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Περίληψη

O skopìc thc paroÔsac diplwmatik c ergas—ac e—nai, h melŁth algor—jmwn me—wshc diast�sewn

uyhloÔ ìgkou dedomŁnwn(polumetablht‚n dedomŁnwn) kai h efarmog  touc se prosomoiwmŁna de-

domŁna. Oi algìrijmoi ekm�jhshc pollaplot twn (manifold learning), pou diŁpoun ta dedomŁna pou

melet�me, apasqoloÔn thn teleuta—a dekaet—a se polÔ meg�lo bajmì thn majhmatik  kai eurÔtera

thn episthmonik  koinìthta. H suneisfor� touc br—skei meg�lo ant—ktupo se tome—c, ìpwc autoÔc

thc biolog—ac, twn qrhmatooikonomik‚n kai genikìtera sthn an�lush meg�lou ìgkou dedomŁnwn.

Sta pr‚ta kef�laia thc parousac diplwmatikhc g—netai h eisagwg  sthn Łnnoia thc pollaplìth-

tac(manifold) me thn par�jesh kai melŁth qarakthristik‚n paradeigm�twn, ìpwc e—nai o kÔkloc   h

sfa—ra. Eis�goume thn Łnnoia twn le—wn kai diafor—sim‚n dom‚n, or—zoume to efaptìmeno di�nusma

wc parag‚gish sto q‚ro twn le—wn sunart sewn se Łna anoiktì uposÔnolo tou Rn, kaj‚c kai ton

efaptìmeno q‚ro. Or—zoume thn gewmetr—a tou Riemann, eis�goume thn metrik  tou kai or—zoume

thn Łnnoia thn bajm—dac(gradient). AnaptÔsoume thn Łnnoia tou affine connection , ‚ste na e—maste

se jŁsh na mil soume gia to Levi-Civita connection. Me thn bo jeia tou Levi-Civita connection,
or—zoume thn apìklish (divergence) kai Łtsi e—maste se jŁsh, na apotup‚soume ton telest  Laplace-
Beltrami. Suneq—zontac diatup‚noume thn Fasmatik  jewr—a thc Laplasian c, mil‚ntac gia touc

q‚rouc Sobolev, to fasmatikì je‚rhma, to Heat equation kai tŁloc gia tic analog—ec pou Łqei h

Laplasian  enìc graf matoc(graph) me ton telest  Laplace-Beltrami. Katìpin epikentrwnìmaste

sto majhmatikì upìbajro kai eis�goume tic grammikŁc mejìdouc me—wshc diast�sewn(PCA, Kernel
PCA kai MDS), kaj‚c kai tic mh grammikŁc(ISOMAP, LLE, Laplacian Eigenmaps kai Diffusion
maps). TŁloc qrhsimopoi‚ntac touc algìrijmouc pou Łqoume or—sei, g—nontai k�poia parade—gmata

me—wshc diast�sewn p�nw se dedomŁna pou h gewmetrik  dom  touc parousi�zetai mŁsw k�poiwn mh

grammik‚n pollaplot twn(non-linear manifolds), ìpwc e—nai to Swiss roll, to Swiss roll me trÔpa,

thn Sfa—ra kai thn Sfa—ra me trÔpa.



Abstract

The goal of this thesis is to represent the different methods of dimensionality reduction(linear and
non-linear) applied on simulated data sets. These algorithms are considered to be a hot topic in the
world of mathematics and computer science, as they play a crucial role in many scientific areas such
as biology, finance and data science. In the first sections of this thesis we introduce the idea of a
manifold whilst doing some distinct examples like the circle or the sphere. In addition we introduce
the idea of Smooth and differentiable structures, we define the tangent vector as the derivative
of the space of smooth functions on an open subset of Rn and having done that we define the
tangent space. Also we try to describe the basics of the Riemannian geometry and the Riemannian
metric which is a family of smoothly varying inner products on the tangent spaces of a smooth
manifold. Then we define the Gradient and the Divergence(through the Levi-Civita connection) so
we can define the Laplace-Beltrami operator. Moving on we introduce the Spectral Theory of the
Laplacian starting with some preliminaries (Sobolev spaces),we define the Spectral Theorem, the
Heat equation and we provide a justification for why the eigenfunctions of the Laplace Beltrami
operator have properties desirable for embedding. Moving on, giving emphasis on the mathematical
background we introduce the linear dimensionality reduction algorithm (PCA, Kernel PCA and
MDS) and the non-linear ones (ISOMAP, LLE, Laplacian Eigenmaps and Diffusion maps). Using
these algorithms that we defined, we then do some examples of dimensionality reduction on non-
linear manifold like the Swiss Roll, the Swiss Roll with a hole, the Sphere and the Sphere with a
hole. Finally, we compare each algorithm to see which is the best in each situation.
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1 Manifold

Gia na mporèsoume na orÐsoume toManifold arqikˆ ja qreiasteÐ na èqoume orÐsei to ti eÐnai ènac
topikìc EukleÐdeioc q¸roc.

Orismìc 1.1. 'Enac d-diˆstatoc topikìc EukleÐdeioc q¸roc eÐnai ènac topologikìc q¸roc X
tètoioc ¸ste, 8x 2 X 9 u � X mÐa anoiqtoÐ geitoniˆ toux ìpou eÐnaihomeomorphicse èna anoiqtì
sÔnolo û � Rd.

Epomènwc t¸ra mporeÐ na oristeÐ h ènnoia thc pollaplìthtac (Manifold).

Orismìc 1.2. 'Enacd-diˆstato Manifold eÐnai topologikìc q¸roc M tètoioc ¸ste

1. M eÐnaid-diˆstatoc topikìc EukleÐdeioc q¸roc

2. M eÐnaiHausdor� (8x; y 2 M; 9 u; v � M ètsi ¸ste x 2 u; y 2 v; u \ v = ; )

3. M èqei arijm simh bˆsh

'Estw ìti gia kˆje shmeÐo p tou M èqoume

1. èna anoiqtì sÔnolo U � M pou perièqei top,

2. èna anoiqtì sÔnolo ~U � Rd

3. kai ton omoiomorfismì ' : U ! ~U.

To zeugˆri (U; ' ) lègetai chart. To sÔnolo U sto chart lègetai chart domain kai h a-
peikìnish ' onomˆzetai chart map. Epomènwc tacomponent functions tou ' pou orÐzentai wc
' (p) =

�
x1(p); x2(p); :::; xn (p)

�
onomˆzontai local coordinates(topikèc suntetagmènec) stoU. To

sumpèrasma to opoÐo bgˆzoume eÐnai ìti me tic topikèc suntetagmènec orÐzoume suntetagmènec sto
manifold. Sugkekrimèna, èqontac ènachart (U; ' ) sto M kai chart map ' : U ! ~U mporoÔme
na doÔme ìti toU ja eÐnai anoiqtì uposÔnolo tou M kai (ìso douleÔoume me tochart ) anoiqtì
uposÔnolo tou Rd. Dhlad  mporoÔme na skeftoÔme ìti me thn bo jeia tou' mporoÔme na apei-
konÐsoume thn eikìna touU � M sto ~U � Rd. Autì to epidi¸koume diìti mporoÔme na kˆnoume
logismì sto Rd(Sq ma 1).

Sq ma 1: http://kahrstrom.com/mathematics/illustrations.php

Parˆdeigma 1. 'Enac kÔkloc mporeÐ na grafteÐ wc

S1 = f (cos�; sin � ) : � 2 [0; 2� )g:

O kÔkloc eÐnai ènamanifold me 1 diˆstash. 'Estw

U1 = f (cos�; sin � ) : � 2 (0; 2� )g;
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' 1 : U1 ! (0; 2� ) kai  1 = ' � 1
1 orÐzetai wc

 1(� ) = (cos �; sin � ) :

AfoÔ to U1 den kalÔptei ìlo ton kÔklo, ja qreiastoÔme èna akìmachart. Gia parˆdeigma, mporoÔme
na pˆroumeU2 = f (cos�; sin � ) : � 2 (� �= 2; �= 2)g kai ' 2 : U2 ! (� �= 2; �= 2) kai to  2 = ' � 1

2 .

Sq ma 2

Parˆdeigma 2. SfaÐra n diˆstashc

Xèroume ìti:
Sn = f x 2 Rn +1 j j xj = 1g

QwrÐzoume thn sfaÐra se dÔo hmisfaÐria pou ja ta onomˆsoumeu+
i kai u�

i . Sugkekrimèna ja èqoume

u+
i = f x 2 Sn j x i > 0g

u�
i = f x 2 Sn j x i < 0g

ìpou eÐnai anoiqtˆ.

Sq ma 3

'Ara ja èqoume touc ex c omoiomorfismoÔc

' +
i : u+

i ! Rn ; ' +
i (x) = hx1; :::; x i � 1; x i +1 ; :::; xn i

kai
' �

i : u�
i ! Rn ; ' �

i (x) = hx1; :::; x i � 1; x i +1 ; :::; xn i :

Ta ' +
i ; ' �

i eÐnai omoiomorfismoÐ diìti to' i eÐnai grammikì kai wc ek toÔtou eÐnai omoiomorfismìc.
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Prìtash 1. An M; N eÐnaimanifolds, to kartesianì ginìmeno (M � N ) eÐnaimanifold me diastˆsh=diˆstash (M )
+ diˆstash (N ).

Apìdeixh
Apì ton orismì 1.2 xèroume ìti gia na eÐnai ènac topologikìc q¸roc manifold qreiˆzetai na

isqÔoun ta 1,2 kai 3. Epomènwc
1. 'Estw hx; yi 2 M � N , ìpou x 2 hu; ' i , y 2 hv;  i diìti to M kai to N eÐnaimanifolds. 'Ara

èqoume ìti hx; yi 2 h u � v; ' �  i ìpou ' �  : u � v ! Rn + m kai hx; yi 7! h ' (x);  (y)i . EÐnai
eÔkolo na doÔme ìti eÐnai omoiomorfismìc kai tou � v eÐnai anoiqtì sÔnolo.

2. EÐnaiHausdor� diìti apìteleÐtai apì ginìmena Hausdor� q¸rwn.
3. 'Eqei arijm simh bˆsh giatÐ to ginìmeno 2 arijm simwn bˆsewn eÐnai mÐa arijm simh bˆsh.

'Ara ta peperasmèna kartesianˆ ginìmena apìmanifolds eÐnaimanifold(M 1 � M 2 � M 3 � ::: � M n ).

�

1.1 Topologikèc idiìthtec twn Manifold

Orismìc 1.3. Lème ìti U � X eÐnai pro-sumpag c an to�U(h kleistìthta tou U) eÐnai sumpagèc.

AfoÔ orÐsame thn pro-sumpˆgeia katal goume sto ex c je¸rhma:

Je¸rhma 1.4. Kˆje Manifold M èqei bˆsh pou apoteleÐtai apì pro-sumpag  anoiqtˆ sÔnola(p.q
sq ma 4).

Sq ma 4

Sto sq ma 4 blèpoume ìti oi anoiqtèc mpˆlec kalÔptoun to Manifold kai ìti h kleistìthta touc ja
eÐnai sumpag . H ènwsh aut¸n ton anoiqt¸n sunìlwn ja eÐnai mÐa bˆsh stomanifold mac.

Prìtash 2.

1. To M eÐnailocally path connected 1

2. To M eÐnaiconnectedan kai mìno an eÐnaipath connected

3. Ta connected components= path connected components

4. 'Eqei pollˆ metr sima open connected components

5. EÐnai topikˆ sumpagèc2

T¸ra ja orÐsoume ti shmaÐnei topikˆ peperasmèno.

Orismìc 1.5. 'Estw X mÐa sullog  apì uposÔnola tou M . To X eÐnai topikˆ peperasmèno an
8x 2 M; 9u � x anoiqtì ètsi ¸ste u na tèmnei mìno peperasmèna stoiqeÐa touX .

1 locally path connected : Gia kˆje shmeÐox, mporei na brejeÐ èna diˆsthma gÔrw tou ètsi ¸ste, kˆje ˆllo shmeÐo
se autì mporeÐ na sundejeÐ apì èna suneqèc monopˆti.

2Topikˆ sumpagèc: GÔrw apì kˆje shmeÐo x mporoÔme na dialèxoume èna anoiqtì diˆsthma ètsi ¸ste èna sumpagèc
sÔnolo to perièqei.
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Orismìc 1.6. Dojèntoc X mia sullog , lemè ìti Y eÐnai eklèptunsh (re�nement ) an gia kˆje
x 2 X , 9y 2 Y ètsi ¸ste y � x.

Je¸rhma 1.7. Kˆje manifold èqei mÐa anoiqt  kˆluyh ìpou èqeire�nement pou eÐnai apì pro-
sumpag c mpˆlec kai eÐnai topikˆ peperasmènec (para-compact ).

1.2 Manifolds me sÔnora

Ac xekin soume me parˆdeigma ton kÔklo. Xèroume ìti o kÔkloc eÐnai mÐa pollaplìthta diˆstashc
1. An pˆroume thn ènwsh tou anoiqtoÔ dÐskou me autì tìte ja èqw to�B 2(sq ma 5).

Sq ma 5

'Ara to �B 2 eÐnai mia kleist  mpˆla. To prìblhma pou prokÔptei eÐnai ìti gia ta shmeÐa pou brÐskontai
sta ìria den mporoÔme na pˆroume anoiqtˆ sÔnola(den ja eÐnai anoiqtì ˆma to apeikonÐsoume stouc
pragmatikoÔc arijmoÔc. Dhlad  den mporeÐ omoiomorfikˆ na gÐnei h apeikìnish se èna anoiqtì sÔnolo
stouc pragmatikoÔc arijmoÔc).

Orismìc 1.8. 'Ena manifold me sÔnoro ja eÐnai ènac q¸rocM tètoioc ¸ste

1. 8x 2 M; 9 anoiqtì u � M ìpou u � x kai ènac omoiomorfismìc' : u ! û � H n (ìpou ( H n )3

eÐnai tohalf plane )

2. 'Opwc kai ston Orismì 1.2

3. 'Opwc kai ston Orismì 1.2

To chart (u; ' ) lègetai interior chart an' (u)\f xj x1 = 0g = ; kai boundary chart an' (u)\f xj x1 =
0g 6= ; . Lème ìti x eÐnaiinterior an eÐnai sto qwrÐo(domain) tou interior chart . Lème ìti x eÐnai
sÔnoro(boundary) an eÐnai stoboundary chart .
M � = f i-interior points g
@M= f sÔnolo apì boundary pointsg .

Orismìc 1.9. To manifold M (apì ton orÐsmì 1.8) èqei tic ex c idiìthtec

1. To M èqei bˆsh apì pro-sumpag c mpˆlec

2. To M eÐnai topikˆ sumpagèc

3. To M eÐnailocally path connected

4. To M eqei metr simaconnected componentsìpou eÐnaipath connected components.

3H n = f xj x 2 Rn kaix1 � 0g

4



Sq ma 6

1.3 LeÐec kai diaforÐsimec domèc

Orismìc 1.10. Mia sunˆrthsh f : u � Rn ! v � Rm eÐnaiCk an @i
k [f j ] eÐnai suneq c(@i

k =
@k

(@xi ) k ).

An autì isqÔei gia k � 0 tote h sunˆrthsh f eÐnai leÐa(C1 ). T¸ra an h f eÐnai amfimonos manth
kai h f � 1 eÐnai leÐa tìte lègetai amfidiafìrish ( di�eomorphism ).

'Estw U � M kai V � M (to U kai to V den eÐnai to Ðdio sÔnolo),' : U � M ! Û � Rn kai
 : V � M ! V̂ � Rn . To transition map eÐnai h apeikìnish pou orÐzetai wc � ' � 1 :(sq ma 7).

Sq ma 7: Apeikìnish metˆbashc

AfoÔ ta ' kai  eÐnai omoiomorfismoÐ, tìte totransition map eÐnai omoiomorfismìc.

Orismìc 1.11. H sullog  apì charts ìpou ta qwrÐa(domains) touc kalÔptoun to manifold
ìrizetai wc A(atlas). An (M; A) èqoun opoiad pote dÔochart (U; ' ) ; (V;  ) 2 A ìpou ' �  � 1 kai
 � 1 � ' eÐnaiCk , tìte A eÐnaiCk .
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2 Efaptomèna dianÔsmata kai Efaptìmenoi q¸roi

'Estw mÐa sfaÐraM me exÐswshx2 + y2 + ( z � 1)2 = 1 . To shmeÐop = (0 ; 0; 0) an kei sto M kai
8a; b 2 R ìpou den eÐnai kai ta dÔo mhdèn, h eujeÐaf (au; bu; o) : �1 < u < 1g efˆptetai sto M
sto shmeÐop. To diˆnusma(a; b;0) eÐnai efaptìmeno diˆnusma touM sto p. Genikìtera mporoÔme na
skeftoÔme na efaptìmena dianÔsmata sandirectional derivatives. Sto parˆdeigma to kˆtw kommˆti
thc sfaÐrac mporeÐ na oristeÐ san mÐa geitoniˆUp sto p ìpou mporeÐ na parametropoihjeÐ apì
thc suntetagmènec(x; y). MÐaC1 pragmatik  sunˆrthsh f sto Up ja eÐnai hf (x; y). 'Estw

 (u) = ( a(u); b(u)) mÐa kampÔlh stoM mejuj < u 0 meu0 arketˆ mikrì ètsi ¸ste to 
 (u) na
brÐsketai ex olokl rou sto Up . H sÔnjesh tou 
 kai thc f eÐnai mÐa pragmatik  sunˆrthsh sto
(� u0; u0).
H parˆgwgoc sto u = 0 eÐnai

d
du

f (
 (u))

�
�
�
�
u=0

=
d

du
f (a(u); b(u))

�
�
�
�
u=0

=
�

a
@

@x
+ b

@
@y

�
f (x; y)

�
�
�
�
x = y=0

'Ara to

t =
�

a
@

@x
+ b

@
@y

� �
�
�
�
x = y=0

eÐnai to efaptìmeno diˆnusma touM sto p.
Genikˆ gia ènamanifold xèkinˆme orÐzontac kˆpoio shmeÐo pou an kei se autì(ac to poÔme pˆlip).

Mèta ftiˆqnoume to sÔnolo ìlwn twn leÐwn kampul¸n( ' (� )) pou efˆptoun to shmeÐop. Epomènwc
ja èqoume ìti to ' : R ! M ìpou ja apeikonÐzei to� 7! ' (� ). Autì pou jèloume eÐnai na broÔme
thn eikìna aut c thc kampÔlhc se kˆpoio sugkekrimènochart. Ja qreiastoÔme kˆpoio chart h to
ìpoio mac apeikonÐzei tomanifold se èna uposÔnolo ton pragmatik¸n arijm¸n. Me thn bo jeia tou
h d¸same suntetagmènec sto Ðdio tomanifold. 'Ara gia na ftiˆxoume to efaptìmeno diˆnusma ja
eÐnai pio eÔkolo gia emˆc na qrhsimopoi soume tochart (sq ma 8).

Sq ma 8

Gia na gurÐsoume stomanifold ja pˆroume to h� 1. Xèroume ìti o dianusmatikìc q¸roc eÐnai mÐa
grammik  apeikìnish. Epomènwc ja qreiastoÔme mÐa aujaÐreth sunˆrthshf 2 C1 (M ) kai f : M !
R. 'Opwc eÐdame kai sto parˆdeigma parapˆnw autì pou jèlw na kˆnw eÐnai kˆnw periorÐsw thn
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sunˆrthsh f pˆnw sthn kampÔlh(f (' (� )) ). To efaptìmeno diˆnusma eÐnai

V' (f ) =
@

@�

�
�
�
�
� =0

f (' (� )) :

ParathroÔme ìti to Ðdio kˆname kai sto parˆdeigma me thn sfaÐra.
Epomènwc t¸ra mporoÔme na d¸soume èna pio epÐshmo orismì gia to efaptìmeno diˆnusma.

'Estw M eÐnai ènaC1 manifold. Dojèntoc kˆpoiou p 2 M kai Fp(M ) eÐnai h oikogèneia sunart sewn
tou M pou eÐnaiC1 sto p.

Orismìc 2.1. Dojèntoc kˆpoiou Ck � manifold M , diˆstashc n kai k � 1 èqoume ìti gia kˆje
p 2 M , to efaptìmeno diˆnusma tou M sto p eÐnai oiC1� kampÔlec pou pernoÔn apì to shmeÐop
sto M .

'Ara o efaptìmenoc q¸roc sto p, TpM , eÐnai o dianusmatikìc q¸roc ìlwn twn efaptìmenwn dianu-
smˆtwn sto p. 'Eqontac dialèxei ènachart sto p me topikèc suntetagmènecx1; :::; xd h bˆsh tou
TpM eÐnai �

@
@x1

; :::;
@

@xd

� �
�
�
�
x (p)

'Etsi dim TpM = d.

3 Tanustèc

Orismìc 3.1. 'Estw V ènacn-diastatoc dianusmatikìc q¸roc. O tanust c k tˆxhc ( k-tanust c)
eÐnai mÐa polugrammik  pragmatik  sunˆrthsh ìrizetai sto ginìmenoV � ::: � V k forèc to V . To
sÔnolo ìlwn twn k-tanust¸n eÐnai dianusmatikìc q¸roc kai orÐzetai wcT k (V � )4.

Parˆdeigma 3. 1. O q¸roc enìc 1-tanust  T k (V � ) = V �

2. To eswterikì ginìmeno tou Rn eÐnai ènac2-tanust c.

3. H orÐzousa eÐnai ènac tanust c touRn .

Dojèntoc enìc tanust  T kai ènan tanust  S orÐzoume to tanustikì ginìmeno wc to(k + m) �
tanust  T 
 S pou eÐnai

T 
 S (u1; :::; uk ; uk+1 ; :::; uk+ m ) := T (u1; :::; uk ) � S(uk+1 ; :::; uk+ m ):

'Ama pˆroumek-tanust  sto V � antÐ gia toV , ja èqoume ton q¸ro T k (V )5. AutoÐ oi tanustèc
lègontai antalloÐwtoi( contravariant ) tanustèc sto V , en¸ oi tanustèc tou T k (V � ) onomˆzontai
sunalloÐwtoi(covariant) tanustèc sto V 6.

Orismìc 3.2. MiktoÐ (k,m)- tanustèc sto V , eÐnai mÐa polugrammik  sunˆrthsh pou orÐzetai sto
V � ::: � V � V � ::: � V � èqontac k forèc to V kai m forèc to V � .

'Ara o (k,m)- tanust c eÐnaik forèc sunalloÐwtoc kai m forèc antalloÐwtoc sto V . O q¸roc ìlwn
twn (k,m)- tanust¸n sto V dÐnetai apìT k;m (V � ; V ).

3.1 Tanustikˆ PedÐa

OrÐzoume toT �
p M wc duðkì tou efaptìmenou q¸rou TpM sto shmeÐop tou M 7.

Orismìc 3.3. 'Ena (k,m)- tanustikì pedÐo eÐnai mÐa apeikìnish pou gia kˆjep 2 M èqoume ènan
tanust  T 2 T k;m (T �

p M; TpM )

4To V � eÐnai o duðkìc q¸roc(dual space) tou V . Dhlad  eÐnai o q¸roc twn grammik¸n pragmatik¸n sunart sewn
tou V

5 (V � ) � = V
6 'Ara oi antalloÐwtoi tanustèc sto V eÐnai oi sunalloÐwtoi tanustèc sto V �

7Autì lègetai kai cotangent space tou M sto p
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4 GewmetrÐa tou Riemann

To (M; g) eÐnaiRiemannian manifold kai g eÐnai tÔpou(0,2)-tanustikì pedÐo sto M (ìpou eÐnai to
eswterikì ginìmeno se kˆje p 2 M )

gp : TpM � TpM ! R

pou eÐnai digrammikì (bilinear) kai

1. gp(v; w) = gp(w; v) 8v; w 2 TpM (summetrikì)

2. gp(x; x ) � 0 kai gp(x; x ) = 0 an kai mìno anx = 0 (jetikˆ orismèno).

H metrik  tou Riemann g tou M eÐnai mÐa leÐa oikogèneia apì eswterikˆ ginìmena pˆnw stouc
efaptìmenouc q¸rouc tou M . 'Eqontac suntetagmènecx1; x2; :::; xn gia to M sto p mporoume na
orÐsoume :

g =
nX

i;j =1

gij dxi 
 dxj

To gij eÐnai leÐec sunart seic ìpou

gij (p) = g

 
@

@xi

�
�
�
�
p

;
@

@xj

�
�
�
�
p

!

Dojèntoc kˆpoiou sÔsthma suntetagmènwn kai kˆpoiac metrik c èqoume:

G = [ gij ] kai G� 1 = [ gij ]

'Ara lème ìti gij eÐnai arijmoÐ tètoioi ¸ste
X

k

gik gkj = � ij :

Epomènwc afoÔ orÐsame mia metrik  gia ènamanifold mporoÔme na orÐsoume thn apìstash. Gia
parˆdeigma mporoÔme na broÔme to m koc miac kampÔlhc   thn gwnÐa metaxÔ dÔo mh mhdenik¸n
dianusmˆtwn.

Parˆdeigma 4. Rn :
To chart eÐnai (Rn ,� ) ìpou � (x) = x. H metrik  ja eÐnai

gRn (x) =

2

6
6
6
6
6
4

1 0 0 : : : 0
0 1 0 : : : 0
0 0 1 : : : 0
...

...
...

. . .
...

0 0 0 : : : 1

3

7
7
7
7
7
5

:

Autì shmaÐnei ìti qrhsimopoi¸ntac suntetagmènec(x1; :::; xn ), èqoume
�

@
@xi

�
�
�
�
x

;
@

@xj

�
�
�
�
x

�

gRn

= � ij

Parˆdeigma 5. KÔkloc:
QrhsimopoioÔme tochart ' pou orÐzetai apì to antÐstrofo  : (0; 2� ) ! S1 me (� ) = (cos( � ); sin(� )) .
AfoÔ ìla eÐnai miac diˆstashc mporoÔme na orÐsoume thn metrik  wc

gS1 (� ) = 1 :

Epomènwc èqoume ìti �
@

@xi

�
�
�
�
x

;
@

@xj

�
�
�
�
x

�

gRn

= 1
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Parˆdeigma 6. SfaÐra:
'Eqoume sfaÐra me sfairikèc suntetagmènec

� : (0; � ) � (0; 2� ) ! S2 � R3

ìpou
� (�;  ) = (sin( � ) cos( ); sin(� ) sin( ); cos(� )) :

H metrik  gS2 ja orÐzetai wc

gS2 (�;  ) =
�
1 0
0 sin2(� )

�
:

OrÐzoumegradf (p) : U ! X (U) wc dianusmatikì pedÐo ìpou

hgradf; u i (p) = df p(u)

Ed¸ jèloume na orÐsoume th bajmÐda (gradient) sunart sh thc metrik c.

'Estw B = f @
@xi gi =1 ;:::;n eÐnai mÐa bˆsh tou efaptìmenou q¸rouTpU se topikèc suntetagmènec

gia kˆje p 2 U. 'Etsi grˆyoume to gradf (p) wc

gradf (p) =
nX

i =1

� i (p)
@

@xi
(p);

ˆra o stìqoc mac eÐnai na broÔme to� i (p). Xèroume ìti h apeikìnish thc bajmÐdac eÐnai grammik  ex
orismoÔ. Qrhsimopoi¸ntac thn bˆsh B èqoume

hgradf;
@

@xj
i (p) =

nX

i =1

� i (p)h
@

@xi
;

@
@xj

i (p):

Katal goume ìti

hgradf;
@

@xj
i = df p

�
@

@xj

�
=

@f
@xj

(p);

mèsw tou orismoÔ thc metrik c touRiemann

nX

i =1

� i (p)h
@

@xi
;

@
@xj

i (p) =
nX

i =1

� i (p)gij (p)

'Etsi ja ftˆsoume sto apotèlesma lÔnontac to grammikì susthma

@f
@xj

(p) =
nX

i =1

ai (p)gij (p) i = 1 ; :::; n , � i (p) =
nX

j =1

gij (p)
@f
@xj

(p)

ìpou gij (p) ìrÐzoume ton antÐstrofo tou metrikoÔ tanust  pou eÐnai jetikˆ hmi-orismènoc. 'Etsi
katal goume ìti

gradf (p) =
nX

i;j =1

gij (p)
@f
@xj

(p)
@

@xi
(p):

Ston Rn èqoumer gf (x) =
P n

i;j =1
@f
@xi

(x) @
@xi

�
�
�
x
.

Parˆdeigma 7. SfaÐra:
'Eqoume sfaÐra me sfairikèc suntetagmènec

� : (0; � ) � (0; 2� ) ! S2 � R3

ìpou
� (�;  ) = (sin( � ) cos( ); sin(� ) sin( ); cos(� )) :
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H metrik  gS2 ja orÐzetai wc

gS2 (�;  ) =
�
1 0
0 sin2(� )

�
:

'Epomènwc h bajmÐda ja eÐnai

r S2 =
@
@�

� +
1

sin �
@

@ 
 

'Estw X eÐnai èna dianusmatikì pedÐo. OrÐzoume thn bajmÐda miac sunˆrthshcf me morf  pinˆkwn
wc:

r f = G� 1df

ìpou df eÐnai h bajmÐda stonRn .

Apìdeixh:
'Estw X eÐnai èna dianusmatikì pedÐo. Xekinˆme lègontac ìti

h r f; X i = df (X )

ìpou gÐnetai
(r f )> gX = df > X:

ParathroÔme ìti èqoume toX kai apì tic dÔo merièc. Epomènwc

(r f )> g = df >

ìpou dÐnei
g> r f = df

afoÔ to g eÐnai summetrikìc pÐnakac tìte ja èqoume

r f = g� 1df ìpou g� 1 = G� 1:

�

4.1 Telest c Laplace-Beltrami

'Estw X (M ) eÐnai to sÔnolo twn leÐwn dianusmatik¸n pedÐwn stoM . Tìte èna a�ne connection

eÐnai mia apeikìnishr : X (M )�X (M ) ! X (M ) pou sumbolÐzetai wc(X; Y ) r7�! r X Y kai ikanopoieÐ
ta parakˆtw

1. r fX + gZ Y = f r X Y + gr Z Y ìpou f; g eÐnai bajmwtèc sunart seic touM

2. r X (aY + bZ) = ar X Y + br X Z ìpou a; b stajerˆ

3. r X (fY ) = ( Xf )Y + f r X Y

To dianusmatikì pedÐor X Y eÐnai h sunalloÐwth parˆgwgoc (covariant derivative) tou Y sunart sh
tou X gia to a�ne connection r .

Sto Rn , h klassik  katˆ kateÔjunsh parˆgwgoc ( directional derivative) ìrÐzei ènaa�ne connection

(r X Y)p = lim
t ! 0

Yp+ tX � Yp

t
Se ènamanifold upˆrqoun apeÐra to pl joc a�ne connections . Sthn perÐptwsh pou èqoume grammi-
kì manifold, mporoÔme na diakrÐnoume tocanonical connection. T¸ra gia èna Riemannian manifold
mporoÔme na diakrÐnoume toLevi-Civita connection ìpou èqei dÔo idiìthtec:

1. SummetrÐa

2. Zg(X; Y ) = g(r Z X; Y ) + g(X; r Z Y) 8Z; X; Y 2 X (M ) (metric compatibility ).
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Sthn perÐptwsh twn grammik¸nmanifold, to Levi-Civita connection mac dÐnei tocanonical connec-
tion, ìpou eÐnai h katˆ kateÔjunsh parˆgwgoc.

Gia na orÐsoume thn summetrÐa enìca�ne connection prèpei na eisˆgoume thn ènnoia twnLie Brackets
twn dianusmatik¸n pedÐwn. 'EstwX; Y eÐnai dÔo dianusmatikˆ pedÐa touM , ìpou ta pedÐa orismoÔ
touc perièqoun èna anoiqtì sÔnolou. EpÐshc èqoume ìtif 2 F (u)(ìpou F (u) eÐnai to sÔnolo twn
leÐwn pragmatik¸n sunart sewn sto u). OrÐzoume toLie Bracket dÔo dianusmatik¸n pedÐwn wc

[X; Y ]f = X (Y f ) � Y (Xf ):

EpÐshc èqoume ìti:
[X; Y ](af + bg) = a[X; Y ]f + b[X; Y ]g:

IkanopoieÐ ton kanìna touLeibniz

[X; Y ](fg ) = f ([X; Y ]g) + ([ X; Y ]f )g

ˆra [X; Y ] eÐnai parag¸gish (derivation) kai ètsi orÐzei efaptìmeno dianusmatikì pedÐo pou ono-
mˆzetai Lie Bracket tou X kai Y .

Orismìc 4.1. 'Ena a�ne connection r sto M eÐnai summetrikì an

r X Y � r Y X = [ X; Y ] 8X; Y 2 X (M )

Je¸rhma 4.2. Se ènaRiemannian manifold M , upˆrqei èna monadikìa�ne connection r ìpou
ikanopoieÐ tic parakˆtw idiìthtec

1. r X Y � r Y X = [ X; Y ]

2. Zg(X; Y ) = g(r Z X; Y ) + g(X; r Z Y) 8Z; X; Y 2 X (M ):

Autì to a�ne connection onomˆzetaiLevi-Civita connection   Riemannian connectiontou M
kai qarakthrÐzetai apì ton tÔpo Koszul

2g(r X Y; Z) = Xg(Y; Z) + Y g(Z; X ) � Zg(X; Y ) + g(Z; [X; Y ]) + g(Y;[Z; X ]) + g(X; [Z; Y ]):

Apìdeixh
Pr¸ta ja deÐxoume thn monadikìthta. 'Estw X; Y kai Z eÐnai trÐa leÐa dianusmatikˆ pedÐa stoM .
'Ara èqoume ìti

r X Y � r Y X = [ X; Y ]

r Y Z � r Z Y = [ Y; Z]

r Z X � r X Z = [ Z; X ];

kai tic parakˆtw sunj kec

g(r X Y; Z) + g(Y;r X Z ) = X g(Y; Z)

g(r Y Z; X ) + g(Z; r Y X ) = Yg(Z; X )

g(r Z X; Y ) + g(X; r Z Y) = Zg(X; Y ):

PaÐrnoume to ˆjroisma twn dÔo pr¸twn parapˆnw exis¸sewn kai afairoÔme thn trÐth. Bˆzontac
kai tic sunj kec summetrÐac èqoume:

2g(r X Y; Z) = Xg(Y; Z) + Y g(Z; X ) � Zg(X; Y ) + g(Z; [X; Y ]) + g(Y;[Z; X ]) + g(X; [Z; Y ]):

Autì orÐzei to eswterikì ginìmeno tou r x Y me dianusmatikì pedÐoZ . 'Etsi apodeÐxame thn mona-
dikìthta. Dhl¸nontac thn dexiˆ meriˆ tou tÔpou me C(X; Y; Z ) ìpou C eÐnaiC1 sto X kai sto
Z :
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C(fX; Y; hZ ) = fX (hg(Y; Z)) + Y(fhg; (Z; X )) � hZ (fg (X; Y ))

+ hg(Z; [fX; Y ]) + g(Y;[hZ; fX ]) + fg (X; [hZ; Y ])

= fhXg (Y; Z) + fhY g(Z; X ) � fhZg (X; Y ) + f (Xh )g(Y; Z) + fY (h)g(Z; X )

+ hY (f )g(Z; X ) � hZ (f )g(X; Y ) + hfg (Z; [X; Y ]) + hfg (Y;[Z; X ]) + fhg (X; [Z; Y ])

� hY (f )g(Z; X ) � fX (h)g(Y; Z) + hZ (f )g(Y; X ) � fY (h)g(X; Z ) =

= fhC (X; Y; Z )

H apeikìnish x 7! C(X; Y; Z )x exartˆtai mìno apì to Y kai twn tim¸n X x kai Zx tou dianusmatikoÔ
pedÐouX . 'Eqoume ìti

C(X; fY; Z ) = fC (X; Y; Z ) + X (f )g(Y; Z) � Z (f )g(X; Y )

= X (f )g(Z; Y ) + Z (f )g(X; Y )

= fC (X; Y; Z ) + 2 X (f )g(Y; Z):

Epomènwc an orÐsoume tor X Y èqontac ìti g(r X Y; Z) = 1
2 C(X; Y; Z ), tìte (r X Y)x exartˆtai apì

to X x kai Y . 'Ara

g(r X (fY ); Z ) = fg (r X Y; Z) + X (f )g(Y; Z) = g(f r X Y + X (f )Y; Z);

ètsi r ikanopoieÐ ton kanìna touLeibniz.
�

Dialègoume ènachart ' : U ! V sto M . O parapˆnw tÔpoc meX; Y kai Z pou dÐnontai apì
suntetagmènec tou tou efaptìmenou dianusmatikoÔ pedÐou@i ; @j kai @k , dÐnei to parakˆtw

� k
ij =

1
2

gkl (@i gjl + @j gil � @l gij ):

An M eÐnai ènaRiemannian Manifold diˆstashc n kai X 2 X (M ) orÐzoume

divX (p) = to trace thc grammik c apeikìnishcY p ! r Y X (p)

ìpou r eÐnai toLevi-Civita connection. Autì jèloume na to ekfrˆsoume se topikèc suntetagmènec.
An f U� ; � � g eÐnai ènachart kai x1; :::; xn eÐnai topikèc suntetagmènec stop 2 U� èqoume thn bˆsh
spanf @

@xi (p)g1� i � n = TpM kai epÐshc èqoume ìtiX (p) =
P n

i =1 � i (p) @
@xi (p). Epomènwc èqoume ìti

r @
@xi (p) =

0

@
nX

j =1

aj (p)
@

@xj
(p)

1

A =

nX

j =1

�
@�j

@xi
(p)

@
@xj

(p) + � j (p)r @
@xi (p)

@
@xj

(p)
�

=

nX

j =1

 
@�j

@xi
(p)

@
@xj

(p) + � j (p)
nX

k=1

� k
ij (p)

@
@xk

(p)

!

=

nX

k=1

0

@@�j

@xi
(p) +

nX

j =1

� j (p)� k
ij (p)

1

A @
@xk

(p) =
nX

k=1

bik (p)
@

@xk
(p):

'Etsi èqoume ìti

trace tou Y(p) ! r Y X (p) =
nX

i =1

bii (p) =

nX

i =1

0

@@�i

@xi
(p) +

nX

j =1

� j (p)� i
ij (p)

1

A :
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'Estw f eÐnai mÐa pragmatik  sunˆrthsh mef 2 C2, orismènh se ènaRiemannian manifold M (dhlad 
ènadi�erantiable manifold me metrik Riemann ).
O telest c Laplace-Beltrami (Laplace-Beltrami operator) � eÐnai ènac grammikìc diaforikìc tele-
st c( linear di�erential operator ). 'Eqoume ìti

� f = div(grad(f ))

ìpou grad(f ) h bajmÐda thcf kai div to divergence(apìklish) pˆnw sto manifold.
Dojèntoc  : Rn ! Rn + k enìc submanifold M tou Rn + k me

gij = h@i  ; @j  i ; G = [ gij ]

W =
p

det G gij = G� 1

mei; j = 1 ; ::; n, tìte o telest c Laplace-Beltrami eÐnai:

� f =
1

W

X

i;j

@i
�
gij W@j f

�
:

An M eÐnai qwrÐo(domain) se EukleÐdeio epÐpedoM � Rn , o telest c Laplace-Beltrami ja eÐnai h
polÔ gnwst  Laplasian 

� gRn =
@2

@x21
+ ::: +

@2

@x2n
:

Parˆdeigma 8. KÔkloc:
AfoÔ gS1 (� ) = 1 , èqoume

� gS 1 =
@2

@�2
:

Parˆdeigma 9. SfaÐra:
AfoÔ

gS2 (�;  ) =
�
1 0
0 sin2(� )

�
;

èqoume ìti

� gS 2 =
1

p
det gS2

�
@
@�

�
g��

p
j det gS2 j

@
@�

�
+

@
@ 

�
g  

p
j det gS2 j

@
@ 

��

=
1

sin �
@
@�

��
sin �

@
@�

�
+

@
@ 

�
1

sin �
@

@ 

��

=
1

sin �
@
@�

�
sin �

@
@ 2

�
�

1
sin2 �

@2

@ 2
:

Epomènwc se sfairikèc suntetagmènec èqoume ìti

� gS 2 =
1

sin �
@
@�

�
sin �

@
@ 2

�
�

1
sin2 �

@2

@ 2
:
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5 Fasmatik  jewrÐa thc Laplasian c

'Eqontac mia metrik  Riemann g mporoÔme na orÐsoume tovolume form dug sto M . Dojèntoc
A 2 M ,

V ol(A) =
Z

M
1A (x ) dug(x):

ìpou 1A (x ) = 1 an x 2 A kai 1A (x ) = 0 an x =2 A. 'Eqontac topikèc suntetagmènec(x1; :::; xn ) to
volume form eÐnai

dug(x) =
q

det (gij (x))dx1:::dxn :

Xèroume ìti h metrik  Riemann mac dÐnei èna eswterikì ginìmeno gia sunart seic stoM . DÐnontac
�;  : M ! R èqoume

h�;  i L 2 =
Z

M
� (x) (x)dug(x):

Qrhsimopoiìntac to parapˆnw mporoÔme na orÐsoutme ton q¸roHilbert

L 2(M ) = f f : M ! R sunˆrthsh tètoia ¸ste h�;  i L 2 < 1g :

Je¸rhma 5.1. 'Estw M eÐnai ènaRiemannian Manifold diˆstashc n me sÔnoro@M. H olo-
kl rwsh kˆta mèrh eÐnai:

Z

M
hr f; X i = �

Z

M
f divX +

Z

@M
f hX; v i

  Z

M
(f � g � g� f ) = �

Z

@M

�
f

@g
@v

� g
@f
@g

�

ston Rn

Je¸rhma 5.2. (TÔpoc tou Green). Gia kˆje sunˆrthsh  ; � 2 C1 (M ) èqoume
Z

M
 � � du +

Z

M
h r  ; r � i du =

Z

@M
 

@ 
@�

d�

Apìdeixh
Xekinˆme èqontac Z

M
h r  ; r � i du:

Kˆnoume olokl rwsh kˆta mèrh
Z

M
h r  ; r � i du = �

Z

M
 � � du +

Z

@M
 

@ 
@�

d�:

ètsi katal xame ston tÔpo tou Green.
�

'Estw (M; g) sumpagècRiemannian manifold me sÔnoro@Mkai  2 C1(M ) kai � 2 C2(M ).
Tìte

Z

M
 � g �du g = �

Z

M
h r g ; r g � i g dug +

Z

r M
� r v � d� g:

'Otan @M= ? , èqoume ìti h laplasian  eÐnai autosuzug c

h� g �;  i L 2 = h�; � g i L 2 :
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5.1 Q¸roi Sobolev

'Estw M eÐnai èna qwrÐo sto EukleÐdeio q¸roRd. OrÐzoume wc�M thn kleistìthta tou kai @M:=
�M nM wc to sÔnoro tou. EpÐshc orÐzoume wcM e := Rdn �M wc to exwterikì qwrÐo.

'Estw sunart seic u : M ! R orÐzoume ìti

D � u =
@j � j u

@x� 1
1 @x� 2

2 :::@x� d
d

eÐnai oi� erikèc parˆgwgoi tˆxhc j� j(j� j =
P d

i =1 � i ). Ed¸, � = ( � 1; :::; � d)T 2 Nd
0.

OrÐzoume wcCm (M ); m 2 N0 ton grammikì q¸ro twn suneq¸n sunart sewn sto M ìpou oi merikèc
parˆgwgoi D � u; j� j � m upˆrqoun kai eÐnai suneqeÐc. O q¸rocCm (M ) eÐnai q¸rocBanach me
nìrma

kukC m (M ) = max
0�j � j� m

sup
x 2 M

jD � u(x)j:

O q¸roc Cm;� (M ); m 2 N0; 0 < � < 1 orÐzetai wc ton grammikìc q¸roc twn sunart sewn tou
Cm (M ) ìpou h m� ost  merik  parˆgwgoc èinai Hölder suneq c. Dhlad  ìti gia kˆje � 2 Nd

0 me
j� j = m upˆrqoun stajerèc � � ètsi ¸ste gia kˆje x; y 2 M

jD � u(x) � D � u(y)j � � � jx � yj � :

O q¸roc Cm;� (M ) eÐnai kai autìc ènac q¸rocBanach me nìrma

kukC m;� (M ) = kukC m (M ) + max
j � j= m

sup
x;y 2 �M

jD � u(x) � D � u(y)j
jx � yj �

:

O L P (M ); p 2 [1; 1 ) orÐzetai wc ton grammikì q¸ro Banach twn p� ost¸n paragwgÐsimwn sunar-
t sewn sto M kai L 1 (M ) orÐzetai wc ton grammikì q¸roBanach q¸ro twn ousiwd¸c fragmènwn
sunart sewn me nìrmec

kukp;M =
� Z

M
ju(x)p j dx

� 1
p

kai
kuk1 ;M = ess sup

x 2 M
ju(x)j:

Gia p = 2 o q¸roc L 2(M ) eÐnai q¸rocHilbert me eswterikì ginìmeno

(u; v)0;M =
Z

M
uv dx:

Oi q¸roi SobolevbasÐzontai sthn ènnoia twn asjen¸n parag¸gwn.

Orismìc 5.3. 'Estw u 2 L 1(M ) kai � 2 Nd
0. H sunˆrthsh u lème ìti èqei asjen  parˆgwgo

D �
w u an upˆrqei mia sunˆrthsh v 2 L 1(M ) ètsi ¸ste

Z

M
uD � �dx = ( � 1)j � j

Z

M
v� dx ; � 2 C1

0 (M )

Metˆ lème ìti D �
w u := v.

Parˆdeigma 10. 'Estw d = 1 kai M = ( � 1; +1) . H sunˆrthsh u(x) = jxj; x 2 M eÐnai mh
paragwgÐsimh. 'Omwc èqei asjen  parˆgwgoD 1

w u pou eÐnai

D 1
w u =

(
� 1 ; x < 0
+1 ; x > 0

:

Gia � 2 C1
0 (M ) apì olokl rwsh èqoume

Z 1

� 1
u(x)D 1� (x)dx =

Z 0

� 1
u(x)D 1� (x)dx +

Z 1

0
u(x)D 1� (x)dx
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= �
Z 0

� 1
D 1

w u(x)� (x)dx + u� j0� 1 �
Z 1

0
D 1

w u(x)� (x)dx + u� j10 =

Z 1

� 1
D 1

w u(x)� (x)dx � [u(0)]� (0)

ìpou [u(0)] := u(+0) � u(� 0) eÐnai ˆlmata touu sto x = 0 . Allˆ u eÐnai suneq c ˆra[u(0)] = 0 .

Orismìc 5.4. 'Ena grammikìc q¸roc H m;p (M ); p 2 [1; 1 ] ìpou

W m;p (M ) := f u 2 L p(M ) j D a
w u 2 L p(M ) ; j� j � mg

lègetai q¸roc Sobolev. EÐnai ènac q¸rocBanach me nìrma

kukm;p;M =

0

@
X

j � j� m

kD �
w vkp

p;M

1

A

1
p

; p 2 [1; 1 )

kai
kukm; 1 ;M = max

j � j� m
kD �

w vk1 ;M :

Epomènwc gia qwrÐa(domains) sto Rn mporoÔme na orÐsoume tosoboleveswterikì ginìmeno anˆmesa
se sunart seic �;  2 C1 (M )

h� g �;  i H 1 =
Z

M
h r g �; r g i g +

Z

M
� du g:

Je¸rhma 5.5. (Ensfhn¸seic Sobolev)
'Estw M � Rd eÐnai qwrÐo(domain) Lipschitz, m 2 N0 kai p 2 [1; 1 ]. Upˆrqoun oi parakˆtw
apeikonÐseic pou eÐnai suneqeÐc ensfhn¸seic(continuous imbeddings)

W m;p (M ) ! L p�
(M );

1
p� =

1
p

�
m
d

an m <
d
p

;

W m;p (M ) ! L q(M ); q 2 [1; 1 ) an m =
d
p

;

W m;p (M ) ! C0;m � d
p ( �M ); an

d
p

< m <
d
p

+ 1 ;

W m;p (M ) ! C0;� ( �M ); 0 < � < 1 an m =
d
p

+ 1 ;

W m;p (M ) ! C0;1( �M ); an m >
d
p

+ 1 :

Je¸rhma 5.6. (Ensfhn¸seic Kondrasov)
'Estw M � Rd eÐnai qwrÐo(domain) Lipschitz, m 2 N0 kai p 2 [1; 1 ]. Upˆrqoun oi parakˆtw
apeikonÐseic pou pou oi akìloujec ensfhn¸seic eÐnai sumpageÐc(compact imbeddings)

W m;p (M ) ! L q(M ); 1 � q � p� ;
1
p� =

1
p

�
m
d

; an m <
d
p

;

W m;p (M ) ! L q(M ); q 2 [1; 1 ) an m =
d
p

;

W m;p (M ) ! C0( �M ); an m >
d
p

:

16



5.2 Idiosunart seic kai idiotimèc

H idiosunˆrthsh enìc telest  Q eÐnai mÐa sunˆrthshf ètsi ¸ste h efarmog  tou telest  Q pˆnw
sthn f mac dÐnei thnf epÐ kˆpoiac stajerˆc

Qf = kf

ìpou k eÐnai stajerˆ kai eÐnai h idiotim  thc idiosunˆrthshc.

Parˆdeigma 11. f (x) = ex meQ na eÐnai h parˆgwgoc.
Gia arq  autì pou kˆnoume eÐnai na efarmìsoume toQ sthn f . H parˆgwgoc tou ex eÐnai pˆli

ex

f
0
(x) = ex :

'Ara blèpoume ìti f
0
(x) = kf (x) ìpou k = 1 . Epomènwc hf eÐnai idiosunˆrthsh me idiotim  tok = 1 .

Parˆdeigma 12. f (x) = ex 2
meQ na eÐnai h parˆgwgoc.

H parˆgwgoc tou ex eÐnai2xex 2

f
0
(x) = 2 xex 2

:

ParathroÔme ìti h parapˆnw sunˆrthsh den eÐnai idiosunˆrthsh diìti f
0
(x) 6= kf (x).

Parˆdeigma 13. Idiosunart seic kai idiotimèc gia kÔklo
Oi idiosunart seic eÐnai

1; cos(� ); sin(� ); cos(2� ); sin(2� ); :::; cos(k� ); sin(k� ); :::

me idiotimèc0; 1; 1; 4; 4; :::; k2; k2; ::: antÐstoiqa:

5.3 Fasmatikì je¸rhma

'Estw � : H � H ! R eÐnai mÐa digrammik  morf  kai upˆrqoun stajerèc�; � > 0 ètsi ¸ste

j� (u; v)j � � kukkvk; 8u; v 2 H (boundedness)

� (u; v) � � kuk2; 8u 2 H (coercivity):

Gia kˆje f 2 H � , upˆrqei monadikì u 2 H ètsi ¸ste

� (u; v) = hf; v i ; 8 v 2 H:

Ac jewr soume t¸ra thn digrammik  morf 

� (�;  ) = h�;  i H 1 :

EpÐshc èqoume ìti:
� (�; � ) = k� k2

H 1 � 0:

H digrammik  morf  (bilinear form) � eÐnai suneqeÐc kai summetrik  stoH 1(M ). Tìte upˆrqei bˆsh
f � j g tou L 2(M ) kai idiotimècf 
 i g pou ikanopoioÔn ìti

� (� j ;  ) = 
 j h� j ;  i L 2

gia kˆje  2 H 1(M ). AfoÔ

� (� j ;  ) =
Z

M
h r g � j ; r g i g dug + h� j ;  i L 2

gia ìla  2 H 1(M ). AfoÔ � (� j ;  ) =
R

M h r g �; r g i gdug + h� j ;  i L 2 èqoume

Z

M
h r g � j ; r g i g dug = ( 
 j + 1) + h� j ;  i L 2
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gia kˆje  2 H 1(M ). Sugkekrimèna

h� g � j ; r g i L 2 = ( 
 j + 1) h� j ;  i L 2

gia ìla ta  2 H 1(M ), ˆra
� � g � j = � j � j

gia � j = 
 j + 1 .

Je¸rhma 5.7. Gia(M; g) sumpagèc qwrÐc sÔnoro(boundary), upˆrqei orjokanonik  bˆsh f � 1; � 2; :::g
tou L 2(M ) pou apoteleÐtai apì idiosunart seic tou � g me� j èqontac idiotimèc� j ìpou

0 = � 1 � � 2 � ::: ! 1 :

Orismìc 5.8. 'An mac endiafèrei na katalˆboume pwc diadÐdetai h jermìthta sto
 � Rn tìte
mporoÔme na lÔsoume thn exÐswsh jermìthtac

� u(x; t ) =
1
c

@
@t

u(x; t )

ìpou to c eÐnai h agwgimìthta tou ulikoÔ apì to opoÐo eÐnai kataskeuasmèno to
 kai u(x; t ) eÐnai
h jermokrasÐa sto shmeÐox 2 
 se qrìno t.

AfoÔ h lÔseic thc exÐswshc jermìthtac eÐnai thc morf cu(x; t ) =
P

i ai e� � i t � i (x)(ìpwc ja doÔme
parakˆtw) tìte eÐnai fanerì ìti ta � 1; � 1 dÐnoun thn megalÔterh plhroforÐa dÐoti toe� � 1 t � 1(x)
mei¸netai me ton pio argì rujmì kaj¸c pernˆ o qrìnoc. Epomènwc h gewmetrÐa tou
 prepeÐ na
eÐnai sto� 1 se kˆpoio bajmì. Gia parˆdeigma ìso megalÔtero sÔnoro@
 eÐnai, tìso pio gr gora
mei¸netai h jermìthta. 'Etsi an èqoume èna qwrÐo(domain) 
 kai mÐa mpˆlaB me to Ðdio embadì
tìte perimènoume h jermìthta sto 
 na diaqujeÐ pio gr gora apì aut  tou B . 'Etsi èqoume ìti

� 1(
) � � 1(B )

ìpou aut  eÐnai h anisìthta Faber-Krahn(1923).

5.4 Heat equation

'Eqontac ìti (M; g) eÐnai sumpagècRiemannian manifold qwrÐc sÔnoro. OHeat operator eÐnai

� � g + @t

pou epidrˆ se sunart seic sto C(M � (0; 1 )) ìpou eÐnaiC2 sto M kai C1 sto (0; 1 ).

To omogenècheat equation eÐnai
(

(� � g + @t )u(x; t ) = 0 ( x; t ) 2 M � (0; + 1 )
u(x; 0) = f (x) x 2 M

:

H sunˆrthsh u(x; t ) mac dÐnei thn jermokrasÐa sto shmeÐox kai se qrìno t upojètontac ìti h arqik 
jermokrasÐa sto manifold dÐnetai apì thn sunˆrthsh f (x).

To fˆsma den kajorÐzei genikˆ th gewmetrÐa enìcManifold . Wstìso, kˆpoiec plhroforÐec
mporoÔn na exaqjoÔn apì to fˆsma.

Orismìc 5.9. 'Estw M ènaRiemannian Manifold . To Heat Kernel,   alli¸c to fundamental
solution gia thn exÐswsh jermìthtac eÐnai mÐa sunˆrthshK (0; 1 ) � M � M ! M ìpou ikanopoieÐ
ta ex c

� K (t; x; y ) eÐnaiC2 sto x; y kai C1 sto t

� 'Eqoume ìti @K
@t +� 2(K ) = 0 , ìpou � 2 eÐnai h laplasian  sunart sh thc deÔterhc metablht c
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� lim t ! 0+

R
M K (t; x; y ) dy = f (x) gia kˆje sumpagèc sunˆrthsh f sto M .

Xèroume ìti o telest c Laplace-Beltrami eÐnai

� g = divgr g

'Etsi h exÐswsh jermìthtac eÐnai
� gu = 
 h @t u

me stajerˆ to 
 h . H lÔsh mporeÐ na grafteÐ me thn bo jeia tou fˆsmatoc tou� g:

u(x; t ) =
X

i

� i e� � i t � i (x)

ìpou � g � l = � � l � l eÐnai h exÐswshHelmholtz sto M kai ta � i exart¸ntai apì tic sunj kec thc
exÐswshc jermìthtac.

EpÐshc mporoÔme na upologÐsoume takernels twn merik¸n diaforik¸n exis¸sewn ( K t (x; y; t )) ètsi
¸ste

f (x; y) =
Z

M
K (x; y; t )f (y; 0) dy

eÐnai lÔsh thc exÐswshc jermìthtac. An� i eÐnai to fˆsma touM kai � i eÐnai oi idiosunart seic ìpou
eÐnai kanonikèc kai sqhmatÐzoun mÐa orjokanonik  bˆsh touL 2(M ), tìte mporoÔme na poÔme ìti

K (t; x; y ) =
X

i

e� � i t � i (x)� i (y):

'Estw ìti x 2 M kai èstw u eÐnai to efaptìmeno diˆnusma stox me nìrma� = kuk. To y eÐnai
to teleutaÐo shmeÐo touu kai d(x; y) = � . To w eÐnai èna ˆllo efaptìmeno diˆnusma stox me nìrma
� (to w eÐnai orjog¸nio tou u). To w

0
eÐnai to Ðdio me tow allˆ sto shmeÐo y. Ed¸ jèloume na

Sq ma 9

broÔme thn apìstash metaxÔ twn teleutaÐwn shmeÐwn touw kai w
0
. An eÐmastan ston eukleÐdeio

q¸ro tìte h apìstash ja  tan Ðsh me to � . 'Eqoume ìti

d(expx �w; expy �w
0
) = �

�
1 �

� 2

2
K (u; w) + o(� 3 + � 2� )

�

ìso (�; � ) ! 0. To K (u; w) eÐnai h tmhmatik  kampulìthtaa (sectional curvature) me kateÔjunsh
(u; w).

Orismìc 5.10. 'Estw ìti èqoume èna leÐoN � diˆstato Riemannian Manifold kai x èna shmeÐo
pou an kei se autì. To u eÐnai to efaptìmeno diˆnusma stox. OrÐzoumeRic(u)(  Ric(u; u)) thn
kampulìthta Ricci sto u wc N Forèc thn mèsh tim  tou K (u; w) ìpou w brÐsketai sthn monadiaÐa
sfaÐra sto efaptìmeno epÐpedo toux.

An Sx eÐnai to sÔnolo twn shmeÐwn miac sfaÐrac aktÐnac� sto efaptìmeno epÐpedo stox kai Sy

eÐnai to sÔnolo twn shmeÐwn miac sfaÐrac aktÐnac� sto efaptìmeno epÐpedo stoy. An apeikonÐsoume
to Sx sto Sy qrhsimopoi¸ntac parˆllhlh metaforˆ( parallel transport ), kˆta mèso ìro h apìstash
pou dianoÐoun ta shmeÐa eÐnai

�
�

1 �
� 2

2N
Ric(u) + o(� 3 + � 2� )

�
ìso (�; � ) ! 0

An qrhsimopoi soume mpˆlec antÐ gia sfaÐrec tìte o ìroc � 2

2N ja gÐnei � 2

2(N +2) .
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Orismìc 5.11. 'Enac topologikìc q¸roc X eÐnai:

� Pl rwc metrikopoi simouc ( completely metrizable) an upˆrqei mia metrik  d pou orÐzei thn
topologÐa tou X ètsi ¸ste (X; d ) eÐnai pl rec

� Polish an eÐnai diaqwrÐsimoc kai pl rwc metrikopoi simoc.

'Estw ( X; d ) ènacPolish metrikìc q¸roc. O tuqaÐoc perÐpatocm sto X eÐnai h oikogèneia apì
pijanìthtec mx sto X gia kˆje x 2 X ìpou ikanopoioÔn ta parakˆtw

1. to mx exartˆtai apì to shmeÐox 2 X

2. gia kˆpoia z 2 X kai gia kˆje x 2 X èqoume
R

x d(x; y)dmx (y) < + 1

H Markobian  alusÐda kˆnei ˆlmata apì to shmeÐox 2 X se èna tuqaÐo shmeÐo pou to dialègoume
anˆloga me to mx . H pijanìthta metˆbashc thc Markobian c alusÐdac apì to x sto y sto b ma n
eÐnai

dm� n
x (y) =

Z

z2 X
dmz (y)dm� (n � 1)

x (z)

ìpou m� 1
x = mx . 'Eqoume ìti

Z

y2 X
dm� n

x (y) =
Z

z2 X

� Z

y2 X
dmz (y)

�
dm� (n � 1)

x (z) =
Z

z2 X
dm� (n � 1)

x (z) = 1 :

DÐnontac mia arqik  katanom � sto X , to mètro � � m eÐnai

d(� � m)(y) =
Z

X
dmx (y)d� (x)

ìpou eÐnai h nèa katanom  metˆ apì to ˆlma. O telest c Laplace se sqèsh me tom (� m ) orÐzetai
wc

� m f (x) =
Z

X
(f (y) � f (x)) dmx (y):

To mètro Radon v sto X eÐnai analoÐwto8 gia ton tuqaÐo perÐpato an

dv(x) =
Z

X
dv(y)dmy (x);

ˆra gia kˆje v� metr simo sÔnoloA èqoume ìti to A eÐnaimx � metr simo gia sqedìn ìla ta x 2 X
kai x 7! mx (A) eÐnaiv� metr simo kai

v(A) =
Z

X
mx (A)dv(x):

Duðkˆ, h Markobian  alusÐda orÐzei ènan telest M se mia fragmènh sunˆrthsh sto X apì

(Mf )(x) =
Z

y2 X
f (y)dmx (y)

kai blèpoume
R

Mf d� =
R

fd (� � m). Ed¸ to M n f (x) eÐnai h anamenìmenh tim  touf sto telikì
shmeÐo tou tuqaÐou peripˆtou men� b mata. T¸ra an h f eÐnai stajer  tìte Mf = f . EmeÐc ja
pˆroume to v wc èna analoÐwto mètro pijanìthtac(v(X ) = 1) .

Genikˆ to krit rio to opoÐo qrhsimopoioÔme gia na sugkrÐnoume mètra pijanìthtac eÐnai tototal
variation distance

k� � �
0
ktv = sup

A � X
j� (A) � �

0
(A)j =

1
2

Z

X
dj� � �

0
j

'Otan èqoume suneq  qrìno o tuqaÐoc perÐpatoc èqei pijanìthtadt na kˆnei ˆlma apì èna shmeÐox
se èna nèo shmeÐo pou pˆrjhke me thn bo jeia toumx . Se aut n thn perÐptwsh antÐ gia toM ja
èqoume

M t = lim((1 � � )Id + �M )
t
� = et (M � Id )

8 'Ena mètro v eÐnai analoÐwto anv � m = v
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ìpou sugklÐnei wc telest c tou L 2(v) afoÔ kM k < 1. Ston suneq  qrìno oi pijanìthtec metˆbashc
se qrìno t eÐnai

dpt
x (y) =

X

k2 N

e� t tk

k!
dm� t

x (y)

O telest c Laplace eÐnai
� = M � Id

Ed¸ ja doulèyoume me ton telest  nìrmac tou et � sto L 2
0(v)

d
dt

jx V arv (et � f ) = 2 h r f; � f i L 2
0 (v) = �

Z
(f (y) � f (x))2 dv(x)dmx (y)

ìpou to teleutaÐoc ìroc lègetai morf  Dirichlet .
Anisìthta Poincaré: H anisìthta V arv (et � f ) � e� 2�t V arv f isqÔei gia kˆje f 2 L 2(v) an kai

mìno an

V arv f �
1

2�

Z Z
(f (y) � f (x))2 dv(x)dmx (y)

ìpou isqÔei gia kˆje sunˆrthsh f 2 L 2(v).

Gia kˆje x 2 X mev(x) > 0 èqoume

kpt
x � vktv �

1
2

s
1 � v(x)

v(x)
e� �t

H kalÔterh tim  tou � lègetai fasmatikì qˆsma( spectral gap).

An X eÐnai ènaRiemannian Manifold kai to mx na eÐnai to mètro periorismèno sthn mpˆla me
aktÐna� gÔrw apì to X . O diakritìc telest c Laplacetou tuqaÐou perÐpatou ja eÐnai mia prosèggish
tou telest  Laplace-Beltrami pollaplasiasmènoc me ton ìro � 2

2(N +2) . 'Etsi o tuqaÐoc perÐpatoc ja
proseggÐsei mÐa kÐnhshBrown. 'Eqontac mÐa leÐa sunˆrthshf ìpou

R
(f (y) � f (x))2 kai V arm x f

proseggÐzoune tokr f k2 kai h anisìthta Poincaré eÐnai

V arf �
1
2

Z
kr f k2:

H laplasian  enìc graf matoc( graph) eÐnai anˆlogh me ton telest  Laplace-Beltrami sto Man-
ifold. 'Estw M eÐnai ènam� diˆstato Riemannian Manifold. To manifold autì jèloume na to pˆme
ston Rn . 'Estw mia apeikìnish f : M ! R pou eÐnai paragwgÐsimh. 'Estw dÔo geitonikˆ shmeÐa
x; y 2 M .

H bajmÐdar f (x) eÐnai èna diˆnusma tou efaptìmenou q¸rouTx M ètsi ¸ste dojèntoc enìc ˆllou
dianÔsmatocz 2 Tx M , df (z) = hr f (x); zi M . 'Estw l = dist M (x; y). To 
 (t) eÐnai h gewdaisiak 
mex = 
 (0) kai y = 
 (l ). Tìte

f (y) = f (x) +
Z l

0
df (


0
(t)) dt = f (x) +

Z l

0
hr f (
 (t)) ; 


0
(t)i dt:

Apì thn genÐkeush thc anisìthtac Caushy-Schwarzèqoume

hr f (
 (t)) ; 

0
(t)i � kr f (
 (t))k






 


0
(t)






 = kr f (
 (t))k

afoÔ 
 (t) eÐnai h gewdaisiak  tìte





 


0
(t)






 = 1 . EpÐshc èqoume ìti

kr f (
 (t))k = kr f (x)k + o(t):

Oloklhr¸nontac èqoume
jf (y) � f (x)j � l kr f (x)k + o(l):
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To M eÐnai isometrikˆ embaptismèno stonRl tìte

dist M (x; y) = kx � ykRl + o(kx � ykRl )

kai
jf (y) � f (x)j � kr f (x)k ky � xk + o(kx � yk)

Apì to parapˆnw katalabaÐnoume ìti to kr f (x)k mac dÐnei to pìso makriˆ hf apeikonÐzei ta
geitonikˆ shmeÐa.
Epomènwc jèloume na elaqistopoi soume

arg min
kf kL 2 ( M ) =1

Z

M
kr f (x)k2 :

Elaqistopoi¸ntac to
R

M kr f (x)k2 se ènamanifold eÐnai san thn elaqistopoÐhsh12
P

u i 2 A;u j 2 �A w(ui ; uj )( f i �
f j )2 se èna grˆfhma(graph). EpÐshc èqoume ìti

Z

M
hX; r f i =

Z

M
div(X )f:

ˆra Z

M
kr f (x)k2 =

Z

M
�( f )f:

H f pou elaqistopoieÐ to
R

M kr f (x)k2 ja eÐnai mia idiosunˆrthsh tou� . 'Opwc kai me to grˆfh-
ma(graph) ètsi kai ed¸ èqoume idiotimèc� 0 � � 1 � � 2 � :::; kai ta f i ja eÐnai h idiosunart seic
gia kˆje idiotim . Pˆli ìpwc kai me thn perÐptwsh me to grˆfhma ètsi kai ed¸ ja aporrÐyoume thn
idiosunˆrthsh pou antistoiqeÐ sthn idiotim  me tim  mhdèn kai ja pˆroume thn idiosunˆrthsh thc
amèswc epìmenhc elˆqisthc idiotim c.
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6 Grammikèc teqnikèc meÐwshc diastˆsewn

6.1 Principal Component Analysis

H mèjodocPrincipal component analysis eÐnai mia arketˆ paliˆ mèjodoc (1901) allˆ apoteleÐ thn
bˆsh kˆpoiwn ˆllwn mejìdwn pou ja kalÔyoume parakˆtw.
To PCA einai mÐa mèjodoc gia meÐwsh thc diˆstashc. 'Ara qrhsimopoiìntacPCA mporoÔme na
mei¸soume thn diˆstash twn dedomènwn apì ènan uyhl c diˆstashc q¸ro se ènan q¸ra qamhlìterhc
diˆstashc qwrÐc na qˆnoume polÔ plhroforÐa.

'Eqontac kˆpoia dedomèna sed-diˆstato q¸ro mporoÔme na metasqhmatÐsoume ta dedomèna se
ènanp-diˆstato q¸ro ìpou p � d.

'Estw ìti èqw n-data points X = [ x1::: xn ]d� n kai x i 2 Rd. Autì pou jèloume na kˆnoume eÐnai na
probˆloume autˆ ta d shmeÐa se èna diˆnusmau1. 'Eqoume (tou> eÐnai1 � n diˆnusma)

u>
1 X

ètsi ¸ste to V ar(u>
1 X ) eÐnai mègisto. Sugkekrimèna ja èqoume ìti (S eÐnaid� d eÐnai tocovariance

matrix tou deÐgmatoc)

max
u 1

V ar(uT
1 X ) = max

u 1
uT

1 Su1

'Ara ja qreiasteÐ na broÔme to mègisto touu>
1 Su1. 'Omwc tou>

1 Su1 eÐnai deuterobˆjmia (den èqei
pˆnw ìrio) ˆra den gÐnetai na brejeÐ to mègisto. Epomènwc ja bˆloume kˆpoion periorismì. O
periorismìc eÐnaiu>

1 u1 = 1 . 'Ara ja èqoume

max
u 1

u>
1 Su1 me u>

1 u1 = 1 :

Gia to parapˆnw mporoÔme na qrhsimopoi soume ton pollaplasiast Lagrange

L(u1; � 1) = u>
1 Su1 � � 1(u>

1 u1 � 1)

kai na broÔme to sagmatikì shmeÐo

@L
@u1

= 2Su1 � 2� 1u1 = 0 ) Su1 = � 1u1:

Epomènwc tou1 eÐnai idiodiˆnusma touS kai to � 1 eÐnai idiotim  touS. Apì autì katalabaÐnoume
ìti ta idiodianÔsmata kai oi idiotimèc touS ja eÐnai sagmatikˆ shmeÐa thcLangrangian ( @L

@u1
= 0 ).

'Ara kˆje zeugˆri (u1; � 1); (u2; � 2); :::; (ud; � d) eÐnai sagmatikˆ shmeÐa. Poio ìmwc megistopoieÐ to
objective function?

Lème ìti
u> Su = u> �u = �u > u = �:

Apì to parapˆnw katalabaÐnoume ìti an eisˆgw opoiod pote idiodiˆnusma tou pÐnakaS sto maxu 1 uT
1 Su1,

tìte h tim  pou ja pˆroume ja eÐnai h idiotim  pou antistoiqeÐ sto idiodiˆnusma. Epomènwc gia na
to megistopoi soume ja epilèxoume to idiodiˆnusma pou antistoiqeÐ sthn megalÔterh idiotim .

Xèroume ìti to S èqei to polÔ d idiotimèc kaid idiodianÔsmata

� 1 > � 2 > � 3 > ::: > � d

u1 u2 u3:::ud:

Epomènwc to idiodiˆnusma tou pÐnakac sundiakÔmanshcS pou antistoiqeÐ sthn mègisth idiotim  ja
eÐnai h 1h kÔria sunist¸sa (Principal component).

'Estw X d� n pÐnakac, èqoume (singular value decomposition)

X = U� V >
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ìpou to Ud� d eÐnai idiodianÔsmata touXX > . To Vn � n eÐnai idiodianÔsmata toX > X kai to � d� n

eÐnai ènac diag¸nioc pÐnakac ìpou ta diag¸nia stoiqeÐa eÐnai idiotimèc touXX >   tou X > X .
Ac upojèsoume ìti to X eÐnai ènac pÐnakac dedomènwn. An kentropoi soume toX

~X = ( X d� n � M d� n )

ìpou X = [ x1:::xn ], M = [�x �x::: �x] kai �x = 1
d

P d
i =1 x i , to ~X ~X > ja eÐnai tocovariance matrix tou

X .

An kˆnoumesingular value decompositionsto ~X ja èqoume

~X = U� V >

ìpou to U eÐnai idiodianÔsmata tou~X ~X > kai to V eÐnai idiodianÔsmata tou~X > ~X .

Algìrijmoc Principal Component Analysis:

Input:

� PÐnakac dedomènwnX d� n ìpou stic grammèc brÐskontai oi metablhtèc

� Ton arijmì twn diastˆsewn pou ja krat soume (èstw p)

1. BrÐskoume thn mèsh tim  ìlwn twnx i : � = 1
d

P d
i =1 x i

2. D =
P d

i =1 x i � �

3. UpologÐzoume toZ = 1p
n � 1

D > kai kˆnoumeSVD ston pÐnakaZ (Z = U� V > ) ìpou
ta diag¸nia stoiqeÐa tou � eÐnai oi tetragwnikèc rÐzec twn taxinomhmènwn idiotim¸n kai
ta principal components ja eÐnai oi st lec tou U.

4. Dialègoume ta idiodianÔsmata twn megalÔterwn idiotim¸nW = [ U1; U2; :::; Up]

5. Y = W > D.

Output:

� O pÐnakacY diastˆsewn p � n.

Mèqri t¸ra èqoume pei ìti mporoÔme na kˆnoumePCA qrhsimopoiìntac singular value decompo-
sition

X = U� V >

ìpou U eÐnai idiodianÔsmata touXX > kai V eÐnai idiodianÔsmata touX > X (to XX > eÐnaid � d
pÐnakac kai toX > X eÐnain � n).
Upˆrqoun kˆpoiec peript¸seic ìpou oi diastˆseic eÐnai megalÔterec apì ton arijmì twn dedomènwn.
Gia parˆdeigma mporeÐ na èqoume dedomèna me gonidiakèc ekfrˆseic, ìpou èqoume pollˆ gonÐdia gia
kˆje ˆtomo allˆ èqoume èna arketˆ mikrì deÐgma atìmwn. 'Ara ja mac eÐnai dÔskolo (upologistikˆ)
na kˆnoumedecompositionston pÐnakaXX > .

Autì pou mporoÔme na kˆnoume eÐnai na grˆyoume toU sunart sh tou X; � ; V T

X = U� V >

T¸ra èstw ìti mei¸noume tic diastˆseic( Dimensionality Reduction) tou pÐnakaU kai kratˆme ta
pr¸ta p idiodianÔsmata pou antistoiqoÔn stic pr¸tec p timèc tou pÐnaka� . AfoÔ to V > eÐnai
orjokanonikìc pÐnakac mporoÔme na pollaplasiˆsoume kai tic dÔo merièc meV apì ta dexiˆ. 'Ara

XV = U�

ìpou oi diastˆseic twn pinˆkwn eÐnai

X d� n Ud� p � p� p Vn � p
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Xèroume ìti to � eÐnai ènac diag¸nioc pÐnakac me ìlec tic diag¸niec timèc jetikèc. 'Ara mporoÔme na
upologÐsoume ton yeudoantÐstrofo9 tou pÐnaka� .

XV � � 1 = U

Epomènwc mporoÔme na qrhsimopoi soume twn parapˆnw algìrijmo aplˆ ìpou upˆrqei toU ja
èqoumeXV � � 1.

6.2 Kernel PCA

Mèqri t¸ra ta pˆnta  tan grammikˆ. Ti gÐnetai ìtan ta dedomèna brÐskontai se ènasubmanifold
kˆpoiou q¸rou ?
Se aut n thn perÐptwsh ja bohj sei to Kernel PCA. Prin ìmwc mil soume giaKernel PCA kalì
eÐnai na exhg soume ti eÐnai oi mèjodoiKernel.

H idèa twn mejìdwnKernel eÐnai ìti se uyhlèc diastˆseic h dom  twn dedomènwn mporeÐ na analujeÐ
pio eÔkola 10. Gia parˆdeigma èqoume ènan algìrijmo pou eÐnai grammikìc kai den mporoÔme (  den
jèloume) na allˆxoume, tìte mporoÔme na allˆxoume ta dedomèna mac ètsi ¸ste na mporèsei na gÐnei
h anˆlush pio eÔkola.
Genikˆ ìmwc se megˆlec diastˆseic upˆrqoun duskolÐec upologistikˆ kai statistikˆ 11.

'Estw ìti èqoume ènafeature spaceV ètsi ¸ste

� : X ! V

kai
X ! �( X )

To X (X = dedomèna) to apeikonÐzoume se ènan q¸ro ètsi ¸ste h diˆstash twn dedomènwn sto
q¸ro autì eÐnai uyhlìterh apì autoÔ tou X .

Orismìc 6.1. Kernel eÐnai mÐa sunˆrthshk ìpou gia kˆje x; y 2 X èqoume ìti

K (x; y) = h�( x); �( y)i

ìpou h:; :i eÐnai to eswterikì ginìmeno kai� eÐnai h apeikìnish pou mac pˆei apì toX sto feature
spaceV.

Parˆdeigma 14. 'Eqw

x =
�
x1

x2

�
�7�! �( x) =

2

4
x2

1
x2

2p
2x1x2

3

5 mex1; x2 na eÐnaiscalars. FaÐnetai ìti ston 3-diˆstato q¸ro ta

shmeÐa gÐnontai grammikˆ diaqwrÐsima. 'Etsi mporoÔn na diaqwristoÔn apì èna grammikì uperepÐpe-
do(Sq ma 10).

Efarmìzw aut n thn apeikìnish sto y

z =
�
z1

z2

�
�7�! �( z) =

2

4
z2

1
z2

2p
2z1z2

3

5

'Ara èqoume ìti �( x)> �( z) = [ x2
1 x2

2

p
2x1x2]

2

4
z2

1
z2

2p
2z1z2

3

5 = x2
1z2

1 + x2
2z2

2 + 2x1x2z1z2

9O pÐnakac� apì mìnoc tou den eÐnai antistrèyimoc. Xèroume ìti � eÐnai ènac diag¸nioc pÐnakac pou perièqei tic
timèc � 1 ; :::; � p kai n � p forèc thn tim  0. Epomènwc mporoÔme na kˆnoumetruncate to pÐnaka� ètsi ¸ste na gÐnei
tetragwnikìc pÐnakac

10 Blessing of dimensionality
11 Curse of dimensionality
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Sq ma 10

H sunˆrthsh K (x; z) h opoÐa ja mac d¸sei to Ðdio apotèlesma eÐnai

K (x; y) = ( hx; yi )2 =
�

[x1 x2]
�
z1

z2

�� 2

= ( x1z1 + x2z2)2 = x2
1z2

1 + x2
2z2

2 + 2x1z1x2z2

'Ara br kame mÐa sunˆrthsh ètsi ¸ste aut  h sunˆrthsh mporeÐ na upologÐsei to ginìmeno (dot
product) metaxÔ twn�( x)> kai �( z).

Upˆrqoun pollèc Kernel sunart seic ìpwc

1. Linear Kernel
kij = hx i ; x j i

2. Gaussian Kernel

kij = exp
�k x i � x j k 2

2 � 2

3. Polynomial Kernel
kij = (1 + hx i ; x j i )p

Kˆje Kernel sunˆrthsh ja èqei èna antÐstoiqo � . 'Otan efarmìzoumeKernel sunˆrthsh sta
dedomèna eÐnai san na efarmìzoume to� kai na upologÐzoume to ginìmeno (dot product ).

T¸ra ja qreiasteÐ o algìrijmoc na allˆxei ètsi ¸ste na mhn èqoume probl mata upologistikˆ pou
prokÔptoun apì to dimensionality. H allag  pou prèpei na gÐnei eÐnai o algìrijmoc na exartˆtai
mìno apì to ginìmeno kai na mhn exartˆtai apì tic suntetagmènec tou kˆje shmeÐou. 'Ara se autìn
ton algìrijmo ja upologÐzoume ta ginìmena twn eikìnwn twn shmeÐwnx; y mèsw thc apeikìnishc pou
orÐzetai apo thnKernel sunˆrthsh 12.

Mèqri t¸ra èqoume mˆjei ìti to PCA gÐnetai me anˆlush tou pÐnakaX se idiˆzousec ti-
mèc(singular value decompositionsto X ), gia to Kernel PCA èqoume

�( X ) = U� V >

ìpou U perièqei ta idiodianÔsmata tou�( X )�( X )> . 'Estw ìti �( X ) eÐnai pÐnakac diˆstashc
t � n, tìte oi diˆstash tou feature spaceja eÐnai(t)(ìpou t polÔ megˆlo). AfoÔ to �( X ) eÐnai
pÐnakac diastˆsewnt � n tìte o pÐnakacU ja eÐnai diastˆsewnt � t. 'Ara o algìrijmoc PCA ja
eÐnai mh praktikìc.
Gia mporèsoume na kˆnoumePCA ja qreiasteÐ o pÐnakacU na mhn exartˆtai apì to t. 'Estw ìti
èqoumeK (x; y) = �( x)> �( y) ìpou K (:; :) eÐnaikernel. 'Eqontac mia tètoia sunˆrthsh mporoÔme na
upologÐsoume ton pÐnakacK ìpou K = �( X )> �( X ) kai o K eÐnai pÐnakac diastˆsewnn � n.

12 Oi q¸roi pou probˆloume ta dedomèna eÐnai q¸roi Hilbert
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Algìrijmoc Kernel Principal Component Analysis:

Input:

� PÐnakac dedomènwnX d� n ìpou stic grammèc brÐskontai oi metablhtèc

� Ton arijmì twn diastˆsewn pou ja krat soume (èstw p)

1. Dialègoume thn sunˆrthsh kernel

2. UpologÐzoumeK = �( X )> �( X ) qrhsimopoiìntac Kernel k kai V = idiodianÔsmata tou
�( X )> �( X ) pou antistoiqoÔn stic pr¸tec p idiotimèc. 'Estw � = diag¸nioc pÐnakac
pou apoteleÐtai apì tetragwnikèc rÐzec twn pr¸twn p idiotim¸n.

3. Y = U> �( X ) = � V >

Output:

� O pÐnakacY diastˆsewn p � n.

Tèloc to sumpèrasma to opoÐo prokÔptei eÐnai ìti o algìrijmocPCA eÐnai mia eidik  perÐptwsh
tou Kernel PCA me poluwnumikìkernel pr¸thc tˆxhc.

6.3 Multidimensional Scaling

To MDS eÐnai akìmh ènac trìpoc pou apeikonÐzei ton arqikˆ megˆlhc diˆstashc q¸ro se ènan
qamhlìterhc diˆstashc me thn diat rhsh twn pairwise apostˆsewn.

Orismìc 6.2. 'Enac t � t pÐnakacD (X ) lègetai pÐnakac sunˆfeiac(a�nity matrix   distance
matrix ) an eÐnai summetrikìc,dii = 0 kai dij > 0; i 6= j .

Dojèntoc enìc pÐnaka sunˆfeiac D (X ) , to MDS prospajeÐ na breit shmeÐa dedomènwny1; :::; yt se
d diastˆseic, ètsi ¸ste an d(Y )

ij orÐzei thn eukleÐdeia apìstash metaxÔyi kai yj , tìte D (Y ) eÐnai
parìmoio me toD (X ) . Sugkekrimèna, jewroÔmeMDS, ìpou elaqistopoieÐ

min
Y

tX

i =1

tX

i =1

�
d(X )

ij � d(Y )
ij

� 2

ìpou d(X )
ij = kx i � x j k kai d(Y )

ij = kyi � yj k.

O pÐnakacD (X ) mporeÐ na metatrapeÐ sekernel pÐnakaK

K = �
1
2

HD (X ) H

ìpou H = I � 1
t ee> kai e eÐnai diˆnusma st lh me thn tim  1.

Je¸rhma 6.3. 'Estw D o pÐnakac sunˆfeiac kai orÐzoumeK = � 1
2 HD (X ) H , tìte o D eÐnai

eukleÐdeioc pÐnakac sunˆfeiac13 an kai mìno anK eÐnai jetikˆ hmi-orismènoc.

AfoÔ K eÐnai jetikˆ hmi-orismènoc, mporeÐ na grafteÐ wcK = X > X . T¸ra to

min
Y

tX

i =1

tX

i =1

�
d(X )

ij � d(Y )
ij

� 2

13 Euclidean distance matrix

27



mporeÐ na grafteÐ wc

min
Y

tX

i =1

tX

i =1

�
x>

i x j � y>
i yj

� 2

H nìrma mporeÐ na gÐnei totrace
min

Y
Tr(X > X � Y > Y)2

Kˆnontac SVD(Singular Value Decomposition) sto X > X kai Y > Y èqoume

X > X = V � V >

Y > Y = Q�̂ Q>

AfoÔ Y > Y eÐnai jetika hmi-orismènoc, tô� den èqei arnhtikèc timèc kai ètsi

Y = �̂
1
2 Q> :

Oi parapˆnw orismoÐ mac bohjoÔn na grˆyoume thncost function wc

min
Q; �̂

Tr(V � V > � Q�̂ Q> )2 =

= min
Q; �̂

Tr(� � V > Q�̂ Q> V)2

'Estw C = V > Q, ˆra
min
Q; �̂

Tr(� � V > Q�̂ Q> V)2 =

= min
C; �̂

Tr(� � C�̂ C> )2

AnalÔoume to tetrˆgwno

min
C; �̂

Tr(� 2 + C�̂ C> C�̂ C> � 2� C�̂ C> )

'Eqontac stajerì �̂ mporoÔme na elaqistopoi soume toC kai èqoume ìti C = I .
Epomènwc tomin ja ginei eÐnai

min
�̂

Tr(� 2 + �̂ �̂ � 2� �̂) =

= min
�̂

Tr(� � �̂) 2

Gia elaqistopoi soume to T r (� � �̂) 2 ja prèpei na kˆnoume to �̂ na eÐnai ta pr¸ta d diag¸nia
stoiqeÐa tou� . Xèrontac ìti C = I èqoume

I = V > Q:

Epomènwc
Y = �̂

1
2 V >

ìpou V eÐnai idiodianÔsmata touX > X pou antistoiqeÐ stic pr¸tec d idiotimèc kai�̂ eÐnai oi pr¸tec
d idiotimèc touX > X .
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Algìrijmoc Multidimensional Scaling:

Input:

� PÐnakac dedomènwnX d� n ìpou stic grammèc brÐskontai oi metablhtèc

� Ton arijmì twn diastˆsewn pou ja krat soume (èstw p)

1. Ftiˆqnoume twn pÐnaka twn tetrag¸nwn twn apostˆsewnD (X )

2. UpologÐzoume ton pÐnakaK = � 1
2 HD (X ) H ìpou H = I � 1

n ee>

3. UpologÐzoume ta idiodianÔsmata (Vi ) kai tic idiotimèc (� i ) tou pÐnakaK .

4. Bˆzoume se fjÐnousa seirˆ ta idiodianÔsmata bˆsh twn idiotim¸n

5. UpologÐzoume toun pÐnakaY = �̂
1
2 V > ìpou �̂ diag¸nioc pÐnakac me stoiqeÐa� i oi

idiotimèc touK kai V pÐnakac me st lec ta idiodianÔsmataVi tou K .

Output:

� O pÐnakacY diastˆsewn p � n.
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7 Mh Grammik  MeÐwsh Diastˆsewn

7.1 Isomap

Mèqri t¸ra ìloi oi algìrijmoi pou èqoume pei asqoloÔntai me dedomèna pou brÐskontai se kˆpoion
upìqwro( subspace). An ta dedomèna brÐskontai sesub-manifold tìte to MDS den eÐnai o epijumhtìc
algìrijmoc diìti den lambˆnei upìyhn tou thn kampulìthta kai thn gewmetrÐa twn dedomènwn. To
Isomap eÐnai Ðdio me toMDS allˆ antÐ gia eukleÐdeia apìstash qrhsimopoioÔme thn gewdaisiak 
apìstash( geodesic distance) metaxÔ shmeÐwn.

To er¸thma eÐnai giatÐ na qrhsimopoi soume gewdaisiakèc apostˆseic antÐ gia eukleÐdeiec ?

Gia na apant soume se autì to er¸thma mporoÔme na d¸soume èna parˆdeigma.

Parˆdeigma 15.

Sq ma 11: https://www.cs.cmu.edu/~bapoczos/Classes/ML10715_2015Fall/slides/
ManifoldLearning.pdf

Sto parˆpanw sq ma blèpoume kˆpoia dedomèna pou èqoun thn morf  enìcSwiss roll. An dialèxoume
2 shmeÐa pˆnw se autì tomanifold kai upologÐsoume thn eukleÐdeia apìstash metaxÔ touc ja doÔme
ìti aut  h apìstash allˆzei ˆma xedipl¸soume to manifold . Autì sumbaÐnei diìti to Swiss roll eÐnai
èna mh grammikìmanifold.
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Sq ma 12: https://www.semanticscholar.org/paper/Algorithms-for-manifold-learning-Cayton/
100dcf6aa83ac559c83518c8a41676b1a3a55fc0

ParathroÔme ìti h gewdaisiak  apìstash metaxÔ twn shmeÐwnX kai Y ja parameÐnei Ðdia an
xedipl¸soume to manifold.

T¸ra to prìblhma pou prokÔptei eÐnai to pwc mporoÔme na upologÐsoume thn gewdaisiak  a-
pìstash metaxÔ dÔo shmeÐwn. Autì pou mporoÔme na kˆnoume eÐnai na broÔme mia ektÐmhsh aut c
thc apìstashc me thn bo jeia twn k kontinìterwn geitìnwn   dialègontac ìla ta shmeÐa pou brÐsko-
ntai se aktÐna� . Autèc oi geitonièc apeikonÐzontai me thn bo jeia enìc graf matocG(V; E) ìpou
kˆje shmeÐo sundèetai me touc kontinìterouc tou geitonec me akmèc pou èqoun bˆrocdX (i; j ) metaxÔ
geitìnwn.

OrÐzoume to grˆfhmaG = ( V; E) kai oi apostˆseic tou ja eÐnai oi ex c:

� d(G) (i; j ) = d(X ) (i; j ), an ta shmeÐai; j eÐnai sundedemèna me mÐa akm 

� alli¸c d(G) (i; j ) = 1

O algìrijmoc Isomap ektimˆ thn gewdaisiak  apìstash ( d(M ) (i; j )) wc to m koc tou suntomìterou
monopatioÔd(G) (i; j ) sto grˆfhma G. Gia thn eÔresh tou m kouc tou suntomìterou monopatioÔ ja
qrhsimopoi soume ton algìrijmo Dijkstra   ton algìrijmo Floyd�Warshall .

Algìrijmoc Dijkstra :
Input:

� 'Ena grˆfhma(Weighted Graph) G(V; E)

1. Bˆzoume ton arqikì kìmbo wc 0

2. Kratˆme stajer  aut n thn tim 

3. BrÐskoume thn apìstash kˆje kìmbou pou sundèetai me ton arqikì kìmbo

4. Kratˆme ton kìmbo me thn mikrìterh apìstash

5. Apì autìn to kìmbo, brÐskoume tic apostˆseic twn kìmbwn pou sundèontai me autìn
ton kìmbo

6. An h apìstash eÐnai mikrìterh apì thn apìstash pou upˆrqei sthn kìmbo, tìte sb nou-
me thn apìstash aut n kai grˆfoume thn nèa apìstash. An den upˆrqei apìstash se
autìn to kìmbo tìte grˆfoume thn apìstash pou br kame.

7. Epanalambˆnoume ton algìrijmo apì to b ma 4 mèqri mèqri na broÔme to m koc tou
suntomìterou monopatioÔ metaxÔ twn dÔo shmeÐwn pou jèloume

Output:

� M koi twn suntomìterwn monopati¸n metaxÔ shmeÐwn.
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Parˆdeigma 16. Ed¸ ja broÔme thn mikrìterh apìstash apì to A sto J sto parakˆtw grˆfhma.

Sq ma 13: https://prodtest.pearsonschoolsandfecolleges.co.uk/secondary/
Mathematics/16plus/AdvancingMathsForAQA2ndEdition/Samples/SampleMaterial/Chp-02%
20023-043.pdf

Kˆnontac ton algìrijmoc Dijkstra h lÔsh eÐnai:

Sq ma 14: https://prodtest.pearsonschoolsandfecolleges.co.uk/secondary/
Mathematics/16plus/AdvancingMathsForAQA2ndEdition/Samples/SampleMaterial/Chp-02%
20023-043.pdf

ìpou èqoume thn apìstash 28 (ACDFGIJ ) metaxÔ touA kai tou J .

Algìrijmoc Floyd�Warshall :
Input:

� 'Ena grˆfhma(Weighted Graph) G

'Estw ìti èqoume ènan pÐnaka diˆstashcjV j � j V j ìpou jV j o arijmìc twn kìm-
bwn

for kˆje akm  (u, v) do
dist[u][v]  w(u, v) // To bˆroc thc akm c (u, v)

end for
for Kˆje kìmbo v do

dist[v][v]  0
end for
for k apì 1 mèqri |V| do

for i apì 1 mèqri |V| do
for j apì 1 mèqri |V| do

if dist[i][j] > dist[i][k] + dist[k][j] then
dist[i][j]  dist[i][k] + dist[k][j]

end if
end for

end for
end for

Output:

� M koi twn suntomìterwn monopati¸n metaxÔ shmeÐwn.

32



Parˆdeigma 17.

Sq ma 15: https://github.com/epomp447/Floyd-Warshall-Algorithm-Java-

Sq ma 16: https://github.com/epomp447/Floyd-Warshall-Algorithm-Java-
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Sq ma 17

Apì ta parapˆnw trÐa sq mata Blèpoume thn ektÐmhsh thc gewdaisiak c apìstashc(kìkkinh gramm )
metaxÔ dÔo shmeÐwn mèsw tou mikrìterou monopatioÔ pou brÐsketai me thn bo jeia tou algìrijmou
Dijkstra   tou algìrijmou Floyd�Warshall (Sq ma 17.c).

Algìrijmoc ISOMAP :

Input:

� PÐnakac dedomènwnX d� n ìpou stic grammèc brÐskontai oi metablhtèc

� Ton arijmì twn diastˆsewn pou ja krat soume (èstw p)

� Thn parˆmetro k(k-nearest neighbors)   thn aktÐna �

1. Kataskeuˆzoume to grˆfhma geitnÐashc shmeÐwnG(V; E) qrhsimopoi¸ntac thn parˆme-
tro k   thn parˆmetro � .

2. UpologÐzoume thn mikrìterh diadrom  metaxÔ ìlwn twn shmeÐwn san mÐa ektÐmhsh thc
gewdaisiak c apìstashc ( D G ). Autì mporeÐ na gÐnei me diˆforouc algìrijmouc (Dijk-
stra's algorithm, Floyd�Warshall algorithm )

3. EfarmìzoumeMultidimensional scaling (MDS) ston pÐnakaD (G)

Output:

� O pÐnakacY diastˆsewn p � n.

H epilog  thc paramètrou k h opoÐa ekfrˆzei ìpwc eÐpame to pl joc twn geitìnwn pou ja èqei
to kˆje shmeÐo orÐzetai apì ton qr sth. H mh swst  epilog  thc paramètrou k mporeÐ na odhg sei
se lˆjoc apotelèsmata.

MÐa mèjodoc ektÐmhshc thc mporeÐ na pragmatopoihjeÐ apì thn eÔresh enìc mètrou pou ja upo-
deiknÔei thn ��poiìthta�� thc apeikìnishc apì ton arqikì q¸ro ston q¸ro meiwmènwn diastˆsewn.
Dhlad  pìso kalˆ antiproswpeÔetai h megˆlhc diˆstashc gewmetrik  dom  twn dedomènwn sto
arqikì q¸ro ston embaptismèno( embedded) q¸ro.
OrÐzoume loipìn toresidual variancewc ex c:

1 � � 2
D ( G ) (k )D Y

ìpou � D ( G ) (k )D Y eÐnai o suntelest c grammik c susqètishc metaxÔ ìlwn twn stoiqeÐwn twn pinˆkwn
D (G) (k) kai D Y . Oi pÐnakecD (G) (k) kai D Y ekfrˆzoun tic gewdaisiakèc apostˆseic pou orÐzontai
apì ta suntomìtera monopˆtia tou arqikoÔ q¸rou X ta opoÐa eÐnai sunart sei thc paramètrouk
kai tic eukleÐdiec apostˆseic ston qamhlìterwn diastˆsewn q¸ro Y antÐstoiqa.

'Oso qamhlìtero eÐnai toresidual variancetìso kalÔterh eÐnai h anaparˆstash tou arqikoÔ q¸rou
ston q¸ro meiwmènwn diastˆsewn kai epomènwc tìso katˆllhlh h epilog  tou k. H epilog  tou
epomènwc mporeÐ na oristeÐ wc :

koptimal = arg min
k

(1 � � 2
D ( G ) (k )D Y ):
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7.2 Locally linear embedding

To Locally linear embedding (LLE ) eÐnai mia akìmh mèjodoc pou antimetwpÐzei to prìblhma thc
mh-grammik c meÐwshc diastˆsewn. H skèyh pÐsw apì toLLE eÐnai ìti h gewmetrÐa enìcmanifold
topikˆ mporeÐ na apodwjeÐ apì grammikèc sunart seic. StoLLE qreiazetai na beltistopoi soume
2 sunart seic. H mÐa sunˆrthsh eÐnai

� (W ) =
tX

i =1

kx i �
KX

j =1

Wij x j k2

kai h ˆllh eÐnai

�( Y ) =
tX

i =1

kyi �
tX

j =1

Wij yj k2:

Se megˆlhc diˆstashc q¸ro parìmoia me to Isomap ja ftiˆxoume touc k-kontinìterouc geÐtonec gia
kˆje shmeÐo (x i ). H 1h sunˆrthsh eÐnai mia sunˆrthsh pou prospajeÐ na ftiˆxei kˆje shmeÐox i apì
touc k-kontinìterouc geÐtonec. 'Ara jèloume

x i � Wi 1x i 1 + Wi 2x i 2 + ::: + Wik x ik :

Epomènwc o ˆgnwstoc sthn 1h sunˆrthsh eÐnai ta bˆrh.
Ac upojèsoume ìti lÔsame aut n thn sunˆrthsh kai xèroume ta bˆrh. ParathroÔme ìti h 2h su-
nˆrthsh eÐnai parìmoia me thn 1h sunˆrthsh. 'Omwc sthn 1h sunˆrthsh tox i to gnwrÐzoume kai
den gnwrÐzoume ta bˆrhWij , en¸ sthn 2h sunˆrthsh xèroume ta bˆrh Wij kai den gnwrÐzoume ta
yi . Epomènwc autì pou kˆnoume eÐnai ìti paÐrnoume ta bˆrh pou br kame sthn 1h sunˆrthsh (ta
kratˆme stajerˆ) kai ta bˆzoume sthn 2h sunˆrthsh kai jèloume na broÔme ta yi ìpou ikanopoioÔn

yi � Wi 1yi 1 + Wi 2yi 2 + ::: + Wit yit :

Algìrijmoc Locally linear embedding (LLE):

Input:

� PÐnakac dedomènwnX d� n ìpou stic grammèc brÐskontai oi metablhtèc

� Ton arijmì twn diastˆsewn pou ja krat soume (èstw p)

� Thn parˆmetro k(k-nearest neighbors)

1. BrÐskoume touck� kontinìterouc geÐtonec gia kˆje shmeÐox i mèsw eukleÐdeiwn apo-
stˆsewn.

2. UpologÐzoume tawij ètsi ¸ste

min
w ij

nX

i =1

jx i �
X

wij xu i ( j ) j
2

ìpou ui (j ) eÐnai o deÐkthc touj -ostoÔ geÐtona toux i ètsi
P K

j =1 wij = 1 .

3. UpologÐzoume ta shmeÐaYi ston elattwmèno q¸ro Rp ìpou mporoÔn na brejoÔn me thn
bo jeia twn Wij , elaqistìpoioÔme

min
Y

nX

i =1

jyi �
nX

j =1

wij yj j2 me
1
n

Y Y> = I kai
nX

i =1

yi = 0 :

Output:

� O pÐnakacY diastˆsewn p � n.
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Sq ma 18

Sugkekrimèna gia ton algìrijmo Locally linear embedding (LLE) èqoume:

1. BrÐskoume touck� kontinìterouc geÐtonec gia kˆje shmeÐox i .

2. UpologÐzoume tawij ètsi ¸ste

min
w ij

nX

i =1

jx i �
X

wij xu i ( j ) j
2

ìpou ui (j ) eÐnai o deÐkthc touj -ostoÔ geÐtona toux i ètsi
P K

j =1 wij = 1 . Pwc ja brw to
parapˆnw min ;

'Estw ìti èqoume
jx i �

X
wij xu i ( j ) j

2

Ac orÐsoume toUi san pÐnaka ìlwn twn geit¸nwn tou shmeÐoui

Ui = [ xu i (1) xu i (2) ::: xu i (k ) ]d� K :

EpÐshc orÐzoume to diˆnusmawi

wi =

2

6
6
6
4

wi 1

wi 2
...

wiK

3

7
7
7
5

K � 1

kai e eÐnai ènaK � 1 pinakac me monˆdec

e =

2

6
6
6
6
6
4

1
1
1
...
1

3

7
7
7
7
7
5

K � 1

Me thn bo jeia twn parapˆnw mpor¸ na grˆyw to ˆjroisma
P

wij xu i ( j ) se morf  pÐnaka

X
wij xu i ( j ) = Ui wi

'Ara h sunˆrthsh ja eÐnai
jx i � Ui wi j2
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opou to wi eÐnai ˆgnwsto. Ja ftiˆxoume ènan pÐnaka aut c thc morf c

[x i x i ::: x i ]d� K ;

an jèlw na grˆyw ton parapˆnw pÐnaka sunart sh tou e tìte èqw

[x i x i ::: x i ]d� K = x i � e>

T¸ra mporoÔme na isquristoÔme ìti

min x i = x i e> wi :

Xanagrˆfoume thn sunˆrthsh

min jx i e> wi � Ui wi j2 = j(x i e> � Ui )wi j2:

An analÔsoume thn nìrma

min w>
i (x i e> � Ui )> (x i e> � Ui )wi :

To kommˆti (x i e> � Ui )> (x i e> � Ui ) eÐnai gnwstì diìti exartˆtai apì ta x i ; e kai to Ui ìpou
ìla eÐnai gnwstˆ. Ac onomˆsoume ton gnwstì ìro wc G

G = ( x i e> � Ui )> (x i e> � Ui )

To G eÐnai gnwstì kai onomˆzetaiGram matrix . 'Eqoume

min w>
i Gwi :

'Ama den èqoume kanènan periorismì tìte h lÔsh thc parapˆnw sunˆrthshc eÐnai 0. 'Omwc emeÐc
èqoume ton periorismì ìti

P K
j =1 wij = 1 . O periorismìc ja gÐnei

KX

j =1

wij = e> wi = 1

Grˆfoume thn Lagrangian

L(wi ; � ) = w>
i Gwi � � (e> wi � 1);

paÐrnoume thn parˆgwgo thcLagrangian sunart sh tou wi Ðsh me to 0

@L
@wi

= 2Gwi � �e = 0

2Gwi = �e ) Gwi =
�
2

e

ìpou e eÐnai gnwstì,G eÐnai gnwstì, en¸wi ; � eÐnai ˆgnwsta. An gnwrÐzoume to� mporoÔme
na upologÐsoume towi pollaplasiˆzontac kai tic dÔo merièc me G� 1. AfoÔ xèroume ìti
P K

j =1 wij = 1 tìte mporoÔme na jèsoume ènaarbitrary (aujaÐreto) � lÔnontac wc proc wi .
'Ara mporoÔme na lÔsoume gia kaje� kai mporoÔme na kanonikìpoi soume towi ètsi ¸ste to
ˆjroisma touc na mac kˆnei 1.

3. ElaqistopoioÔme

min
Y

nX

i =1

jyi �
nX

j =1

wij yj j2 me
1
n

Y Y> = I kai
nX

i =1

yi = 0 :

'Eqoume ìti Y = [ y1 ::: yn ]p� n . Ac orÐsoume

I =

2

6
6
6
6
6
4

1 0 0 : : : 0
0 1 0 : : : 0
0 0 1 : : : 0
...

...
...

. . .
...

0 0 0 : : : 1

3

7
7
7
7
7
5

n � n
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kai orÐzoume

I :i =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0
0
0
...
1
...
0
0
0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

ìpou eÐnai pantoÔ mhdèn ektìc sto shmeÐoi pou eÐnai Ðso me 1. Epiplèon orÐzoume ton pÐnaka
W pou eÐnai ènacn � n pÐnakac me ta bˆrh. 'Ara èqoume

W:i =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

0
0
0
...

w1
...

wk
...

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

ìpou ta w1 èwc ta wk eÐnai bˆrh twnk� kontinìterwn geit¸nwn tou x i kai mhdèn alloÔ. 'Ara
èqontac autoÔc touc sumbolismoÔc (notations) mporoÔme na grˆyoume tominY

P n
i =1 jyi �P n

j =1 wij yj j2 me diaforetik  morf .

To yi me thn bo jeia aut¸n pou grˆyame eÐnai

yi = Y I :i ;

to
P n

j =1 wij yj ja grafteÐ wc
nX

j =1

wij yj = Y W:i :

Epomènwc ja èqoume

min
Y

nX

i =1

jY I :i � Y W:i j2 = min
Y

jY I � Y Wj2

min
Y

jY (I � W )j2 = min
Y

Tr [(I � W )> Y > Y(I � W )]:

AfoÔ èqoumetrace tìte

min
Y

Tr [(I � W )> Y > Y(I � W )] = min
Y

Tr [Y (I � W )( I � W )> Y > ]:

Ac onomˆsoume(I � W )( I � W )> = M . H sugkekrimènh beltistopoÐhsh eÐnai parìmoia me
tic beltistopoi seic pou èqoume kˆnei èwc t¸ra. QwrÐc kanenan periorismì h lÔsh ja eÐnai to
0. Ac qrhsimopoi soume ton 1o periorismì (1n Y Y> = I ). Me autìn ton periorismì h lÔsh ja
eÐnai tap elˆqista idiodianÔsmata tou M .

QrhsimopoioÔme pollaplasiast c Lagrange(Lagrange multiplier)

L (Y ) = T r (Y MY > ) + T r (�
�

1
n

Y Y>� I )
�

PaÐrnoume thn parˆgwgo Ðsh me to 0

@L
@Y

= MY > +
1
n

� Y > = 0
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'Ara èqoume ìti

MY > = �
1
n

� Y >

ìpou shmaÐnei ìti oi st lec tou Y > eÐnai idiotimèc touM . To M ja èqei pˆnta mia idiotim  Ðsh

me to 0. 'Ara to idiodiˆnusma pou antistoiqeÐ se aut n thn idiotim  eÐnai

2

6
4

1
...
1

3

7
5. Dialègoume to

p + 1 pr¸to elˆqisto idiodiˆnusma kai agnooÔme autì pou antistoiqeÐ sthn idiotim  me tim  0.

7.3 Spectral Clustering

'Estw ìti èqoume f x i gn
i =1 . Ftiˆqnoume to weighted grˆfhma ( graph) G = ( V; E) ìpou E eÐnai to

sÔnolo twn akm¸n(edges) kai V = ( u1; :::; un ) to sÔnolo kìmbwn(vertices). To weighted grˆfh-
ma(graph) eÐnai èna grˆfhma mew : V � V ! R. EpÐshc ta bˆrh qreiˆzetai na akoloujoÔn tic
parakˆtw sunj kec

1. w(ui ; uj ) = w(uj ; ui ) gia kˆje ui ; uj 2 V

2. w(ui ; uj ) � 0 gia kˆje ui ; uj 2 V

'Eqoumedu i wc
du i =

X

u j 2 V

w(ui ; uj )

Epiplèon orÐzoume ton pÐnakaTn � n ìpou eÐnai ènac diag¸nioc pÐnakac meTii = du i kai ton pÐnaka
L n � n ètsi ¸ste

L ij =

8
><

>:

du i � w(ui ; uj ) an ui = uj

� w(ui ; uj ) an ui kai uj eÐnai geitonikˆ
0 alloÔ

kai h laplasian  tou graf matoc( graph) G orÐzetai wc

L = T � 1=2LT � 1=2:

H pijanìthta metˆbashc P(ui ; uj ) eÐnai

P(ui ; uj ) =
w(ui ; uj )

du i

gia kˆje ui ; uj 2 V

ìpou eÐnai o tuqaÐoc perÐpatoc stoweighted grˆfhma( graph). O tuqaÐoc perÐpatoc èqei pijanìthta
P(ui ; uj ) na kinhjeÐ apì to ui sto uj .

'Eqontac èna grˆfhma(graph) jèloume na to {kìyoume} se dÔo kommˆtia. Oi kìmboi tou enìc
upograf matoc prèpei na eÐnai parìmoiec metaxÔ touc (to Ðdio isqÔei kai gia to 2o upogrˆfhma).
'Estw ìti to grˆfhma eÐnai sunektikì( connected). Tìte gia na to kìyw se dÔo kommˆtia qreiˆzetai
na kìyw kˆpoiec akmèc (edges). 'Ara epilègw poio uposÔnolo apì akmèc prèpei na kopeÐ gia na
kˆnoume 2 graf mata pou ikanopoioÔn tic parapˆnw proôpojèseic.
'Enac trìpoc eÐnai na dialèxw èna sÔnolo apì akmèc ètsi ¸ste ta ˆjroisma me ta bˆrh se autèc tic
akmèc na eÐnai mikrì(diìti ta bˆrh dÐqnoun thn omoiìthta metaxÔ shmeÐwn). Dhlad  jèlw na kìyw
akmèc pou èqoun mikrˆ bˆrh.

OrÐzoume
cut(A; �A) =

X

u i 2 A;u j 2 �A

w(ui ; uj )

ìpou �A = V � A = VnA kai V = A [ �A.

'Ara èqoume
min cut(A; �A)
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min

X

u i 2 A;u j 2 �A

w(ui ; uj )

'Omwc tocut den douleÔei kalˆ ˆma èqoume akraÐec timèc sta dedomèna mac. Epomènwc ja orÐsoume
to ratiocut

ratiocut (A; �A) =
cut(A; �A)

jAj
+

cut( �A; A )

j �Aj

OrÐzoume to diˆnusmaf 2 Rn kai

f i =

8
<

:

q
j �A j
jA j an ui 2 A

�
q

jA j
�jA j

an ui 2 �A

Prìtash 3. H elaqistopoÐhsh tou
P

u i 2 A;u j 2 �A w(ui ; uj )( f i � f j )2 eÐnai to Ðdio me thn elaqisto-
poÐhsh touratiocut .

Apìdeixh :

X

u i 2 A;u j 2 �A

w(ui ; uj )( f i � f j )2 =
X

u i 2 A;u j 2 �A

w(ui ; uj )

0

@

s
j �Aj
jAj

+

s
jAj
�jAj

1

A

2

+
X

u i 2 �A;u j 2 A

w(ui ; uj )

0

@�

s
jAj
�jAj

�

s
j �Aj
jAj

1

A

2

=

=
X

u i 2 A;u j 2 �A

w(ui ; uj )

 
j �Aj
jAj

+
jAj
�jAj

+ 2

!

+
X

u i 2 �A;u j 2 A

w(ui ; uj )

 
jAj
�jAj

+
j �Aj
jAj

+ 2

!

;

ˆra èqoume
 

j �Aj
jAj

+
jAj
�jAj

+ 2

! 2

4
X

u i 2 A;u j 2 �A

w(ui ; uj ) +
X

u i 2 �A;u j 2 A

w(ui ; uj )

3

5 :

Xèroume ìti cut(A; �A) =
P

u i 2 A;u j 2 �A w(ui ; uj ), cut( �A; A ) =
P

u i 2 �A;u j 2 A w(ui ; uj ) kai cut(A; �A) =

cut( �A; A ). 'Ara èqoume ìti  
j �Aj
jAj

+
jAj
�jAj

+ 2

!
�
2cut(A; �A)

�

ton pr¸to ìro twn grˆfoume wc
 

j �Aj
jAj

+
jAj
�jAj

+ 2

!

=

 
j �Aj
jAj

+
jAj
�jAj

+
jAj
jAj

+
j �Aj

j �Aj

!

Epomènwc èqoume

2
�

j �Aj + jAj
jAj

+
j �Aj + jAj

j �Aj

�
cut(A; �A):

EpÐshc èqoume ìtij �Aj + jAj = n

2n
�

1
jAj

+
1

j �Aj

�
cut(A; �A)

2n
�

cut(A; �A)
jAj

+
cut(A; �A)

j �Aj

�
= 2n � ratiocut

�
'Ara prèpei na kˆnoume thn parakˆtw beltistopoÐhsh

min
f i ;f j

X

u i 2 A;u j 2 �A

w(ui ; uj )( f i � f j )2:

Prìtash 4. 1
2

P
u i 2 A;u j 2 �A w(ui ; uj )( f i � f j )2 = f > Lf ìpou L eÐnai h laplasian  tou graf matoc

G.
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H laplasian  enìc graf matoc ( graph) xèroume ìti eÐnai

L = D � W

ìpou W eÐnain � n pÐnakac me ta bˆrh

W =

2

6
4

w11 : : : w1n
...

. . .
...

wn 1 : : : wnn

3

7
5

n � n

kai

D =

2

6
4

d1 : : : 0
...

. . .
...

0 : : : dn

3

7
5

n � n

diag¸nioc pÐnakac ìpoudi =
P

j wij .

'Eqoume ìti

f > Lf = f > (D � W ) f = f > Df � f > Wf =
1
2

0

@2
X

i

di f 2
i � 2

X

ij

wij f i f j

1

A =

=
1
2

0

@
X

i

di f 2
i +

X

j

dj f 2
j � 2

X

ij

wij f i f j

1

A =
1
2

0

@
X

i

f 2
i

X

j

wij +
X

j

f 2
j

X

i

wij � 2
X

ij

wij f i f j

1

A =

=
1
2

0

@
X

ij

wij f 2
i +

X

ij

wij f 2
j � 2

X

ij

wij f i f j

1

A =
1
2

X

ij

wij (f i � f j )2:

'Ara èqoume
min

f
f > Lf:

QwrÐc periorismoÔc h lÔsh tou parapˆnw eÐnai to mhdèn. MporoÔme na poÔme ìti

min
f

f > Lf ètsi ¸ste f > f = 1 :

Ed¸ h lÔsh eÐnai to elˆqisto idiodiˆnusma tou pÐnakaL . To pr¸to idiodiˆnusma èqei idiotim  Ðsh
me to mhdèn. Epomènwc agnooÔme to pr¸to idiodiˆnusma kai ja xekinˆme apì to deÔtero mikrìtero.
'Ara to f ja eÐnai to deÔtero mikrìtero idiodiˆnusma touL .

'Ara autì kˆnoume ˆma jèloume na qwrÐsoume ta dedomèna se dÔoclusters. 'Ama jèloume na ftiˆxoume
parapˆnw apì dÔoclusters tìte ja pˆroume parapˆnw idiodianÔsmata tou pÐnakaL .

� Gia parˆdeigma an jèloume 3clusters ja pˆroume 2 idiodianÔsmata

� k-clusters ja pˆroume (k-1) idiodianÔsmata k.l.p.

UpologÐzoume thn omoiìthta katˆ zeÔghsij = s(x i ; x j ) me thn bo jeia miac sunˆrthshc omoi-
ìthtac ìpou eÐnai summetrik  kai mh arnhtik  kai èqoume ton pÐnakaS = ( sij ) i;j =1 ;:::;n .
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Algìrijmoc Spectral Clustering:

Input:

� 'Enac pÐnakaS 2 Rn � n , kai k clusters.

1. Ftiˆqnoume to Weighted Graph kai ton pÐnakaWn � n

2. UpologÐzoume thn laplasian L

3. UpologÐzoume to pr¸ta k idiodianÔsmatau1; :::; uk thc laplasian c( L )

4. 'Estw U 2 Rn � k eÐnai o pÐnakac pou perièqei ta idiodianÔsmatau1; :::; uk wc st lec

5. Giai = 1 ; :::; n èqoumeyi 2 Rk ìpou yi eÐnai hi gramm  tou pÐnakaU

6. Kˆnoumecluster ta shmeÐayi me ton algìrijmo k-meansse Clusters C1; :::; Ck .

Output:

� Katal goume sta clusters A1; :::; Ak meA i = f j jyj 2 Ci g.
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7.4 Laplacian Eigenmap

To Laplacian Eigenmap eÐnai parìmoio me toisomap kai to LLE diìti eÐnai kai autì me thn seirˆ
tou ènac trìpoc mh-grammikoÔdimensionality reduction.

Algìrijmoc Laplacian Eigenmap:

Input:

� PÐnakac dedomènwnX d� n

� Ton arijmì twn diastˆsewn pou ja krat soume (èstw p)

� Thn parˆmetro k(k-nearest neighbors)   thn aktÐna �

1. Ftiˆqnoume tì weighted grˆfhma ( graph) G = ( V; E). Dialègoume thn apìstash pou
ja qrhsimopoi soume:

� 'Estw � > 0 ènwnoume akmèc (edges) metaxÔi kai j an kx i � x j k2 < � .

� k-kontinìterouc geÐtonec.

2. Dialègoume ta bˆrh.

Gia parˆdeigma:

� OrÐzoumewij =

(
1 an i kai j sundèontai (connected)
0 alloÔ

�   wij = e�
kx i � x j k2

t gia kˆpoio t > 0.

3. ElaqistopoioÔme
min

X

Y

wij jyi � yj j2

ìpou x 2 Rd kai y 2 Rp mep < d. (ParathroÔme ìti aut  h beltistopoi sh moiˆzei me
thn beltistopoÐhsh pou eÐqame stospectral clustering).

Epomènwc èqoume ìti

min T race(Y > LY ) ètsi ¸ste Y > Y = I

ìpou Y eÐnai o pÐnakacp � n me ta embaptismèna dedomènaY = [ y1; :::; yn ] 2 Rn � p.

Output:

� O pÐnakacY diastˆsewn p � n.

7.5 Di�usion Maps

'Opwc orÐsame kai parapˆnw ètsi ja orÐsoume ta dedomènaX = f x1; x2; :::; xn g ìpou eÐnai èna sÔnolo
apì kìmbouc(vertices) tou stajmismènou(weighted) graf matoc me bˆrh w. O stìqoc kai ed¸ eÐnai
na pˆme apì ta shmeÐax i 2 Rd sta yi 2 Rp ìpou p < d ètsi ¸ste to Y = f y1; y2; :::; yN g.

'Eqoume  dh anafèrei thn pijanìthta metˆbashc

P(x i ; x j ) =
w(x i ; x j )

dx i

ìpou

w(x i ; x j ) = e�
k x i � x j k 2

�
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kai
dx i =

X

x j 2 X

w(x i ; x j )

OrÐzoume to kanonikopoihmènow(x i ; x j ) wc

~w(x i ; x j ) =
w(x i ; x j )

q� (x i )q� (x j )

ìpou q� (x i ) =
P

x k 2 X w(x i ; xk ).

H asumptwtik  sumperiforˆ � ! 0 mac dÐnei diaforetikoÔc apeirostikoÔc(in�nitesimal ) telestèc
gia diaforetikèc timèc tou � :

� � = 0 : Graph Laplacian

� � = 1 : Prosèggish tou telest  Laplace-Beltrami

'Eqoume ìti
d( � ) (x j ) =

X

x j 2 X

~w(x i ; x j )

Algìrijmoc Di�usion Map :

Input:

� PÐnakac dedomènwnX d� n

� Ton arijmì twn diastˆsewn pou ja krat soume (èstw p)

� Thn parˆmetro �

� Thn parˆmetro t

1. Ftiˆqnoume ton pÐnakaW ìpou Wij = e�
k x i � x j k 2

�

2. KanonikopoioÔme toW (x i ; x j ) me bo jeia tou q� (x i )q� (x j ) ìpou ~W =
p

q W 1p
q

3. Ftiˆqnoume ton pÐnaka metˆbashcP =
p

d ~W 1p
d

4. KanoumeSVD(Singular Value Decomposition) sto P

P = U� V >

5. Me thn bo jeia tou b matoc 4 brÐskoume tic idiotimèc(� i ) kai ta idiodianÔsmata(� j )
tou telest  Laplace-Beltrami.

6. To di�usion map orÐzetai wc

x i ! yi =
�

� t= 2
2 � 2(i ); � t= 2

3 � 3(i ); :::; � t= 2
p � p(i )

� >

ìpou � j (i ) eÐnai hi component tou j idiìdianusmatoc� j kai � i = � jj

Output:

� O pÐnakacY diastˆsewn p � n.
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Orismìc 7.1. OrÐzoume thn oikogèneia twn apostˆsewn diˆqushc(Di�usion distances) D t me
t � 1 wc

D t (x; y) =

vu
u
t

nX

i

� 2t
i (� i (x) � � i (y))2

ìpou h parˆmetroc t elègqei thn euaisjhsÐa thc metrik c thc diˆqushc (di�usion ) D t .

AfoÔ 0 � � i � 1, mÐa megˆlh tim  stot ja kˆnei to fˆsma na aposunjejeÐ polÔ pio gr gora
kai ètsi to D t ja exartˆtai mìno apì merikˆ idiodianÔsmata � i .

To D t (x; y) eÐnai ènac trìpoc na broÔme thn sunektikìthta(connectivity) metaxÔ twn shmeÐwnx
kai y. Ta di�usion maps � t eÐnai

x ! � t (x) =
�

� t= 2
0 � 0(x); � t= 2

1 � 1(x); � t= 2
2 � 2(x); � t= 2

3 � 3(x); :::
� >

afoÔ � 0 eÐnai stajerˆ èqoume

x ! � t (x) =
�

� t= 2
1 � 1(x); � t= 2

2 � 2(x); � t= 2
3 � 3(x); :::

� >

kai ètsi me thn bo jeia thc apeikìnishc diˆqushc ( Di�usion map ) h apìstash diˆqushc ( Di�usion
distance) eÐnai

D t (x; y) = k� t (x) � � t (y)k:
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8 Peirˆmata

8.1 Swiss Roll

Sq ma 19: Swissroll Data 1 Sq ma 20: Swissroll Data 2 Sq ma 21: Swissroll Data 3

Gia ta parapˆnw dedomèna ja qrhsimopoi soume touc parapˆnw algìrijmouc (PCA, ISOMAP,
LLE, Laplacian Eigenmaps, Di�usion maps) gia na kˆnoumedimensionality reduction apì tic 3
diastˆseic stic 2.

Principal Component Analysis(P.C.A)

Sq ma 22: Swissroll plot tou
1ou kai tou 2ou component

Sq ma 23: Swissroll plot tou
2ou kai tou 3ou component

Sq ma 24: Swissroll plot tou
1ou kai tou 3ou component

ParathroÔme ìti o algìrijmoc PCA den katˆfere na xedipl¸sei to Swiss roll manifold. Autì
sumbaÐnei diìti toSwiss roll blèpoume ìti eÐnai èna mh grammikìmanifold.

Isometric Mapping(ISOMAP)

Sq ma 25: ISOMAP algìrij-
moc me 5-kontinìterouc geÐto-
nec

Sq ma 26: ISOMAP algìrij-
moc me 7-kontinìterouc geÐto-
nec

Sq ma 27: ISOMAP algìrij-
moc me 10-kontinìterouc ge-
Ðtonec
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Blèpoume ìti to Isomap èkane mÐa arketˆ kal  douleiˆ kai katˆferei na xedipl¸sh to Swiss roll.
'Omwc genikˆ autìc o algìrijmoc eÐnai upologistikˆ argìc.

Locally Linear Embedding(LLE)

Sq ma 28: LLE algìrijmoc
me 5-kontinìterouc geÐtonec

Sq ma 29: LLE algìrijmoc
me 7-kontinìterouc geÐtonec

Sq ma 30: LLE algìrijmoc
me 10-kontinìterouc geÐtonec

(aþ)LLE algìrijmoc me 15-kontinìterouc geÐtonec (bþ)LLE algìrijmoc me 18-kontinìterouc geÐtonec

To LLE parathroÔme ìti den mac dÐnei kalˆ apotelèsmata èqontac qamhlì arijmì geitìnwn. Gia 15
kai 18 geÐtonec blèpoume ìti èqei d¸sei èna ikanopoihtikì apotèlesma allˆ o algìrijmoc Isomap
dÐnei kalÔtero apotèlesma. Se sqèsh me ton algìrijmoIsomap o LLE eÐnai arketˆ pio gr goroc
upologistikˆ.

Laplacian Eigenmaps

Sq ma 32: Laplacian Eigen-
maps algìrijmoc me 5-
kontinìterouc geÐtonec

Sq ma 33: Laplacian Eigen-
maps algìrijmoc me 7-
kontinìterouc geÐtonec

Sq ma 34: Laplacian Eigen-
maps algìrijmoc me 10-
kontinìterouc geÐtonec

To Laplacian Eigenmapden eÐnai o katˆllhloc algìrijmoc gia na xedipl¸soume to manifold.

47



Di�usion Maps

Sq ma 35: Di�usion Maps al-
gìrijmoc me bandwidth = 5

Sq ma 36: Di�usion Maps al-
gìrijmoc me bandwidth = 10

Sq ma 37: Di�usion Maps al-
gìrijmoc me bandwidth = 100

Sq ma 38: Di�usion Maps algìrijmoc me bandwidth = 1000

Blèpoume ìti oÔte o algìrijmoc Di�usion Maps mporeÐ na xedipl¸sei toSwiss roll manifold.

8.2 Swiss Roll me trÔpa

Sq ma 39: Swissroll hole
Data 1

Sq ma 40: Swissroll hole
Data 2

Sq ma 41: Swissroll hole
Data 3

To parapˆnw Swiss roll parathroÔme ìti èqei mÐa trÔpa sta dedomèna. Autì pou jèloume na doÔme
eÐnai an aut  h trÔpa ephreˆsei ta apotelèsmata twn algìrijmwn. 'Ara kai ed¸ ja qrhsimopoi soume
touc parapˆnw algìrijmouc ( PCA, ISOMAP, LLE, Laplacian Eigenmaps, Di�usion maps ) gia na
kˆnoumedimensionality reduction sto parapˆnw manifold apì tic 3 diastˆseic stic 2.
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Principal Component Analysis(P.C.A)

Sq ma 42: Swissroll hole plot
tou 1ou kai tou 2ou compo-
nent

Sq ma 43: Swissroll hole plot
tou 2ou kai tou 3ou compo-
nent

Sq ma 44: Swissroll hole plot
tou 1ou kai tou 3ou compo-
nent

ParathroÔme ìti o algìrijmoc PCA den mpìrese na xedipl¸sei to Swiss roll me trÔpa prˆgma to
opoÐo perimèname.

Isometric Mapping(ISOMAP)

Sq ma 45: ISOMAP algìrij-
moc me 5-kontinìterouc geÐto-
nec

Sq ma 46: ISOMAP algìrij-
moc me 7-kontinìterouc geÐto-
nec

Sq ma 47: ISOMAP algìrij-
moc me 10-kontinìterouc ge-
Ðtonec

Blèpoume ìti gia to Swiss roll me thn trÔpa mac eÐnai pio dÔskolo na to xedipl¸soume qrhsi-
mopoiìntac ton algìrijmo Isomap. Epomènwc h trÔpa ephrèase to apotèlesma tou algìrijmo
ISOMAP (paramìrfwse to apotèlesma).

Locally Linear Embedding(LLE)

Sq ma 48: LLE algìrijmoc
me 5-kontinìterouc geÐtonec

Sq ma 49: LLE algìrijmoc
me 7-kontinìterouc geÐtonec

Sq ma 50: LLE algìrijmoc
me 10-kontinìterouc geÐtonec
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(aþ)LLE algìrijmoc me 15-kontinìterouc geÐtonec (bþ)LLE algìrijmoc me 18-kontinìterouc geÐtonec

Kai ed¸ to LLE dÐnei kalÔtera apotelèsmata ìso megal¸noume tok. 'Oso anaforˆ thn trÔpa pou
eÐqe to sugkekrimènomanifold, blèpoume ìti den ephrèase tìso polÔ thn lÔsh pou mac èdine o
algìrijmoc LLE(Locally Linear Embedding) . To mìno pou èkane eÐnai na paramorf¸sei kai ed¸ to
sq ma

Laplacian Eigenmaps

Sq ma 52: Laplacian Eigen-
maps algìrijmoc me 5-
kontinìterouc geÐtonec

Sq ma 53: Laplacian Eigen-
maps algìrijmoc me 7-
kontinìterouc geÐtonec

Sq ma 54: Laplacian Eigen-
maps algìrijmoc me 10-
kontinìterouc geÐtonec

'Opwc eÐpame kai parapˆnw, o algìrijmocLaplacian Eigenmapsden mporeÐ na xedipl¸sei oÔte to
Swiss roll allˆ oÔte kai to Swiss roll me thn trÔpa.

Di�usion Maps

Sq ma 55: Di�usion Maps al-
gìrijmoc me bandwidth = 5

Sq ma 56: Di�usion Maps al-
gìrijmoc me bandwidth = 10

Sq ma 57: Di�usion Maps al-
gìrijmoc me bandwidth = 100
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Sq ma 58: Di�usion Maps algìrijmoc me bandwidth = 1000

Kai ed¸ o algìrijmoc Di�usion Maps den mporeÐ na xedipl¸sei tomanifold.

'Enac algìrijmoc pou ja mporoÔse na xedipl¸sei swstˆ autì to manifold eÐnai o algìrijmocHessian
LLE . 'Omwc den ja ton efarmìsoume diìti den ton èqoume anafèrei sta prohgoÔmena kefˆlaia.

8.3 SfaÐra

Sq ma 59: Sphere Data 1 Sq ma 60: Sphere Data 2 Sq ma 61: Sphere Data 3

Ed¸ ja prospaj soume na kˆnoume Dimensionality Reduction sthn sfaÐra qrhsimopoi¸ntac touc
Ðdiouc algìrijmoc pou èqoume qrhsimopoi sei stoSwiss roll(PCA, ISOMAP, LLE, Laplacian Eigen-
maps, Di�usion maps).

Principal Component Analysis(P.C.A)

Sq ma 62: Sphere plot tou
1ou kai tou 2ou component

Sq ma 63: Sphere plot tou
2ou kai tou 3ou component

Sq ma 64: Sphere plot tou
1ou kai tou 3ou component
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Isometric Mapping(ISOMAP)

Sq ma 65: ISOMAP algìrij-
moc me 5-kontinìterouc geÐto-
nec

Sq ma 66: ISOMAP algìrij-
moc me 7-kontinìterouc geÐto-
nec

Sq ma 67: ISOMAP algìrij-
moc me 10-kontinìterouc ge-
Ðtonec

Locally Linear Embedding(LLE)

Sq ma 68: LLE algìrijmoc
me 5-kontinìterouc geÐtonec

Sq ma 69: LLE algìrijmoc
me 7-kontinìterouc geÐtonec

Sq ma 70: LLE algìrijmoc
me 10-kontinìterouc geÐtonec

(aþ)LLE algìrijmoc me 15-kontinìterouc geÐtonec (bþ)LLE algìrijmoc me 18-kontinìterouc geÐtonec
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Laplacian Eigenmaps

Sq ma 72: Laplacian Eigen-
maps algìrijmoc me 5-
kontinìterouc geÐtonec

Sq ma 73: Laplacian Eigen-
maps algìrijmoc me 7-
kontinìterouc geÐtonec

Sq ma 74: Laplacian Eigen-
maps algìrijmoc me 10-
kontinìterouc geÐtonec

Di�usion Maps

Sq ma 75: Di�usion Maps al-
gìrijmoc me bandwidth = 5

Sq ma 76: Di�usion Maps al-
gìrijmoc me bandwidth = 10

Sq ma 77: Di�usion Maps al-
gìrijmoc me bandwidth = 100

Sq ma 78: Di�usion Maps algìrijmoc me bandwidth = 1000
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