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Abstract

Neural Networks enjoy an impressive success as modelling tools in a variety of
fields. Their ability to capture non-linear complex relationships and their sand-
box nature renders them both efficient and easy to use. However, despite their
extensive use, neural networks are often presented in a applied computational
manner, deprived of rigorous mathematical background. The objective of this
thesis is to present the topic of neural networks from both a computational and
a mathematical perspective to disclose that these two approaches complement
and do not substitute each other.

After the presentation of fundamental neural network key elements, we ex-
amine the numerical optimization theory and algorithms that are employed
during model fitting, explore the mathematical background of neural networks
as function approximators and, afterwards, the most important neural network
architectures. Finally, an application of neural network modelling in portfolio
management is given to complement the theory with empirical results.



IMepirndn

Ta vevpwvixd dixtuo onuelwoay pla eviunwotaxy] emtuyia we epyaheio povielo-
noinong oe TAndodpa emotnuovixwy nediwy. H duvatdmntd toug va cukhaudvouy
cOVIeTES, UN Yeouuwés oyéoelg xou 1 eheulepior TOU TEOGPEPOLY YL TNV XAUTA-
oxeVn] Toug To Xoo Td TOG0 AMOTEAECUATIXG, 650 o elXOha T Yeion. 2otdoo,
ToR'OAn TN Bladedopévn yeRon Tou, To VEUpwvixd dixTtua, cuvhdwe, mapoucidlo-
VTOL UE EVOY EQUOUOCUEVO UTONOYLOTIXO TEOTO, CTEPOVTNG TOUC €Vol EVOEAEYES
pardnuatied vmoBadpo. O 6TéY0¢ TN MUPEOUCUC BITAWHATIXAC EVOL VO TOPOUGH-
doel Tor veupwvixd Bixtua TOo0 and pio LTOAOYLoTXY), 650 ot amd Wiar pordnuoTixen
TRoGEYYLoT), )oTe va detyVel 6TL oL B0 mpoceyYioeEl AAANAO-CUUTANEMVOUY XoL
oev uroxadoTolv 1 wiot TRV AT,

Agot mpdhta TopouclacToly xdmota VEPENELDDY) GTOLYEI TWV VEVPWVLXEDY Oi-
xtowy, e€etdlovtan 1 VYewplio Bektiotonoinone xou o uroloyiotxol alydpriuol
IOV YENOYLOTIOLOUYTOL XATH THY TEOGURUOYY| TWV HOVTEAWY, TO Hordnuotind uroBa-
Vp0 TV VEUPOVIXGY dXTLOY ©¢ UéYodol TPOCEYYIoNG CUVIPTACEWY Xol Ol OY-
pavTxdTERES apyttextovixéc. Téhog, mpoopépetan plor EQUPUOYY TWY VEUROVIXMY
dutOwV ot Syelplon yaptoguhaxiov, wote 1 Yewpla vo cupminewiel ye eunet-
ewd amoTeEAéoUATAL.



Chapter 1

Introduction: An Overview
of Neural Networks

Emotions are enmeshed in the
neural networks of reason

Antonio Damasio

1.1 Introduction

We begin the exploration of neural networks by examining their basic building
block; the neuron. After formulating the mathematical context of the neuron
and its components, we delve into feedforward networks, the most foundational
deep learning architecture.

In this chapter we are interested in the intuition and the framework of feed-
forward networks from both a theoretical and applied background, while also
exploring their limitations. Although we visit the topic of training from a gen-
eral perspective, we treat the actual training (optimization) algorithms as a
black box. In that sense, Chapter 2 is a natural continuation of this Chapter,
diving deep inside the topic of optimization theory. It is vital to note that
certain elements of this Chapter, such as activation and loss functions or the
back-propagation algorithm are also important for network architectures other
than the feedforward, which are examined in Chapter 4.



1.2 Perceptrons and Abstract Neurons

Initially, we define one of the most general building blocks of neural networks;
the abstract neuron.

Definition 1.2.1. An abstract neuron is the tuple (x,w, ¢,y), where: x are the
neuron’s inputs, w are the weights and ¢ is the activation function, from which
the output y = ¢p(w’'x) is derived.

One other component of an abstract neuron is the bias b and its correspond-
ing weight wy,. However, in order to avoid over-complicating our formulas, we
consider bias as another element of the input vector (the zeroth element xg and
its weight wp).

Inputs  Weights

Xp o> @ Weighted Sum

Activation Function Output

O y=6(%) w

Figure 1.1: Format of a typical Neuron

Before we delve into the learning process of a neuron, we have to examine
its fundamental elements that are used during training; the activation and loss
functions.

1.2.1 Activation Functions

The choice of activation function defines the nature of both the individual neuron
and the neural network altogether. We can categorize them into groups, each one
having advantages and disadvantages from a theoretical and a computational
perspective.



Linear Functions

Linear activation functions have the form:
¢(x) = a x, where a > 0

If @ = 1, we have a special case of linear function; the identity activation
function.

Although a network equipped with mostly linear activation functions can
be easily trained, it is mostly incapable of learning complex mapping func-
tions. Another problem with linear functions is that they restrict the use of
back-propagation. Hence, they are mainly deployed to the output layer of a
feedforward network.

Step Functions

The family of step functions model a neural stimulus as a jump. Two of the
most notable members are:

- Heaviside function

- Signum function

S(x){—l <0

1 x>0

Both functions are not differentiable at = 0.

The limitations of step functions are that they do not support back-propagation
and cannot be used in multiclass classification problems, because of non-smoothness.

Hockey-Stick Functions
This category encompasses some of the most commonly used activation func-

tions. From this point onwards, we move away from linearity in order to gain
the ability to learn non-linear target functions.

- Rectified Linear Unit (ReLU)

ReLU(z) = zH(xz) = max{z,0}



One important remark is that ReLU is differentiable with the exception of
0, and: ReLU’(z) = H(x) and, thus, allows the use of back-propagation. How-
ever, the fact that its derivative is not a smooth function could be problematic
in applied problems. Furthermore, as it is does not activate all neurons si-
multaneously, it is computationally much more efficient than other widespread
activation functions. Finally, its non-saturating property accelerates the con-
vergence of gradient descent algorithms to an optimum.

On the other hand, the main drawback of this function is the dying ReLLU
problem, meaning that during back-propagation the weights of some neurons
with consecutive negative values are not updated, which renders them ”dead”
neurons that are never activated.

- Parametric Rectified Linear Unit (PReLU)

<0
PReLU(z) = {am * -0 , where a > 0
x x>

Parametric ReLU is a modification of vanilla ReLU that fixes the dying
neurons problem. However, the use of constant a could lead to inconsistent
predictions for negative values and slower convergence rates of optimization
algorithms.

- Exponential Rectified Linear Units (ELU)

FLU(z) = {x x>0
a(e®—1) <0
ELU is an effort to smooth ReL.U, which solves the dead ReLLU problem even
more efficiently than the PReLU. Its main flaws are that it is computationally
more demanding due to the introduction of the exponential term and in certain
architectures could cause the exploding gradient problem.

- Sigmoid Linear Units (SLU)

o(x) = 20(e) = i

The SLU is the product of a sigmoid and a linear function. Its derivative is
given by the formula:

¢'(x) = o(z)[1 + zo(—x)]

The main difference between SLU and the rest of the Hockey-Stick type func-
tions is that the SLU is not monotonic and has a minimum. This biologically-
inspired property can be advantageous in certain problems.



- Softplus
sp(x) = In(1l + e®)
Softplus is a smooth approximation of the ReLLU activation function. It is
differentiable with the sigmoid function as its derivative:
sp/(2) = ==
In practise, the softplus function provides a convenient alternative to the

ReLU due to its ability to provide the back-propagation algorithm with better
results.

Sigmoidal Functions

The members of the sigmoid family are smooth and can sufficiently approximate
any step function. Thus, the use of the back-propagation algorithm is easier and
more solid with this type of functions, especially from an applied perspective,
which renders them widespread.

Before we elaborate on the members of the sigmoid family, we first have to
examine the properties of sigmoidal functions.

Definition 1.2.2. A function o : R — [0, 1] is sigmoidal, if:
lim,, o o(z) =0 and: lim, , o(z) =1
An important concept is that of the discriminatory functions. The intuition
behind is based on the idea that a measure p quantifies beliefs used to evaluate
information. Hence, the concept is that using all possible input data x, if under

the belief p1 the evaluation of the neuron o(w”z + 6) vanishes, then p is a void
belief.

Definition 1.2.3. Let u € M(I,). A function o is called discriminatory for
measure [ if:
J; oz +0)du(z) =0, Vw e R",0 € R
then:
p=0
Now, we can consider the connection between sigmoidal and discriminatory
functions.

Proposition 1.2.1. Any continuous sigmoidal function is discriminatory for
all measures p € M(I,).

Having the mathematical background, we can now examine the sigmoidal
family.



- Logistic Function

1
0c(T) = 1=
The logistic function is a smooth approximation of the Heaviside step func-
tion, where the constant c calibrates the sensitivity to neural stimuli. Its deriva-
tive is given by the formula:

ol =co.(1—o0¢)

The logistic activation function is commonly used, because it is differen-
tiable and can provide the back-propagation algorithm with smooth gradients.
It can also conduct probabilistic predictions, which is useful in binary classifica-
tion problems. On the other hand, the use of logistic function could cause the
vanishing gradient problem.

- Hyperbolic Tangent

x

t(x) = S=e

er+e~*

Similarly with the logistic function, the hyperbolic tangent can be consid-
ered as a smooth approximation of the signum function. Its derivative satisfies
the following differential equation, which can be used by the back-propagation
algorithm:

t'(x) =1—t3(2)

The main advantage of the hyperbolic tangent is that its output is centered
at zero, giving it an edge over the logistic function, especially in classification
problems, and making the learning process more efficient. However, the vanish-
ing gradient problem remains.

- Softsign Function

T
1+|z]

so(x) =

The softsign function is similar with the hyperbolic tangent, although its
tails are quadratic polynomials and not exponential and, therefore, saturating
slower. Softsign is also differentiable, with derivative:

_ 1
50'(2) = (xpape
Its slower saturation coupled with its ability to support the back-propagation

algorithm could lead to better performance than that of the hyperbolic tangent
in certain problem settings.



Classification Functions

In a multiclass classification problem, where each observation could be classi-
fied in one of n categories, with n > 2, we could model the category i where an
observation belongs as a coordinate vector of R", i.e.: ¢; = (0,..,0,1,0,...,0),
with 1 being the i-th element. This problem setting requires a specific acti-
vation function that can make probabilistic predictions about the form of the
corresponding coordinate classification vector for each datum.

- Softmax Function

softmax(z) = z, where the j-th coordinate is given as: z; = Te=T]

Typically, we consider the L'-norm: ||e*|| = "7, e*i. The softmax function

returns a vector of R™, where each element is the probability that the observation
belongs to that category and can be considered as the generalization of the
logistic function in higher dimensional classification problems. For this reason,
softmax is usually selected as the activation function of the network’s output
layer.

Bumped-type Functions

A more experimental type of activation functions are the bumped-like func-
tions. Due to their smoothness they can allow the use of the back-propagation
algorithm and recent results have shown that networks equipped with those
functions require fewer hidden layers and, thus, are trained much faster than
conventional neural networks. Most notable members are:

- Gaussian Function

flx)=e™"

- Double Exponential Function

f(x) = el with: A >0

1.2.2 Cost Functions

We could treat a neural network as a function, modifying an input using a
certain rule to produce an output. During the learning process, the network



calibrates its weight values to approximate a target function sufficiently. In
order to obtain a mathematical formulation of this objective, we need to have
a measure of divergence between the network’s output and the target value.

A loss function is a function that is capable of quantifying the aforementioned
divergence. Similarly with activation functions, loss functions can be categorized
into families, each one used in specific problem settings. The concept of training
is that by changing its weight values, the network minimizes its loss function
and, consequently, solves an optimization problem defined by that function. It
is important to keep in mind that not only the setting of the problem, but also
the network architecture itself determine the choice of loss function.

Supremum Loss Function

Suppose that for input z € [0, 1], the task of network’s output mapping f, is to
approximate a target function g : [0,1] — R. The supremum loss function has
the following form:

L(w) = sup,efo 1) [ fw(z) — g(2)]
In an applied setting, where only n values of the target function are known,
the supremum loss function becomes:
L(w) = maxicqs,_ny |fules) - g(z2)

Although supremum loss is of great importance from a theoretical perspec-
tive, in the sense that it uncovers the general intuition behind loss functions in
a mathematical context, it has limited applied value.

L?-Loss Function

Assuming again that for input z € [0, 1], our goal using the neural network is to
approximate a target function g : [0, 1] — R that is also square-integrable, then
the L2-loss function is the distance between output and target value using the
L?-norm:

L(w) = [} [fu(@) — ¢(2)]?dz

When only n target points are known, the loss function takes the form:

L(w) = [|fu(z) = ¢(@)[1F = 3311 [fu (i) — d(:)]?

By defining the L2-loss we made an important step to solve practical prob-
lems. It is easy to see that for fixed: x, ¢(x) € R™, this loss function is smooth
and, thus, can be minimized by optimization algorithms discussed in Chapter
2.



Mean Square Error

We move away from fixed input and target points and start to introduce random
variables to our loss functions in order to be able to formulate real-life problems.
Let X a random variable that is the input of our network. Then, using the out-
put random variable Y = f,,(X), we approximate the target random variable Z.
A measure of divergence between Y and Z is their expected squared difference:

L(w) =E[(Y - Z)?]

Before we further examine this loss function, we first have to show that
minimizing the expected squared difference is equivalent with minimizing the
cost. The set of all square-integrable random variables defined on a probability
space forms a Hilbert space with dot product: (X,Y) = E(XY'). This yields
the norm: || X||? = E(X?) and, consequently, the distance: d(X,Y) = || X —
Y'||. Thus, the expected squared difference is the squared distance and, hence,
minimizing it minimizes the cost itself.

Now, we can explore the mean square error in an applied setting, where we
have n realizations of the random variables X and Z, i.e. the sequence of tuples:
{(x4,2;)}; is known. Then, the loss function is modified as follows:

L(w) = %Z?:l[fw(xi) - Zi]Q

The mean squared error loss function is usually deployed in regression prob-
lems due to its nature to depend on only the magnitude of the error and not its
direction.

Finally, we have to examine the case where X and Z are independent. Using
conditional expectations, one can show that the best output would be: Y =
E(Z), which renders the neural network impractical.

Cross-Entropy

The idea behind most methods from this point onwards is that we measure
the divergence between probability densities of random variables and not the
proximity of the random variables themselves.

We consider two densities on R, p and ¢q. The negative log-likelihood:
—l4(x) = —Ing(x) quantifies the information given by ¢. We define the cross-
entropy of p with respect to g as the information given by ¢ from the perspective
of p:

S(p,q) = Ep[_lq] = pr(x) Ing(x)dx

Cross-Entropy is usually used in classification problems, because it can quan-
tify the cost increase when the predicted category diverges from the actual one.



Another useful notion is that of the Shannon entropy: H(p) = — [, p(x) Inp(z)dz.
The relationship between cross-entropy and Shannon entropy is the following:

Proposition 1.2.2. It holds: S(p,q) > H(p), where: S(p,q) is the cross-

entropy of p with respect to q and H(p) is the Shannon entropy of p.

Kullback-Leibler Divergence

We define the Kullback-Leibler divergence as the difference between the cross-
entropy and the Shannon entropy: Dxr(p||lq) = S(p,q) — H(p). From Proposi-
tion 2.2.1, we are guaranteed that: Dy (p|lg) > 0.

Both cross-entropy and Kullback-Leibler divergence are popular loss func-
tions, especially in classification problems. The reason behind that is that they
are related with the maximum likelihood method in the sense that the weights
vector value w* that minimizes the cross-entropy or the Kullback-Leibler diver-
gence (since Shannon entropy does not depend on w, the minimization problems
are the same) is the maximum likelihood estimator of w.

Jensen-Shannon Divergence

A loss function that is used for training GANs is the Jensen-Shannon divergence,
given by the formula:

Drs(pllg) = 5(Dkr(pllm) + Dk L(q|lm)), where: m = £34
We can examine further the properties of this loss function:

Proposition 1.2.3. The Jensen-Shannon divergence has the following proper-
ties:

(1) It is non-negative.

(i9) It is symmetric.

(i11) Drs(pllg) =0 p=q

Renyi Entropy

The Renyi entropy is a generalization of the Shannon entropy.

H,(p) = 1 1n [ p(z)*dz, where: o >0 and « # 1

T a
A special case of Renyi entropy is the quadratic Renyi entropy:

Hs(p) = 3In [p(z)?dz, due to the ability to estimate its value using only a
subset of the initial data set.

10



Estimating the Cost Function

In a typical machine learning problem we have a data set consisting of tuples:
{(xs, z;) Y, where z; is the target variable and z; is the value of the predictor
variable (or the vector of predictor variables in the multivariate case). Although
we have at our disposal the entire data set, sometimes we deploy stochastic
optimization algorithm that use only a subset of the data set (called mini-batch)
to train the model in order to be computationally more efficient. Thus, we need
to have a way to estimate the cost function of the entire data set using only a
mini-batch.

- Mean Squared Error: Using a subset of the entire data set: {(z;,z;) ;'k:h’
where: i1,...,4; € {1,...,n} and: i; < iz < ... < ik, we can estimate the mean
squared error as follows:

E[(Z - Y]~ § X7, [z — flagsw))?

- Quadratic Renyi Entropy: Because we need to estimate a density function
using a sample of our data set, we replace the density p in quadratic Renyi
entropy with a sampled based density using a window W,:

ﬁ(m) = %Z;k:zl Wa(x,mj)

Using the quadratic potential energy: U(p) = [ p(z)?dz, the formula of
quadratic Renyi entropy is modified as follows:

Hy(p) = —InU(p)

In this general setting we cannot proceed any further. In applied problems,
the next step would be to make an assumption about the window W, and then
estimate the quadratic potential energy. This would yield an estimation for the
value of quadratic Renyi entropy.

1.2.3 Neuron Types

Perceptron Model

The perceptron is the most simple neural network, consisting of only one neuron.
The original perceptron was not intended to be an algorithm, but a machine
with custom built hardware to perform the training with heuristic updates. It
maps a real-valued input « € R into a binary valued output y € {0,1} and can
be considered as a simple binary classifier.

The activation function of a perceptron is the Heaviside function, used to
map the weighted sum of neuron’s inputs into the binary set {0,1}. However,

11



the perceptron does not have a formal loss function, because initially the goal
was to minimize misclassifications using in a heuristic and hardware-based way.
The whole process was similar with the stochastic gradient descent method
presented in Chapter 3, although it was far more crude.

Other than its significance as a binary classifier, the perceptron is also im-
portant in logical computation, being able to implement logical gates AND and
OR. However, a single perceptron is unable to learn more complex computa-
tional calculations, such as XOR. While this caused deep learning research to
stagnate at the time, it was the stimulus to discover more complex network
architectures.

Sigmoid Neuron

A sigmoid neuron expands on the concept of the perceptron model, by mapping
the input z € R into the whole interval (0,1) and not only into two discrete
values. Its activation functions are members of the sigmoid family and for each
member, we can obtain a different type of sigmoid neuron. Nonetheless, from a
mathematical viewpoint their only difference is the saturation’s rate of change.

A special case of sigmoid neuron is the one equipped with the logistic ac-
tivation function. In a typical problem setting, where we have input vector zx,
the output of the logistic neuron is given as: y = o(w? z), where: o(z) = oy (z).
Because the logistic function is a smooth approximation of the Heaviside step
function, we can approximate a perceptron using a logistic neuron, for ¢ — oco.

Other than being part of a neural network, a sigmoid neuron can also perform
classification tasks, by learning using logistic regression.

Linear Neuron

Another special neuron type is the linear neuron. It is equipped with the lin-
ear activation function: ¢(x) = x and the mean squared error loss function.
Its applications include pattern recognition, data filtering and linear function
approximation.

In an applied problem we have observations from random variables X1, ..., X,
and corresponding weights wy, ..., w,. By using the convention that:
Xy = —1, the output of the linear neuron is: ¢(Y) =Y = wT X, with:
X = [Xo, X1, .0, X]T

During the learning process, we try to find the optimal value of weights that
minimizes the loss function: w* = argmin,E[(Z — Y)?]. Typically in deep
learning, we use computational optimization algorithms to perform this task,
but in this case we can find the exact solution of the problem. We have:

E[(Z - Y)Y =E[Z%] - 2E[ZXT|w 4+ wE[X XT|w = ¢ — 2bTw + wT Aw

12



where: A =E[XXT] and b = E[ZX]

By defining: f(w) = ¢—2bTw+w? Aw, we get the gradient: Vf = 24w —20b.
The optimal value w* is found as the solution of the system: Vf =0= Aw =15
and its solution could be approximated using numerical linear algebra methods.
Thus, while a linear neuron has limited capabilities, it can be trained far more
efficiently than more complex neurons.

Adaline

Adaline is another neural network classifier consisting of a single neuron, simi-
larly with the perceptron model. Its activation function is the signum function
and its goal was to predict the label of a binary variable. The main difference
between the Adaline and the perceptron is that during training, Adaline cali-
brates its weights based on the weighted sum of the inputs and not in terms of
network’s output, using an algorithm called a-LMS, which was carried out with
electrically variable resistors.

It is notable that for inputs of equal length, the a-LMS algorithm essentially
minimizes the mean-squared error using the gradient descent update rule. For
this reason, it is considered as the predecessor of gradient based methods.

Madaline

Madaline is one of the first multilayered neural networks, consisting of a hidden
layer of Adaline neurons and a fixed logical gate that produces the network’s
output. Due to the use of signum activation function in the hidden layer, we
cannot use the back-propagation algorithm to perform training. Hence, three
distinct training algorithms have been proposed, called Rule 1, Rule 2 and Rule
3 respectively.

Logical
Gate

Figure 1.2: Madaline with a hidden layer of two Adaline neurons
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Neurons of Continuum Input

A continuum input neuron is a special type of neuron used to construct con-
tinuum neural networks. Its input « is continuum over [0, 1] and it is equipped
with a weighting measure over that interval, thus, each value = has correspond-
ing weight: wd(z). The output of these neurons is calculated as follows:

y = o([y vdw(x))

It is easy to see that for different weighting measures, we get different types
of continuum input neurons.

- Neuron with Dirac measure: Using the Dirac measure ¢,,, defined for every
measurable set a € B([0, 1]) as:

5z0(A){1 0 €A

0 i) §§ A
the output of the network is:

y = o( [y xdés,(x)) = o)

Because there are no parameters to optimize, there is no need to perform
training in this case.

- Neuron with discrete measure: If we have a finite subset X of [0,1] and a
discrete measure u, such that:

1(A) =34, ex wide, (A)

then, the output is calculated as follows:

y = o[y wdp(z)) = o (0, wjz;)

Using a cost function, such as the mean-squared error, we can then minimize
it to obtain the optimal value of weights.

- Neuron with Lebesgue measure: Consider an absolute continuous measure
p with respect to the Lebesgue measure A 1. Using the Radon-Nikodym
theorem, we get a non-negative measurable function p on [0, 1], such that:
du(x) = p(x)dz. Thus, the network’s output is:

y = o(fy zdu(z)) = o( f, zp(x)dz)

The training’s goal is to optimize p(z) in order to minimize the error func-

tional: F(p) = £[o( fol xp(z)dz)—z]2. Without making more assumptions about
measure p, we cannot proceed any further.
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1.3 Feedforward Architecture

Feedforward neural networks (FNN) are one of the most important network
architectures, both from a historical and practical perspective. A feedforward
network tries to approximate a target function f* by defining the mapping
y = f(x;w) and adjusting the value of parameter vector w during training.

While FNNs have applications in both regression and classification problems
and are often deployed, they also act as the foundation stone to move to more
complex models, such as Convolutional Neural Networks (CNNs) and Recurrent
Neural Networks(RNNs), which can be obtained by performing modifications
to the basic structure of a FNN.

1.3.1 Architecture Design & Elements

As stated above, the goal of a FNN is to approximate a target function f* using
the mapping f. We can treat f as a function composition, namely, for a FNN
with n total layers, f has the form: f = f( (=D (.. (fM(x)))), where each
function f*) represents a layer.

A layer is a vertical stack of neurons. In a FNN we have three possible layers:
the input layer, which receives data and passes them to the rest of the network,
the output layer that returns the network’s output and the hidden layers that
lie between the input and the output layer. Each neuron of the hidden layers
receives inputs from the neurons of the previous layer and passes its output to
neurons of the next layer. If all neurons of every layer are connected with all
neurons of the previous and next layer, then the FNN is fully-connected.

Input
Layer

Figure 1.3: Fully-connected FNN
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The Importance of the Activation Function

As stated previously, non-linear activation functions enable the network to learn
a non-linear target function. Linear activation functions, with the identity be-
ing the most common, can make training more fast, but the targets they can
approximate are limited. The following results [1] explore the limitations of the
identity activation function.

Theorem 1.3.1. A FNN that uses the identity activation function in all of its
layers reduces to a single-layer network that performs linear regression.

Theorem 1.3.2. A FNN that uses the identity activation function in all of its
hidden layers and its output layer consists of one neuron with the sign activation
function and the perceptron criterion as loss function reduces to the perceptron
model.

1.3.2 Training Process

In Subsection 1.2.3 we discussed how some neurons perform their training using
specific algorithms or calculating the exact solution of a system. The problem
is that in FNNs those methods are rendered useless. From optimization theory
we can employ gradient-based methods but the main difficulty here is that we
have a function composition and the numerical evaluation of gradients can be
computationally prohibitive, especially in FNNs with multiple hidden layers.
This caused deep learning research to stagnate for many years, until the back-
propagation algorithm solved the problem in a simple and efficient way.

This subsection dives into the training process of FNNs from a general con-
text, treating the optimization algorithms themselves as a black box. The goal
is to present the setting, common problems and different strategies of training
that are independent of the optimization algorithms, which are discussed in the
next Chapter.

Back-Propagation

The back-propagation algorithms consists of two parts: the forward pass, which
is also performed when the network makes predictions, and the backward pass.
Before we explore the algorithms themselves, we have to study the mathematical
background of the algorithm. It is important to note that, although most of the
times we treat bias as a member of inputs with its own corresponding weight,
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in this case we have to make a distinction between inputs and biases, in order
to simplify our calculations.

We start with defining the error for the i-th neuron of the I-th layer (with
L being the output layer):

1 _ 9L(9,y)
6i 32

which can also be expressed in gradient terms as:
St=v_,L

By applying the chain rule for the output layer’s error, we get:

sL — Zsize(l) oL 99, _ oL Oy
i T Zuj=1 9g; B2l . 0§ 0zl

~ T
Because: §; = al = ¢T(2F), where: 2! = w! al + bl we get:

3F = G ()

?

and in gradient form:
Sl =vyLo¢t(2h)

This yields the error vector of the output layer. For the other layers, we

have:
82 (l+1)

_ Zszze (1) 6(l+1)

(141)
6zj

gl — 9L _ Zsize(l) oL
azé

17 02l T Zuj=1 50D

The inputs of the i-th neuron of the I-th layer 2! satisfy the recursive rela-

tionship: zJ(H_l) Yom l+1)¢l( i)+ bg.l'H). This result in conjunction with the

fact that inputs of dlfferent neurons of a layer are independent returns:

A W g
B ¢" (1)

Combining those results above, we receive:

Zsize(l+1) w l+1)5 l+1)¢/z( ) = WD s+ o ¢/l(zl)

j=1 Ji

(2

By further applying the chain rule and performing the necessary calculations,
we get the gradients we were looking for:

Vi £ = §la+D"
and

VL = o
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Having the above quantities, we can then provide them to a gradient-based
optimization algorithm to find the optimal values of weights and biases. Finally,
after the back-propagation is performed, we could unify weights and biases again
and treat them as one quantity.

Having examined the mathematical background, we can now proceed with
the algorithms themselves. As stated above, the back-propagation process con-
sists of a forward and a backward pass, where the forward pass in essentially
nested inside the backward. Thus, we have the following pair of algorithms:

Algorithm 1 Forward Propagation

Require: N > 0: Network depth L
Require: W', [ =1,..., L: Weight matrices
Require: V!, | =1,..., L: Bias parameters
Require: z: Network’s input
Require: y: Network’s target output

a’ =2

for [in 1,2,...,L do

- WzTa(z—n +

al = ¢(2)
end for
j = ak

Calculate: L£(9,y)
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Algorithm 2 Back-Propagation

Require: N > 0: Network depth L
Require: W', [ =1,..., L: Weight matrices
Require: b, [ =1,..., L: Bias parameters
Require: z: Network’s input
Require: y: Network’s target output
Run Forward Propagation Algorithm
6k = VzL‘C(gay)
for/inL—1,L—2,...,1do
ol = WD 50+1) o ¢ O (21
end for
for/in1,...,L do
Vi L(§,y) = sla=D"
vbl‘c(g7y) = 6l
end for

Setup and Initialization

This subsection we examine some pre-training issues we face in neural networks
and the methodology we use to solve them. Inherently, our perspective here
is more applied than the rest of the section, although newest research tries to
adopt a more mathematically concrete treatment of the matter.

- Hyperparameters Tuning: In our approach we consider two major cate-
gories of network parameters:

a) Primary model parameters are the weights and biases and are optimized
using back-propagation and numerical optimization algorithms on a training
data set.

b) Hyperparameters are additional parameters, such as parameters of de-
ployed optimization algorithms (e.g. learning rates or number of epochs), the
number of hidden layers or regularization constants. They are tuned in the
validation set using specific methods.

The goal of this subsection is to explore the main hyperparameters tuning
methods:

1. Grid Search: Grid search is an exhaustive search method performed on a
specific interval of hyperparameters values. The main problem with this method
is that its cost increases exponentially with the number of hyperparameters and,
thus, rendering it practically unusable in real-life complex problems.

74. Random Sampling Grid Search: This method is a modification of grid
search that draws samples randomly values from the grid search’s interval of
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hyperparameters values. Because we search only limited values and not the
whole interval, random sampling grid search is computationally more efficient.

119. Bayesian Optimization: Bayesian optimization methods could be de-
ployed in bid data problems, where the training of models can be performed
for a very limited amount of times and we need to select only one value of
the hyperparameters vector. However, these methods are often too slow in real
problems and are not preferred.

- Feature Preprocessing: Data preprocessing can sometimes help during
training. The main methods are:

1. Mean-centering: The column-wise means are subtracted from each data
point.

71. Normalization: The standard deviation is divided from each feature value.

4. Standardization: Combination of mean-centering and normalization.

Feature preprocessing is often used as it can help with the problem of ill-
conditioning, i.e. the sensitivity of the loss function to different parameters
fluctuates.

- Initialization: Initialization refers to the process of setting the initial values
of primary model parameters before the beginning of training. As it will be
shown in the next Chapter, every numerical optimization algorithm requires a
starting point in order to work properly. Initialization is important in neural
networks, because networks often display stability problems, i.e. the activations’
strength of each layer exhibits fluctuations.

In an applied setting, initialization is usually performed through sampling
from a zero-mean normal distribution with a small standard deviation value.
Random sampling guarantees that initialized values differ from neuron to neu-
ron, an element that prevents the creation of identical features in a layer. The
problem with this approach is that it does not take account of the interaction be-
tween neurons of different layers, which can be a problem in non fully-connected
FNNs. Solutions to this issue have been proposed, such as the Xavier initializa-

tion, where the standard deviation is modified as: . 2_ .
’ size(nodes;y )—size(nodesout)

Overfitting & Generalization

A problem faced by high complexity models is overfitting, meaning that the
model changes extremely with the introduction of new data, leading to incon-
sistent predictions. The solution to this problem is regularization, a way of
penalizing extreme fluctuations through by controlling the values of primary
model parameters. This method is called Penalty-Based Regularization.
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When performing penalty-based regularization, we modify the loss function
as follows:

Lr(g,y) = L(G,y) — Yw)
The form of Q(w) term depends on the specific regularization method. There
are two primary methods:
L-1 Regularization: Q(w) = [|w||1 = >, w;

L-2 Regularization: Q(w) = |jw||3

In general, L-2 regularization outperforms L-1. However, L-1 is preferred in
specific problem settings because it can act as a feature selector by returning
sparse solutions, through deactivation of specific neurons, and, thus, creating a
sparse neural network.

It is important to note that the back-propagation algorithm can work with
regularization without problems.

1.3.3 Training Strategies

Training a neural network is essentially a complex optimization task. Thus, the
solutions we receive may not be optimal enough to have sufficient generalization
power. On the other hand, pre-training has shown empirically that through sim-
plification of the initial optimization problem and then gradually adjusting the
difficulty can return better solutions. Two approaches of pre-training strategies
are continuation and curriculum learning.

Continuation Learning: We start from a simplified version of the original
optimization problem and progress until we reach the initial problem. This is
done by defining a loss function sequence {L, }_; with progressing difficulty
using techniques such as blurring. This renders continuation learning a model-
centric approach.

Curriculum Learning: We start training from simple data points (the diffi-
culty of a datum is defined by the modelling problem itself) and add difficulty
progressively. Thus, curriculum learning is a data-centric approach. Most of
the time, best results are obtained by using a random mixture of simple and
difficult data, with the proportion of difficult data in the mixture increasing
over time. This variant is called Stochastic Curriculum Learning.
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Chapter 2

Optimization Theory and
Methods

If you optimize everything, you
will always be unhappy.

Donald Knuth

2.1 Introduction

The concept of numerical optimization algorithms is to approximate the min-
imum of a given function, under the existence of some constraints. In deep
learning, the use of constraints is not usually an element of the optimization
problem due to our ability to modify the cost functions of our toolkit accord-
ingly. However, the study of optimization theory in a general setting is vital to
understand the underlying background of those algorithms.

In this Chapter, both general theory and applied methods of optimization
in deep learning are presented.

2.2 Convex Optimization: Theory and Numeri-
cal Algorithms

In this section we examine deterministic convex optimization theory and algo-
rithms from a theoretical perspective. Although convexity rarely holds in neural
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networks, as they can be treated like a composition of functions, convex methods
can be the starting point to move to more advanced algorithms. Furthermore,
due to their simplicity from a mathematical and a computational viewpoint,
they are often deployed in deep learning problems. Thus, a more formal study
of their properties and limitations is necessary.

2.2.1 Gradient Descent Algorithm

In this subsection, we introduce one of the most known and basic optimization
algorithms; the gradient descent. We concentrate on the mathematical con-
struction of the algorithm and examine possible weaknesses that can become
the foundation stone to make the leap to more efficient and powerful methods.
A more computational approach of the gradient descent algorithm can be found
in the next section.

The concept behind the gradient descent algorithm is to find the minimum
of a function f by moving to the direction that minimizes the value of the
function for a given step. Thus, we search for the unit vector u, which denotes
the direction that decreases the most of the function by moving a small step of
size 7.

Suppose we start from an initial point zo. We can express the difference
between the function’s value before and after we make a step of size n from xzq
using the linear approximation as follows [2]:

Flao+mu) = flao) = X0y En wd + o(n?) = n(V f(wo), u) + o(n?)

Our goal is to find u using the above result. Because we want to have the
maximum negative difference between the value of the function before and after
the step and u is a unit vector, i.e. ||u|| = 1, we use the Cauchy inequality for
the dot product of the above formula:

=V f o)l [Jull < (Vf(zo),u) < [V f(zo)| ||ull

and conclude that in order to obtain the minimum value, we need:

V f(zo)

U= TV i@l

We can also quantify the change in the value of the function:

f(@o +mu) = f(x0) = n(V f(x0), u) = = |[V f (o)l

The idea behind the algorithm is to construct a sequence of points: {x, }\_,
using a loop, where in each iteration we move to the direction that minimizes
the value of the function for a given step of size n > 0. We refer to said step
size as learning rate. An outline of the algorithm is:

23



Algorithm 3 Gradient Descent - Mathematical Build

Require: N > 0: Number of iterations, n: Learning rate
Initialize starting point of the sequence g
fornin 1, 2, ..., N do

Construct the n-th element of the sequence as follows:

- Vf(zn-1)
Tn = Tn-1 = MTF@a )

end for

Although the above solution has the potential to solve the problem, it has
a major flaw; by having a fixed learning rate, it is easy to move away from the
minimum point z* we are looking for. The reason is that: ||z, — z,—1|| = 7,
thus, the sequence {x,, })_; does not converge. The solution to this problem is
to modify the algorithm, so that the learning rate is not fixed, but dependent on
the number of each iteration. We refer to that type of learning rate as adjustable
learning rate. A first step would be to make the learning rate proportional to
the gradient of the function, hence: n, = d - ||V f(z,)||, § > 0. Consequently,
our new algorithm is[2]:

Algorithm 4 Gradient Descent - Final Build

Require: N > 0: Number of iterations, J: Learning rate’s constant
Initialize starting point of the sequence g
forninl, 2, ..., N do
Construct the n-th element of the sequence as follows:
Ty = Tp—1 — 5Vf($n_1)
end for

The above algorithm is the most known form of the gradient descent. Con-
trary to common belief, this algorithm has the capability (to a degree) to adjust
the learning rate to each iteration, thus, the chance of missing the minimum x*
is less than expected.

Now that we have formulated the algorithm, we want to examine its lim-
itations. We have to make two assumptions about the function we want to
minimize:

(1) Tt is differentiable. Otherwise, we cannot provide the algorithm with a
gradient during each step.

(#4) Tt is convex. If the assumption of convexity does not hold, there is no
guarantee that we will find a global minimum (or a minimum at all).

The first restriction is not of great importance in deep learning; the ma-
jority of loss functions are differentiable (and for non-differentiable functions
we can employ some computational tricks performed during back-propagation).
However, it is actually vital, from a mathematical viewpoint, to generalize our
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results for non differentiable functions as well. On the other hand, the sec-
ond assumption is very restrictive both from a theoretical and from an applied
perspective, because the typical loss landscape consists of hills and valleys, hav-
ing many minima, maxima and saddle points and, thus, rendering the gradient
descent algorithm almost useless.

Finally, we can examine the convergence conditions of the algorithm, by
using the following result [2]:

Proposition 2.2.1. The sequence {x,}Y_, constructed from Algorithm 4 (Gra-
n—oo

dient Descent - Final Build) is convergent, iff: V f(x,) —— 0.

It is easy to see, that if function f is continuously differentiable and x* is
a global minimum of f, then, if: z,, — x*, by using the above proposition, we
have: Vf(z,) — Vf(z*) = 0, which agrees with the necessary condition from
theory. Additionally, the learning rate is controlled by the Lipschitz constant of
Vf.

Line Search Method

The line search method is the first modification of the gradient descent algorithm
that we will examine and can be considered as an expansion of the concept of
adjustable learning rate. The idea is that we choose to move to a point on the
direction that the objective function f is minimized [2]. To achieve this, we
have to update the learning rate’s value as follows:

Tp = arg miny, fxn —n Vf(z,))

Thus, we create a new algorithm that generates sequences for both visited
points {z,}_, and learning rates {n, }_;.

Algorithm 5 Gradient Descent - Exact Line Search Method

Require: N > 0: Number of iterations, ny: Initial learning rate
Initialize starting point of the sequence g
fornin 1, 2, ..., N do
Update the learning rate’s value:
Nin = arg minn f(wn -1 Vf(ﬂfn))
Construct the n-th element of the sequence as follows:
Tpnyl = Tp — nnvf(xn)
end for
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2.2.2 Subgradient Descent

In this section we begin to expand the concept of the gradient descent algorithm
to more complex problems. In particular, we generalize the steepest descent
method for functions that are not differentiable. Although in the context of
deep learning this is not usually the case, it is of great importance from a
mathematical standpoint to make this generalization.

We first need to express the general convex optimization problem. The goal
is to find the value:

f*i=mingex f(x)
where: X C R™
At first, we revisit the update step of the general gradient descent algorithm
with adjustable learning rate:
Tntl = Tn —Tn Vf(xn)

The necessary modifications of the above method we need to make are [6]:

(i) Replace the gradient of the objective function with a subgradient, i.e. a
member of the subdifferential of f (see Appendix): g(z,) € df(x,), because
according to the general convex optimization problem, the objective function is
not necessarily differentiable.

(#4) Generalize the update step to solve constrained problems. In the con-
strained case, where X # R™, the updated point x,4+1 could drift away from
the set X. Thus, we need to use a projection to push it back.

Consequently, during each step we move to the point:

Tpy1 = argmingex ||z — (2, — 00 g(z0))]|3, for: g(x,) € 0f(z,) and 0, >0

Finally, we can re-write the above formula in order to have a more manage-
able form [6]:

Tpy1 = arglr:léi)l(l [lz = (xrn — Q(In))Hg

. 1
= arg min[n, (g(xn), z) + 5o — Tn 3]

Remark 1. The problem with using subgradients is that a subgradient is not
necessarily a descent direction. Therefore, it must be chosen appropriately to
ensure that we move towards a direction that decreases the value of f.
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The subgradient descent algorithm has the following form:

Algorithm 6 Subgradient Descent

Require: N > 0: Number of iterations
Initialize starting point of the sequence g
fornin 1, 2, ..., N do
Construct the n-th element of the sequence as follows:
Tpi1 = argmingex [1,(9(2n), ) + 3l — z,][3]
end for

Now that we have built the algorithm, we can proceed to examine its math-
ematical properties and limitations. We start from a general setting of convex
optimization problems and then continue with more specialized cases.

General Non-smooth Convex Problems

At first, we consider an objective function that is convex and Lipschitz contin-
uous over a domain X. Our goal is to examine if our method converges to the
solution.

The following result can be used to characterize the updated points after
each iteration and is the step-stone for the rest of the proofs of this section [6].

Lemma 2.2.1. Consider the sequence {x,})_, generated by Algorithm 6 (Sub-
gradient Descent) and let n € {1,...,N}. Then:

Mn{9(@n) Tns1 — n) + gllTnsr — 20l < 5lle — 2alld — 3l — 203

Now, we can examine the convergence properties of the subgradient descent
[6]:

Theorem 2.2.1. Consider the sequence {x,}N_, generated by Algorithm 6
(Subgradient Descent). Under the assumption of Lipschitz continuity, it holds:

Sl f (@) = F(@)] < Hllo — 23+ MY 02

Finally, we want to specify the choice for the learning rate 7, [6].

2
Corollary 2.2.1. Let: D2 = mamwlwex%. Under the assumption that
the number of iterations N is fized and: 1, = ]\2,[1\)}2 , forrm=1,2,...,N, then:

F@™N) = fr=¥2MDe yN >

where:
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fSN = (Ziv:s nn)_l Zflvzs nnfn

The problem of this approach is that we consider that the number of it-
erations is known in advance. While this makes sense from a computational
perspective, from a mathematical one it is very restrictive. Consequently, we
can specify the choice for the learning rate 7n,,, without fixing the number of
iterations [6]:

Corollary 2.2.2. Suppose: n,, = %, forrm=1,2,.... N. Then:

_N % (1+2log3)M D,
F@nym) = " < 3 Tysgeinis VIV 23

The flaw of the above results is that the output solution is a weighted av-
erage of all members of the generated sequence {z,,}2_, , whereas we want to
find only one point zj as the solution. Without any extra limitations for our
optimization problem, we can only consider as an output solution the member
of the generated sequence Zj, that minimizes the value of the objective function,
i.e. that satisfies:

f(ffk) = mini:l,...,N f(%)

Non-smooth Strongly Convex Problems

In this subsection we add the restriction that our objective function is also
strongly convex.

First of all, the following theorem [6] provides an upper bound for the gap
between the objective function’s value at a point generated by the subgradient
algorithm and its value at any point of its domain.

Theorem 2.2.2. Consider the sequence {z,})_, generated by Algorithm 6
(Subgradient Descent). Under the assumptions of Lipschitz Continuity and
Strong Convezity, if a sequence {w,}\_,, with w, > 0, n = 1,..., N, exists,
such that:

Wy (1= p1n) < Wn—1
Mn — Mn-1

and x € X, then:

N 1— N
Sony wnlf ()~ f (2)] < G|y |3 22 | |p—ay 1 |34+ M2 0w

Now, we can specify the form of the sequences {n,})_, and {w,}Y_; to
examine the gap between our output solution f(#;”) and the optimal value [6].
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Corollary 2.2.3. If: n, = ;%n and w, =n, VYn > 1, then:

— 2
F@N) = f(@) + g llena — 2l < g, Ve e X

Thus, we managed to bound both f(zI) — f(z*) and ||zy4+1 — 2*||? using
an O(+) term. Finally, in a more applied setting, we could substitute z with
Tk, similarly with the General Non-Smooth Convex case.

Smooth Convex Problems

We assume that our objective function f is differentiable and convex, with
Lipschitz continuous gradients, i.e. a smooth convex function. For smooth
functions, the subgradient is a singleton consisting of only the gradient and, thus,
by replacing the subgradient with the gradient: g(z,) = Vf(x,) in Algorithm
1 (Subgradient Descent), we create a new algorithm; the projected gradient
method.

Algorithm 7 Projected Gradient

Require: N > 0: Number of iterations
Initialize starting point of the sequence xzq
fornin 1, 2, ..., N do
Construct the n-th element of the sequence as follows:
Tp41 = PX(-'ETL - nnf(xn»
where Py is the projection operator on the closed convex set X.
end for

Remark 2. The update step of Projected Gradient Descent algorithm can be
alternatively made using the formula:

Tpy1 = arg Mingex [nn<vf($n)vx> + %Hx - 51771”%]

As our first result [6], we show that the use of the projected gradient al-
gorithm in smooth convex problems guarantees that the sequence of function
values at the points of the iteration { f(x,)}Y_; is monotonically non-increasing.

Lemma 2.2.2. Consider the sequence {x,,}_, generated by Algorithm 7 (Pro-
jected Gradient). Under the additional assumption of smoothness and for learn-
g rate: Ny < %, we have:

f(anrl) < f(xn)

Using the above result, we can examine the convergence properties of the
algorithm with fixed learning rate in the context of smooth convex problems [6].
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Theorem 2.2.3. Let the sequence {x,}N_, be generated by Algorithm 7 (Pro-
jected Gradient). If the assumption of smoothness holds and for learning rate:
N =N = %, Vn > 1, then:

flansr) = f(@) < gxlle — a3, Vo e X

Smooth Strongly Convex Problems

Having examined each case individually, we can now combine the results of the
two previous subsections to examine the convergence properties of the projected
gradient algorithm.

Consider the sequence {x,}"_; generated by Algorithm 7 (Projected
Gradient). Under the assumption that smoothness and strongly convexity hold
and for the choice of fixed learning rate: n, =n = %, Vn =1,..., N, we have:

Iz —zyallf <@ =P |lz —2f3

Finally, in order to find a solution xs convergent to the global minimum x*
(i.e. ||zs — x*||*> <€, Ve > 0), by using the above theorem we have:

€

*_ 2
(1= )V ||e" — 21| 3 < e = N > L log(lr=mll)

In conclusion, for smooth and strongly convex objective functions, if we

* 2
choose learning rate n = + and number of iterations N > £ log llz”=a1ll; , 1t
L n

€

is proven that the projected gradient method converges to the global minimum.

2.2.3 Mirror Descent

In the previous subsection we examined the convergence properties of the sub-
gradient descent algorithm under various assumptions for our objective function.
Although the subgradient method has the ability to adapt to the geometry of the
problem through the use of projections, it is linked with the Euclidean structure
of R™. Hence, in this methods, the update step is similar to that of the subgra-
dient descent, but instead of the Euclidean norm, we use Bregman’s distance V'
(see Appendix). Our next move would be to generalize the subgradient descent
algorithm to adjust to non-Euclidean optimization problems. This ability can
provide better accuracy certificates in specific optimization settings.
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The Mirror Descent algorithm has the following form:

Algorithm 8 Mirror Descent

Require: N > 0: Number of iterations
Initialize starting point of the sequence xq
fornin 1, 2, ..., N do
Construct the n-th element of the sequence as follows:
Tn41 = arg Mingex [N (g(zn), ) + V(2n, )]
end for

The Lemma below is important for the proofs of this subsection [6].

Lemma 2.2.3. Consider the sequence {x,}_, generated by Algorithm 8 (Mir-
ror Descent). For any x € X, it holds:

77n<g(l'n)71'n+1 - l'> + V(:Envxn+1) < V(.CEn,CC) - V(xn+17$)

Having stated the above Lemma, we can now examine the convergence
properties of the mirror descent algorithm [6]. In order to move away from
the Euclidean structure, we impose the extra assumption for the subgradients:
lg(zn)ll < M.

Theorem 2.2.4. Let {x,,})_, the sequence generated by Algorithm 8 (Mirror
Descent). Then:

F@N) = f* < (SN ) MV (s, 2*) + M2 N 2]

where: x* is an arbitrary solution of the general convex optimization problem.

Finally, we can provide a specific choice of constant step-size [6].

Corollary 2.2.4. Under fized number of iterations and choosing: n = JEILM%,

S D2 . .
where: D2 = maxy, oV (x1,x), we have:

We can also introduce variable learning rates without knowing the iterations’
number in advance [6].

Corollary 2.2.5. If: n, = -2+ then:
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By comparing our accuracy certificates for both subgradient and mirror de-
scent, we can see that for both methods the gap between the algorithm’s solution
and the real one is bounded by a (9(\/%) term. Hence, from an algorithmic per-
spective the two methods perform similarly. The potential benefit of the mirror
descent over the subgradient descent method is that it generally converges faster
in strongly convex or smooth problems.

2.2.4 Accelerated Gradient Descent

The objective of this subsection is to present the accelerated gradient descent
algorithm; a significant improvement of the simple gradient descent method, in
the setting of smooth convex optimization problems.

At first, we will re-define strong convexity using Bregman’s distance: A
function f is strongly convex in terms of Bregman’s distance if: Jp > 0, such
that:

fy) =2 f(@) +(Vf(zn),y —z) + pV(2,9)

This alternative definition is a vital part of the update step of our algorithm.

The Vanilla Accelerated Gradient Descent algorithm has the following form:

Algorithm 9 Accelerated Gradient Descent

Require: N > 0: Number of iterations
Initialize starting points xg and 2y
fornin 1, 2, ..., N do
Construct the n-th search point:
L, = (1 - Qn)jn—l + qnTpn—1
Construct the n-th search point used for proximity control:
Tn = argmingex {M[(Vf(2,,), ) + 1V (2, @) + V(z,_1,2)}
Construct the n-th point of the output solution sequence:
Tp=(1=0an)Tpn-1+ anxn
end for

where: ¢, € [0,1], 7, > 0 and a,, € [0,1] are hyper-parameters of the
algorithm.

We can now proceed to examine general convergence properties of the algo-
rithm in smooth optimization problems [6]. A first step would be to revisit the
update step of the proximity control update point x,.
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Lemma 2.2.4. Consider a convex function p : X — R, the points T, € X
and the scalars pyi, e > 0. If the distance generating function of Bregman’s
divergence v : X — R is differentiable convex and:

@ € argmin{p(u) + p1V(&,u) + w2V (g,u);u € X}
then Yu € X, it holds:

p(’&) + /le(jv ﬁ’) + MQV(gv ’EL) < p(u) + /1,1V(§7, u) + MQV(?]’ u)

We can now examine a recursive property of the accelerated gradient descent
method [6].

Proposition 2.2.2. Consider (z,,, T, Zn) € X XX x X, generated by Algorithm
9 (Accelerated Gradient Descent). If:

L(anflbt)

d: Lgn(1=an) ~ 1
1_Qn

Ay >
n = Q4n;, T—qn >

< puan
then Vo € X :

F@a) = f(@) + an(p+ )V (20, 2) < (1= a)[f(Za-1) = f(@)] + 52V (@n-1, )

Finally, the following result explores the convergence properties of the ac-
celerated gradient descent methods in smooth convex optimization problems
[6]:

Theorem 2.2.5. Consider (z,,,Zn,Tn) € X x X x X. If:

an = Gn, Lan < = and: 2L=02) < o yp =1, N

n — Qn-1

then it holds:

FEn) = @) + 2V (e, 07) < DR [£(50) — f(27)] + 2V (20, 27)

NN NN a1

Specifically, for the selection: q, = a, = 7%1—1 and: 1, = 57, we have:
F(@n) — F(@*) < s V(o, X°)

An important application of the above theorem is that in order to obtain an
output solution Z € X with an accuracy certificate of € (i.e. f(Z) — f(z*) <),
we need: O(ﬁ) iterations. In order to converge to a solution faster, we have to
impose more restrictions to our problem [6]; namely, move to the smooth and
strongly convex case (p > 0).

Theorem 2.2.6. Consider (z,,,Tn,ZTn) € X X X X X, generated by Algorithm 9
(Accelerated Gradient Descent). If all hyper-parameters are fixed and satisfy the
restrictions of Proposition 2.2.2, with the additional restriction that: ﬁ <

u—|—%, then Vo € X:
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Additionally, for the specific selection of: a = \/%,q = 17—% and: n =
L

ﬁ, we get:

f@n) = f(@) +alu+ 5)V(Xy-1,2) <
(1= a)N[f(@0) = fl2) + (1 = VPV (u+ )V (21,2)]

Now, we can show that the number of iterations required to get an output
solution that guarantees ¢ divergence from the optimal solution is bounded by

an (’)(\/% ~log()) term.
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2.3 Regarding the Implementation of Gradient
Methods

After the mathematical treatment of the convex optimization algorithms, we
are ready to revisit the topic from a more applied and computational viewpoint
and examine the methods that are used to solve real-life large-scale convex
optimization problems.

2.3.1 Gradient Descent

A first step would be to revisit the simple Gradient Descent Algorithm. From
a computational perspective, it is a greedy algorithm with complexity O(N),
where: N is the total number of iterations, under the assumption that we can
be provided with the value of the gradient at any point in O(1) time. In the
case of unconstrained problems the Projected Gradient becomes the Gradient
Descent algorithm and, thus, the accuracy certificates examined in Section 2
can be directly applied to the Gradient Descent method.

2.3.2 Line Search Methods

While the Gradient Descent is a straightforward algorithm, its Line Search
variants in applied problems differentiate themselves significantly more from
the theoretical ones.

From an applied perspective, the problem of line search is to find an appro-
priate step length that reduces adequately the value of the objective function
f. Consider the function ¢:

#(a) = f(wn —nVf(xn)), a>0

The theoretical algorithm (Algorithm 5 - Exact Line Search) assumes that
we have at our disposal a global optimizer of ¢ at any step. However, in most
problem settings, even a local optimizer of ¢ can have a prohibitive computa-
tional cost. For this reason, an alternative methodology has been developed;
inexact line search methods.
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Inexact Line Search

The idea of inexact line search methods is to obtain a satisfying step size at
minimal cost [7]. One of the most efficient inexact methods is backtracking line
search.

Algorithm 10 Backtracking Line Search

Require: N > 0: Number of iterations and decrease criterion C
Initialize starting point 7(®) > 0 and I =0
forninl, 2, ..., N do
while C(f(z,, + nWV f(z,)), f(x,)) not True do
Y = @ 7€ (0,1)
l=1+1
end while
N = n®
end for

Backtracking line search is a step to more applied algorithms with enhanced
computational performance. However, in order to have a complete algorithm,
we need to specify the algorithm’s decrease criterion C'. One of the most used
approaches is the Armijo Rule. From a general perspective, instead of V f(z,,),
we move to a direction p,, at every step (in steepest descent methods those two
are identical). Then, the Armijo rule has the following form:

f(xn + npn) < f(l'n) + Clavf(xn)Tpn

It is important to mention that the Armijo rule is the first of the Wolfe
conditions and is also referred to as sufficient decrease condition [7]. The second
Wolfe condition; curvature condition:

Vf(xn + nnpn)Tpn Z CQVf(xn)Tpn

Wolfe conditions impose more restrictions but generally guarantee a better
step size.

2.3.3 Momentum Methods

It could be said that the momentum methods are a more applied version from the
general and theoretical Accelerated Gradient Descent algorithm. The main idea
behind them is that by introducing velocity (or extra energy) to our system, then
the algorithm could avoid getting stuck in local minima. The target is to reach
a stable equilibrium; hopefully a global minimum. The standard momentum
algorithm has the following form:
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Algorithm 11 Momentum Method

Require: N > 0: Number of iterations
Initialize starting points xg and ug
for nin 1, 2, ..., N do

Update the velocity:
Up = pp—1 — NV f(Tn_1)
Construct the n-th search point:
Tp = Tp—1+ Un
end for

where 77 > 0 and p € [0,1] is the momentum coefficient. It is easy to see
that for: p = 0, the momentum method becomes the gradient descent.

Convergence Analysis

At first, we can obtain the following important recursive property for velocity:
Upt1 = Mg 1Uo — 1 D ig n—ibi
The following two results are important to examine the convergence proper-

ties of the momentum method [2].

Proposition 2.3.1. Let {a,}, be a sequence of real numbers that converges to
0 and Y, bn be an absolute convergent series of real numbers. Then:

. n
llmnﬁoo Zi:O aibnfi =0

Also, by using the definition of convolution series we can show [2]:

Theorem 2.3.1. Consider two series of real numbers: >~ an and Y > by,
one convergent and the other absolute convergent. Then, their convolution series
s convergent and it holds:

D oneo(Ximo @ibn—i) = (XCnlo an) (2o bn)
Now we can obtain convergence results for the sequences: {z,}n>0 and
{un}nZO 2].

Proposition 2.3.2. i. If Vf(x,) converges to 0, then the momentum sequence
{un}n>0 is also convergent to 0.

. If Y00 o IV f(zn)|| is convergent, then, both the momentum and search
point sequences {Tn}n>0 and {u,}n>0 are convergent.
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Nesterov Accelerated Gradient

One of the most important variants of the Momentum Method is the Nesterov
Accelerated Gradient, which adjusts better the velocity at each step, rendering
the method more stable than the Vanilla Momentum Method. Using empirical
evidence, we could conclude that the Nesterov Accelerated Gradient algorithm
performs better than any other deterministic convex optimization method, while
also having the capacity to escape local minima.

In order to build the algorithm, we have to modify the update step of velocity
as follows:

Algorithm 12 Nesterov Accelerated Gradient

Require: N > 0: Number of iterations
Initialize starting points xg and ug
forninl, 2, ..., N do

Construct the velocity:
Up = UUp—1 — nvf(xn—l + ,uun—l)
Update the n-th search point:
Tpn = Tp-1+ Un
end for
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2.4 Stochastic Convex Optimization: Theory and
Numerical Algorithms

A crucial drawback of deterministic convex optimization methods is their slow
performance, especially when dealing with a large volume of data, a typical case
in the context of machine learning. Stochastic optimization algorithms are a big
leap towards more fast methods, promising faster convergence results without
sacrificing too much accuracy.

This section has a similar format with the previous one; we first examine
the algorithms from a mathematical perspective and then move to a more com-
putational and applied approach. It is important to mention that due to the
nature of these methods, a more rigorous and detailed mathematical analysis
is imperative in order to understand the underlying mechanisms of those algo-
rithms.

2.4.1 Stochastic Mirror Descent

We first start with the stochastic variant of the mirror descent algorithm. Con-
sider the following modification of the general optimization problem:

[T o= mingex{f(x) = E[F(z,¢)]}

where: X C R™ non-empty bounded closed convex set and & a random
vector with probability distribution P, supported on set = C R? and:
F: X xZ—=R.

Under the assumptions that Vo € X, the function F'(.,€) is convex on X
and that the expectation: E[F(z,&)] = [- F(x,£)dP(€) is well defined and
finite valued, then we have that function f is also convex and finite valued on
X. With the extra assumption that f is continuous on X, the modified general
optimization problem stated above becomes a convex optimization problem.

One important hurdle we have to overcome in order to solve the problem
is to compute the expectation E[F(z,£)] with satisfying accuracy in higher
dimensions. For this reason we adopt a computational approach based on Monte
Carlo methods.

Before we examine the stochastic mirror descent we need to state the fol-
lowing assumptions [6]:

1) It is possible to generate an i.i.d. sample &1, ...,§, of realizations of the
random vector &.

2) There is a stochastic first-order oracle, which Vo € X and £ € = returns
a stochastic subgradient, i.e. a vector G(z,&) € OF(x,€), such that: g(x) :=
E[G(z,£)] is well defined.
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3) For the stochastic subgradient descent, we assume that Vo € X:
i. E[G(z,&)] = f'(z) € 0¥(x)
ii. B[||G(z,&) — f'(@)][3] < o?

The stochastic mirror descent algorithm has the following form:

Algorithm 13 Stochastic Mirror Descent

Require: N > 0: Number of iterations
Initialize starting point of the sequence xq
fornin 1, 2, ..., N do
Construct the n-th element of the sequence as follows:
Tpy1 = argmingex [N (Gn,x) + V(zy, )]
where: G(z,) := G(n,&n)
end for

Now, we can examine the convergence properties of this algorithms under
certain constrains for our objective function f.

General Non-smooth Convex Problems

At first, we assume that our objective function f is convex and Lipschitz con-
tinuous over X . This implies that f has bounded subgradients. It is easy to see
that Lemma 3.1.3 still holds if we replace g, with G,,. Using this remark, we can
examine the convergence properties of the stochastic mirror descent algorithm
applied in non-smooth convex optimization problems [6].

Theorem 2.4.1. Consider {x,}N_; be generated by Algorithm 13 (Stochastic
Mirror Descent). Then:

E[f(@N)] — f* < (SN, mn) U [EIV (s, 2%)] + (M2 + 02) SN 5?]

where: x* is an arbitrary solution of the modified general optimization prob-
lem stated above and the expected value is taken with respect to &1, ..., &, .

Under the assumption that the number of iterations N is known, by opti-
mizing the above formula with respect to the learning rate we get the following
value of learning rate:

Dy

M = N(M2+02)

This gives us an accuracy estimate:



Our above accuracy certificate is an upper bound of the expected approxima-
tion error. In order to have a complete picture of the strength of the stochastic
mirror descent method, we also have to examine how those bounds behave on
probabilities with large deviations. Using the Markov Inequality to the expected
approximation error, we get:

Prifa)) - fla*) > ] < 22008 e s

Thus, in order to obtain a solution of the optimization problem, such that:

Prif(zl) — f(z*) > €] < k, for k € (0,1), we need to run the stochastic mirror

2 2 2
descent algorithm for: O(%) iterations.

We can obtain better probability bounds by making additional assumptions
for the distribution G(z,£). In particular, we suppose that Vo € X, holds:

E{exp{l‘G(x’gerg( )5 1} < exp{1}

Using the above assumption (Assumption 4), we get the following result for
the martingale-difference sequence [6]:

Lemma 2.4.1. Consider the sequence of i.i.d. random variables {n) = {60,
and (n = (&) deterministic Borel functions of {n), with: E¢y_ (Cn) =0

almost surely (a.s.), and: ¢, [exp{g—g‘}] < exp{l} a.s. for o, >0 determin-
N
istic. Then:

YA > 0: Pr{XN ¢ > AM/EN 02} <exp{-2

Proposition 2.4.1. Under the above assumption and for constant learning
rates: 1, = D 5 YA > 0 we have:

Prif(@Y) = f(zn) > 205 (VMZ + 02 + Ao)} < exp{-A} + exp{—2

Using the above result, we can bound the required number of iterations to

find a solution: Prif(zN) — f(a*) > ¢ < k with: (222 b )log(z)).

Accuracy Certificates

In this subsection we propose lower and upper bound estimates for the optimal
value of the modified general optimization problem stated previously in general
non-smooth convex settings using the stochastic mirror descent algorithm.

Let N be the number of iterations. Then, we define:

- N
Vp = <=l o and Ty =Y., UnTp

i=1 "I
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We also define the following functions:

N
M) = unlf () + 9(zn)" (@ — 24)]

N
.]EN(x) = Z Un[F(xnagn) + G(xmfn)T(x - xn)}
n=1

Finally, we denote:

) N

fd]\é'wn = mlnzeka(‘r) and é\z]? = En:l vnf(acn)
N
up
f* respectively. Because v, > 0 and ij:l v, = 1, f¥ . underestimates f
on X due to the convexity of f. On the other hand, since Zy € X, it holds:
f* < f(Zn) and following the convexity of f: f(Zy) < fi\;.

We also have that:

It is easy to see that fé\;wn and constitute lower and upper bounds of

E(fdown) < f* <E(fa)

The problem with the above quantities is that they are unknown. Thus, we
will use the equivalent computable functions [6]:

iN = minzGXfN(z) and fN = Zgzl v F (2, &)
Proposition 2.4.2. [t holds:

E(fN) < f* <E(V)

Consequently, iN and fV are also upper and lower bounds of the optimal
solution.

We now have to evaluate the accuracy of those bounds. First, we consider
the following quantities: A,, = F(xy,&,) — f(zn) and 8, = G(zn,&n) — g(xn).
By making the assumption about A,,, that: 3Q > 0, such that Vn > 0: E(A2) <
Q?, we can get the following result [6]:

Lemma 2.4.2. Let {Cn}fl:l sequence of R™ elements and construct the sequence
{v,} in X© with the following recursive way:

'U1€XO

*Un+1 = arginel;(l{<<-n7x> + V(Un7l')}

Then, Vx € X, it holds:
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2
ACnyvn —x) < V(vp, ) = V(vpg1, ) + @

J

J
D Gn =) S Vo) + 5 Il
t=1

n=1
Having the above Lemma, we can examine the accuracy of the aforemen-
tioned lower and upper bounds [6].

Theorem 2.4.2. Suppose that the Assumptions 1-3 stated at the beginning of
the section and the assumption about A, hold. Then:

N
E( £V N o)< 4D2 + (2M? 4+ 30%) Y, _ 2
: ( up_fdown)— N
2Zn=1 Mn

BN - fah <@ D Nez
n=1

D2+ (M?+0*) S0 2
E(fY — fhreal) < ~ =
Zn:] nTL
D

Moreover, adopting constant learning rates: n, = W, we get:

+(Q+2V2D,0)N"2

7DV M? + 52
CE(f2 = fibwn) < T oUN

E(fN - fN) < QN2

2D,/ M2 + o2

E( N~ fnl) < Vil O 2v2D,0)N "3

Smooth Convex Problems

In this subsection we make the additional assumption that f is a convex function
with Lipschitz continuous gradient.

By observing that the following inequality holds:
g (ze)||2 < 2|lg(x1)]|2 + 2L D2,

we can get an upped bound for the rate of convergence of the stochastic
mirror descent E[f(z]) — f(z*)]:

D, z1)||«+LDy+o
o) (lg( )\uﬁ-«- + )]
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The main problem with the direct application of the stochastic mirror de-
scent in smooth convex problem is that we do not take advantage of the smooth-

ness properties of f. We can get better results by modifying the algorithm as
follows:

Algorithm 14 Modified Stochastic Mirror Descent

Require: N > 0: Number of iterations
Initialize starting point of the sequence z¢
fornin 1, 2, ..., N do
Construct the n + 1-th element of the sequence as follows:
Tpy1 = argmingex [ (Gn,x) + V(zy, )]
where: G(z,,) := G(2n, &)
Construct the n + 1-th element of the output solution as follows:
apt = (i m) Tt i i
end for

At first, we need the following recursive result [6].

Lemma 2.4.3. Consider learning rates, such that: Ln, <1, Vn > 1 and define
On = G(xzn, &) — g(xy,). Then:

Malf(@ny1) = f(@n)] + V(Tng1,2) S V(zn, 2) + Ap(z), Vo € X
where:

SnllZn2
An(@) = 10 (B, @ — 1) + AoelLra

We can now examine the convergence properties of the modified stochastic
mirror descent for general learning rate 7, [6].

Theorem 2.4.3. Consider {z7°%},>1 the sequence generated by Algorithm 14
(Modified Stochastic Mirror Descent) using learning rate: 0 < n, < %L, Vn > 1.
Then:

1. Under Assumption 3, it holds:
E[f(25245) — J*] < Ko(N), YN > 1

where:

Ko(N) = (X0 na) D2 + 02 0 2]

1. Under Assumptions 8 and 4, VA >0, and N > 1:

Pr{f(eist) = f* > Ko(N) + MK ()} < exp{~3 | + exp{-A}

where:

Ky(N) = (2N 1) " Deo/ SN i + 02 N 2]
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Thus, the modified stochastic mirror descent provides us with a sharper
upper bound for the rate of convergence than the direct application of the
stochastic mirror descent.

It is notable that mirror descent algorithms and their variants are not op-
timal when applied to smooth and strongly convex problems, rendering the
mathematical properties of their convergence for these problems unnecessary.

2.4.2 Stochastic Accelerated Gradient Descent

The stochastic accelerated gradient descent solves the family of optimization
problems:

U* = mingex{¥(z) = f(z) + h(x)}

where X € R™ is closed and convex, h is a convex function with known
structure and f is a general convex function, such that for L > 0, M > 0 and
p=>0:

uV(z,y) < fly) — flz) = (f'(2),y — ) < Elly —2|> + M|y — |

with: f'(z) € 0f(x). We only have access to stochastic first order informa-
tion about f, i.e. for a given x; € X, the stochastic first order oracle returns:
F(z,€) and G(x¢, &), such that:

E[F(x,8)] = f(x:) and E[G(z1,8)] = g(x1) € 0f (w1)

where {&,},>1 sequence of i.i.d. random variables.

Our goal is to find an e-solution to the above problem, i.e. a point z € X,
such that: E[U(z) — U*] < e If p <0, then by complexity theory of convex
programming we get an upper bound for the minimum number of iterations
needed to find the solution:

O(1){ /L log HlzorIl® (M g
and:
O(1){y/ Hlzo==l2 4 o2 iy =0

€

In this sub-section we will introduce the stochastic accelerated gradient de-
scent algorithm that achieves the lower complexity bounds stated above.
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Algorithm 15 Stochastic Accelerated Gradient Descent

Require: N > 0: Number of iterations
Initialize starting points xg and Zg
for nin 1, 2, ..., N do
Construct the n-th search point:
Ly = (1 - Qn)-fn—l + nTn—1
Construct the n-th search point used for proximity control:
T = arg mingex {1 [(G(n, €0), ) +h(@)+1V (@, 2)] +V (@01, 2)}
Construct the n-th point of the output sequence:
T = (1= an)Tp-1+ anxn
end for

Initially, we need to examine further function ¥ [6].

Lemma 2.4.4. Consider T, the n-th point of the output sequence generated by
the stochastic accelerated gradient descent and (Tp—1,2n) € X x X. Then:

2 — 2l + M[2, — ]
foranyx € X

The following propositions describe recursive results for the stochastic ac-
celerated gradient descent [6].

Proposition 2.4.3. Consider the given pair (xp—1,Tn—1) € X X X and the

tuple (z,,, Tn, Tn) generated by the stochastic gradient descent algorithm. If the
following conditions hold:

(1 —an) 1
an(l=qn) 14+ pmm
1+ pyn = Lanyn

then we have:

\I’([En) S (1 - an)q/(i'n—l) + anl@(£n7$)+
2%

+—[V(@n-1,2) = (1 = p)V(@n, )] + An(z)

n

where x € X and:
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ly(z,,2) = f(z,) + (f'(z,), 2 —z,) + h(z) + pV(zm, )
an'Yn(M + ||5n||2) +
A, (z) = _
n(®) 2[1 + pryn — Lanvn) T an{0n, T = )
+ MHYn " 1 -
Ttpyn™" 1+ pmm

n—1

Proposition 2.4.4. Consider {Z,}n>1 the output sequence produced by the
stochastic accelerated gradient descent algorithm. If the sequences {an}n>1 and

{gn}n>1 are selected, such that the conditions of Proposition 2.4.3 hold, then we
have:

k
U(z,) Ty Z[I‘i—zz@@mxn < Tp(l - an)W())+

n=1

k 7% k An(x)
+ Iy Z . V(zn_1,2) — (1 + pyn)V(2p, x)] + Tk Z

foranyx e X, k>1 and:

r o_ 1,n=1
"l —an)lyi,n > 2

Finally, the following theorem establishes some important convergence re-
sults of the vanilla stochastic accelerated gradient descent [6].

Theorem 2.4.4. Consider the sequences {an }n>1, {qn}tn>1 and {yn}n>1, such
that a1 = 1 and the conditions of Proposition 2.4.3 hold. Additionally, for the
{an}tn>1 and {vn}n>1 holds:

(2% < an71(1+H'Ynfl)
Ynl'n — Yn—1ln—1

A. If Assumption 3 holds, then:

E[U(Zg) — ¥*] < Be(k)

where:
r * k anyn(M?+0?
Be(k) = TTV(.ITO’ x ) + Fk Zn:l Fn(l‘zﬂg‘/n_Lan?Yn)

B. If Assumption 4 holds, then:

Pr{W(z;) — U* > B.(k) + AB,(k)} < exp{2 } + exp{-A}
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for any A >0 and k > 1, with:

a2 k 2

k
an’)/no'
B,(k) = 0T Rx(x Z YY)
ot r =1 Fn(]- + 1yn — Lan’)/n)

3

Rx(2") = max|lz — o]

C. For compact X, then the condition for {a,}n>1 and {vn}n>1 becomes:

(2% An—1
Ynl'n = Yn—1Tn-1

Both A and B hold, with the modification:

_ aka _anyn(M?+0?)
B.(k) = + an L T (I +uyn—Lantn)

General Convex Problems

Initially, we consider problems, where the objective function f is not strongly
convex. In this problem setting, it holds: p© = 0 and, thus, the parameters of
the stochastic accelerated gradient descent algorithm are modified as: a, = ¢y.
In this subsection, two stochastic accelerated gradient descent algorithms with
different step-size policies are presented.

The first algorithm and its convergence properties derive directly from The-
orem 2.4.4 [6].

Proposition 2.4.5. Consider:
anan_H andn, =n-n, Vn > 1
forn < g7 If Assumption 3 holds, then:
E[¥(z,) — V"] < Ccq(n), Vn >1
with:

2v(zo,z* An(M?+02)(N+1
Cea(n) = n]\;(l(\)/+1)) + 22 +3 A7)

If Assumption 4 also holds, YA >0 and N > 1, we have:
Pr{U(z,) — W* > Co1(N) + ACp1(N)} < exp{—2"} + exp{-A}
Using this step-size policy, we can examine the optimal rate of the algo-

rithm’s convergence. By having fixed iterations’ number N and parameters
{an}n>1 and {ny}n>1 as described in Proposition 2.4.5, where:
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. 3V (202" 1
n = min{ 7, (grrtesnerne)? )

then, the following derive directly from Proposition 2.4.5:

8LV (wg,x*)  4y/2(M2 + %)V (z9,z*)
Ce,l(N)S N(N+1) + \/3W

If Assumption 3 holds, then, using Proposition 2.4.5, we get the optimal
expected rate of convergence of non-strongly convex problems:

= C:,I(N)

E(¥(z,) —¥") < CZ,(N)
It is important to mention that, in order to find the rate of convergence
when applying this algorithm, we need to have an estimate of V' (xq, z*).

One weakness of the above algorithm is that we need to precisely fix the
number of iterations N. The next proposed step-size policy overcomes this
issue [6].

Proposition 2.4.6. If X is a compact set and {x,, }n>1 is the sequence produced
by the stochastic accelerated gradient descent method with parameters:

anzni+1 andi:%—l—n\/ﬁ,VnZl
with n > 0. If Assumption 3 holds, then:
E[U(zy) —U*] < Ceo(N), N>1

where:

CealN) = §{i005 + 23 + 5, 7O +°)

By setting the learning rate:

1
_ [ 2v2m?ie?) )\’
n= 3Dx

we get the optimal rate of convergence for the algorithm described by Propo-
sition 2.4.6:

E[W(zy) - U] < C¢y

where:

[N

x AV (z* 2v2Dx (M?+0?
€2 — N(1\$+1)) +4()(3(1\/))
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Non-Smooth Strongly Convex Problems

In this subsection, a stochastic accelerated gradient descent algorithm with spe-
cific step-size policy that achieves optimal rate of convergence in non-smooth
and strongly convex optimization problems is presented [6].

Proposition 2.4.7. Consider the output sequence {Z,}n>1 of the stochastic
accelerated gradient descent algorithm with parameters:

_ .2 1 _ pr=1) , 2L _ an
n = 73715 Nn 2 + n and gn = an+(1—an)(14+pny,)

If Assumption 8 holds, then we have:
E[¥(zn) — U] < De(N)
where:

ALV (zo,z* 4(M? 402
De(N) = N(E\/il)) + p(N—O—l))’ VN >1

The algorithm proposed by Proposition 2.4.7 is optimal for non-smooth and
strongly convex optimization problems and is a significant improvement for
smooth and strongly convex problems.

Finally, under Assumption 3 and by applying Markov’s inequality to the
result of Proposition 2.4.7, we get:

Pr{¥(zy) — U* > AD.(N)} < 5

Thus, in order to find an (¢, A)-solution, i.e. a & € X, such that: Pr{¥(z)—
U* < e} > 1— A, the number of iterations required has complexity bound:

LV (xg,x* 24 52
Of % (y Bztt) | Motor)y

Smooth and Strongly Convex Problems
In smooth and strongly convex problems, a modification of the vanilla stochas-

tic accelerated gradient descent algorithm is needed to reach optimal rate of
convergence. The new algorithm is presented below [6]:
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Algorithm 16 Multi-Epoch Stochastic Accelerated Gradient Descent
Require: Point py € X and bound A, such that: ¥(pg) — U(x*) < Ag
for kin 1, 2, ... do

1. Run Ny iterations of the vanilla stochastic accelerated gradient descent
with:

Lo = Pk—1
2

[ n

dn = Qn

M =Nk N

where:

M?2+402
Ny = [max{4 QﬂL7 Gglngg k)H

NS | 3Ag2- (71 1
e = wmin{ g7, [ ren N ) 7
2. Set pr = Zn,, with Zy, being the solution of the vanilla stochastic
accelerated gradient descent

end for

The following proposition presents the convergence results of the above
multi-epoch variation [6].

Proposition 2.4.8. Consider {px}r>1 be the sequence produced by the multi-
epoch stochastic accelerated gradient descent algorithm. If Assumption 8 holds,
then:
E[W(pe) — W] < Ap = Ag27°
This multi-epoch algorithm finds a solution & € X, such that: E[¥(Z)—U*] <

e for any € € (0,Ap) in maximum ﬂog(%)] epochs. Finally, the number of
required iterations is bounded by:

O{\/>max (1,log(£2) + M +" }
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2.5 Regarding the Implementation and Exten-
sions of Stochastic Gradient Methods

Stochastic optimization methods have been widely applied to train deep learning
models due to their ability to perform training in a fast and reliable way. In
this section, the most important methods that are used in applied problems are
presented.

2.5.1 Stochastic Gradient Descent

The stochastic gradient descent algorithm can be treated as a special case of
a stochastic mirror descent algorithm. As mentioned in Chapter 2, stochastic
algorithms run by performing sub-sampling during each epoch to produce the
epoch’s corresponding mini-batch. When a mini-batch S is given in the objective
function L, we can calculate the gradient V,,L(S), which is an approximation
of the gradient of the entire data-set’s objective function V,,L(X).

In order to build the stochastic gradient descent algorithm, we need to mod-
ify the generic gradient descent as follows:

Algorithm 17 Stochastic Gradient Descent

Require: N: Number of Iterations, 7,,: Epoch’s Learning Rate
fornin 1, 2, ..., Ndo
Sample s,, data-points
Update the parameters’ values as follows:
w™ — w1 — .V, J(sn)
end for

The main advantage of stochastic gradient descent is its lower memory re-
quirement and faster performance per each epoch. These characteristics render
the stochastic variation of gradient descent more efficient than its determinis-
tic counterpart, even though more epochs are needed to reach a satisfactory
minimum.

Convergence in Smooth and Strongly Convex Problems

We will prove the convergence of the stochastic gradient descent algorithm in
smooth and strongly convex problem settings. Similarly with the stochastic
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mirror descent, we operate in a probability space (2, F,P) and want to optimize
a function F(z, &), with £ being a random variable and 2 € R™. We denote:

f(x) = Ee[F(z,¢)]

The stochastic gradient descent algorithm is used to minimize the value of

f.

The following theorem [8], the convergence properties of stochastic gradient
descent are presented, under the additional assumption that V., F is bounded.

Theorem 2.5.1. Suppose that F is differentiable with bounded gradients:
3B > 0 : supg ||V F(x, &[> < B, Vo € R™

and f is smooth and strongly convex. Then:
(i) f has a unique minimum x*.

(i) ¥n > 0: dpsr < (1 — nop)d, +n2 B

where: d,, = E[||x, —x*||%], B is the bound of F and p is the coefficient
of strong convezity of f.

(#ii) Ye > 0 In > 0, such that for n, =n:
lim sup,, oo dnt1 < €

(iv) For the learning rates’ sequence {n,}n>1, we have:

M — 0 and 3, <1 1 = 00

Then, it holds: d, — 0, i.e. lim,_ o0 T, = x*. where the convergence is
L? convergence of random variables.

Proof. We will prove each result individually.

(i) The existence and uniqueness of the optimum derive directly from the
assumptions of smoothness and strongly convexity.

(ii) We have:

dnt1 = E[||zn1 — 2*(1?) = El|lzn — 02 Ve F (20, &) — 2*|°] =
= E[l|z, — x*HQ] + 7772LE[||VIF(xnv£n)||2] =20, E[{zn — 2%, Vo F(20,§0))]
First, it holds !:
E{(zn — 2", Vo F (20, &) = E[{zn — 2%, Vi f(24))]
IFor the sigma-algebra F,, generated by (x1,...,%n,&1,...,En—1), we have that &, is inde-

pendent of F,,. For any random variables U measured with respect to F,, and V' independent
of Fp, it holds: E[g(U, V)] = E[E[g(U, V)|Fn]] = E[f (U, V) Py (du)]
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Then:

El{zn — 2", Va f(@a))] 2 Elf (20) = f(&") + §llon — 2" 2
7 « P
2 §]E[||$n — )] = 5 n

Finally, we have:

dpi1=dy + niE[HVmF(aﬂn, fn)Hz] =20, E[{x,, — ¥,V F(2n,&,))] =
= dn+1 <d,+ 777213 - ZUngdn = (1 - nnﬂ)dn + 77721B

(iii) For a constant learning rate 7, the inequality in (ii) becomes:

dn1 — %B < (1 - nﬂ)(dn - %B)

Since the positive part function is increasing, for n < %, we have:

(dny1 = EB)y < (L—np)(dn — 1B)+

and iteratively for k& > 1:

(dpsr = 1B)+ < (1 —np)*(dn — 1 B)+

By taking k — oo, we get: lim}_, (dx — 1B) = 0, which proves (iii) for
N < % and n < %.

(iv) For non-constant learning rate 7, and arbitrary fixed constant €, we
obtain from the inequality of (ii):

dn+1 — € S (1 - nnﬂ)(dn - 6) + nn(nnB - ME)
and for large enough n, such that: n, (9, B — ue) < 0, we have:
dn+1 —e< (1 - nnu)(dn - 6)

By performing the same process with positive part function as in (iii), we
get:

(dpt1 =€)+ < (1= npp)(dn — €)+

and iterating:

(dnr =€)+ < T (1= mipn)(dn — €) 4

The convergence proof is concluded by using Lemma 2.5.1 [§] O
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Lemma 2.5.1. Consider > 0 and {n,}n a sequence of positive real numbers,
such that: n, — 0 and anl Nn = 00. Then V¥Yn > 0, we have:

limy o0 [T (1 = mi) = 0
Proof. Yz € [0,1], it holds: log(1 —z) < —z. Then:
n n n+k k—o0
0 < [T (1= mip) = exp (Zii,f log(1 — mu)) < exp (Zii,f(—mu)) — 0

O

It is worth noting that, as a stochastic mirror descent algorithm, the stochas-
tic gradient descent is not optimal for smooth and strongly convex problems.

2.5.2 AdaGrad

AdaGrad is a modified version of the stochastic gradient descent algorithm that
adjusts its learning rate during each epoch [2]. Denote the gradient of the the
cost function of the mini-batch s,: ¢, = V4L(s,). Then, we construct the
matrix:

G, = Z?:1 gtgtT

and use the above matrix in conjunction with a constant n to produce a
variable learning rate. The AdaGrad algorithm has the following form:

Algorithm 18 AdaGrad
Require: N: Number of Iterations, 7n: Learning Rate’s Constant
fornin 1, 2, ..., N do
Sample s,, data-points
Construct the matrix:
Gn = Z?:l th;F
Update the parameters’ values as follows:
_1
w™ < w) — G2V, (s,)
end for

1
Because the calculation of G, ? is expensive in higher dimensions, we can
modify the update step by using only the diagonal elements of matrix G,,:

w™ < w=D — 1y diag(Gp) "5V J(S)
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2.5.3 RMSProp

RMSProp is a variant of stochastic gradient descent based on running averages.
The running average of each epoch can be expressed recursively as:

Un = Ytn—1 + (1 =) (Va(sn-1))% 7 € (0,1)

where: (V,,J(s,-1))? denotes the element-wise square of vector V., J(s,,—1).
The algorithm itself is presented below:

Algorithm 19 RMSProp

Require: N: Number of Iterations, n: Learning Rate’s Constant, v: Running
Average’s Constant, e: Small Scalar to prevent Division by 0
forninl, 2, ..., N do
Sample s,, data-points
Calculate the running average
Up = V-1 + (1 =) (Vo J(sn))?
Update the parameters’ values as follows:
w® (=1 VwJ(sn)

T Jlaml+e

end for

2.5.4 Adam

Adam can be considered as the applied version of stochastic accelerated gradi-
ent descent and is inspired by both AdaGrad and RMSProp methods. Adam
consists of two exponential moving averages; one for the mean and the other for
the variance. A crude version of mean and variance averages respectively are
presented below:

mp = /Blmn—l + (1 - /Bl)ij(sn)
Up = Patin-1 + (1= B2) (Vi (s0))?

We want to find the unbiased version of theses moving averages. First, we
expand the recursive formulas:

my = (1= p1) Zﬁ?itij(st) = E[my] = (1 = B1)E[VwJ(sn)]

t=1

un, = (1—B2) Zﬁgit(ij(st)f = Elun] = (1 - 52)E[(VwJ(5n))2]
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Hence, the unbiased versions are given as:

A My
My =
1-pr
. Un
Up —
1-p3

Finally, the algorithm has the following form:

Algorithm 20 Adam

Require: N: Number of Iterations, 51: Mean Average’s Constant, §o: Vari-
ance Average’s Constant, wg: Starting Point, e: Small Scalar to prevent
Division by 0
forninl, 2, ..., N do

Sample s,, data-points
Calculate the mean’s moment:

mn = lTn{L
Calculate the variance’s moment:
- Un
Un = 17
Update the parameters’ values as follows:
w(n) < w(nfl) — 77#
|un|+e

end for
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2.5.5 AdaMax

AdaMax is a variant of Adam with the infinity norm. The algorithm can be
expressed as:

Algorithm 21 AdaMax

Require: N: Number of Iterations, 51: Mean Average’s Constant, 8y: Vari-
ance Average’s Constant, wg: Starting Point
Initialize: mg = ug =0
forninl, 2, ..., N do
Sample s,, data-points
Calculate the mean’s moment:
My = Blmnfl + (]- - Bl)va(Sn)
Calculate the variance’s moment:
Uy, = max{fotin_1,|VuJ(sn)|}

Update the parameters’ values as follows:

(n) (n=1) _ _n__ _my
w\" = w 187 wno1

end for
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Chapter 3

Approximation Theory and
Applications in Neural
Networks

All exact science is dominated by
the idea of approximation.

Bertrand Russell

3.1 Some Fundamental Density Results

In this section, some important density theorems from real analysis are presented
with their applications in neural networks’ learning process.

Specifically, in order to learn a function on a compact interval, a neural
network must construct a sequence of continuous functions that converges uni-
formly to the target function. While the construction is a relatively simple
task, uniform convergence is more challenging and requires the use of specific
approximation results from real analysis to be shown [2].
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3.1.1 Stone-Weierstraf3 Theorem

From this point onward, for a compact set K in R™ we just need to consider:
K =1, =[0,1] x ... x [0,1]. Additionally, the set of continuous real valued
functions on K: C(K) can be treated as a metric space [2], with the metric:

d(f,9) = maxzer | f(x) = g(x)], Vf,9 € C(K)

Definition 3.1.1. Consider a metric space (S,d) and a A C S. A is called
dense in S, if Vg € S exists a sequence of elements in A: {fn}n>1, such that:

lim;, o0 d(fna g) =0

Theorem 3.1.1 (Stone-Weierstraf). Consider a compact set K in R™ and A
an algebra of continuous real-valued functions on K that satisfies the following
properties:

(a) A separates the points of K.

(b) A contains the constant functions.

Then, A is a dense subset of C(K).

The following result derives directly from Stone-Weierstrafl.

Proposition 3.1.1. Consider a continuous function f : [a,b] X [¢,d] — R.
Then, Ve > 0 exist N > 1 and continuous functions g; € Cla,b] and h; € Cle,d],
i1=1,..,N, such that:

max, y | f(2,y) — Y, gi(@)hi(y)| < e

The above result can also be extended to a finite product of compact intervals

[2].

Application to Neural Networks

Consider a feedforward network with a real-valued input x, an one-dimensional
output y and a single hidden layer with N neurons and activation function:
¢(x) = cos(x). The output is given by the formula:

y=03 + E;\Ll W]-(z) cos (Wj(l)x + b;1)>

It can be shown that the aforementioned neural network can represent con-
tinuous periodic functions [2]. Let f be a periodic and continuous function with
period T'. The weights connecting the input and hidden layer of the neural net-
work are given as: W]-(l) = ju, where: v = 2% By applying the trigonometric
formulas, we can get an alternative expression for the output:
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Y= 4 5 05 cos(35E) — o sin(252)

where: a; = W].(Q) cos(bg-z)) and : ¢; = j(z) sin(bgz)). The output is
dense in the set of continuous periodic functions on R. Hence, by applying
Proposition 3.1.1, we get that Ve > 0, exist NV > 1 and a;, b;,v € R, such that:

lag + Zj\;l a; cos(jvr + b;) — f(z)| < e

Because cosine is an even function, we only need to choose v > 0 [2]. Then,
by selecting a decreasing sequence € = %, we get the sequence v,, that approxi-
27

mates the real sequence v = % corresponding to function f.

We can also modify this method to extract hidden sequences from a contin-
uous signal: z = f(t). By taking the value v as a hyperparameter and selecting
the values that minimize the cost function, we get the proper frequencies of the
signal [2]. This modelling approach can be useful in stock price analysis.

3.1.2 Wiener’s Tauberian Theorem

This section examines the methods of learning time-dependent signals [2].

Signals in L'(R)

Theorem 3.1.2. Consider a signal f € L*(R) and the translation function
fo(z) = f(z +0). The linear span of the family {fs;0 € R} is dense in L'(R),
iff the Fourier transform of f never takes the value zero on the real domain.

The above theorem has applications in neural networks [2]. Consider a
feedforward network with one hidden layer and an integrable activation function
f, such that: f # 0. Then, for any function g € LY(R) and € > 0. For the output
of the network G(z) it can be shown by applying Theorem 3.1.2 that there is a
proper selection of weights a; and biases 6;, such that: ||g — G||1 <€, i.e. there
is a one hidden layer network with activation function f that approximately
represents g.

Signals in L?(R)

Theorem 3.1.3. Consider a signal f € L?*(R) and the translation function
fo(x) = f(x +0). The linear span of the family {fo;0 € R} is dense in L*(R),
iff the zero set of the Fourier transform of f is Lebesgue negligible.
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Similarly with the L!(R) case, it can be shown that any function g € L?(R)
can be approximately represented by an one hidden layer neural network with
activation function, such that: {z : f(z) = 0} is Lebesgue negligible.

62



3.2 Universal Approximators

The performance of neural network models is attributed to their ability to ap-
proximate a variety of real-valued functions. In this section, we present the
mathematical context of this behaviour. While we do not delve on the learning
process that approximates a target function, we prove that there is an appro-
priate learning process that can perform that approximation. This renders the
whole modelling process rational, as we search for a solution that indeed exists.

The concept of the learning process of a neural network is that we have real-
valued inputs x and z targets, given by: z = f(z), with f being a deterministic
function, such that: f € (S,d), where the metric space (S,d) is defined con-
textually. Through the learning process, a neural network produces functions
g from the output space U, with the assumption that: 4 C S. In fact, the
appropriate choice of activation function guarantees this inclusion assumption.

We can consider a neural network as a universal approximator of the metric
space (S,d), in the sense that the output space U is d-dense in S [2]:

Vfe S and e >0, g € U, such that: d(f —g) <e

Due to this, the space U is also referred to as approximation space and the
whole approximation process as learning.

Learning Continuous Functions

We will examine why a one hidden layer neural network has the ability to learn
any continuous function f € C(I,). At first, some results of functional analysis
that are needed for the proofs of this section [2] are presented.

Lemma 3.2.1. Consider U a linear, non-dense subspace of a linear space X
and xg € X, such that:

diSt(!E(], Ll) Z )

for 8 > 0. Then, there is a bounded linear functional L on X, such that:

i|ILf <1
ii. L(u) = 0Vu €U < Ly =0
iii. L(zo) = 6
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We can also restate the above result in terms of dense subspaces.

Lemma 3.2.2. Consider U a linear, non-dense subspace of a linear space X.
There is a bounded linear functional L on X, such that: L # 0 and Ljy; = 0.

At this point it is important to mention that C(I,,) is a linear subspace of
continuous functions on I,, as a normed space with:

Al = supser, [f(2)], Vf € C(In)

From this point, we also refer to the space of finite signed Baire measures on
I, as M(I,) [2]. Baire measures are employed due to their compatibility with
compactly supported functions.

Lemma 3.2.3. Consider U a linear, non-dense subspace of C(I,,). There is a
measure p € M(I,), such that:

Jy hdpw=0,Vheu

We are now ready to examine the approximation abilities of specific neural
networks for continuous target functions [2]. At first, we consider networks with
discriminatory activation functions (see Chapter 2).

Proposition 3.2.1. Consider a continuous discriminatory function o. Then,
the following finite sum:

N
Gla) = SN a0 (Wl e+ 6))
is dense in C(I), with w; € R™,a;,0; € R.

An intuitive explanation of the above result could be that Vf € C(I,,) and
€ > 0, there is a finite sum G(z) of the form stated above, such that:

|G(z) — f(x)| <€, Vz eI,

with G(x) being the output of an one hidden layer neural network with o
activation function. The next result expands on the above concept.

Theorem 3.2.1. Consider o an arbitrary continuous sigmoidal function. The
following finite sum:

N
G(x) = 3252, ajo (Wi +6;)
is dense in C(I,), with w; € R™, a;,0; € R.

Finally, the following result loosens even further the restrictions on the ac-
tivation function, in order to describe the approximation properties of a bigger
family of neural networks. The drawback is that we move away from X-class
neural networks (networks that approximate a target using only sums) to a XII-
class networks (networks that approximate a target using sums of products).
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Theorem 3.2.2. Consider a continuous, non-constant activation function ¢ :
R — R. The following sum:

G(x) = X4y B [ o(wfir + 051)
is dense in C(I,,), with wj, € R™, 5;,6,; € R.
Proof. Consider U the set containing all sums of products of the form:
G(x) = Shly Br T2 d(wfir + 651)
Since the activation function ¢ is continuous, for any G, G1, G2 € U, it holds:
Gi+Gyeld -GiGaeld NGelU,VAeR

and, thus, U is an algebra of continuous real functions on I,,. We shall show
that the conditions of the Stone-Weierstrafl hold:

(i) U separates points of I,: Consider z,y € I,,, with x # y. We show that
3G € U, such that: G(z) # G(y).

Since ¢ is non-constant, then Ja,b € R, with a # b, such that: ¢(a) #
#(b). By selecting to points z and y from the hyperplanes {w?z + 6 = a} and
{wTz + 6 = b}, then: G(u) = ¢p(wTu + ) separates them:

G(z) = ¢p(w"z +0) = ¢(a)
G(y) = p(w"y + 0) = ¢(b) # ¢(a)

(ii) U contains non-zero constants: Consider 0, such that: ¢(6) # 0 and
select a vector: w = (0,...,0) € R™. Then: G(z) = ¢(wTz +0) = ¢(0) #0 is a
non-zero constant. Additionally, by multiplying with any non-zero real number
A, we prove that all non-zero constants are contained in .

Finally, by applying the Stone-Weierstraf§ theorem, we get that U is dense
in C(I,). O
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3.3 Exact Learning

Exact learning is a type of learning process, where the network is trained to
represent exactly a target and not by tuning its weight values using a numerical
optimization algorithm as discussed in Chapter 2.

3.3.1 Learning Finite Support Functions

The simplest case of learning is that of finite support functions. The following
result [2] explores the ability of one hidden layer neural networks with Heaviside
activation function to represent any finite support function on R™.

Proposition 3.3.1. Consider an arbitrary function g : R™ — R and a set
S ={z1,...,xn} of n distinct points of R™. There is a sum:

G(x) =30  aiH(w]z +6;)
with w; € R¥,0;,a; € R, such that:

G(z;) = g(x))

3.3.2 ReLU Learning

We initially define a ReLU network in the following definition [2].

Definition 3.3.1. A ReL U-feedforward network with input x € R™ and output
y € R™ is constructed by a sequence of L —1 natural numbers {ll}le_l1 represent-
ing the widths of the hidden layers and a set of L affine functions, such that:
A :R* - R, Ap :RETV 5 R™ and A; - Rt — RE 4 =2,..,L —1. The
output of this neural network is given by the following composition:

f=ApoReLUoc A _10..0A30ReLU o A
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Representing Maxima

Feedforward networks with ReLLU activation functions in their hidden layers and
linear activation functions in their output layer have the capability to represent

the maximum function f(z1,...,2,) = max{zy,...,x,} [2].
Proposition 3.3.2. The maximum function f(x1,...,2,) = max{xy,...,Tn}
can be exactly represented by a ReL U-feedforward network with depth:
I 2k, if n = 2k
2 [logy ) + 1), if n # 2

Swallow and Deep ReLU networks
We examine the difference of swallow and deep neural networks with ReLLU
activation function [2].

Proposition 3.3.3. Consider a ReLU-network N with input’s dimension d,
a single hidden layer of width n and output dimension 1. There exists another
ReLU-network N? that represents the same function as N* on [0,1]% with input
dimension d but n 4+ 2 hidden layers, each of width d + 2.

3.3.3 Kolmogorov-Arnold-Sprecher Theorem

The first theorem is that of Kolmogorov-Arnold [2].

Theorem 3.3.1 (Kolmogorov Arnold). Any continuous function f(z1,...,zn)
defined on I, with n > 2 can be written in the form:

e n) = 3500 x5 (0 iy (24)

where x;,vi; are one-variable continuous functions and ;; are also mono-
tone functions, which are not dependent on f.

The second theorem is a refined version of the above result [2].

Theorem 3.3.2 (Sprecher). For each integer n > 2, there exists a real, mono-
tone increasing function ¥(z), with ¥([0,1]) = [0, 1], dependent on n and having
the property that for each pre-assigned number § > 0, there exists a rational
number 0 < € < ¢, such that every real continuous function f(x1,...,x,) defined
on I, can be represented as:
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P, mn) = Y (T, N +2(5 — 1))+ — 1)

where the function x is real and continuous and A is a constant independent

of f.

The value of the above result is that it ensures that a neural network with
2 hidden layers and activation functions v and x of each layer respectively can
exactly represent any continuous function on I,,. The practical problem is that,
once again, we only have an existence result; although we know that a solution
exists, we can not specify it.
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Chapter 4

Neural Network
Architectures

Life is architecture and
architecture is the mirror of life.

I. M. Pes

4.1 Introduction

After the initial success of feedforward neural networks in relatively simple prob-
lems, the machine learning community experimented on more complex problem
settings to examine if a proper deep learning solution can be found. During the
last few years many advanced neural network architectures have been developed
to handle different and complex data, such as image or text. These advance-
ments led to the widespread applicability of deep learning methods in a variety
of fields, from computer vision and natural language processing to finance.

4.2 Convolutional Neural Networks

Convolutional neural networks are specialized neural networks designed to pro-
cess grid-structured data. Examples are 1-dimensional data, such as time-series
or 2-dimensional images. Additional dimensions could be added to describe
more accurately a specific data type, e.g. colour values in image data.

The biological inspiration of convolutional neural networks were the experi-
ments of Hubel and Wiesel on the visual cortex of cats. Since then, they have
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been successfully applied to many problem settings, the majority of which in-
volve image data. Despite this, convolutional neural networks can handle any
type of spatial or temporal data, due to their grid-like topology.

4.2.1 Basic Architecture Design

The structure of convolutional networks is similar to a feedforward, however
its layers are sparsely connected and have a specific spatial organization [1].
Typically, a convolutional network consists of three types of layers: the convo-
lution layer, the pooling layer and the fully connected layer. Both convolution
and pooling layers can be interpreted as 3-dimensional grid structures, with
application-specific dimensions. In the rest of this subsection, a brief descrip-
tion of each type of layer is given, with a more extensive and mathematical
examination conducted afterwards.

A convolution layer performs the convolution operation on its input. The
convolution operation requires a kernel, i.e. a 3-dimensional square structure
with the same depth with its corresponding layer and smaller spatial dimensions.
By placing the kernel at each possible position of a data point, the convolution
filters the input’s information and produces a feature map.

After a convolution operation, a nonlinear activation function is usually ap-
plied to construct the final output of the convolution layer. The most common
choice of activation function is the ReLLU, due to its speed and ability to avoid
the vanishing gradients problem.

A pooling layer follows a convolution layer and is used to compress its output,
using a filter of smaller dimensions than the feature map. Pooling does not only
reduce the computational cost of the whole network, but also provides a way to
solve overfitting problems in convolutional networks.

The final layer of a convolutional network is a common feedforward network.
Its input is the flattened output of the final pooling or convolution layer and
the choice of its activation function is application-dependent.
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Input

Convolutional Backbone Fully Connected Layer
Convolutional Layer % Pooling Layer

Figure 4.1: Example of a Convolutional Neural Network

4.2.2 Convolution Operation

From a general perspective, a convolution is an operation between two real-
valued functions that measures the overlap of its first argument as it is shifted
over the second argument [2]. The convolution is typically denoted as:

2(t) = (y = w)(t)

In terms of neural networks, the convolution’s first argument is called in-
put and the second kernel. Both input and kernel are tensors. As previously
mentioned, the convolution’s output is referred to as feature map.

Due to its general nature, it is necessary to examine the convolution opera-
tion under specific structure cases of input signals.

1-Dimensional signals

- Discrete Signals

A 1-dimensional discrete signal can be considered as an infinite sequence of
real numbers: y = {yp }nez, with y, representing the signal’s amplitude at time
tn-

In this case, the convolution’s kernel is reduced to a compact support se-
quence of weights: w = {wy, }nez. Then, the convolved signal z of y and w, is
the infinite sequence: z = y * w = {2z, }nez, Where:

o0
Zn =D e oo Yntk Wk
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- Continuous Signals

A continuous signal is a signal, whose amplitude is a temporal continuous
function: y = y(t).

The kernel is a temporal continuous function with compact support: w =
w(t). The convolved signal can be obtained as:

z=2(t) = (yx w)(t) = fpy(u+ w(u)du

In the typical case of convolutional layers with 1-dimensional signals, the
input is a compact supported signal: = (z1, ..., 2,) and the sliding kernel is:
w = (w1, ..., wg), with & < n. During the convolution operation the kernel slides
with respect to the input as described above and the lag of this sliding is called
stride.

2-Dimensional Signals

- Discrete Signals

A 2-dimensional discrete signal can be considered as an infinite matrix: y =
[is)i5ez-

The kernel is the compact support matrix: w = [w; j]; jez and the convolved
signal z = y * w is also an infinite matrix: [z; ;]; jez, where:

oo oo
Zij = Zk:—oo 27:_00 Yitk,j+rWk,r

In the typical case of convolutional layers with 2-dimensional signals, the
kernel is placed on the input matrix and, beginning from the top left, moves
horizontally and vertically, with the amount of pixels slid per each move called
stride, as in the 1-dimensional case.

In the case of 3-dimension signals, each element of the third dimension can
be separately convoluted, e.g. each value of red, green and blue in coloured
images. However, using variants of the convolution algorithm, one can convolute
all three dimensions simultaneously. Finally, there are also variants to handle
higher-dimensional inputs.

Equivariance Property
Equivariance refers to the property that the output of a function changes ac-

cording to a change of its input [2]. More specifically, a function f is equivariant
to a function g, if the following relationship holds:
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flg(x)) = g(f(=))

For the case of the convolution operation, the convolution is equivariant to
the function that shifts its input. This ability permits convolutional networks
to detect local patterns in data regardless of their positioning.

4.2.3 Pooling

Pooling is an operation that compresses the information of an input by selecting
only important local features. As mentioned before, this provides an efficient
way to deal with the overfitting problem and renders the computational cost of
the whole convolutional network more manageable.

Approximating Continuous Functions

In this subsection, the max-, min- and average-pooling techniques are presented
in the context of continuous functions defined on compact sets [2]. For simplic-
ity reasons, only the closed compact set [a,b] C R is considered, however the
generalization of the following results to higher dimensions, where f is defined
on a compact set K C R" is straightforward.

- Max-pooling: Consider a continuous function f : [a,b] — R and the equidis-
b—a.
—

tant partition of [a, b] of size (stride)
a=x9 <21 < .<Tp_1<T,=0>b

By defining: M; = max[,, | ,,1f(x), a new function that can approximate f
can be constructed as:

S"(x) = Z?:l Mi[[wi—hwi)(x)
The approximation of f using the S,, function is referred to as max-pooling.

- Min-pooling: By defining the minimum function: m; = min(,,_, ,,) and
using the same partition as above, we can construct the approximating function:

Sp = Z:’L:I mij[m,l,a:i)('r)

The approximation of f using s, is called min-pooling. Between max- and
min-pooling, the following relationship holds:

sn() < f(x) < Sn(x)

- Average-pooling: The average function of f on the interval [x;_1,z;] can
be defined as:
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1 T
Mi = Ti—Ti—1 f’in71 f(u)du
Average-pooling refers to the approximation of f using the function:

An(x) = Z?:l :u'l-[[arl,l,x,)(x)

After defining the operations of max-, min- and average-pooling, it is essen-
tial to provide the theoretical background that all these methods approximate
sufficiently f.

Theorem 4.2.1. Consider a continuous function f : [a,b] — R. All three
function sequences { Sy }nen, {Sn}tnen and {A,}nen defined above converge uni-
formly to f on [a,b], with n — co.

Translation Invariance

One important property of max- and min-pooling operations is their invariance
property, which can also be generalized in higher dimensions [2]. By defining the
translation operator: T, for a function f defined on R, such that: (T, o f)(z) =
f(z —a) and P(f) either the max- or min-pooling operation on f, we have the
following results:

Proposition 4.2.1. Consider a continuous function f : R — R. For any small
enough value a, there exists partition of R, such that:

P(Tao f) ="P(f)

4.2.4 Bayesian Interpretation of Convolutional Networks

Types of Prior Distributions

A prior distribution is a way to incorporate beliefs before getting the data
by being a probability distribution on a model’s parameters [3]. There are
two main categories of prior distributions; weak and strong. Weak priors are
probability distributions with high entropy, permitting the model’s parameters
to change greatly based on the data, whereas strong priors are distributions with
low entropy, heavily restricting changes of parameters’ values. Additionally, an
infinitely strong prior is a prior distribution that nullifies some of the parameters
and restricts their use, even if data support their existence in the model.
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Bayesian Interpretation

Convolutional networks could be treated as feedforward networks with an in-
finitely strong prior over their weights. Using this prior, we get a feedforward
with sparse weight matrices of each layer, where the weights of each hidden layer
are shared with its next one, albeit shifted. The mechanisms that create said
prior are the convolution and pooling operations.

Convolution placed an infinitely strong prior over the parameters of a layer,
encoding the belief that the layer should learn only local interactions and pat-
terns and this learning is equivariant to translation. On the other hand, pooling
places the infinitely strong prior that each unit is invariant to small translations
and thus, its information can be compressed.

The bayesian connection between convolutional and feedforward networks
helps clarify some specific details about the convolutional architecture. Firstly,
being essentially prior distributions, both convolution and pooling can cause
underfitting, in case their assumptions are inaccurate. Secondly, by having
the prior of equivariance of translation, convolutional networks should only be
compared to other convolutional architectures, because permutation invariant
models without convolution must learn the concept of topology during training.

7



4.3 Recurrent Neural Networks

The majority of machine learning techniques are designed to handle multidi-
mensional data, independent from one another, which restricts their ability to
handle sequential data, such as time series or text. On the other hand, in order
to construct an architecture that can process sequential data, we have to keep
in mind that the temporal order of data, often referred to as time-stamp, has
to be preserved inside the model and that the handling of all inputs is done
in a similar manner. Simultaneously, the model must have a fixed number of
parameters, but also have the ability to handle data dynamically.

Recurrent neural networks exploit the idea of having a variable number of
layer to process data. In particular, by having a layer corresponding to a single
input, the model creates a direct connection between its layers and time-stamps,
enabling interactions between data located in different position of the sequence.
Finally, by using the same parameters per each layer, the model contains a fixed
number of parameters and handles all data in a similar way.

It should be noted that sequential data could be considered as 1-dimensional
grid structures, and thus, can be handled by convolutional networks, because
convolution enables spatial or, in this case, temporal weight sharing. However,
this approach is swallow and can not permit dynamic handling of sequences.

4.3.1 Basic Architectures

Computational Graphs & Dynamical Systems

A computational graph is a directed graph, whose nodes express mathematical
computations. Before we can portray the structure of recurrent networks as
a computational graph, we have to first examine its depiction as a dynamical
system. A dynamical system depicts the evolution of a system defined on a
state space through time and is denoted as [2]:

s = f(s(tfl); 0)

with: s(!) being the state of the system at time t. We can adopt a similar
notation for the evolution of the hidden layers of a recurrent network:

R® = f(RE=D 21 g)

where we consider data point z(¥) as an external signal to the system. Using
the above notation, it is clear that when the recurrent networks performs a
prediction based on previous values of the sequence, uses the hidden layer h(*)
as an indicator of the system’s evolution.
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There are two possible ways to depict a recurrent network. The first one
is to present it as a circuit-like structure (Figure 4.2a), which is based on the
approach using dynamical systems. On the other hand, we could imagine a
recurrent network as an unfolded computational graph (Figure 4.2b), with the
same length as that of the sequence. The computational graph approach breaks
down the structure of the dynamical system and depicts the evolution of the
network for a specific sequence, rather than its general form.

f f f

(a) Circuit ) Unfolded Computational Graph
Diagram

Figure 4.2: Possible depictions of a Recurrent Neural Network

Design Patterns

- Simple Recurrent Network

A simple recurrent network maps the input sequence to an output sequence
with an one-to-one relationship and its hidden units are recurrently connected.
The unfolded computational graph of this type of network is presented below:

Figure 4.3: Simple Recurrent Neural Network

In order to present a complete description of the above model, we also have
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to define its forward propagation equations. We will make the additional as-
sumptions that the target is a discrete variable and the network utilizes the
hyperbolic tangent as its activation function. By considering discrete variables,
we can the network’s output o as the vector containing the un-normalized log-
probabilities of each target’s value. Then, we apply softmax to the network’s
output, in order to obtain the normalized probabilities. After initializing the
system’s prime state h(?), we get the following system of update equations:

) =b+Wwht= 4 Ug®
h® = tanh(a®)

o™ =¢c+vr®

7 = softmaz(o®)

where b and ¢ represent the biases and W and V' the weight matrices and
t € {1,...,T}, with T being the length of the sequence. Finally, the total loss is
defined as the sum of losses corresponding to each member of the input sequence:

L™ =T 1®

Typically, for discrete targets, the negative log-likelihood is considered as
an appropriate loss criterion. Using the above update equations and the loss
function, we can proceed to train the model. The actual training is conducting
using a modification of the back-propagation mechanism; the back-propagation
through time. Although this process will be presented in the next section, it is
important to mention that in architectures with hidden-to-hidden connections
it renders training expensive. This inspired many modifications of the simple
recurrent network’s architecture that boost training efficiency.

- Recurrent Network with Output Recurrence

By having recurrent connections between its output and the next hidden
unit, the network becomes less powerful, because, then, we anticipate that
the output summarizes all past information. This is not usually the case, as
network’s outputs are designed solely to approximate target variable’s values.
However, the advantage of this architecture is that, for a choice of loss function
that compares each individual prediction with the corresponding target’s value,
training can be parallelized and, thus, far more efficient from a computational
perspective.
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Figure 4.4: Recurrent Network with Output Recurrence

Under the assumptions of the previous architecture. the forward propagation
equations are modified as follows:

a® =b4+Wol™V 4 Uz®
h = tanh(a®)

o) = ¢+ Vh®

g = softmaz(o®)

- Teacher Forcing

Teacher forcing is a technique inspired by the maximum likelihood criterion,
where in each step the target value of the previous step is used during training.
We can define the conditional maximum likelihood criterion as:

log p(y™M), y @z, 2@ =log p(y@|y™), W), 23 + log p(yM |2, 2(2)

To incorporate the aforementioned idea in the model’s architecture, instead
of using hidden-to-hidden connections, we have to connect recurrently the target
value of a time-stamp with the next hidden unit.
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(a) Training Graph  (b) Testing Graph

Figure 4.5: Recurrent Network with Teacher Forcing

Then, the forward propagation equations become:

a® = b4+ Wyt 4 Uyz®
h = tanh(a™)
o™ =¢c+vr®
g = softmaz(o®)
The main advantage of teacher forcing is that we can avoid back-propagation

through time, in condition that there are not hidden-to-hidden connections.
Hence, training time becomes much faster.

- Single-Output Recurrent Networks

Recurrent networks with single outputs are mainly encoders, i.e. networks
that encode the entire sequence in a feature vector. The feature vector is then
used as an fed to other networks, such as a feedforward classifier or a decoder
network for further processing.

Figure 4.6: Recurrent Network with Single Output

80



And the corresponding forward equations:

a® =b4+WhtD) 4 Uz®
Y = tanh(a™)
o™ = ¢+ Vh™

g7 = softmaz(o™))

4.3.2 Training Procedure & Common Challenges

Back-Propagation Through Time

We will demonstrate the back-propagation through time algorithm for the simple
recurrent neural network architecture defined in the previous section. We also
make the assumptions that in order to obtain the final output §(*), the softmax
activation function is used and that as loss function we utilize the negative
log-likelihood.

The back-propagation algorithm for recurrent networks can be described as
follows:

1. We perform a forward pass using the forward equations and obtain the
errors at each time stamp using the negative log-likelihood loss function.

2. For every time-stamp, we treat the parameters (weight matrices and bias
vectors) as time-dependent, even though the parameters of different layers in
time are shared, and compute the gradients.

3. We calculate the gradients of all time-stamps by summing up the shared
parameter gradients of each time-stamp.

Now, we proceed to calculate the parameter gradients. The computational
graph of a recurrent network contains the parameters W, U, V, b and ¢, as
well as 2, b o® and L® types of nodes. Before we begin calculating the
parameter gradients, we have to calculate the gradients of each type of node.
At first, we need to calculate the gradient of loss:

oL  _
OL(t) 1

Then, the output’s gradient is given as:

F) oL oL® ~(t .
(vomLz = ao<Lt> = aL<Lt> ai‘.” = yg )~ I(?/(t)al)
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In order to obtain the hidden unit node’s gradient, we must take two cases.
On the one hand, at the final time-stamp T, the result of h(T) is fed only to the
output node o). Thus:

VL =VT VL

On the other hand, to compute the gradient of hidden units for every other
time-stamp ¢ € {1,...,T — 1}, we have to take account that their output is fed
to both the output node o(*) and the next hidden unit A**1). Hence, we need
to compute these gradients recursively:

ORHD) o™
= 7}:’1 . Vh<t+1)L + [m]T . Vo(t)L

= Wldiag[1 — (WYY - Vs L+ VT -V, 0 L

Having the gradients of all necessary nodes, we can proceed to calculate the
actual parameters’ gradients:

T 90® L
Vel =) | o "V L= V,uL
t=1 t=1
T 8h(t) T
Vil =) | o "V L= diag[l — (h")?] - V) L
t=1 t=1
T 8L T
VL= Z[a 1 Vol =3 (Vo L) ()T
t=1 i 9Y0; t

g L

T
oL _ )
Vwl =33 -l Ve = 3 diaglt = (KO (Vyo ()T
t=1 i —1

%

%

T T
0L '
Vul = Z Z[W] : VUfhl(-t) = g diag[l — (h(t))Q](Vh(t>L)(x(t))T
t=1 i =1

- Truncated Back-propagation Through Time

In case of long input sequences, many computational problems arise, es-
pecially regarding the convergence rate and the memory-usage of the back-
propagation algorithm. A simple solution would be to implement a similar
thought with the stochastic optimization algorithms; after the forward pass, ex-
ecute the back-propagation recursion for a subset of the original sequence. The
inputs of this new sub-sequence must, however, be ordered according to their
respective time-stamp in the initial sequence.
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Training Challenges

The main problems during training that arise in recurrent neural networks orig-
inate from long-term dependencies in the model itself [3]. More precisely, the
weights that correspond to connections between layers of distant time-stamps
are significantly smaller than the ones given to small-term connections. From a
mathematical perspective, recursive networks can be treated as the composition
of the same function over different time-stamps. The basic recursive updating
equation, without considering the external input and the non-linear activation
function, can be defined using matrix multiplication:

RO = WThE-1)

We can also get an alternative form of the above equation by applying the
substitution method:

Rt = (Wt)Th(O)

where: W? is the matrix product of ¢ consecutive multiplications. Under the
assumption that this matrix can be eigen-decomposed, we get:

W = QAQT

with @ being an orthogonal matrix and A the eigenvalue diagonal matrix.
Then, the recursive equation that describes a recurrent network can be expressed
as:

h) = QTALQ - h(©

The problem of vanishing and explosive gradients can be mathematically
stated using the following Lemma [1]:

Lemma 4.3.1. Let W be a square matriz, the magnitude of whose largest eigen-
value is \. Then, the entries of W' tend to 0 with increasing values of t, if X < 1.
If A > 1, the entries of W' diverge to large values.

Early Strategies

Early solutions to the problem of long-term dependencies were based on the
idea to organize the model to handle differently long-term and short-term re-
lationships. By having parts that operate on different time-scales, the model
can direct information from the past to the present far more efficiently. In this
section, some solutions found in [3] are presented.

83



- Skip Connections Through Time

The idea behind skip connections is to connect directly the distant past with
the present through the introduction of connection delay. In a vanilla recurrent
network, the hidden unit corresponding to the time-stamp ¢ is directly connected
with the next hidden unit at ¢ 4+ 1, whereas using skip connections with delay
d, the t hidden unit is connected to the hidden unit at ¢ + d.

The introduction of delay helps significantly with vanishing gradients, be-
cause gradients diminish more smoothly. However, the problem of exploding
gradients is not affected by skip connections.

- Leaky Units

Leaky units are based on the concept of running averages [3]. A running
average p of a value () is given by the recursive relationship:

'u(t) < Oéﬂ(t_l) + (1 — a)x(t)

with « € [0,1] being the self-connection parameter. In recurrent networks,
we can add such self-connections to hidden units, where the derivative is close to
1 and, therefore, potentially dangerous. For small values of «, past information
fades fast, whereas for large values of « it plays a vital role in the present’s
output.

- Removing Connections

Another approach to organizing a recurrent network to operate on multiply
time-scales is to manually re-organize its connections. By replacing length-one
connections with connections of longer length, the network is forced to transfer
past information to the present more effectively.

4.3.3 Advanced Recurrent Architectures

Deep Recurrent Neural Networks

The existence of hidden units in a recurrent architecture enables the model to
learn non-linear relationships. In certain applications, where the complexity of
the problem is increased, we want to increase non-linearity within the model.
This can be achieved by stacking hidden layers on top of each other and, thus,
adding more depth to the network.
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Figure 4.7: Deep Recurrent Network

As a dynamical system, the state of the k-th hidden unit with an activation
function ¢ is given by:

D = (Ui, + Wihi ™ + by

with Uy, Wy and by being layer-specific parameters. Finally, the output of
the layer of each time-stamp is given by:

o) = Vh(I? +c

Bidirectional Recurrent Neural Networks

The majority of recurrent architectures are based on the concept that past
values of the input sequence influence the present. However, sometimes it is
more reasonable to assume that the input of a specific time-stamp is influenced
by the entire sequence, e.g. in applications in natural language processing.
Bidirectional recurrent networks manage to combine future and past information
by consisting of two recurrent networks; one that moves forward and one that
moves backwards in time.
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Figure 4.8: Bidirectional Recurrent Network

In the above computational graph, h; are the hidden units that transfer
information from the past and ho transfer information from the future. Using
an activation function ¢, the state of those hidden units is updated as:

hgt) _ ¢(U193(t) + Wlhgtfl) +by)
W = p(Uyz® + Woh{™ + by)

And the output is given as:

o) = Vlhgt) + Vghét) +c

Recursive Neural Networks

Recursive neural networks are a specific category of recurrent networks that have
a deep-tree structure, which gives them the ability to handle data structures as
their input [3]. This makes them useful in applications in natural language
processing and computer vision.
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Long Short-Term Memory

Long short-term memory (LSTM) and gated recurrent units (GRU) networks
expand on the idea of leaky units with enabling the self-connection weights
to change their value at each time-stamp. However, instead of accumulating
information over time, these networks have also a mechanism to decide when
to forget past information and, thus, clear their memory. LSTM and GRU
networks belong to a family of networks that are called gated recurrent neural
networks.

LSTM networks introduce self-loops to determine dynamically whether long-
past information should be retained. LSTM introduces a structure called mem-
ory cell that can be treated as a special hidden unit. Each cell comprises of
three gates; the input gate that reads data into the cell, the output gate, which
returns the output of the cell and the forget gate that resets the content of the
cell.
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Figure 4.9: LSTM Cell

The above graph can be used as a road-map to perform the computations
at each time stamp. By considering multivariate inputs: {X;}7 ,, with X; €
R™*4 ¢t the input, output and forget gate are updated as:

Iy = o(XyU; + HU7OW; + by)
O = o(X, U, + H*YW, + b,)
Fy = o(XUp + HEDW, + by)

Next, we need to introduce a candidate memory cell that determines how
much of the new information will be added to the memory:

Cy = tanh(X,U, + H*=DW, + b,)
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Then, the memory cell decides how much past memory it will retain and
how much new information it will introduce:

Ci=F,o0C_1+L;oC
Finally, the hidden unit value is given as:

H® = 0, ® tanh(Cy)

Gated Recurrent Units

Like LSTM, GRU networks have gated hidden units that determine how much
past memory to retain and how much new information to introduce. In a GRU,
we have two types of gates; the reset and the update gate.

h
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Figure 4.10: GRU Cell

The computations performed by reset and update gates respectfully are:

Ry = o(XUp + HE YW, +b,)
Zi = o(XU, + HEYW, +b,)

Then, the candidate hidden state is given as:
H; = tanh(X, Uy + (R © Hy_1)W), + by,)
Finally, the actual output of the hidden unit is calculated as:

H—t:ZtQHtflﬁ—(l—Zt)@H-t)
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4.4 Stochastic Neural Networks I: Boltzmann
Machines

All architectures we have seen until now can be treated as input-output non-
linear mappings, where by minimizing a loss function, the networks maps the
input set into the output set and this whole process can be represented using a
directed computational graph. On the other hand, stochastic neural networks
learn probabilistic states from the input set and, hence, are often used in unsu-
pervised learning [1]. Boltzmann machines are probabilistic models that model
the joint distribution of observed and latent variables. Due to the fact that
these models learn probabilistic relationships, they can be represented as an
unidirectional computational graph.

4.4.1 Stochastic Neurons

Before exploring Boltzmann and restricted Boltzmann machines, we need to
define the stochastic neuron. A stochastic neuron [2] is a computational struc-
ture that receives a sequence x = {z,,}»_, as input and outputs the bivariate
random variable Y € {0,1}, with:

P(Y =1|z) = o(w"z +b)
P(Y =0Jz) = —o(wTz 4+ b) = o(—wTz — b)

with o the logistic function.

Training Stochastic Neurons

During training of a stochastic neuron, we utilize the maximum likelihood. We
need to make the transformation U = 2Y — 1. Then, we have:

-1, Y=0
U =
1, Y=1
By making this transformation, we get the same distribution of U for both
of its values:

PU=1)=PU=-1) =0o[(wTz + b)U]
In an applied setting, we have data in the form of the following sequence:

{(zn,yn)}_;. By creating a sequence: {u, }N_,, with: u, = 2y, — 1, we get a
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new data sequence: {(x,,u,)}_;. Then, we can find the optimal values of the
parameters w and b as:

0" = (w*,b") = argmax.y p ﬁ ol(wTz, + b)uy)
n:lN
= argmat,  In H ol(whz, + b)u,]
n=1
= argmowcw,bl g: Ino[(whz, + b)u,]
n

n=1

We can define the target function that we want to maximize:
C(w,b) =+ SN Ino(w Tz, + b)u,]

And optimize it using a gradient ascent scheme, by updating the parameters
according to the rule:

w® = w*=Y 4 v, C(w,b)
b*®) ==Y 4 v, C(w, b)

with:

3W Z TypUno w Ty + b)uy]
k

Zun (w2, + b)uy)

Simulated Annealing Perspective

From a simulated annealing viewpoint, we can show that a stochastic neuron
converges to a perceptron [2]. To prove this, we first have to modify the output’s
distribution of a stochastic neuron as:

P(Y =1|z) = o.(wz + b)
P(Y =0|z) = o(—w 2 — 1)

where: o.(z) = o(cx), with ¢ > 0 being the inverse of temperature, meaning
that by increasing the value of ¢, we decrease the temperature. The target
function is modified as well as:
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C(w,b) = LN o [(wlz, + b)uy,]

n

For ¢ = 0, the two possible states, i.e. ¥ =1 and Y = 0 are equiprobable.
As ¢ — oo, we know that o. tend almost everywhere to the Heaviside step
function [2], thus:

P(Y =1|z) = Hw Tz +b)
P(Y =0|z) =1— H(w"z +b)

Hence, by decreasing the temperature, we obtain a deterministic perceptron.

4.4.2 Boltzmann Distribution

Boltzmann distribution models the thermodynamic equilibrium of a particle
system at a given temperature [2]. In a thermodynamic system with N possible
states, we define the random variable of the system’s state x that can take the
values: {x1,...,2n}, with corresponding probabilities: p, = P(x = z,),Vn €
{1,...,N}. Finally, each state x,, corresponds to a specific energy level of the
system FE,, > 0.

We know that the state of the system changes because of particle interactions
and, using the second law of thermodynamics, this change should increase the
entropy of the system. Finally, this particle interaction happens in a certain
temperature T, proportional to the average system energy: T ~ Zﬁ;l PnEn.

In order to find the distribution {p,}2_;, we need to find the distribution
that maximizes the system’s entropy in the given temperature T'. Therefore, we
need to solve the maximization problem:

max, H(p) = — 27]:’:1 pp Inp,

N
subject to: an =1
n=1

N
> puEn=k>0
n=1

Using Lagrange multipliers, the solution of the problem is:

7E"Z
Pn=¢€¢ T
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4.4.3 Boltzmann Machines

A Boltzmann machine is represented through a state vector z = (z1,...,Tn),
where u = (uq, .., uq) are visible states and h = (hy, .., by, ) are hidden states. It
holds: = (u, h). The formal definition of a Boltzmann machine [2] is presented
below:

Definition 4.4.1. A Boltzmann machine is a set of n stochastic neurons that
form a network with symmetric weights, such that: w,, = 0. The state of each
neuron is modified as:

1, with probability p,
€T =
" 0, with probability 1 — py,

with:

pn = P(an|z_p) = U(%)

where: AE, = Zj.j# Wn;T; + by is the energy gap of the n-th state and T

the temperature.

The energy of a specific state vector is computed as:

E(z) = E[(u, h)] = = 32, bnn — 32 i j WiTi;

The conditional probability of each state p, originates from the uncondi-
tional probability of the state vector: P(z), which can be calculated as [1]:

P(2) = 75 exp{—E()}

with Z being the partition function. The main problem in Boltzmann ma-
chines is that the partition function cannot be calculated efficiently and, thus,
in an applied setting, we can never find the unconditional probability.
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Hidden

Figure 4.11: Boltzmann Machine’s Computational Graph

Data Generation with Boltzmann Machines

Boltzmann machines generate data using Markov Chain Monte Carlo (MCMC)
sampling. It samples iteratively from the conditional distribution of each state
Dn, until we reach thermal equilibrium [1], a point where the probability dis-
tributions have converged. After reaching thermal equilibrium, the generated
data derive from the model captured by the Boltzmann machine.

Training Boltzmann Machines

By being distribution approximators, Boltzmann machines generate p distribu-
tions to approximate a given distribution ¢g. During training, we need to choose
the optimal distribution p* that minimizes the Kullback-Leibler divergence and,
thus, solve the optimization problem [2]:

p* =argmin, ), v q(z)In p(qxgz),b)

By observing that the entropy H(q) is independent of p, we can modify the
above optimization problem as:

p* =argmax ) . q(x)Inp(x;w,b)
We define the objective function:
C(w, b) = ZwEX Q(m) lnp(x, wa b)

that we want to maximize. By performing various computations [2] (for a
more detailed presentation of said computations, refer to Appendix _), we get
the results:
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0
8’(1}1']‘

0
ab;

C(w,b) = Ez;x;] — EPx;x]
C(w,b) = E[z;] — EP[z;]

Then, we can perform the actual training using a gradient ascent scheme:

(1) _ (9

ij ij +77872]C(w5b)

g

(k1) _ k) , . O
b; =b; —H?abj C(w,b)

The idea is that Boltzmann distribution is the equilibrium distribution reached
in thermal equilibrium. By changing the model parameters, the Boltzmann dis-
tribution itself changes.

4.4.4 Restricted Boltzmann Machines

Restricted Boltzmann machines is a special type of Boltzmann machine, where
visible states are only permitted to connect with hidden states and vice versa.
Hence, we restrict connections between hidden states and connections with vis-

ible states.
() (e ()

Visible LRI

Figure 4.12: Restricted Boltzmann Machine’s Computational Graph

Due to this restriction the symmetry between weights is lost. Now, the
distinction between hidden and visible states: x = (u, h) is even more important.
The energy of a state x is computed as:

E(z) = E[(u,h)] = —3uwh — bTu — cTh

and the unconditional probability of a state (or the joint probability of visible
and hidden states) is:

p(u, h) = ﬁ exp{—E(u, h)}
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Once again, the computation of the partition function Z is impossible in
an applied setting, and thus, during training, we have to bypass the problem
using conditional distributions. At first, we need to observe that the conditional
distribution of the hidden states given the visible state is independent [2]. Then,
we get that:

exp{(zx u 'w”n"l'cn)hn}
p(hnlu) = 1+exp{JZ; u;wjnJrcn}

From this result derive the following probabilities:

plhn = 1lu) = U(Z UjWjn + Cn)

J
p(hn =0Ju) = o(— Zujwjn —Cn)
J

Training Restricted Boltzmann Machines

During training of a restricted Boltzmann machine, we can follow the exact
same process with a simple Boltzmann machine. This time, the MCMC sampler
produces p(h|u) to approximate the distribution g(h|u). Similarly, to minimize
the Kullback-Leibler divergence, we have to maximize the objective function:

C(w,b) =", q(hlu) Inp(h|u)

We end up with a similar gradient ascent scheme as before:

wiftD = w4 B (hihy) — EPr (hihy)]
D — B g9 (hy) — P ()]

Ab=0
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4.5 Stochastic Neural Networks II: Generative
Adversarial Networks

Like Boltzmann machines, generative adversarial networks (GANs) are deep
generative models, with the task to produce artificial data similar to those ob-
served in the training data set. The ability to generate data efficiently made the
use of generative adversarial networks widespread in many sectors. In finance,
these networks have been applied in derivative pricing and time series forecast-
ing by being the building block of a new type of model; the neural stochastic
differential equations.

4.5.1 Density Estimation

The typical task of generative models is to create new samples from a distri-
bution pguiq(z) based on observations of that distribution (the training data).
There are two main categories of distributions that generative models try to
reconstruct; parametric and non-parametric.

- Parametric: We estimate the pg,+, distribution using a parametric distribution
Dmodel(; ), where the parameters 6 are tuned in order to maximize the log-
likelihood [2]:

0* = arg maxg E,[In pimoder (23 6)]
and in an applied setting, we estimate the above expected value as:

]Ez [lnpmodel ($, 0)] = % ?zl 1npmodel (xu 0)

- Non-Parametric: In non-parametric case, instead of taking a parametric distri-
bution and calibrate its parameters to maximize the log-likelihood, we initially
sample a simple distribution [2] and apply a non-linear transformation to those
samples in order to approximate the samples (data) from the target distribution

DPdata-

4.5.2 Game Theoretic Approach

The intuition behind generative adversarial networks can be found in adversarial
games. In an adversarial game, two players compete for the value of an bivariate
objective function V(x,y). The first player controls variable x and wants to
minimize the value of the objective function, whereas the second player controls
y and wants to maximize the function.
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This problem can be treated as a mini-max game, with:
(z*,y*) = arg max, min, V (z, y)
We can find the equilibrium using the simultaneous gradient descent method
in continuous time [2]. The first player wants to move to the direction that
minimizes V', thus:

z(t +n) = z(t) — ng-

On the other hand, the second player moves to the direction that maximizes
V.

y(t+n) =y(t) + n%¥

For n — 0, we get the continuous time differentiable system [2]:

de 0V
dt oz
dy OV
dat Oy

If the equilibrium point exists, it is attained at: (z*,y*) = lim;— o0 (x(t), y(t))
and satisfies the conditions:

ov
o 0
ov
ay

4.5.3 Architecture Design

Generative adversarial networks are based on an adversarial game between two
neural networks; the generator and the discriminator. By playing the game iter-
atively, both networks improve and reach a point, where the generated samples
match sufficiently the data.

- Generator network: The input of a generator network is a random noise
form a latent space Z and its output x = G(z;09)) tries to resemble points from
the data space [2], where G is the generator function and #(9) the generator’s
parameters. The generator function must be differentiable and the random
variable Z of the latent space Z must be of less dimension than the output
random variable X. Finally, the output random variable reflects the distribution
captured by the generator ppoder (; 9(9)).
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- Discriminator network: The task of the discriminator network is to classify
whether its input = is genuine training data. Given its input, it produces as
output the probability D(x; G(d)) that the input belongs to the training data,
with 8(?) being the discriminator’s parameters. In case that D(z;6(®) = 0, the
discriminator completely rejects the input.

When the training begins, the generator produces only random noise and the
discriminator has only limited ability to distinct between real and fake data. The
objective of the generator is to produce fake data that the discriminator cannot
reject. As the game progresses, the discriminator becomes more effective and,
to combat this, the generator produces higher quality data. In the end of the
training process, the discriminator assigns D(z;0(®) = 0.5 to the generator’s
output and the game terminates. Then, we can discard the discriminator and
keep only the generator.

Data

Ty

Iy Discriminator

D =] 0Zo|= | >
O O

Latent Space Generator

l9[«1'] - 6,:'.1- 1}

O O G(= 8"

ol _y glat1)

Figure 4.13: Generative Adversarial Network’s Architecture

The objective function that the discriminator tries to maximize [2] and, thus,
the loss function that the generator tries to minimize is:

V(G, D) = Egrpyore [0 D(2)] + Egop,y,pue, (1 — D(2))]

By treating the adversarial game between the discriminator and the gener-
ator as a mini-max problem, as seen in Section 5.5.2, the optimal generator is
given by the problem:

G* = arg ming maxp V(G, D)
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and the optimal generator:

D¢, = argmaxp V(G, D)

Proposition 4.5.1. For a generator G, the optimal discriminator function is
given as [2]:

* _ p ata($)
D& (%) = 5 pmoae @

By having this result, we can find the optimal generator function as:
G* = argming V(C, D§,)

To find this minimum value, we have to first find where the objective function
is maximized for the optimal discriminator function [2].

Proposition 4.5.2. The mazimum value of the objective function V is:

V(C7 DZ}') = 2DJS(pmodel($)||pdata(x)) —In4

Then, we can minimize the generator function based on the above result [2].

Proposition 4.5.3. The global minimum
G* = argming V(C, D§,)

18 achieved iff pmodel = Pdata- The minimum value is: —In4.

Training Generative Adversarial Networks

The most common training method of generative adversarial networks is the
simultaneous stochastic gradient descent [2]. We sample two mini-batches; one
from the actual training data and one from the generated ones, and we apply
simultaneously gradient descent and ascent for the discriminator and generator
respectfully, in the same way that was described in Section 4.5.2 for players x
and y:

0801 = 050 = Vg V(657)
0,7 = 059 + 1V o) V (09)
with n > 0 being the learning rate. Finally, as mentioned in [2], there are

still many unsolved problems with training of generative adversarial networks,
such as vanishing gradients, mode collapse or failure to converge.
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Chapter 5

An Indicative Example:
Deep Portfolio Theory

A good portfolio is more than a
long list of good stocks and
bonds. It is a balanced whole,
providing the investor with
protections and opportunities
with respect to a wide range of
contingencies.

Harry Markowitz

5.1 Introduction

Neural networks have been applied to a variety of fields, from computer vision to
bio-informatics, presenting accurate modelling results while simultaneously hav-
ing a sandbox nature compared to other modelling techniques. In this chapter,
we present an application of neural networks to a quantitative finance problem:;
deep portfolios

Deep portfolio theory, as introduced in [4], provides a new data-driven ap-
proach to portfolio construction. While retaining the central idea of Markowitz
that portfolio allocation is a trade-off problem between risk and expected return,
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the proposed procedure is far less model-dependent and adopts an auto-encoding
view of the market. Instead of using conventional dimension reduction methods,
a key concept of deep portfolios are deep factors [4]; hidden layer abstractions
that have non-linear relationship with the input data.

5.2 Deep Portfolio Construction

The goal of deep portfolio theory is to construct a portfolio that performs a
specific objective, e.x. replicate of beat a certain index, by using a data-driven
procedure. Assuming that the input data can be divided into training and
validation data X4, and X4 respectively, the process proposed in [4] can be
broken down into four parts:

I. Auto-encoding

Auto-encodes Xypqin in order to have a more efficient structure of it from
an information perspective. This is equivalent with tuning the neural network
Fr.(Xtrain; W) by solving the regularization problem for a grid of values for the
regularization constant A.,:

IninWm HXtrain - Fm(Xtrain; Wm)”%v with: HWm” < Am

I1. Calibration

For a specific objective Yy qin, €.g. approximate an index, approximate Yi,qin
through fitting the neural network F,(Xyqin; W) by solving the regularization
problem for a grid of values for the regularization constant A:

minyy, [ Xtrain — Fp(Xtrain; WP)”%) with: [[Wp]] <Ay

ITI. Validation

Select the appropriate A, and A, values (and consequently the respective
neural networks) that balance the trade-off between the following errors:

em = HXval - Fm(Xval; W»:;L)Hg and e = ||Yual - Fp(Xval; W;)H%

where W, and W are the solution of auto-encoding and calibration steps
respectively.

IV. Verification

Choose the market and portfolio neural networks F},, and Fj}, that render the
validation step satisfactory by constructing a performance indicator plot.
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5.3 Elements of Deep Portfolio Theory

From a mathematical perspective, a linear portfolio can be expressed as: y =
w? X +b, with X being the matrix of stock returns and b and w the risk-free rate
and the portfolio weights respectively. In the case of target Y approximation,
we search for a map Fy, such that: Y = Fy(X). Fy can be treated as a
data reduction scheme, as it reduces the input data to approximate the target.
During fitting, the parameters W can be found using objective functions that
include regularization terms.

5.3.1 Conventional Approaches

Before we develop deep portfolio theory, first we need to approach conventional
portfolio theory from an auto-encoding perspective [4]. As reference, we will
examine the Markowitz and Black-Litterman models. For each method we have
to find how the market information is auto-encoded and then decoded to forecast
the evolution of every market’s asset.

Markowitz’s model can be treated as an encoder, constructed by using only
the empirical mean and variance-covariance matrix. From a statistical perspec-
tive, these two are sufficient statistics if the market returns follow multivariate
normal. However, in an applied setting, the Markowitz’s encoder performs
poorly due to the structure of financial data, which often display volatility clus-
tering and jumps.

A more advanced approach is the Black-Litterman model, where in the auto-
encoding step the investor’s beliefs are also included as additional informa-
tion. More specifically, instead of finding the empirical mean ji and variance-
covariance matrix 3, the Black-Litterman model finds the mean and variance-
covariance statistics by solving the regularization problem:

|l — X3 4+ |[Pr— qll3

for a specific investor’s view pair (P, q). The problem of the Black-Litterman
model is that investor’s views do no often reflect the actual evolution of the
market.

By approaching the problem from a deep learning perspective, we can solve
the regularization problem far more effectively. The main advantage of this
method is that by using the performance indicator plot as a predictive tool for
the regularization term, the regularization problem we construct incorporates
more accurately market information.
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5.3.2 Auto-Encoding Perspective of Market Information

As previously stated, the main concept behind deep portfolio theory is to auto-
encode available market information and then decode it to forecast asset returns
and construct a portfolio accordingly.

Deep Auto-encoders

An auto-encoder is a neural network that learns data coding in an unsupervised
manner [5]. Although auto-encoders, which can be treated as a dimension re-
duction scheme, are related to Principal Component Analysis (PCA), they are
more flexible due to their ability to capture both linear and non-linear rela-
tionships. An auto-encoder can be broken down into two parts: the encoder
that generates a reduced feature representation of the initial data [5] and the
decoder, which reconstructs the initial data using the encoder’s output. From
an architecture’s perspective, the auto-encoder has a bottleneck structure, with
input and output layers having the same size.

Encoder Decoder
Figure 5.1: Architecture of an Auto-Encoder

For simplicity, we will consider an auto-encoder with only one hidden layer
and an activation function f for its hidden nodes. Then, its output can be
written as:

N. 2
Yi(z) = Zjil ngj

Since in the auto-encoder the final model has the form: X = Fy (X), the
training can be done using the regularized loss function:

' Z, with: Zy, = f(ON, WiPa,)
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LW) = argminyy | X — Fy(X)|[2 + Ao(W)
with
1 2
SW) = W2+ w2

By introducing a latent factor Z [4] and performing regularization on it, we
can break the training process in two steps; the encoding and the decoding.
Mathematically, this new problem formulation can be expressed as:

argminw, z ||Z — fF(IWW, X)[]? +[|X - WO Z|]> + Ao(Z)

where the first term corresponds to the encoder and the rest to the decoder.

Financial Factor Models

Factor models are financial models that approximate financial securities’ returns
using factors (usually referred to as priced factors); investment characteristics
that influence the risk and return of those securities. From a mathematical per-
spective, a factor model is a linear model that approximates the return sequence
{r,}_, using the factors {F}}X_, and has the following form:

Tn = 2521 WinkEFy, Yn € {1, ,N}

Using factor models, we can re-write the optimization problem in Step II -
Calibration of the proposed procedure as follows [4]:

. N K NK
minw, 32,y 17 = 2oy WarFill3 + A 20 s Wkl

where the first term represents the reconstruction error and the regulariza-
tion term is used in Step III to quantify variance-bias trade-off and is important
to perform satisfactory out-of-sample predictions. This problem can be solved
using a two-step algorithm [4]:

- (A) For given factors F, find the optimal weight values using L'-norm
optimization

- (B) Given the weight values, find the factors using quadratic programming
techniques.

In deep learning theory, instead of using quadratic programming, we fit
a neural network by introducing a multivariate pay-off function of the initial
returns. The theoretical background of multivariate pay-off functions can be
found in Kolmogorov-Arnold theorem (see Chapter 3). We can approximate
the multivariate pay-off function F' as follows:

2N+1 N
F(Ila 7Xn) = Zj:l_‘— Xj Zi:1 ¢zj(xz)
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for a specific selection of x; and v;; functions. This representation is impor-
tant in deep learning, because we know in advance that a deep ReLLU feedforward
network can approximate F' sufficiently. Hence, the quadratic programming
problem was reduced to a simple problem of fitting a feedforward network with
ReLU activation function.

105



5.4 Application and Empirical Results

Re-Tracking IBB Index using Deep Portfolio Theory

The objective of this example is to re-track the biotechnology IBB index using
a subset of its stocks, using data from January 2012 to April 2016. For the first
two steps of the proposed process (auto-encoding and calibration), we examine
the period from January 2012 to December 2013 and for the next two steps
(validation and verification) we use data from January 2014 to April 2016. Our
goal is to reconstruct the index value at each time-step using only a subset of
its stocks’ values at that time-step.

5.4.1 Traditional Modelling

An initial step would be to perform PCA, instead of using auto-encoders. As
discussed previously, auto-encoders are related to PCA and their theoretical ad-
vantage is that they are able to capture both linear and non-linear relationships.
We will examine if this theoretical result can be verified in an applied setting.
Using the first principal component of the whole stock universe, we attempt to
represent the index and get the result:

300
—— |BE ariginal

275 PCA encoded

200
175
A

150

125 MM/.A_/A\J—HJ

100

62012 525/2012 10/12/2012 ¥1/2013 7/18/2013 12/6/2013

Figure 5.2: PCA encoding calibration results

It is easy to conclude that PCA performs relatively well until July 2013;
afterwards its modelling ability collapses. The alternative would be to construct
a stock portfolio that tries to reconstruct the index using an auto-encoding
perspective.
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5.4.2 Deep Learning Modelling

After auto-encoding all stocks, we rank them according to their communal in-
formation; information that is common in a large subset of the stock universe
and can be treated as a measure of the auto-encoder’s performance [4]. Due to
the fact that stocks with high communal information entail similar information,
we want to select only a restricted number of them (in [4] it is proposed to take
only the first 10). On the other hand, we also want to include in our portfolio a
number of stocks 2 with the lowest communal information, to include additional
information that is not revealed with the auto-encoding process.

100 A .
— best pr. original

best pr. a-encoded
aQ { = worst pr. original
—— Worse pr. a-encoded

20 1

Apr JL:| D;:t Jan Apr Jul D;:t

Figure 5.3: Highest and lowest ranking stocks before and after auto-encoding
according to communal information

During calibration, we use feedforward networks with ReLU activation func-
tion and reconstruct the index for the number of non-communal information
stocks = € {15,35,55}. The results can be found in the following plot:

—— |BE original
IBE 525

—— IBE 545

2004 |gB s6s

220

Al ot

Jaln A;I:r Jull D;:t
2013

Figure 5.4: IBB calibration using a subset of stocks (10 + z, « € {15, 35,55})
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Comparing Results

We can compare the auto-encoding results that we got with a traditional PCA
approach to verify whether the use of neural networks is beneficial compared
to more traditional methods. By comparing Figure 5.4 and Figure 5.2, it is
clear that the auto-encoding yields far better results for all possible portfolios
we have considered. Thus, the ability of neural networks to capture non-linear
relationships gives them an edge over traditional methods.

5.4.3 Model Validation and Verification

After concluding that deep learning models perform better, we examine the
performance of calibrated models in out-of-sample predictions about the future
values of the index during validation step. An important remark is that neural
networks are extremely vulnerable to overfitting (see Chapter 1). Validation is
an important step to observe how our model behaves in more realistic situations.
The performance of the deep learning models that were calibrated in Step II,
using 10 + z stocks, x € {15,35,55} is presented in the following graph, with
each value being the reconstruction prediction of index value at time ¢ using the
portfolio’s stocks’ values at the same time:

400 1 — 8B original

IBB 525
— IBBE 545
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2014 2015 2016

Figure 5.5: Predicted capabilities of calibrated models

It is clear that the portfolio with the biggest number of stocks can re-track
the index better. An important remark is that all portfolios capture effectively
variations of the index. This is an indication that all portfolios contain stocks
that influence heavily the progression of the index.
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Using the same process with selecting a subset of communal and non-communal
information stocks, we can construct the performance indicator plot [4], which
plots the trade-off between the number of stocks in the portfolio and the accu-
racy error.

20

15

10

Mean Squared Error

10 20 10 40 50 60 70 80
number of stocks in the portfolio

Figure 5.6: Performance Indicator Plot

It can be easily observed that in general, as the number of portfolio’s stocks
is increased, the error is decreased. However, the tooth-like form of this plots
indicates that there are some stock groups that can re-track the index better,
compared to including additional stocks. An explanation could be that, as
mentioned previously, some stocks heavily influence the progression of the index.
Including additional stocks restricts the influence of the dominant stocks in the
model’s predictions. This result is important because in order to get consistently
satisfactory error, we have to include a large number of stocks in our portfolio
(greater than 60). On the other hand, by detecting the dominant stocks that
influence the index, we can build a smaller portfolio to perform the same exact
task.

Finally, during verification step, we conduct model selection by examining
the performance indicator plot and try to include only dominant stocks that
influence the index. This renders the whole process data-driven and, contrary
to traditional approaches, uses the efficient frontier for predictive purposes.

5.4.4 Concluding Remarks

This example was an inferential application of neural networks. By trying to re-
construct and index, we are able to detect which stocks influence its progression
significantly, a result that can be later used for predictive purposes. Finally,
the use of neural networks instead of traditional techniques can yield better
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results, especially when used in combination with regularization that mitigates
overfitting problems.
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Appendix A

A.1 Convexity Theory

A.1.1 Differentiable Convex Functions

Definition A.1.1. If f : X — R is differentiable over its domain, f is conver,
if and only if:

fy) =z f(@) + (Vf(z),y — )
Ve,y € X.

A.1.2 Non-Differentiable Convex Functions

The generalization of differentiable convex functions in non-differentiable cases
is the subgradient.

Definition A.1.2 (Subgradient). g € R™ is a subgradient of f at x € X, if for
anyy € X:

fly) = f(@) + {9,y — )
The set of subgradients of f at x is called the subdifferential Of (x).

A.1.3 Lipschitz Continuous Convex Functions

Definition A.1.3. A function f is called M-Lipschitz over a set K with respect
to a norm ||.|| if Va,y € K we have:
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|f(y) = f(2)] < M|y — ]|

for a constant M.

A.1.4 Strongly Convex Functions

Definition A.1.4. A function f is strongly convex, if and only if Ip > 0, such
that:

fy) = f(@) + (g(x),y —x) + §lly — =[5, Yo,y € X

with g(x) € Of(z). If f is also differentiable, g(x) is reduced to V f(x).

A.1.5 Smooth Convex Functions

Definition A.1.5. A function f is a smooth convex function, if and only if it
1s differentiable with Lipschitz continuous gradients:

IVf(z) = VW)l < M|z —yll2, Vz,y € X
with g(x) € Of (x). If f is also differentiable, g(x) is reduced to V f(x).

A.1.6 Bregman’s Distance

Definition A.1.6. Bregman’s distance V : X x X — Rt is given by:
Vi, 2) = v(z) = [v(z) + (Vu(z), 2 — )]

for a distance generating function v.

A.2 Approximation Theory

A.2.1 Arzela-Ascoli’s Theorem

Instead of constructing a sequence of uniformly convergent continuous functions,
another idea is to select a sub-sequence from an existing functions’ sequence with
these properties.

113



Theorem A.2.1 (Arzela-Ascoli’s Theorem). Consider a family of continuous
functions on [a,b]: F C Cla,b]. The following results are equivalent:
(i) Any sequence {fn}n>1 C F contains a uniformly convergent sub-sequence

{fn i1

(ii) F is equicontinuous and uniformly bounded.

A.2.2 Algebra

Definition A.2.1. An Algebra A is a non-empty set of sets that satisfies the
following properties:

() Qe A

(i)Ce A=>Cc A
(ZZZ) Cl,CQGA:>C1UCQEA
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