemma 3.4 Suppose that assumptions A.1, A.2, A.3, A.5 and A.6 hold. Then

1. hj and h} are continuous w.r.t. 0, for all t € Z,

W(0) — by (0)|| “=" 0 and  sup  |[RY () — BY (0)|| “=7 0, and  (5)

©nB(fo,n)

sup
enB(0o,n)

€.a.S. ‘

n sup |c,(0) = ¢ (0)|| andn sup | (0) — & (0)| convergeP as.  (6)
enB(6o,n) enB(o,n)

2. If for some (r,,),, oy Such that r, — 400, with r, = o(n) and ryc,,(0o) ~ 2, for zp,
some well defined random vector, then r,¢é, (6y) ~~ zg,, and

3. if Esupye gy, 160 (0)||> < +oc then for any sequence ¥, — 0y P a.s., &' (9,) ~

Jo, =B (00) = E (hé(ao)[his(%)]T)_

O
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In order to be able to use the results in 2.1, 3.4 and 5.2 for the characterization of the
rate and the limit distribution we need a final assumption that takes care of the asymptotic
behavior of ¢, and /. In what follows K denotes a compact non empty subset of © of possibly
small enough diameter that contains 0y and is a subset of © N B (Ay,n), such that ,, € K
with P-probability that converges to one as n — oo. Given theorem 3.3, K could for example

be chosen as © N B (6, n) itself. Furthermore, let H,, = \/n <\/ n ) (K — 6o) where

the function g is as in Theorem 2.1 and is specified next. The asymptotic parameter space
in defined next as an appropriate limit of H,,.

Definition D.3 H = limsup,,_, H, i.e. it is the set containing any x € R such that x is
a cluster point of some (x,),, .y With x, € H,.

H is essentially the upper limit in the Painleve-Kuratowski sense of (H,), .y (see for
example Appendix B of Molchanov [24]). The definition is equivalent to that = € H iff there
exists an infinite subset of N (say \V') such that for any ¢ > 0, HN B (x,¢) # @ for alln € N.
Notice that 7 always exists and it is a closed subset of R? (see Proposition 4.4 of Rockafellar
and Wets [27]). In our case it is always different from & since it contains 0. When 0 is an
interior point then H = R¢. This definition is not less general compared to Assumption 5 of
Andrews [3] as Lemma 3.8 of Arvanitis and Louka [4] implies.

Assumption A.7 Suppose that:

1. For the second moment of the distribution of (22 — 1), we have that

o () «~ / (25 — 1)2dFZg,1, as x — +00

-1

where @ conforms 2.1.2.

A
< +o0 with A > 1 if p has a limit as © — oo , otherwise A > 1.

|2 [N
Furthermore, & supyep g, Zﬁ < 400, Esupgepg,.) Z—% < +oo with N > 1

)\*

and B supge (g, hA* < 400 for some \* > max (2

: 177) such that B | 2| < 4o0.
A/

3. The components of the vector %99 (\/itl(g)’ o \/Zt_p—l(e) a1 (0) ... g (0)>
t—1 t—p—1

are linearly independent random variables.

4. 'H is convex.

A.7.1 and the first part of A.7.2 enable the use of theorem 2.1. Notice that when p (z)
has a limit then this is Ezy — 1, while when it diverges as  — +oo then equivalently
V/2(z+1) A
0 @)~ I g %

second part of A.7.2 also along with lemma 3.4, theorem 3.3 and the ULLN for station-
ary and ergodic sequences imply the convergence in probability of ¢/(6,) to Ef;(6y). No-
tice also that in a variety of heteroskedastic models (see for example paragraph 5.7.1 of
Straumann [28] concerning the AGARCH(p, ¢) model) under the appropriate conditions, the

2gdF,, as © — +o0o, due to the fact that by definition Ez2 = 1. The

13
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A A

"

< 400 holds for arbitrarily large X\, \'. This im-

_ hi _
Esubgesoo,m) || 7|l > BSUPoeB@0m) || 7
plies that under additional conditions concerning the behavior of the distribution of 2y in
shrinking neighborhoods of zero (see for example condition 4.5 in Theorem 4.1 of Berkes

)\*
et al. [5]) Esupy ‘ZgT < 400 holds for A\*arbitrarily close to 1 and this is also conforming
0

to B |z|*" < +oco even when o diverges due to Theorem 2.6.4 of Ibragimov and Linnik
[19]. A.7.3 implies that EZj () is positive definite. A.7.4 implies the uniqueness of the limit
established in the final theorem and it is analogous to Assumption 6 of Andrews [3]. The
following counterexample implies that condition A.7.4 is not trivial by considering a K with
empty interior.

Example: K is comprised by the elements and the limit of a converging sequence.
Let (7,,),,ez denote a real sequence that converges to zero and suppose without loss of gen-
erality that 6y = 0. For some z in R? let K = K — 0y = {v,,#7,m>1} U{0}. If ¢ =
Jm

1' m—oo Im”~ |/ —~
im ¥ ()

Obviously A.7.4 fails if = # 0.

then due to the defining properties of p, H = {\/LE.CL‘, k=1,2,.. .}U{O}.

If K itself contains a set of the form © N B (6, n*) with 0 < n* < 7 then condition A.7.4
implies that H coincides with the closure of its interior. This is due to the fact that K — 6,
must contain a neighborhood of zero of the form Hle [l;, u;] where some of the lower or
upper bounds could be zero but not simultaneously for the same i. Choose an arbitrary non
zero point in the previous set. It is easy to see that this belongs to H,, for all n and thereby
to 'H which is by construction convex.

The following theorem is essentially the second main result of the paper.

Theorem 3.5 Suppose that assumptions A.1, A.2, A.3, A4, A5 A.6 and A.7.1-3 hold. If
en = 0 (M) then

n

( 80) - Op (1) :

o
ND

If furthermore A.7.4 holds and ¢, = o, M) then

Votm O = o)~ oo

where hy, is uniquely defined by q (imo) — infq (h) andq(h) i= (h = T3 z0,)' Jaq (b= 3520,
for Jo,=E(j (0y) = E (M) which is positive definite and zp, ~ N (0, Jg,).

Notice from the proof of theorem 5.2 that in the case that condition A.7.4 fails theorem
3.5 could retain some information for the limit distribution of the estimator, in the sense that
if H is such that argming, ¢ (h) is non empty, then the limit in distribution of the latter is
"hiding" inside this set of minimizers. Furthermore the issue of the non unique choice of K
is unimportant w.r.t. to the characterization of the limit since the latter is unique. Moreover
if K can be chosen so that it contains a set of the form © N B (6, n*) with 0 < n* < 7,
then H is essentially independent of the choice of K and thereby this is also true for the
representation of the limit hg, as a minimizer. This is due to the facts that Je_olzgo follows

14



a non degenerate Normal distribution and that any two convex subsets of R that coincide

with the closure of their interior if they are non equal then they must differ at interior points.

Those imply that the function ihnfq (h) must be bijective when defined on the collection of
e.

closed non empty convex subsets of R?. Hence any other compatible choice of K would result
to the same asymptotic parameter space.

Now, theorem 3.5 encompasses the results of Theorem 5.6.1 of Straumann [28] when 6,
is an interior point and Ezj < +o0. In this case the rate is \/n and the limit distribution is
N (O, (Bzg — 1) Je_ol). In the same case when 0 is a boundary point then the rate is again
Vv and /n (6, — 0y) ~ \/Bzt — 1hg,. When ¢ is diverging and 6 is an interior point,

n _1 . . . .
then ) (0, — 0) ~ N (0,J,.") a novel result in this framework, that implies that we

can obtain asymptotic normality even in cases where the fourth moments do not exist albeit
at a slower rate. The following corollary, linked with corollary 2.2, handles the case where
2o follows a normalized Student’ s t distribution with 4 degrees of freedom as a prominent
example of a diverging truncated fourth moment.

Corollary 3.6 Suppose that \/2zy ~ t4 and assumptions A.1, A.2, A.3, A4, A.5 A.6 and
A.7.2-3 hold with § = 2. If &, = O, () then

n

where BQO is as in theorem 3.5.

The following example concerns the verification of the assumption framework above (given
the a priori validity of the assumption A.3 and of the conditions A.4.1, A.5.3 and A.7.3) for
the GQARCH (1, 1) model introduced by Sentana [29].

GQARCH(1,1) Let p = ¢ = 1, gp(2-1,2) = w + a (21T + %)2 + Bz and O is a
compact subset of RT™* x RT* x R~ x [0,1). The results referenced below are established in
Arvanitis and Louka [4]. Remark R.1 implies that there exist 6y = (wo, @, Vg, 5y) € O such
that Assumption A.1 is satisfied. This is permitted even in cases where oy + 3, > 1 implying
the existence of solutions with the required properties that are not covariance stationary.
Assumption A.2 is satisfied since 5 < 1. For assumption A.4.2 and A.4.4 see lemma 2.2
and lemma 3.3. For assumption A.4.3 see lemma 2.1. The latter holds of the distribution
of 2y is not concentrated in two points. For Assumption A.5.1 see lemma 3.5 and for the
rest of Assumption A.5 and Assumption A.6 see the proofs of lemmata 4.7 and 4.8. If
P(z2 <t)=o(t") fort | 0, then Assumption A.7.2-3 follows from lemmata 4.2, 4.3 and 4.6
which hold even if o is diverging since B |z|* < 400 for any 0 < A < 4 due to Theorem 2.6.4
of Ibragimov and Linnik [19]. Examples of ©'s that satisfy condition A.7.4 of Assumption A.7
can also be found in section 3.3. of Arvanitis and Louka [4].

Several other examples can be constructed using the work of Straumann [28]. For instance
the verification of assumptions A.1, A.2, A.4, A5, A.6 and A.7.2-3, for the AGARCH (p, q)
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model when the parameter space is appropriately restricted and under the condition P (23 < t) =
o(t*) ast | 0, would follow from the results appearing in examples 5.2.5 and 5.2.11 and para-
graphs 5.4.2 and 5.7.1 of Straumann [28] by noticing first that for the set |[wppin, +00) X
[0, 400)" X B x [—1,1] for wmax > 0and B ={z € (R")?: Y7  2; <1} assumption A.5.1
follows, second that Lemma 5.7.3 of Straumann [28] can be seen to hold even when 6,
lies on the boundary of © which by construction is a compact subset of the previous set
with non empty interior (as long as the conditions a;, # 0 for some i = 1,2,...,p and
(apo,ﬁqo) # (0,0)-simply express the linear combination w.r.t. a;, instead of a;,) and third
that this is also true for lemmata 5.1 and 3.2 of Berkes et al. [5] as well as for their extensions
concerning the AGARCH (p, q) case, i.e. lemmata 5.7.4 and 5.7.5 of Straumann [28]. Notice
that it is easy to construct examples of © for which both the previous assumptions and con-
dition A.7.4 of Assumption A.7 hold. Consider for example the case where p =2, ¢ = 1 and
O = [Wmin, Wmax] X [0, a1,....] X [a2,.., @2,...] X [Bmins Bmax) X [—1, 1] with the obvious notation,
where ay, = as,,... 7o = —1, and the other elements of f, lie in the interior of their defining
intervals, in which case H = R? x (—00,0] x R x [0, 400). In such a case it is easy to see
that hg, = (L)' (21, 22, min {0, z5} , 24, max {0, 25 })’ where (21, 23, 23, 24, 25) ~ N (0,1ds)
and Jy, = LL'.

It is also easy to extend the assumption framework so that the recursions in (1) and 3.2
define not the volatility processes per se but their composition with some common bijective
transformation. If assumptions A.1 and A.2 hold w.r.t the transformed processes, assumption
A.3 incorporates the condition that its inverse (the link function as termed by Wintenberger
and Cai 3.1) is continuous, and assumption A.6 is augmented by the condition that the
inverse has first and second derivatives that are Lipschitz continuous on the bounded away
from zero-due to condition A.4.3- domain of the volatilities, then theorem 3.5 would also hold.

This however would not suffice for the full scope of theorem 3.5 to incorporate a model such
as the EGARCH one, at least using the approach adopted in paragraph 5.7.2 of Straumann
[28], or in Demos and Kyriakopoulou [10]. This is due to the fact that given the aforementioned
results, the second part of assumption A.7.2 would not hold if E (23) = +oc, even though the
remaining conditions would be easily validated. The results in paragraph 4 of Wintenberger
and Cai [33] or in lemma 3 of Wintenberger [34] could indicate a possible alternative route
via the substitution of this condition by a much weaker one. We are not pursuing this line of
reasoning any further since it is out of the scope of the present paper.

Dropping the Stationarity Assumption: A Simple ARCH(1) Example The conditions
imposed for the validity of theorem 2.1 incorporate first the restriction that the stochastic
sequence (V}),.y is stationary and ergodic and second that it is also appropriately integrable.
It is easy to see from the proof of the theorem that these restrictions essentially facilitate
the use of a local representation of an appropriate conditional characteristic function and
the convergence of some random series. If these results can be established without those
conditions, then analogues of the theorem can be obtained even in cases of non stationarity.
The following theorem provides with such an example that essentially exhibits the analytical
strength of the principle of conditioning. Remember that the filtration (F;),. is defined by

Ft £ o (51&7 ‘/tv 515—17 ‘/t—la gt—?v ‘/;—Qa e )
Theorem 3.7 Let the following hold:

1. (&;),en is an iid sequence of random variables and (V;),y is an real valued sequence of
random elements such that &, is independent of F;_1 and V; is measurable w.r.t. F;_;.
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2. For the second truncated moment of the distribution of &,

o(z) o / EdF,,,

where ¢ is slowly varying.

3V2-5v>0 Pas asn— oco.

n

Then as n — oo ]
Na) Yo &V~ N(0,0).
2

where p* is a slowing varying function satisfying o (\/xp* (z)) «~ (p* (z))”.

Remark R.5 For the definition of p*see remark R.3. Furthermore, notice from the same

remark that if @ satisfies W — 1 then p* (x) can be chosen to be \/p (\/).

Comparing theorem 3.7 with 2.1 we have that the existence of a P a.s. (strictly positive)
limit for the (Vf)tEN substitutes the stationarity and ergodicity condition, the existence of
appropriate moments for (V;),. as well as the restrictions on the asymptotic behavior of .
The result holds for any slowly varying function. A simple application of this concerns the
limit theory of the QMLE in the case of a simple non stationary ARCH (1) model. Notice
that under the assumption of the existence of a limit for g, this theory was established by
Jensen and Rahbek [18].

To thisend, let p = g =1, go(2-1,2) = 1 + az_1+/x and © = [a, a,] where a; >
exp (—2EIn|zp|]) > 0. Notice that due to the results in Nelson [25] any solution to the
previous recursion is non stationary. Suppose without loss of generality that 6y € (a;,a,)
and consider the QMLE (with zero optimization error) for the 6. We obtain the following
proposition that is a direct consequence of theorem 3.7 in conjunction with lemmata 1 and 2
in Jensen and Rahbek [18].

Proposition 3.8 Suppose that for the second moment of the distribution of (23 — 1), we
have Y
o () «~ / (25 — 1)2szg,1, asx — 400
-1
where ( conforms to condition 3.7.2, that the conditions described in the previous paragraph
hold, as well as that ,, =0 P a.s. Then

VI oy >
(60— 00) N (0,62).

Obviously this is an extension of Theorem 1 of Jensen and Rahbek [18] that establishes
the asymptotic normality (in the interior case) of the QMLE in this simple model even when
stationarity fails. It could be interesting to explore analogous results in more complex models.
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4 Monte Carlo Evidence

In this section we perform two Monte Carlo experiments to assess the quality of the ap-
proximation of the limit distribution of the QMLE in finite samples. Using the framework
described in section 3 we examine the simple GARCH (1,1) model V229 ~ t4, thus let-
ting 07 = go, (2-1,071) = wo + (0zi1 + By) 07—y in (1). In the first experiment we
let 6y be an interior point and choose wy = 0.5, ay = 0.05, 5, = 0.90, while in the sec-
ond case we examine the case where 6y is a boundary point choosing wg = 0.5, ag = 1,
By = 0 pertaining to the ARCH(1) case. In each experiment we consider n = 100, 1000,
10000 and 100000 and the number of Monte Carlo simulations is 1000. For every sample
we plot the Kaplan-Meier estimate of the cumulative distribution function over the Monte
Carlo simulations separately for each element of the 0,, — 6y multiplied by \/% By Corol-

lary 3.6 in the first case g, ~ N (0,J,') and in the second case calculations show that
ho, = (L)™' (21, 22, max {0, z3})" where (21, 22, 23)" ~ N (0,3/21d) and Jo, = LL'. Fur-
thermore, in the first case Jy, is approximated by computing the simulated average of the
outer product of the gradient of In hy () at 6, via numerical procedures over samples of size

T = 1000. In the second case w
t

on 1y;_1 and o;_1. We approximate its expectation by using a double average across samples of
size 10000000 and over 1000 simulations for increased precision. Then the limit distributions
are constructed for each element of 6 by plotting the Kaplan-Meier estimate of the cumulative
distribution function of independent draws of the latter distributions. The relevant figures are
presented in the Appendix. For economy of space, in the first case we provide only the figures
concerning (3, as the rest are similar, and in the second case we present the figures concerning
« and [ due to the analogous similarity of the results concerning a and w. We observe that
although the empirical distributions in question seem to show some heavy tail behavior, they
resemble those of the theoretical limits as the sample size increases.

has a simple analytical expression which depends

5 Conclusions

We have provided a CLT to a normal limit for the standardized sum of a martingale transform,
constructed by point-wise multiplication between an iid and a stationary and ergodic sequence
that holds even in cases where the relevant second moments diverge at an appropriately slow
rate. This extends relevant results with stable but non normal limits to the case of asymptotic
normality, as well as the results concerning asymptotic normality but allowing domains of
non-normal attraction. In those cases the rate is slower that y/n and it contains information
for the rate of divergence of the truncated second moments of the relevant sequence.

A major application concerns the characterization of the rate and the limiting distribution
of the score vector of the Gaussian quasi likelihood function in the case of GARCH type
models, and the subsequent characterization of the limit theory for the QMLE. Given this we
have also reviewed the analogous framework for the establishment of the relevant limit theory
and extended it, so that it can accommodate the case of slowly varying fourth moments for
the innovation process by an application of the aforementioned theorem and the possibility
that the parameter of interest lies on the boundary of the parameter space.

Possible probabilistic extensions concern, first, the establishment of analogous results if
we allow the rate of divergence of the second moments to be described by larger classes of
slowly varying functions. Second, the extension of the results when the truncated moment
of order a is slowly varying, for a € (1,2) whereby the limit would be a multivariate a-stable
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distribution and the complete characterization of which could be achieved by considering the

set of non trivial linear transformations of the relevant random vector. This could provide with

special cases of the results of Mikosch and Straumann [23], without the need for verification

of the mixing condition that they are using, in which both the rate and the characteristics of

the limit are completely described. In such cases we also expect that the rate would be slower
nat

pl/a (nl/a> :

Finally, a possible statistical application would concern the issue of the existence of ap-
propriate studentizations of the Wald statistic that is based on the QMLE considered before,
under the maintained hypothesis of the domain of (normal or not) attraction to the normal
distribution. This could be useful in the cases of the non normal domain for the obvious

asymptotic size corrections, while retaining consistency in the normal domain case.

than the one obtained in the normal case and to be of the form

References

[1] Abadir K. and J. Magnus (2004), "The Central Limit Theorem for Student’s Distribu-
tion", Econometric Theory, Vol. 20, No. 6, pp. 1261-1263.

[2] Aliprantis C.D. and K.C. Border (1999), "Infinite Dimensional Analysis. A Hitchhiker's
Guide.", Springer.

[3] Andrews, D. W. K., "Estimation when a parameter is on boundary", Econometrica,
67:1341-1383, 1999.

[4] Arvanitis S. and A. Louka (2013), "Limit Theory for the QMLE of the GQARCH(1,1)
model", Communications in Statistics- Theory and Methods (to appear).

[5] Berkes, I., L. Horvath, and P. Kokoszka, "GARCH processes: structure and estimation",
Bernoulli, 9:201-228, 2003.

[6] Bingham N.H., Goldie C.M. and J.L. Teugels (1992), "Regular Variation", Encyclopedia
of Mathematics and Its Applications, Vol. 27, C.U.P.

[7] Calzolari G., Fiorentini G. and E. Sentana (2003), "Maximum Likelihood Estimation and
Inference in Multivariate Conditionally Heteroscedastic Dynamic Regression Models with
Student t Innovations", Journal of Business and Economic Statistics, 21, 4, 532-546.

[8] Choirat C., Hess C., and R. Seri (2003), "A Functional Version of the Birkhoff Ergodic
Theorem for a Normal Integrand: A Variational Approach.", The Annals of Probability,
Vol. 31, No 1, pp. 63-92.

[9] Davidson J. (1995), "Stochastic Limit Theory.", Advanced Texts in Econometrics, Oxford
University Press.

[10] Demos A. and D. Kyriakopoulou (2009), "Asymptotic normality of the QMLE in the
EGARCH (1, 1) model". working paper, 2013.

[11] Diebold, F. (1988). " Empirical modeling of exchange rate dynamics". Springer-Verlag.

[12] Engle, R. F. and Bollerslev, T. (1986). "Modelling the persistence of conditional vari-
ances". Econometric Reviews, 5 1-50.

19



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]
[28]

[29]

[30]

Hall P. and Yao Q., "Inference in ARCH and GARCH Models with Heavy Tailed Errors",
Econometrica, 71, 285-317, 2003.

Hansen, B. E. (1994). Autoregressive conditional density estimation. International Eco-
nomic Review, 705-730.

Hsieh, D. A. (1989). "Modeling heteroscedasticity in daily foreign-exchange rates". Jour-
nal of Business and Economic Statistics, 7, 307-317.

Jakubowski A. (1986), "Principle of Conditioning In Limit Theorems For Sums of Random
Variables", The Annals of Probability, Vol. 14, No 2, pp. 902-915.

Jakubowski A. (2012), "Principle of Conditioning Revisited", Demonstratio Mathemat-
ica, Vol. XLV, No 2.

Jensen, S. T., and Rahbek, A. (2004), "Asymptotic normality of the QMLE estimator
of ARCH in the nonstationary case". Econometrica, 72(2), 641-646.

Ibragimov |.A. and Yu. V. Linnik (1971), "Independent and Stationary Sequences of
Random Variables", WOLTERS-NOORDHOFF PUBLISHING GRONINGEN.

Klein Er., and Thompson A.C. (1984), " Theory of Correspondences.", CMS Series of
Monographs, Wiley Interscience.

Kwapien S., W.A. Woyczynski (1992), "Random Series and Stochastic Integrals: Single
and Multiple", Probability and Its Applications, Birkhauser.

Lachout P., E. Liebsher, and S. Vogel, (2005), "Strong Convergence of Estimators as
£,-Minimisers of Optimization Problems.", Ann. Inst. Stat. Math., Vol. 57-2, pp. 291-
313.

Mikosch T. and D. Straumann, "Stable Limits of Martingale Transforms With Application
to the Estimation of GARCH Parameters", The Annals of Statistics, Vol.34, No 1, 439-
522, 2006.

Molchanov, llya (2004), "Theory of Random Sets.", Probability and Its Applications,
Springer.

Nelson, D. B. (1990). "Stationarity and persistence in the GARCH(1,1) model". Econo-
metric theory, 6(03), 318-334.

Nelson, D. B. (1991). "Conditional heteroskedasticity in asset returns: A new approach".
Econometrica, 59, 347-370.

Rockafellar T.R. and Wetts J-B (1997), " Variational Analysis.", Springer-Verlag.

Straumann, D. (2004), "Estimation in Conditionally Heteroscedastic Time Series Mod-
els.", Springer.

Sentana, E., "Quadratic ARCH Models", The Review of Economic Studies, 62:639-661,
1995.

Surgailis, D., "A Quadratic ARCH(c0) Model with Long Memory and Levy Stable Be-
havior of Squares", Adv. Appl. Prob., 40:1198-1222, 2008.

20



[31] van der Vaart, AW., "Asymptotic Statistics" CUP, 1997.

[32] van der Vaart, AW. and J.A. Wellner, "Weak Convergence and Empirical processes"
Springer, 2000.

[33] Wintenberger, O., and S. Cai, "Parametric Inference and Forecasting for Continuously
Invertible Volatility Models", http://arxiv.org/pdf/1106.4983.pdf.

[34] Wintenberger, O. (2012), "QML estimation of the continuously invertible EGARCH(1,1)
model". arXiv preprint arXiv:1211.3292.

Appendix

Proofs

Proof of Theorem 2.1. When p has a limit the result follows directly form the CLT for
squared integrable stationary and ergodic martingale difference sequences (see for example
the more general Theorem 24.3 of Davidson [9]) along with the Cramer-Wold device (see
Theorem 25.5 of Davidson [9]). When g does not have a limit, consider first the case where
d = 1. Consider (&}),., to be an independent copy of ({,),.; that is also independent of
(Vi) ez and without loss of generality adopted to ()., by possibly enlarging 7, since
even in this case the original sequences would satisfy the same properties w.r.t. the enlarged
filtration. Using the notation of Kwapien and Woyczynski [21] define Y, = ﬁé’,ﬂfk,
np(/n

Xok = ﬁgkv,ﬂ, Fok = Fr Go = 0 {Vi, k < n} and notice that the tangency condition
np(+/n
w.rt. (Fnk),enrez @nd the conditional independence condition w.r.t. G, of Kwapien and

Woyczynski [21] (see their Definitions 4.3.1 and 4.3.2. respectively) are valid for the sequences
Yok nenwezr Xnk)nennezr (Frk)nenpez ad (Gn),en- Hence by Theorem 5.8.3 of Kwapien
and Woyczynski [21] the result would follow if we prove that for all ¢ € R

. ; n * — X —M
E (exp (Zt o (/) Zk:lkak> /g”) p P ( 2 ) '

Then notice that due to the assertion 2.6.21 and Theorem 2.6.1 of Ibragimov and Linnik
[19] we have that the characteristic function f(t) of £, and thereby of &; has the following
representation for t € (—tg, t), and some ¢ty > 0

In £ () = ~5 (4.
Now, fix ¢ # 0 and define the event
Cox ={weQ: V| <Kpn/np(vn) Vi=1,...,n}
where K; < & Then

il
P(Cyx) < ) PIIVil > Kiy/np (V)]

N I
<2 Rng (vi) ~ Ko (v
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due to the third condition and Markov's inequality. Combining the previous, if w € (), k then

InFE (exp <it\/ﬁ D ket fkvk> /Qn) equals

2O ( n@(ﬁ))

— g 2 Vi
2o () 2 Vi

o g0 ()

2n o (Vn)
np(v)
2 & P\ 2 &
- oS |- Es
2n — ! o (v/n) 2n — ’

It suffices to prove that the last term in the previous display converges in probability to
—LZEVg. Due to the first condition (V2), . is stationary and ergodic and EV;? exists. Hence

from the continuous mapping theorem and Birkhoff's LLN —£ 57" V2 — —CREV2 It
p

suffices that the remaining term converges in probability to zero. From the properties if o (),
its Karamata representation and the mean value theorem we have that for any z € R

o Vg (Vn) exp (@)

i

= 9 M + ¢ Me){p (z") MGXP (z%) @
It] t] 2]

- v %ﬁ)) o e o e (50
where z* lies between x and zero. Thereby letting z = —In [V;| we obtain for any w € C), x
and any ¢

np(vn
(5)
o(vn)
(7567) ] e @ o )

VAN

N
3
=3
32
N———
|
—_

+ |In | V4|

YU C
o (vn) o (vVn)




due to the fact that e(z)p () is by assumption bounded. Hence

s

TP T i
np(vn)
p('t) 2 <~y £ C K., €
P(W_l %;‘/z‘ > §)+P(m%;v@- |1H|Vi||>§)-

Due to stationarity and ergodicity and the assumed existence of moments the £ ™" V.2 and
n 1=

L3 V2 In|V;|| are bounded in P-probability. Using again a mean value expansion we have
that for any y large enough

(Gt) =)+« ()« () (- 5)

o\wr) =9 ) Tl ) ol ) s~

2] I I it \y v

where y* is similarly between y and 1 and thereby letting = \/n and y = \/p (v/n) using
again the boundedness of €(x)p (z) we have that

no(vi)
—p( MI) 1<p<\/75>1+0< : ; )

o/ | e (v o ve ()

and the last term in the previous display converges to zero as n — +oco due to the fact that ¢
WW@)

2]

is diverging and that it is slowly varying at infinity. Hence — 1| converges to zero

o(vn)

and and so does ﬁ establishing the result. For the case where d > 1 repeat the previous

proof by replacing V; with \'V; for A an arbitrary non zero d dimensional vector. The result
would then follow from the Cramer-Wold device and the identification of the multivariate
normal distribution via the use of linear transformations. m

Proof of Corollary 2.2. Notice first that for z > —1,

B (1)1

zg—lgz)
V2041 /2 2
_ 12/ (5—1) (4+2%) " do
2+ \ 2

_ _12(1.5+0.75z)\/(12—}—z)(3+z)+6ArCSinh< z+1>’
3+ 2) 2

where the expression of the right hand-side is asymptotically equivalent to 31nz. Then the
result follows from theorem 2.1 for p (2) =3Inz. =
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Proof of Proposition 3.2. Notice first that ¢, is a Caratheodory function, i.e. continuous
w.r.t. 0 (due to the continuity of the filter /, (0)) and point-wise measurable. Then the sepa-
rability of K" and lemma 4.51 of Aliprantis and Border [2] imply that ¢, is jointly measurable.
Furthermore it is proper (i.e. it does not attain the value —oo and there exists at least one
6 € K such that ¢, (6) € R) since by ¢, being a Gaussian quasi likelihood function it P a.s.
does not attain the values +o00 P a.s. This implies that it is a proper normal integrand in the
sense of definition 3.5 (Ch. 5) of Molchanov [24] due to Proposition 3.6 (Ch. 5) in the same
reference. The result now follows by the Theorem of Measurable Projections in van der Vaart
and Wellner [32], example 1.7.5 p. 47, Proposition 3.10.i (Ch. 5-by setting a = infx ¢, +¢,,)
and the fundamental selection theorem (Theorem 2.13-Ch. 1) of Molchanov [24] (see also
the proof of Theorem 3.24.(i)-Ch. 5 in the same reference). ®

Proof of Theorem 3.3. Due to assumptions A.1, A.2 and A.2.C.2, 3.1 and lemma
Proposition 5.2.12 of Straumann [28] imply that for any § € © there exists an ¢ > 0 such
that

sup ¢, —é,| — 0P as.
ONB(0,e)

due to Part 1.(i) of the proof of Theorem 5.3.1 of Straumann [28]. This locally uniform
asymptotic approximation implies the analogous asymptotic approximation w.r.t. the topology
of epi-convergence by the sequential characterization of the latter (see Definitions 2.1 and 2.2
of Lachout et al. [22]). This in turns implies that if (c,),,c epi-converges to a limit function,

2202 (00)
ho(0)

then so does (¢,), .y to the same limit. To this end, let p, = infpcx (ln ho (0) +
and notice that

E

(i 1)

= _Ep(JlPoSO + Ep0100>0
g (0o)

__EggélnhO(H)ngg%—Elnaghh>0+ﬁEz;aZ51%>o

IN

< C+Enojl, o

for some C' > 0 that exists due to assumption A.4.3-4. Similarly since o2 is bounded away
from zero and due to A.4.3, Elnojl, ~o < +0o. Then due to Part 1.(iii) of the proof of

Theorem 5.3.1 of Straumann [28] implies that 6y = arg ming E (111 ho (0) + #&) Hence

taking also into account A.4 A.4.1 we have that lemma 5.1 is applicable. =

Proof of Lemma 3.4. 1. The implications in (5) follow in an essentially similar manner
to the proofs of Propositions 5.5.1 and 5.5.2 of Straumann [28] (with the analogous use
of the conventions formulated there in order to describe the SRE's that are constructed
by differentiations). The differences to those proofs are the following. First Theorem 3 of
Wintenberger and Cai [33] is used in place of Proposition 5.2.12 of Straumann [28]. Second,
(3), (4) are generalizations of the Holder type continuity conditions imposed in the relevant
results by Straumann. The continuous differentiability around zero also imply the implications
of the conditions of Straumann by an application of the mean value theorem around zero.
Third, the identification of the solutions of the SRE’s obtained by differentiation with h} and
h} respectively is obtained by a lemma that prescribes that under uniform convergence and
the existence of a uniform limit of the first derivatives the limit function is differentiable and
the limit of the derivatives is the derivative of the limit. Via the results of Appendix A of
Andrews [3], this can be also seen to hold for (//r) derivatives. Given those results the first
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implication in (6) is obtained by an application of the mean value theorem to the function
f(a,b)=¢ (1 — %) , a € R, b> 0, that in turn implies

for some ¢ > 0. The previous along with EIn™ y? < +o0o, Proposition 2.5.1 of Straumann
[28] and

he — hy -

0~ 60 < e 142) [sw

sup + sup ‘
K K

nsup 2, (6) = <, (B)] < D sup [#/(9)  £16) | < +oc
t=1

imply the first result. For the second we have that the triangle inequality and the mean value
theorem for the functions f (a,b) = ¢ ( - ﬁ) and g (a,b) = <% - 1> L imply

b b a

he— B g

|

for some ¢;1,co > 0 which exist due to compactness of K* and the uniform boundedness
of the volatility filters away from zero. Analogously to the previous and due to the fact

sup ||¢7(0) — ZQ’(H)H < (1+y7) {sup + sup )
K K K

~ ~ ~N\T
he — I B (R) = n )"

+ea (1+97) {sup + sup
K K

< 00
K*

AORIAC]

nsup () — & (@)] <Y sup
K —1 K

we obtain the needed result. 2. It is obtained by the first implication in (6), the convergence in
distribution of r,c;, (fo), the assumption that “ — 0 and the triangle inequality. 3. Follows
directly form the triangle inequality and the ergodic ULLN. =

Proof of Theorem 3.5. The theorem 3.3 and lemma 3.4 imply that the result would
hold via theorem 5.2 if the following hold. First r,c/, (6) = ﬁ S (22 — 1) hilho)
nplv/n

o7
converges in distribution for r, = /ﬁ. Conditions A.7.1-2 and theorem 2.1 imply that

this holds with limit zg, ~ N (0, Jg,) since it is easy to see that p (z) «~ [* (28 — 1)*dF,,.
Second A.7.2 implies the validity of the result in the third part of 3.4. Finally, the last condition
of the second part of assumption A.8 follows from condition A.7.3 along with lemma 5.6.3 of
Straumann [28] while the third part of assumption A.8 is essentially A.7.4. m

Proof of Corollary 3.6. Combine theorem 3.5 with the proof of corollary 2.2 and the
continuous mapping theorem. m

Proof of Theorem 3.7. The result follows in the same lines with the proof of theorem 2.1
with the following modifications. First due to third condition of the theorem and Egoroff's
Theorem we have that for some ¢ > 0, there exists a IN. that is P a.s. independent of w
for which |V,,| € (/v —e,y/v+¢) P as. for any n > N.. Hence we have that for any
i > max (vv+e¢e,N.), |Vi] < Ki/np*(n) P as. Hence we can without loss of generality
assume that the condition appearing in theorem 2.1 P(C} ) — 0 holds, due to the P
a.s. asymptotic negligibility of the terms ‘%' in the series under examination for all i <
max (/v + &, N;). Then due to condition 3 and the Cezaro sum theorem we have that
%Z?:l V2 — v P as. Finally, using the argument above for the P a.s. confinement of
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the (|Vj]),cn Sequence in a compact interval for large enough i, we have that as n — oo,
o) ] _ [e(H) o(vasrm)
(0% (n)? o(Viigr(m) (o7 (n)?
Theorem (see Theorem 1.2.1 of Bingham et al. [6]) and the definition of ©*. Using again the

confinement argument along with the previous and the asymptotic negligibility of the terms
v [ (i) o (i)

N ) . Grmp L 7 O0Fas =
Proof of Proposition 3.8. The result follows exactly as in the proof of Theorem 1 of
Jensen and Rahbek [18] except for the replacement of their Lemma 3 by a use of Theorem
3.7. To this end consider equation (4) in Jensen and Rahbek [18] and evaluate the score at 6.

Due to Lemma 2 of Jensen and Rahbek [18], Theorem 3.7 is applicable with &, = (22 — 1),

2 2
_1_ Y% _ 1 e ; 1 n 2 _ Y1 1
‘/t = QW and v = @ This |mp||eS that ne* (1) E =1 (Zt 1) m ~s N 0, @

and the rest follow via the use of Lemmata 4 and 5 of Jensen and Rahbek [18]. m

— 1] — 0 P a.s. due to the Uniform Convergence

- e LN 12
1| we obtain that the series ~> " |V,

Helpful: Strong Consistency, Rate of Convergence and Asymptotic
Distribution

Suppose that © is a compact subset of R? equipped with the relevant Euclidean topology.
Let ¢, : 2 X © — R be jointly measurable, 0,, be defined as a P a.s. approximate minimizer
of ¢, with optimization error ¢, a P a.s. non negative random variable. The following
result provides with sufficient conditions that characterize the rate of convergence and the
asymptotic distribution of #,, given consistency. Let 6§, € ©. For reasons of notational
economy we suppress the dependence on w. The following lemma provides with sufficient
conditions for strong consistency when ¢,, has the form of an ergodic mean, allowing for cases
where the analogous expectation does not exist.

Lemma 5.1 Suppose that c, (0) = £>°"  m; (0), (m;(0)),c, is ergodic for any 0, c, is
Jointly continuous P a.s., there exists a finite open cover of ©, such that E |infsc 4 mo (6)] <
+o0, for any A in the cover, Emy (6) assumes values in R for any 0 in a countable dense
subset of ©. Suppose furthermore that 0y = arg ming Emyg (0) and thate,, — 0, P a.s. Then

0, — 6y P a.s.

Proof. The first part of the assumption framework of the lemma implies condition Cy and
thereby Theorem 2.3 of Choirat , Hess, and Seri, [8], which implies the joint P a.s. epi-
convergence of ¢, to Emg. Let epi denote the epigraph of a given function (see e.g.
Paragraph 3.1-Ch.5 of Molchanov [24]). Then the assumed properties of ¢, Proposition
3.6 and Definition 3.5 (Ch. 5) of Molchanov [24] imply that epi, = epi(c,) is a jointly
measurable closed valued correspondence. Conditions 1. and 2. are essentially the sequen-
tial characterization of P a.s. epi-convergence of ¢, to Emy (see Definitions 2.1 and 2.2
of Lachout et al. [22]). It follows that Emg is an Isc function (see proposition 7.4.a of
Rockafellar and Wets [27]). Hence epi (Emy) is a closed valued correspondence. Due to
Molchanov [24], paragraph 1.1, and Klein and Thompson [20], Definition 4.5.1 this P a.s.
epi-convergence is equivalent to the following (i)-(ii) conditions. (i) for large enough n, and
for all w in a measurable subset of €2 of unit P—probability, epi,, N © x (Emq (6y) , +00) # @
since © x (Emyg (6p) , +00) is open in the relevant product topology and epi (Emg) N © x
(Emg (0g) , +00) # @. Hence infg ¢, (#) > Emq (0y) for all w described previously which
implies that liminf, infg ¢, > Emg (0g) P a.s. Furthermore (ii) for any ¢ > 0, we have
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that for large n, and for all w in a (possibly different than the previous) measurable sub-
set of ) of unit P—probability, epi, N O x [Emg (6y) — ,EBmg (6p) —2¢] = @ P as.
since © x [Emqg (6y) — €, Emg (6y) — 2¢] is compact in the relevant product topology and
epi (Emg)NO x [Emg (0y) — ¢, Emy (0g) — 2¢] = @. This implies that lim sup,, infg ¢, () <
Emyg (fp) P a.s. Now let x,, be a measurable selection from the random compact set

{96@:cn(9) §iréfcn+€n}

such that for some subsequence (z,,), =,, — = P a.s. Its existence is guaranteed by the
fundamental selection theorem (Theorem 2.13-Ch. 1 of Molchanov [24]). Then

Emg (x) < liminfe,, (x,,) P as.
ng

< limsupe,, (z,,) P as.
ng

= limsup (iI@lf Cry snk> P as.

ng

IN

Emo (00) P as.

establishing that any [P a.s. cluster point of such a measurable selection coincides with 6.
The result now follows from the fact that © is compact. =

For r,, — 400, we denote with H,, the r, (© — 0y) = {r, (z — 6y) ,x € ©} and notice
that H,, is compact and contains 0. Furthermore we denote with H = lim sup,, ., H,, in the
sense of the obvious generalization of definition D.3.

Consider the following assumption that provides more structure for the asymptotic prop-
erties of ¢,,.

Assumption A.8 Assume that the following hold:

1. For any sequence (0,,) with values in © such that ¥, % 6, ¢, (Un) — cn (60) =
(U — 00) Gn + (0, — 00) gn (9, — 0o), with P probability that converges to 1. g, is a
random q X q matrix that can be defined in any point of the aforementioned line P a.s.
Gn is @ random q x 1 matrix.

2. For some positive real sequence r,, — +00, Tnqyn ~+ 2o, Which is a random vector whose
distribution can depend on 6y and g, - J 9, @ non singular matrix independent of w
that may depend on 6.

3. 'H is convex.
The next theorem is the final result of this section.
Theorem 5.2 Assume that 0, - 0o. If A.8.1,2 hold and e,, = O,, (r,,?) then
7o (O — b0) = Op (1) . (7)
If moreover A.8.3 holds and ¢,, = o, (r,,?) then
T (6 — 00) ~ hg, (8)

with fzgo defined uniquely by q <iL90> = }11617fiq (h) and q (h) := (h — Jgi)lzeo),Jeo (h — Jgolzgo)_
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Proof. Notice that due to the definition of 6,, we have
¢ (0,) — ¢ (60) < O, (1,7).
From 6, 7 6y and employing assumption A.8.1,2
ViTnn + Vngn (0,) v < O (1)
where v, = 1, (6, — 0p) and b}, as in A.8.1. Hence due to consistency
VyTnGn + Vi (o, + 0, (1)) v, < O, (1) .
Assumption A.8.2 then implies that there exists some positive ¢ > 0 such that
[vall Op (1) + ¢ [lwall® + [lval* 0 (1) < O (1)
which implies that
lwall* (1 + 0, (1) + 2|vall Op (1) (1 + 0, (1)) + O, (1) < O, (1)

Hence
[vnll (140, (1)) < O, (1)

establishing (7). Now given the definition of H consider the following. From consistency and
assumption A.8 we can define w,, : R? — R as

@, (h) r? (cn (90 + %) — Cn (90)>

= Wrpg,+h'g, (b5)h

From the first part of the present proof we have that for U an arbitrary compact subset of R?
1
@n(h) ~ Bz, + éh/.]goh in C (U,R).
Hence for any A compact subset of R,

1
. . / /
}111612 @, (h) }1LI€1£ (h 2g0 + 2h J90h> : (9)
Due to (7) h, = 1, (8, —b(0,)) € H, N B(0,r,e) = M, with P-probability tending to 1
for some € > 0. If F'is a closed non empty subset of RY, and h,, € F', then for large enough
n, either M,, C F', or M, gZ F but M,, N F # &. In either case due to the definitions of 6,
f3,, @n and the fact that €, = o, (1,,?)

n

inf w, (h) < inf @, (h)+ o, (1)

heM,NF heM,

and therefore due to Slutsky's lemma

P(h, € F) <P ( inf  w, (h) < inf w,(h)+o, (1))

heM,NF ~ heM,

< IP’( inf =, (h) < inf @, (h)> +o(1)

heMp,NF
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Now notice that M, = M, N R? and R? is open, limsup,_ .M, = H, since
limsup,, .. H, = H and r, — oo. Furthermore equation (9) and the continuous map-
ping theorem imply that Lemma 7.13.2-3 of van der Vaart [31] is applicable, so that the last
probability is less than or equal to

. - <pf -,
P (daf, = ) < uf 0 00 50 (1)) <P (it 0 ) < ot 0)) 011

due to Slutsky's Lemma. Now from equation (9), the continuous mapping theorem and
Portmanteau Lemma we have that the lim sup of the probability in the right hand side of the
last display is less than or equal to

1 1
. / N < . / N
P (hel%gph 2, + 2hJ90h < é&f{tho + 2h Jgoh)

which equals
inf 7’ W Toh 22 30z < inf W Lph+ Lo 30
P g SN + 3 Jo, b 5290.]90 200 < Jnf hizg, + 3 Jo,h £ 57;90.]90 20,

=P ( inf (h—Jy"20,) Jgo (h — Ty 20,) < inf (h— Joi260) Joo (h— Jgolzgo))

heHNF

Since H* is closed and convex and Jy, is positive definite ﬁgo is unique, and thereby when

inf (h— Jgolzgo)/Jgo (h— 5 29,) < }?equ1 (h— Jgolzeo)/Jeo (h— ;. 20,)

heHNF

holds then R
h90 eHNF

and therefore the last probability is less than or equal to
P(ﬁgo eHmF) gp(i}go e F)
hence we have proven that

lim sup P (h,, € F) SIP’(?L(;O EF)

n—oo

and (8) follows from the Portmanteau theorem due to the fact that £ is chosen arbitrarily. m
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Appendix 2: Figures

Figure 1: First Experiment - Empirical CDF for the QMLE of B
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