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ABSTRACT

This master’s thesis delves into the realm of Bayesian model selection and variable inclusion
techniques within the context of linear models. The journey commences with an establish-
ment of the normal linear model, followed by an introduction to the Bayesian framework.
This serves as the foundation for a comprehensive exploration of various techniques that

shape the landscape of modern statistical analysis.

The investigation unfolds with an exploration of the g-prior framework, encompassing the
broader realm of Bayesian model selection. This journey encompasses many Bayesian tech-

niques, the exploration then veers into the Stochastic Selection methods.

Leveraging the groundwork laid by Liang et al. (2008), this thesis probes paradoxes and
modifications of the g-prior, particularly in the context of mixture models. The culmination
of this exploration results in the development of the FBVS algorithm.Additionally, this thesis
presents a compelling initial toy example that illustrates the various choices of the g-prior

and mixtures of g-prior based on Liang’s work.

A detailed analysis of the FBVS algorithm reveals its adaptability across various scenar-
ios. The depiction of correlation thresholds adds practical value to the algorithm’s applica-
tion. Furthermore, the algorithm’s extension to mixtures of the g-prior showcases innovative

problem-solving and resilience.

Empirical validation through simulations reaffirms the algorithm’s utility. The thesis con-
cludes by affirming the significance of these methodologies and their contributions to the

broader field of Bayesian methods. The combinations of parameter alpha, sample size, and

1ii



possible features are thoroughly examined, demonstrating that as the dataset expands, the

accuracy of the methodology also increases.

In summary, this thesis not only unravels the intricate fabric of Bayesian model selection
but also underscores its pivotal role in contemporary statistical analysis. The methodologies
and insights presented here are poised to shape the trajectory of model selection, variable

inclusion, and Bayesian inference.
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[TEPIAHVH

H napotoo Simhopatnd| epyacia e€etdlel Tov x60U0 T emhoyhg povtérou Poaotlouevn o Mreuliovég
TEYVIXES XL TNG TEQLAUBAVOUEVNG UETABANTAC UECO GTO TAXCLO TWV YEUUUXOY LOVTEAWY. O
QUPNYNUATIXOC TAELBLTIXOS BEOpOC 0y (LEL HE TNV EYXaBEUCT] TOU XaVOVIXOU YROUUIXOU HOVTEAOU,
oxohoudolpevo amd o elooywyr oto Mreuliavd mhaioto. Autd Aettouvpyel wg To Yepéhio yio pia
exTeVH] ECEPEUVNOT BLUPOLKY TEYVIXWY TOU OLIORPOYOUY TO TOTHO TNG GUYYPOVNE OTATIC TIXAC

AVIALOTG.

H épeuva avantiooeton ue por e€epedivnor Tou mAaictiov Tng § — prior, mepthoufdvovTog Tov €u-
oUTERPO x6oUO TN emhOYT HovTéLoL Pactouévne oe Mreullovég Teyvinéc. Autd To Tolidl Teplioy-

Bdver modhéc Mreuvllavég Teyvinée, 1 eepebivnon oTeépeTtal oTic uedodoug NToyao Tixg EMAOYHC.

AZonowwvtag To Yepého mou édecoe 1 Liang xon oUVERYATES (2008), ot N SteBn e€etdlet
TOEAB0EN XU TEOTOTONCELS TNG § — Prior, Wialtepa 610 TAdiolo Twv YovTéAwy peilewy. H xo-
eLQwon auTAg TS e€epebivnong odnyel oty avdntun Tou akyoplduou FBVS. Emniéoyv, auth n
OLaTE31| ToEOUGLACEL €VOL GUVIPTIIGTIXG TEWTO TORADELYUY, TOU ETUOEVUEL TIG OLAPOPES EMAOYES

e § — prior xau Ty pellewy tng § — prior Baciouévec oTo épyo tne Liang.

M Aemtoueprc avdhuor tou adyopiduou FBV'S amoxoAOTTEL TNV TEOGUOUOC TIXOTNTE TOU GE OLd-
popa oevdpla. H amedvion twv oplwv cuoyétiong npociétel mpaxtixy alla oTnV eQopUoy”) Tou
alyopitduou. Emniéov, n enéxtaon Tou ahyoplduou oe peilelc Tng § — prior avadeixvieL TNV Xouvo-

Topio xou TNV avlexTXOTNTOL 0 TNV ETUAUGT) TROBANUATOV.

H eymeipinr| emidpnmon Y66 TEOCOUOLOCEWY ETAVABESoumveL TN ¥enotudTnTa Tou akyoptduou. H

oaTeU3r) xoTahyel emBeforcdvovtog Th onuacior aUTOY TV UEVOBOAOYLOY Xal TG GUUBOAHS Toug

A%



oTov eupLTEPO Touéa TV Mreulloavedy pedddmy. Ot GUVBUUGUOL TV TUPUUETEWY dAPa, HEYETOUC
OelypoTog xan BUVNTXGDY UETABANTOY, e€eTdlovTal AETTOUERMS, XUATABEWVVOVTIS OTL UE TNV adENoN

TOU GUVOAOU BEBOUEVLY, 1) axp{Belar Tng pedodoroyiag avldveton enionc.

Yuvohxd, auth 1) SlatelBr] 0eV amhws amoxahOTTEL TO TERITAOXO DQACU TNG ETAOYNG LOVTEAOU
Baoctopévne oe Mreuliovég teyvinée, ahhd uroypoupilet enione Tov (otd Tng pdho otn by ypovn
otato x| avdiuon. Ot uedodohoyleg xou oL TPOTACELS TOU ToEOUCIALoVTaL 86 £YOLY TN SUVITOTNTA
VoL BLORPPWOOUY TNV TOREla TG EMAOYAS HOVTEAOU, TNG TEPLAOUBAVOUEVNG UETOBANTAC Xon TNG

Boidootavhic elcodou.
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Table 1: Notation Used in the Thesis

Symbol | Description
Y Dependent variable
X1 Independent variables
U Mean
o2 Variance
Bo Intercept
By Coefficients
Error term
Model parameters
Data

Design matrix

Fixed hyperparameter controlling prior scale
Fixed hyperparameter controlling prior shape
Fixed hyperparameter controlling prior scale
Hyperparameter controlling regularization
Binary variables

Model M

Level of regularization

Number of predictor variables

Complexity parameter

Prior probability of model M

Total number of potential predictor variables
Number of predictor variables in model M
Model-averaged regression coefficients
Coefficients from model M

Linear predictor

Variance-covariance matrix

Hyperparameter

Controls shrinkage or regularization on coefficients
Precision parameter

Transpose of matrix X

Prior mean

Bayes Factor

Null model

Full model

Coefficient of determination of model M,
Gamma function

Columns of design matrix ignored by model M,,
F statistic

Sample size

Ordinary least squares estimate of intercept parameter
Gaussian hypergeometric function
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Chapter 1

Introduction

1.1 Normal Linear Models

Normal linear models, also known as linear regression models, describe the relationship be-
tween a continuous dependent variable Y and one or more independent variables X1, X», ..., Xj.

In these models, it is assumed that Y follows a normal or Gaussian distribution with mean

u and variance o:

Y ~ Normal(p,0?) (1.1)
The relationship between Y and X;, X», ..., X}, is assumed to be linear, with the form:
Y:‘30+131X1+‘32X2+...+‘BPXP+€ (12)

where By is the intercept, B1, B2, ..., By are the coefficients for the independent variables,
and €, where € ~ Normal(0,0?) is the error term that captures the random variation in Y

not explained by the independent variables.

Estimating the values of By, B1, B2, - - ., Bp that provide the best-fit line or equation that rep-

resents the relation between the variables is the aim of normal linear models. This is ac-

2



complished by reducing the sum of squared errors between the observed Y values and the
model-predicted values. The method of least squares is used to estimate the parameters in

order to identify the values of Bo, 1, B2, . .., By that minimize the sum of squared errors.

Normal linear models find extensive application across numerous domains, such as eco-
nomics, psychology, and social sciences, for the purpose of predicting and comprehend-
ing the determining factors that impact the response variable. With their versatility and
strength, normal linear models offer a valuable and adaptable mechanism for scrutinizing
data and forecasting outcomes, provided the conditions and assumptions of the model are

satisfied.

1.1.1 Bayesian Inference

Bayesian inference is another field where normal models can be applied. In Bayesian analy-
sis, probability distributions are used to represent uncertainty about the model parameters,
while incorporating prior knowledge or beliefs about them, followed by updating them
based on the observed data using Bayes’ theorem. For normal linear models, Bayesian infer-
ence can facilitate the estimation of the posterior distribution of the parameters, considering

the data and prior information.

In a Bayesian normal linear model, the prior distribution for the model parameters 8 (which
can include the intercept, coefficients, and variance) is specified as p(8). The likelihood of

the data y given the parameters is given by the normal distribution(IN):

p(y| 0) = ﬁNormal(yi|xiTﬁ,(72) (1.3)
i=1

where x; is the i-th row of the design matrix X, f is the vector of coefficients, and o2 is the

variance of the error term. The posterior distribution of the parameters given the data is

3



then obtained using Bayes’ theorem:

p(0ly) < p(yl0)p(0) (1.4)

To get samples from the posterior distribution, Markov chain Monte Carlo (MCMC) tech-
niques like Gibbs sampling or Metropolis-Hastings can be utilized. After obtaining samples
from the posterior, it is possible to construct posterior means, credible intervals, and other

posterior summaries.

In comparison to conventional frequentist approaches, Bayesian inference has a number
of advantages, including the capacity to take into account previous knowledge, the capac-
ity to quantify uncertainty in the estimates, and the capacity to generate predictions using
posterior predictive distributions. Prior distributions must also be specified for Bayesian
inference, although they can be arbitrary and have an impact on the outcome. Bayesian
inference can also be computationally demanding, particularly for complicated models or

huge datasets.

In general, Bayesian inference offers a strong and adaptable framework for examining nor-
mal linear models, particularly where prior information and knowledge or uncertainty are
significant factors. However, while utilizing Bayesian inference, it is important to pay close
attention to the prior distributions that are chosen as well as the computing complexity of

the approaches.

1.1.2 Normal Linear Models with Standard Priors

Standard priors for the parameters, such as a normal prior for the coefficients and an inverse-
gamma prior for the variance, are frequently used in Bayesian inference for normal linear
models. These priors are referred regarded be "standard" because they are frequently used
as the default option in software programs and mainly because they have straightforward

and well-known mathematical properties.



A common choice for the prior distribution of the coefficients is a normal distribution with

mean zero and a fixed variance, such as:

B ~ Normal (0, 7°I) (1.5)

where 72 is a fixed hyperparameter that controls the scale of the prior. This prior assumes

that the coefficients are centered around zero and have similar variances.

For the variance of the error term, a common choice is the inverse-gamma distribution:

0% ~ Inverse-Gamma(ay, by) (1.6)

where a¢ and by are fixed hyperparameters that control the shape and scale of the prior. This
prior assumes that the variance of the error term is positive and has a non-zero probability

at zero, but allows for a wide range of possible values.

Using these standard priors can make more simple the Bayesian analysis process and make
the outcomes more consistent across various datasets and models. Nevertheless, it should
be emphasized that the selection of priors can substantially affect the posterior distribution
and, as a result, the inference that follows. In certain situations, it may be suitable to utilize

more explicit or informed priors that are rooted in prior knowledge or expert input.

1.1.3 Normal Linear Models with g Priors

Normal Linear Models that feature g-priors belong to the category of Bayesian linear regres-
sion models, which incorporate a distinctive form of informative prior distribution for the
regression coefficients. The underlying concept behind g-priors is to facilitate a selection
of the degree of shrinkage or regularization applied to the coefficients, guided by the data

itself.

In a normal linear model with g-priors, the prior distribution for the regression coefficients

5



is given by:
B ~ Normal(0,g(A)(X"X)™1) (1.7)

where A is a hyperparameter that controls the amount of regularization or shrinkage, and

g(A) is a function that depends on A and is chosen to satisfy certain desirable properties.

The g-prior is constructed to strike a balance between two objectives: reducing the coeffi-
cients to zero to decrease overfitting and increase generalization, and allowing the coeffi-
cients to vary when the data strongly dismisses the null hypothesis that they are zero. The
selection of A, which affects the regularization’s strength, can be made using a variety of

techniques, including cross-validation or Bayesian model selection criteria.

G-priors give a data-driven approach to choosing the level of regularization and can be more
robust and flexible in handling diverse types of data and models than conventional ridge or
lasso regression approaches that use fixed penalty parameters. Nevertheless , the selection
of the hyperparameter A and the function g(A), as well as the computational cost of the

Bayesian inference, must be carefully taken into account in the g-prior technique.

1.2 Bayesian Variable Selection Problem

A statistical method called Bayesian variable selection is used to define the subset of vari-
ables that are most significant to a particular problem. The fundamental idea underlying
this method is to estimate, given the data and a prior distribution across the set of potential

models, the likelihood that each variable is meaningful using Bayesian inference.

In order to define formally the problem , consider that we have a set of data points y =
Y1,Y2,...,Yyn and a set of p predictor variables X = X1, X», ..., Xp. Our objective is to select
a subset of variables S C X that are most relevant to predicting Y. We can represent the
problem as a set of binary variables v = 1,72, ...,7p, where 7; = 1 if X; is included in the

subset S and ; = 0 otherwise.



The Bayesian approach to variable selection involves specifying a prior distribution over the
space of possible models, which is typically done by assigning a prior probability to each
possible subset of variables. A common choice is the so-called "spike-and-slab" prior, which
places a spike at the null model with no predictors and a slab over the remaining mod-
els, with a relatively flat distribution over the space of possible subsets. The approach was
turther significantly developed by Madigan & Raftery (1994)(22) and George & McCulloch
(1997)(15).

1.2.1 Model specification

Each model M, is associated with binary indicator vector v = [0, 1]” where 7; = 1 means
that the variable X; is included in the model M., and 7; = 0 that is excluded.

In the classic linear regression model, we consider a P-dimensional vector Vpr which is
drawn from a Bernoulli distribution with a prior inclusion probability denoted as /. This

applies for all values of p, ranging from 1 to P.
Vp ~ Bernoulli(h) forp=1,2,...,P (1.8)

To give an example , if we have 1000 covariates and we suppose h is 0.01 then the expected
number of a priori covariance that we will include in the model are  * P , in this case 10.
This does not mean that we look the models only that have exactly 10 covariates , this is just
explain how h is being interpreted (the level of regularization). A Bernoulli prior distribution
is often used as the default choice when there is no specific prior information available about
the initial probabilities of including specific variables.

Moving on to the normal likelihood, we have:

Y, ~ Normal(Bo + X1 B,0%) (1.9)

Here, Y}, represents the response variable, and By + X, 4 is the linear predictor.

7



The covariance term ¢ in the normal likelihood has a prior distribution, commonly modeled

as an inverse gamma distribution:
0% ~ Inverse-Gamma(ag, by) (1.10)

where a¢ and by are fixed hyperparameters that control the shape and scale of the prior. This
prior allows for a wide range of possible values. To be more specific about the hyperparam-

eters :
* «p controls the scale of the distribution. A higher value of ay makes the distribution
more peaked around its mean, indicating stronger prior beliefs about the variance.
* By is related to the shape of the distribution. A higher value of By makes the distribu-
tion more spread out, indicating less certainty about the variance.
Moving on to the coefficients, we have:

The intercept term, B, which follows a normal distribution:

Bo ~ Normal(0, o211 ) (1.11)

intercept

The coefficients 8., where the subscript v signifies their association with the set of covariates
being considered. These coefficients also follow a normal distribution:

By ~ Normal(0, o>z, ") (1.12)

The subscript 7 in B, indicates that the number of covariates entering the model is deter-
mined by the vector 7. For example, if v = (1,1,0,0,...,0), then B, is two-dimensional,

reflecting the inclusion of only two covariates.

These equations collectively define the Bayesian variable selection for linear regression model

presented in this introduction.



1.2.2 Spike and slab prior

The idea is to introduce a latent variable y; = 0 or 1, the normal mixture by

Bjlvj ~ (1 — ;) Normal (0, sz) + jNormal (0, cjzrjz) (1.13)

It is a mixture of two Normal distribution that one is a large variance slab and one is low
variance spike. When v;=0,  ~ Normal(0,7;*) and when v; = 1 ~ Normal(0,cj*7{*) we
need to set T small so, the §; would be 0. Also about the ¢; is the opposite choice, must be
over 1 and a large number for the case when we have to include the variable X; the ; would
not be 0. The y; ~ Bernoulli(1/2) with usual choice of probability of success equals to 1/2,
this is known as indifference, or uniform prior, George and McCulloch (1993)(13). The idea

behind this specification is to allow the regression weight f; to be exactly zero.

1.3 Variable Selection Methods

1.3.1 Bayesian Model Average

Bayesian Model Averaging (BMA)(16) is a statistical approach that considers uncertainty
in model selection when estimating a linear regression model. BMA involves combining
predictions from multiple models, where each model corresponds to a different combination
of predictor variables. The combined predictions are weighted by their posterior model
probabilities, resulting in a more accurate estimate of the relationship between predictor

variables and the response variable.

A prior probability distribution is given to each potential model in order to calculate the
posterior model probabilities. Following that, using Bayes’ theorem—which states that the
probability of a model given the data is proportional to the product of the prior probability

of the model and the likelihood of the data given the model—the posterior probabilities are

9



updated based on the available data. The likelihood of the data given a model M and model

parameters 6 is calculated using the normal probability density function:

P(y|M,8) = Normal (Y|XB,c?) (1.14)

where N is the normal distribution, X is the design matrix of predictor variables, § is the

vector of regression coefficients, and ¢? is the variance of the residuals.

The prior probability of a model M is typically calculated as a function of the number of
predictor variables p included in the model and a complexity parameter «:

To give more details , a prior probability of a model M can be specified as :

P(M) = ]ﬁ[x;ﬂu — ;) (1.15)
i=1

The choice of x can impact the results of BMA. Different values of x can lead to different
model selection outcomes and posterior probabilities.

Let’s consider x; as the prior probability that f; is not equal to zero within a regression
model. When x; = 1, it provides strong evidence that the corresponding variable should
indeed be included in the model M. A common and straightforward approach is to assign
the same value of k to all variables. For instance, if we have strong prior knowledge that
most variables are likely irrelevant, we might choose a small x (close to 0). By setting «; to
0.5 for all variables, we establish a uniform prior across the model space. If we believe that
most variables are relevant, we might choose a larger « (close to 1).

For the upcoming example, we will assume a common value for .

So for example if we have in total 5 variables ( P= 5) and in a specific model M only the
first three are chosen (v = (1,1,1,0,0) ), then the prior probability of the model M can

calculated as :

P(M) = ﬁﬂi(l — 1) = k(1 — %) (1 — k) = (1 — x)?
i=1

10



As a result the final equaltion is the following :

P(M) = kPM(1 — )P ~Pm (1.16)

In this equation:

e P(M) represents the prior probability of the model M.

P is the total number of potential predictor variables.

pm is the number of predictor variables included in the model M.

* x is a hyperparameter that determines the prior probability of including a predictor

variable in the model.

After computing the posterior model probabilities, the predictions are generated by taking
the weighted average of the predictions of all the models (weighted by their posterior prob-
abilities). This approach provides a more reliable and consistent estimate of the relationship
between the predictor variables and the response variable, since it considers the uncertainty
in model selection. The model-averaged regression coefficients can be calculated using the

following formula:

Bumav =Y P(M|y)Bm (1.17)
M

where Bpay is the vector of model-averaged regression coefficients, By is the vector of

coefficients from model M, and the sum is taken over all possible models.

BMA offers a more complete and precise understanding of the relationship between the
response variable and predictor variables, especially in scenarios where the number of po-
tential predictor variables is high or the relationship between the variables is complex and
challenging to model. By incorporating the uncertainty in model selection directly, BMA
addresses the constraints of conventional linear regression analysis and delivers more de-

pendable estimates of the regression coefficients.
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1.3.2 Bayesian Adaptive Sampling (BAS)

Bayesian adaptive sampling is another powerful method used in linear models to determine
the best model from a set of candidate models. The essential concept is explained in Clyde
etal. ;(6) MCMC algorithms are made to sample from finite model spaces with replacement.
Subsequently, every model is a posteriori ranked or chosen as the model with the highest
probability by counting the visits on each model, or, more specifically, by calculating the
MCMC model frequencies. Thus, resampling over model space doesn’t really yield any
new information, and sampling over model spaces without replacement might yield a more

effective model-search method.

One of the key components of this method is the prior distributions used on the coefficients.
Zellner’s g prior is a popular choice for the prior distribution, and it is based on a mixture of
g-priors including Zellner and Siow prior, hyper-g prior, hyper-g/n prior, local and global

empirical g-prior, as well as criteria such as AIC and BIC.

The main objective of Bayesian adaptive sampling in linear regression is to find the most
suitable model with the highest posterior probability. This is achieved by iteratively sam-
pling from the posterior distribution and evaluating the posterior probability of each model.
The model with the highest probability is then selected and the process is repeated until
convergence is achieved. To be more specific , BAS samples near the median probability
model, providing that the sampling probabilities are the marginal inclusion probabilities.
This means that it is able to identify the model with the highest posterior probability, while
also providing information about the uncertainty associated with the model selection pro-

cess.
Advantage

One of the challenges in Bayesian model selection is estimating the marginal inclusion prob-

abilities of the covariates, which are not known beforehand. BAS addresses this issue by es-
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timating the marginal inclusion probabilities adaptively during the sampling process. This
allows for accurate and efficient model selection, even when the number of covariates is

approximately 30 can sample all over the model space.

Another one of the strengths of BAS is that it provides perfect samples when the number
of covariates is larger and sampling is unavoidable, under the condition of orthogonality
or of limiting dependence. This is important because it allows for accurate and reliable
estimation of the posterior distribution of the models. As a result,BAS is a useful tool for

analyzing complex data sets.

1.3.3 Stochastic Search Variable Selection (SSVS)

This method, called Stochastic Search Variable Selection SSVS , was introduced by George
and McCulloch (14). The method works by treating variable inclusion as a Bernoulli trial
and using a mixed prior to model the possible presence or absence of each variable. The
prior distribution is chosen such that it is relatively non-informative, and the method uses a
Markov Chain Monte Carlo (MCMC) algorithm to generate posterior samples of the model.
To update the model, the algorithm proposes a new state by randomly adding or removing
a variable. The decision to accept or reject this proposal is based on the posterior probability
of the new state. It was originally applied in linear models (such as Normal Linear Model)
and after that it expanded to a wide variety of other different models such as Generalized
Linear Models (George et al.)(13) , multivariate normal regression (Brown et al.)(5) , and log

linear models for multi-way contingency tables (Ntzoufras et al.)(25).

More analytically , suppose we have all possible models models and p covariates. We con-
sider that m is the model indicator and that §; are the parameters involved in the linear

predictor of a GLM. We consider also a binary inclusion indicator Vi forj=0,1,...P where

* 7;jis equal to 1 when X; is including into the model

* 7;jis equal to 0 when X; is not included into the model.
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The key feature of this method and at the same time its main advantage is the fact that it
maintains a constant parameter space across all models. That is, more detailed, when 7; = 0
(so the corresponding variable should be excluded from the model) then the posterior of j;
accepts values very close to zero and as a result §; does not completely eliminate. In order
to achieve that, when this situation occurs the idea is to set a very strong prior centered to

zero. So the linear predictor for all the models is :

14
j=1

To implement the above described algorithm a mixture prior of two Normal distributions

was proposed to be used as a prior for each §; given the indicator ;.
Bilvi ~ vjNormal(0,%;) + (1 — 7;)Normal (0, kj—zzj) (1.19)

Where :

The X is the prior variance-covariance matrix ; and the value of the parameter k; is set equal
to a large number (>1) , so in case of v; =1, then according to the prior the impact of the
variable ; would be non-zero, hence it would be a candidate to be included as a regressor
and the posterior distribution will primarily depend on the data.

As a result, the following types give the whole conditional posterior distributions of §; and
7;j using a simple Gibbs sampler algorithm.

Update §; from :

fBily, v, B—j) = f(ylB, 1) x f(Bjlr}) (1.20)

Update the ; from a Bernoulli distribution with success probability O;/ (1 + Oj):

o — fi =1y, v B) _ fBlvi=17-) o ) (1.21)

P feyi=0ly,v—i,B)  f(Blvj=0,7—)  f(vj=0,7-)

Where 7_; include all possible y except from the one related to the specific j. Also the first
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fraction is prior ratio for the parameteres and the other is the prior model odds. Except from
the main advantage of this algorithm, which as mentioned above is the constant dimension
space for all models, SSVS method also provides the same likelihood for all models, leads to
the convergence of the algorithm and it is simple to implement for any GLM.

On the other hand the results are not very similar to usual variable selections due to presence
of parameters even when we have <; equal to zero, also the choice for k; is difficult, and the
independent priors may occuse problem when we have collinearity. After this method, a
number of Gibbs sampling-based techniques with a similar approach appeared , including

the Kuo and Mallick sampler.

1.3.4 Kuo & Mallick (KM) Sampler

A different approach for incorporating the indicator variable into Bayesian variable selection
involves integrating -y directly into the likelihood equation. The following technique has
two points that differentiate it from SSVS method. First of all the model have distinct model
structures compared to SSVS (where the likelihood relies on the indicator). In adittion , it

differ in the process of selection of prior specifications.

The Kuo-Mallick(18) algorithm is a different MCMC approach to Bayesian variable selec-
tion that is capable of selecting variables in regression models. This algorithm relies on the
spike-and-slab prior, which , as mentioned above, is a well-known prior utilized in Bayesian

variable selection.

The method uses a simple Gibbs sampler and is ease to adopt for any GLM with reasonable

results. Likelihood depends on 7; via the following linear predictor :

p
n= 27]- X;B;j (1.22)
j=1

Where the X; is a matrix with elements X that corresponds to the coefficient §; of the jth

teature. The K-M method assumes that the indicators and effects are independent a priori,
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so independent priors are placed on each ; and f; such that :

f(Bv) = fB)f(r) = f(BIB-)f(B-1)f(7) (1.23)

The actual prior is :

£(B:) = [ F(BB-1)dB-, (1.24

and the corresponding posterior required for the Gibbs algorithm is the following:

When 7; =1

fBily, v, B-j) = f(ylB, v)f(BjlB-)) (1.25)

when y; =0

f(Bily, v, B—j) < f(Bj|B-}) (1.26)

The indicator 7y; is updating using the Bernoulli distribution with probability of success:

. (1.27)

o _ L=y iB) _ fylyi=Lvp) flyj=17)) (1.28)

P f(p=0ly,v—i,B)  fllyi=0,7-,B) " flvj=0,7-))

As in the previous method the 1st fraction is the likelihood ratio and the second is again the
prior model odds. Thus, variable selection in the K-M method is essentially a discrete pro-
cess where predictors are either excluded or included in the model at every iteration. The

MCMC algorithm to fit the model does not require any tuning. However, as pointed out by
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O’Hara and Sillanpaa (2009)(27), when 1y; = 0, mixing might be poor if the prior on the f; is

too vague.

Prior is specified only for the full model, but this simplicity may also be a drawback, as
there is no flexibility here to alter the method to improve efficiency. The collinearity is still a
problem, selection of the prior for the full model may result to strange priors for each model.

Another advantage of this method is that doesn’t need to apply all models as SSVS does.

1.3.5 Gibbs Variable Selection (GVS)

This method is also uses an indicator variable as part of the model equation and was intro-
duced by Dellaportas et al. (2002)(9). First of all we need to specify the prior distribution for
(B, v) with the underline hierarchical structure f(y, ) = f(v)f(B|v). Splitting B into (B,
,B—+ ), the prior f(B|y) can be split from the model prior into f(B+|y) and the pseudoprior
f(B—|By,r) which is not affect the posterior since the f_, is independent of the likelihood.

The full conditional posterior distributions for the features are given by:

FByB—1 v, y) < f(YIB,Y)f(BylY)f(B-1Bys ) (1.29)

f(B=y1By, v, y) < f(B—[By/7) (1.30)

and for the variable indicator ; is updating by the Bernoulli distribution via:

. O
YlB, v—j, y Bernoulli (1.31)

1+O]'

0, - fog = rgpPry) _ SfWIB Y = Loy) FBlyy = Loy) fO = L) g o

flri=0lv—i,By)  fWlBvi=0,7v-) f(Blrj=0,7v—j) f(7j =0,7-;)
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In this point the variable selection step depends on both Likelihood ratio as in K&M sam-
pler and Prior ratio as in SSVS. One distinct point of this approach is that the pseudoprior
f(B=y|By, ) also affects the full conditional posterior distribution of the active model pa-
rameters . As mentioned, the full conditional posterior’s dependence on the pseudoprior
can be helpful when collinearity between potential variables is found. This situation can be

avoided by assuming that B, and B_., are a priori independent

So, the above equations are transforming to

fBAB=—1, v y) < fF(ylB,7)f(BylT) (1.33)

F(B=1By, 7 y) < fF(B—|7) (1.34)

By assuming prior conditional independence for all parameters given the model, Dellapor-
tas et al. (2000(8), 2002(9)) and Ntzoufras(2009)(24) in section 11.5.2 suggest ways to further
simplify the approach. They are rather restrictive, as mentioned in Ntzoufras (2009)(24), but
they might be logical, for example, when the candidate variables are centered, standardized,
or orthogonal. As it obvious the GVS is a natural hybrid of KM and SSVS so can combine
the advantages of these methods, it is flexible since the pseudopriors can be defined in our
ease for the efficiency of the algorithm. The GVS algorithm also combines the disadvantages
like the problem with collinearity which is occurred in all methods and the specification of

the priors which can be a drawback.

1.3.6 Comparison of Gibbs sampling variable selection

The differences of these three methods is based on the conditional probabilities in (1.21) for
SSVS and (1.28) for KM sampled and last for GVS (1.32). The first ratio in (1.32) is missing
in the SSVS and this happens because the f(y|B,y) in independent of . Also in the SSVS
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the parameter priors affect the posterior and as a result the densities cannot be thinking as
linking densities. In the simplest method of KM sampler, which is known as "unconditional
prior approach" the second ratio of (1.32) is missing in the KM as B and 7 are a priori in-
dependent. Also is the simplest method because requires only the usual specification of the
parameters of the full model. In the following table it is presented these differences in the

ratio of conditional probability.

Table 1.1: Table with Methods and Ratios

Method Linear predictor PSR; LR; PR;

GVS XpB v v v

1.4 Conclusion

In conclusion, the exploration undertaken delves into the realm of Normal Linear Mod-
els, their significance in understanding relationships between dependent and independent
variables, and their role as a fundamental framework for quantifying these relationships to

provide insights into factors influencing the response variable.

The method of least squares stands out as a cornerstone of normal linear models, enabling
the estimation of model parameters through the minimization of the sum of squared errors.
This optimization technique, rooted in the principles of statistical inference, establishes a

robust foundation for parameter estimation and model fitting.

The journey extended into the realm of Bayesian Inference, uncovering a powerful approach
to modeling uncertainty and incorporating prior knowledge. Embracing probability distri-
butions grants the capacity to quantify uncertainty, make predictions, and refine the under-

standing of underlying processes driving the data.

The exploration also encompassed the world of Bayesian Variable Selection, revealing ad-

vanced methods crafted to address high-dimensional data and complex model selection
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problems. Techniques such as Bayesian Model Averaging, Stochastic Search Variable Se-
lection, Kuo & Mallick Sampler, and Gibbs Variable Selection showcase the versatility and

adaptability of Bayesian approaches in handling intricate scenarios.

In culmination, the comprehension achieved transcends theoretical constructs to practical
instruments applicable across diverse domains. From economics to social sciences, from
predictive modeling to decision-making, the traversed concepts possess immense potential

to guide through data-driven challenges.

This juncture, marking the closure of this chapter, signifies not an end, but a pivotal transi-
tion to subsequent sections of the master’s thesis. Armed with this foundation, further ex-
ploration into applications, case studies, and cutting-edge advancements in statistical mod-

eling and data analysis unfolds.

1.5 Thesis Outline

As a result of all the above, this thesis aims to investigate and analyze fast Bayesian feature
selection for high-dimensional data using mixtures of g-priors.

This will be accomplished through a review of existing literature, an examination of relevant
statistical methodologies, simulations to validate proposed techniques, and the assessment

of both toy examples and real-world case studies.

Preview of thesis structure

The thesis has been divided into four chapters including this one which is the introduction,
the presentation of Bayesian variable selection problem and the presentation of various vari-
able selection methods. The present section outlines the briefly description of each of the

following chapters:

* Chapter 2, provides a detailed examination and presentation of Mixtures of g priors,
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along with the implementation of a toy example that explores various priors. The

objective in this is to compare variable selection methods.

In Chapter 3, we explain in detail the Fast Bayesian Variable Screening (FBVS) for both
simple and multiple regression. We also present simulations and apply this method to

real data and we interpret the results.

Finally , in Chapter 4 , the concluding and discussion section, we present our conclu-

sions and consider opportunities for future research.
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Chapter 2

Mixtures of g priors

2.1 Introduction

"Mixtures of g-priors" refers to a type of prior distribution used in Bayesian regression anal-
ysis. It is a flexible prior that can accommodate a variety of shapes and can be used to
reflect different prior beliefs about the regression coefficients. The "g" in "g-priors" refers to
the distribution’s shape parameter, which controls the amount of shrinkage or regulariza-
tion applied to the regression coefficients. Mixtures of g-priors can be useful when there is

uncertainty about the appropriate level of shrinkage to apply, as they allow for a blend of

different levels of shrinkage to be applied simultaneously.

In linear models, the main objective is to find the most cost-effective way to explain the data
using the explanatory variables. This is where Bayesian statistics comes in, as it provides
a framework for incorporating prior beliefs about the model and its parameters into the
analysis. In this chapter, we will be focusing on a particular type of prior distribution, known

as the mixture of g priors, and exploring its applications in linear models and beyond.
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2.2 G-prior

The g-prior is a specific form of prior distribution that is often employed to regularize or
shrink the parameter estimates towards a specified value (usually zero) in linear regression
models. In the context of linear regression, the g-prior for the regression coefficients f is

defined as:

B ~ Normal(0,g(XTX)™1) 2.1)

Here, Normal(0,¢(XTX)~!) represents a multivariate normal distribution with mean 0 and
covariance matrix g(XTX)~1, where X is the design matrix of predictor variables. The pa-
rameter g in the g-prior controls the strength of the shrinkage: larger values of g result in

stronger shrinkage towards zero.

Choosing an appropriate value for g is crucial, and it often involves prior knowledge about
the scale of the regression coefficients. If you have little prior knowledge, you might choose
a small value for g, which leads to weak shrinkage. On the other hand, if you believe that
most coefficients should be close to zero, you might choose a larger value for g to enforce

stronger shrinkage.

The g-prior is just one example of how prior information can be incorporated into Bayesian
analysis, and its specific form is often chosen based on the problem at hand and the re-
searcher’s beliefs about the parameters. The choice of prior can significantly influence the
results of Bayesian analysis, so it’s important to carefully consider and justify your choice of

prior distribution.

2.3 Zellner’s g priors

In Bayesian linear regression, a common approach is to specify a prior distribution on the re-

gression coefficients that incorporates prior beliefs or information about the data-generating
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process. Zellner’s g prior(30) is a popular choice for this purpose, especially in high-dimensional
settings where there are many potential predictors. Due to its ability to greatly simplify pos-
terior computations and decrease the number of prior variance parameters that need to be
provided to just one, this prior has been used extensively.

For Gaussian regression, Zellner proposed a prior of the Normal-Gamma family:

p(e) = (2.2)

1
9

g -
Bl ~ Normal(Ba, 5 (XTX) 1) (2.3)

In equation (2.2) , ¢ indicates the parameter that represents the precision parameter of a
prior distribution. The notation p(¢) represents the probability density function (PDF) of ¢,
which describes our prior beliefs or knowledge about the value of ¢ before observing any
data. The specific form of this prior is the reciprocal of ¢, which suggests that smaller values
of ¢ are more probable.

As for the second equation (2.3) , B is the vector of regression coefficients, X is the design
matrix of the regression model, X is the matrix product of the transpose of X and X. The
hyperparameter g controls the strength of the prior. The term "strength" can be interpreted
as the degree of regularization imposed by the prior distribution, where a stronger (i.e.,
more concentrated) prior leads to stronger regularization and a weaker (i.e., wider) prior
leads to weaker regularization. More analytically, g is a scalar hyperparameter that controls

the overall scale of the prior covariance matrix of the regression coefficients.

In hypothesis testing, when comparing two hypotheses, Hy : B = o and H; : B € RF,
Zellner proposed a prior distribution for the parameter p under H;. This prior distribution
is characterized by a prior mean, denoted as 3, and a prior covariance matrix that is a scalar
multiple (g) of the Fisher information matrix. The value of ¢ depends on the observed data

through the design matrix X.

Zellner suggested setting B, = Bo in the prior distribution for p under H;. This means that
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the anticipated value of B, based on imaginary data, is assumed to be equal to the specified
value Bp. By doing this, Zellner derived expressions for the Bayes factor to quantify the

evidence in favor of H; over Hy based on this prior distribution.

For testing precise hypotheses, Zellner (1986)(30) derived Bayes factors using g priors; how-
ever, he did not expressly take into account nested models, where the null hypothesis limits
the values for a subvector of B. By using a flat prior on the regression coefficients that are
shared by both models and Zellner’s g prior for the regression parameters that are present
only in the more complicated model, we can adapt Zellner’s g prior for testing nested hy-

potheses.

The Bayes factor, which is a measure of the relative strength of evidence supporting one

hypothesis over another, allows for the expression of posterior probabilities of models.

_ p(M,)BE[M, : M,]
p(My|Y) = Z”/ P(Azy’)BF[X/I'/ ibe]

Where,

p(Y|My)

BFIMy s ML= g,

And as a result we can generalize this to any comparison of models from the calculation of

Bayes factor:

BF (M, : My)

BF (Mv, : Mb) 24

BF (M, : M, ) =

As long as the priors for each model’s parameters are defined separately and are indepen-
dent of the comparison being made, the choice of the base model Mp is theoretically entirely
arbitrary. The only options for Mp are the null model and the full model, which causes each

combination of M, and Mg to be a pair of nested models. The decision to use My (the null
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model) as the base model will be referred to as the null-based strategy. The full model (MF)

is used as the base model in the full-based strategy.

Null-Based Bayes Factors

Zellner’s g prior has been shown to have some advantages in Bayesian hypothesis testing,
particularly in the calculation of Bayes factors and the estimation of marginal likelihood of
models. The g prior allows for the incorporation of prior information about the magnitude
of the regression coefficients, which can help to reduce the impact of outliers and improve
the accuracy of model selection. Additionally, the g prior can be used to define a family of
priors that can adapt to the complexity of the model, making it a versatile tool in Bayesian
inference. Overall, the use of Zellner’s g prior can lead to more robust and accurate inference

in a variety of statistical applications.

n-l (14 g) 12
p(Y|My,g) = (\/—< 22 ) [y =Y~ [15_;5)_1{%)](;1—1)/2

where R,zy is the ordinary coefficient of determination of regression model M,. Now are

following the null and the full based strategy.

When computing Bayes factors and model probabilities using the null-based method, we
compare each model M, with the null model My using the hypotheses Hy : f, = 0 and
H; : By € R. M, and My share the intercept as a common parameter which is centered
without losing generality. We can assume independence of the null model My from the g-
prior because when we impose the null hypothesis Hy : , = 0, the corresponding restricted
model has p, = 0 parameters. This implies that the R, matrix is a 0 x 0 matrix, which in
turn means that R% = 0. As a result, the value of g does not affect the posterior distribution
of the null model, making it independent of the g-prior. Based on this assumption of inde-
pendence, we can compute the marginal likelihood of both the null model and the model

M’)/.
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1
pla, @|M,) = 7 (2.5)

B¢, My, ~ Normal (0, %(Xng)_l) (2.6)

Are the default priors for &, 8, and ¢ under M,. Using the Bayes factor, we can compare
the strength of evidence for M, versus the null model. The Bayes factor is given by the ratio
of the marginal likelihoods of the two models, which can be calculated using the g-prior.
Therefore, the Bayes factor of M, versus My is determined by the marginal likelihoods of
the two models under the g-prior, and the independence assumption of the null model from

the g-prior simplifies the computation of the Bayes factor.

(14-g)(=1=p7)/2
f(Y|My,8) _ [148(1—-R%)|(n-172

BF, = =
M’Y/MN f(Y|MN/g) %
IR

] (=2 2.7)

B, my = (1+8)" 1777214 g(1- R2)

Zellner’s g prior can also be used for hypothesis testing in the context of linear regression
models. In this approach, a null model is defined as a restricted version of the full model,

where some of the regression coefficients are set to zero.

Under the null model, the Zellner’s g prior can be used to obtain a Bayes factor, which is a
measure of the evidence in favor of the null hypothesis relative to the alternative hypothesis.
The Bayes factor is defined as the ratio of the marginal likelihoods of the null model and the

full model, integrated over the model parameters.

If the Bayes factor is greater than one, it indicates evidence in favor of the null hypothesis,
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while a value less than one indicates evidence in favor of the alternative hypothesis. The
strength of evidence is typically interpreted using Jeffreys’ scale, where values between 1
and 3 provide "weak" evidence, values between 3 and 10 provide "substantial" evidence,

and values greater than 10 provide "strong" evidence.
Full-Based Bayes Factors

To compare model M, with covariates X, to the full model, we will divide the design matrix
for the full model into X = [1,X,, X_,]. Thus, the full model M, expressed in partitioned

form, is given by:

Where X _, denotes the columns of design matrix that model M, ignores and for € ~
Normal(0,c?). Under the null hypothesis, Hy : f—, = 0 we obtain the M,, model, while
the alternative hypothesis Hy : B_, € RP7P» the model we assume is the full, with & and
B common parameters. Zellner and Siow(31) in 1980 assumed a block-orthogonal parame-
terization such that 17[X,, X_,] = 0 and Xg X_ = 0, to support using « and B, as shared
parameters across both models. With the above theory they conclude to the following g

priors for the Full-based strategy.

1
My :p(a, @, By) p (2.9)

1 _
Mr : p(a, @, By) 5,[5,7\(,0 ~ Normal(O,%(szXv) 1 (2.10)

As a result the Bayes factor corresponds to:

(n—py—1)/2
1—R%

BFw, vy = (14g) P72 e
i

1+g¢
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Where R% and R% are, respectively, the coefficients for determining models Mr and M,,.
Because the prior distribution for in Mr depends on M, , which varies with each model
comparison, it should be emphasized that, unlike the null-based strategy, the full-based

approach does not result in a coherent prior specification for the full model.

The null-based strategy assumes that the model with only the intercept and no covariates
(null model) is the appropriate reference model. This strategy involves comparing each
model of interest to the null model to calculate the Bayes factor. The null-based strategy
is simpler and computationally more efficient since it requires only a single model and a
simpler prior. However, the null-based strategy is often criticized for being too simplistic

and not taking into account the complexity of the models being compared.

The full-based strategy, on the other hand, involves comparing each model of interest to a
full model that includes all the covariates. This strategy can be more accurate and informa-
tive, especially when the models being compared are complex and contain many covariates.
However, the full-based strategy requires more computational resources and may not be
feasible in some situations where the number of covariates is large. Overall, the choice be-
tween the null-based and full-based strategy depends on the specific research question and

available resources.
Lindley’s - Bartlett’s Paradox

Lindley’s - Bartlett’s Paradox refers to the apparent contradiction between the finding that
individual decision-makers often make more accurate predictions when using averaged
forecasts, compared to using their own unaveraged forecasts. In other words , it exam-
ines the phenomenon where combining information from multiple sources can lead to a less

accurate decision than relying on information from a single source.

The paradox was named after Sir Francis Bartlett(4), a British psychologist and statistician,
and Dudley Lindley(20), a British statistician and decision theorist. Since its discovery in the
1950s, it has been extensively studied in the areas of statistics, decision theory, and psychol-
ogy.
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To be more specific , regarding mixtures of g priors and variable selection , even if g prior
is deliberately set to be very large and non-informative, the posterior can be reasonable for
inference under a particular model. However, in terms of model selection, this is typically a

mistake.

The Lindley-Bartlett paradox may favor the smaller or null model over a larger model, even
when the data provides evidence for the larger model. This occurs in the special case where
the sample size (n) and the number of parameters (p.,) are constant, and the hyper-parameter
g tends to infinity. As g increases, the Bayes factor for comparing the larger model(M,) and
the null model (My) approaches zero, which forces the Bayes factor to support the null

model as the most likely despite the information provided by the data.

In particular, when the prior has a large spread induced by the non-informative choice of
g it can force the Bayes factor to favor the null model, even if the data provides evidence
for a more complex model. This is because the Bayes factor measures the relative evidence
for different models, and the large spread of the non-informative prior can dominate the
information in the data, leading to a preference for the simplest model. This highlights the
importance of careful consideration of the prior choice in Bayesian statistics, as the choice of

prior can have a significant impact on the results and conclusions.

Information Paradox

The paradoxes of g priors, also include the information paradox. The information paradox
arises when a model M, fits a set of data perfectly, such that the coefficient of determination
R, square tends to 1

Ry =1

and the classical statistical testing F, tends to infinity

n—oo

when the sample size n and the number of predictors p., are held constant.
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In this case, we may expect a greater posterior probability for the model M,, resulting in a
Bayes factor that compares the model M, to the null model My to tend to infinity as the

evidence against the null model accumulates.

Nevertheless, when we use a fixed choice of g, the Bayes factor discussed in the above sec-
tion converges to a constant value (1 + g)"~Pr~1)/2 as the coefficient of determination R,?
tends to 1, which is contrary to our expectations. This convergence leads us contrary to the
expected expectations and raises questions about the use of g priors in Bayesian hypothesis
testing, as it suggests that the prior distribution may have a stronger influence on the results

than the data itself.

Under the assumption of uniform prior model probabilities, the choice of the hyperparame-
ter g in Bayesian model selection methods has a significant impact on model selection. The
hyperparameter g controls the weight given to the complexity penalty term in the marginal
likelihood calculation, and therefore has a direct impact on the resulting Bayes factors and
posterior model probabilities. Specifically, larger values of g will lead to stronger complexity
penalties and a greater tendency to select simpler models with fewer but large coefficients.
On the other hand, smaller values of g will place less emphasis on the complexity penalty
term and may result in more complex models being selected with small coefficients. There-
fore, the choice of g should be carefully considered in order to balance the trade-off between
model complexity and model fit (George and Foster, 2000)(12). Recommendations for g have

included the following:

Unit Information Prior

From the perspective of classical statistics, certain goodness-of-fit criteria are used which
lead to model selection. One such criterion is the coefficient of determination, and another
interesting criterion is the Bayesian Information Criterion (BIC), which takes into account
that the coefficient of determination increases monotonically as the number of parameters
increases. Kass and Wasserman (1995)(17) proposed the use of prior distributions that pro-

vide information about the parameter equal to the information contained in one observation.
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Thus, in the case of normal linear regression, they suggested the use of the unit information
prior corresponds to taking g = n. With this choice, we are led to results similar to those of

the BIC criterion.

AIC and BIC

AIC and BIC re commonly employed to compare different models and determine which
one is the most appropriate for a given dataset. AIC is a measure of the goodness of fit of a
statistical model. It balances the trade-off between the goodness of fit (how well the model
explains the data) and the complexity of the model (how many parameters are used). AIC is
calculated using the following formula: AIC = -2 In(L) + 2p, where L: Maximum likelihood

estimate of the model and p: Number of parameters in the model.

BIC, also known as Schwarz Information Criterion (SIC) or sometimes as Schwarz’s Bayesian
Criterion (SBC), is another criterion for model selection. Like AIC, BIC penalizes com-
plex models to avoid overfitting. BIC is calculated using the following formula: BIC =

—2In(L) + pIn(n), where n is the sample size.

Differences between AIC and BIC:

¢ Penalty for Model Complexity:

— AIC: Penalizes complex models with a penalty term of 2p.

- BIC: Heavily penalizes complex models with a penalty term of pIn(n).
e Sample Size Influence:

— AIC: Does not directly account for sample size in the penalty term,and, in turn,

select more complex models.

— BIC: Incorporates sample size with a penalty term of pIn(n).

In summary, AIC and BIC are both useful tools for model selection. AIC is more lenient to-

wards complexity, which might be beneficial when dealing with larger datasets . While BIC
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provides a stronger penalty for complexity, making it useful, especially for smaller datasets
where overfitting is a significant concern. The choice between AIC and BIC often depends
on the specific dataset and the balance between model fit and complexity that is desired for

the given problem.
Risk inflation criterion

Foster and George (1994)(11) studied prior distributions for model selection based on the
risk inflation criterion (RIC) and proposed for the hyperparameter g the value ¢ = p? from

a minimax perspective.
Benchmark prior

Fernandez et al. (2001)(10) conducted a study with various choices for the hyperparameter
g that depended on the sample size n and the number of parameters, ultimately selecting g
= max(n,p?) which is referred to as the "Benchmark Prior" or "BRIC" as it combines the BIC

and RIC criteria.
Local empirical Bayes

The local empirical Bayesian approach is based on estimating the hyperparameter separately
for each model. Using the marginal likelihood and integrating over all the parameters, an
empirical Bayesian estimate of the hyperparameter is given by estimating the maximum
value of the marginal likelihood subject to the constraint that it is non-negative. This results

in the following estimate for g
¢-Pt = max{F, — 1,0} (2.11)

where
R%/Pv
(1-=R%)/(n—1—py)
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is the usual F statistic for testing ,=0. It is easy to estimate an asymptotic SE for g from the

observed data.

Global empirical Bayes

According to this choice, the estimation for the hyperparameter is common for all models

and arises from the Bayesian model averaging using the posterior model probabilities.

. 1 _}_g)(n*l*pv)/z
EBG _ M (
g arifsax;r’( ’Y) [1 +g(1 _ R%)](”—l)/z

The above estimate is not computable in closed form, however, numerical methods have

been developed that could be used (George and Foster 2000)(12).

The Unit Information Prior, Risk Inflation Criterion, and Prior Benchmark prior distribu-
tions do not solve the problem of the Information Paradox, as the choice of hyperparameter
does not depend on the data information. However, under the two Bayesian empirical meth-
ods we just mentioned, we have the following desired behavior in theorem form. The Bayes
factor for comparing Mr to My goes to co under either the local or the global EB estimate of

g in the information paradox context.

2.4 Mixtures of g Priors

The idea behind the g-prior mixtures is based on using the Zellner g-prior by setting a prior
distribution on the hyperparameter g. Assuming that the hyperparameter g > 0 is a random
variable and setting a prior distribution on it, denoted by 7(g), which may depend on n,
the marginal likelihood of the model f(Y|M,,) is proportional to the Bayes factor in the null-

based strategy.

*® - (1-n)/2
Bl = [ 1+ 211 -R)s] Unlgdg @12

34



The posterior mean of the vector y, under the model selection M,, # My is given by:

E[j|M,,Y] = 1,4+ E [%\Mv, Y} XyBy (2.13)

where 4 is the ordinary least squares estimate of the intercept parameter, j3,, is the maximum
a posteriori estimate of the regression coefficients 8, X, is the design matrix for model M.,
and E [% |, M., Y} is the posterior expectation of the hyperparameter ¢ under model M,,.
The posterior mean for B, under a selected model with fixed g prior is a linear shrinkage

estimator with a fixed shrinkage factor g/(1 + g). The optimal Bayes estimate of u under

squared error loss is the posterior mean under model averaging given by:

EuY] =14+ Y. p(M,|Y)E [%WW Y} XyBy (2.14)
1:My#MN 3

Given that the hyperparameter g appears not only in the Bayes factors and model probabil-
ities as well as in the posterior means and predictions, the choice of the prior distribution
for the parameter g is crucial to avoid difficult calculations. Below, we will see two options
for choosing the prior distribution on the hyperparameter g. The first one is Zellner-Siow’s
Cauchy prior (Zellner and Siow 1980)(31), which is achieved by applying an Inverse-Gamma
prior to g and the second modification is and the hyper-g prior an extension of Strawder-

man’s (1971)(28) prior to regression environment.
Zellner-Siow Priors

In the hypothesis testing for univariate means Jeffrey’s largely dismissed normal priors due
to the fact that they led to paradoxes of Bayes factor paradoxes. He also proposed the use
of Cauchy prior which is satisfied the basic consistency requirements for hypothesis testing.
Specifically, Zellner-Siow (1980)(31) proposed multivariate Cauchy prior distributions for
the regression coefficients which can be solution to the problem of the mean. When two
nested models are being compared the common coefficients are given a flat prior, and the

remaining parameters are given a Cauchy prior. In the null-based approach, the prior on
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(a, @) is given by Liang and a multivariate Cauchy centered at the null model, ,=0.

1/2 T~T —py/2
I(py/2) X5 Xy L BrXaXoBy
ﬂ(ﬁy\qv)fx( —mE ) " “de (2.15)

The Zellner-Siow prior distribution, however, did not become as well-known as the g prior
distribution in Bayesian variable selection, and the explanation lies in the fact that it presents
several difficulties in calculating the marginal likelihood since there are no available closed
forms of computation. Although several approximation attempts were made, such as Laplace
approximations, it was observed that as the dimension of the model increases, the accuracy

of these approximations decreases.

Given that the Cauchy distribution can be represented as a mixture of normal’s, a mixture

of g prior distributions with inverse gamma prior distributions on g specifically,

Inverse — Gamma (1 ﬂ) priors can be used. In other words, we can take:

7(Blg) o | Normal (B,10, 8 (X7 X,) )(g) dg (2.16)
with
/)Y
(8) = Ta e e g (2.17)

With the aforementioned prior distribution, after integrating with respect to 8, when com-
puting the marginal likelihood of the model, due to the proportionality described, we can
easily see that by substituting the prior distribution, only a one-dimensional integral with
respect to g remains, which is independent of the dimension of the model. This integral
can be solved using standard integration techniques or Laplace’s approximation. Laplace’s
method leads to easy computations for approximating the marginal likelihood f(Y|M,) as
well as the posterior expected value of the factor g/(1+g) which is necessary for predictions,
since the posterior marginal value for the hyperparameter g is a solution of a cubic equation

(Feng Liang et.al, 2007)(19).

Hyper g priors
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The hyper-prior distribution, introduced by Liang et al. (2008)(19), encompasses a fam-
ily of priors that have been extensively studied in various statistical problems. These pri-
ors, including those used by Strawderman (1971) (28) and investigated by Cui and George
(2007)(7). There is an observable enhancement in the mean square risk concerning the or-
dinary maximum likelihood estimates within the context of the normal means problem.
They are particularly relevant in cases involving variable selection when the error variance
is known. By treating the hyperparameter g as a random variable, the hyper-prior distri-
bution allows for a Bayesian approximation of the model’s marginal likelihood in a closed
form, enabling convenient and analytical computation. Overall, this approach extends the
classical g prior distribution and proves valuable for linear models and related analyses. As
Liang et al. (2008)(19) introduced a family of priors on g which is a proper distribution for

o> 2:

a—2 “a
m(g) = 5 (14+¢)"%%, ¢>0 (2.18)

When the value of a is less than or equal to 2, the prior distribution 77(g) with a proportional

—a/2

relationship to (1+ g) is considered to be improper. In this case, both the reference prior

and the Jeffrey’s prior correspond to a equaling 2.

When the value of « is greater than one and less than or equal to two (1 < a < 2), it becomes
evident that the marginal density can be derived from the given expression. The quantity
represented by (2.18) is categorized as finite. As a result, the resulting posterior distribution
is regarded as proper. Despite the fact that the selection of the interval 1 < a < 2 results in

the need to include g in the calculation.

In the context of the null model, the concern surrounding arbitrary constants of propor-
tionality results in the occurrence of indeterminate Bayes factors. Due to this particular
circumstance, it is imperative that we restrict the focus of attention in equation (2.18) to val-
ues greater than 2. This measure aims to refine the scope of the analysis and achieve more

precise outcomes.
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A deeper understanding of hyperparameter selection can be achieved by examining the

prior associated with the shrinkage factor expressed as g/ (1 + g), where :

& a_
T Beta(1, 5 — 1) (2.19)

2

which is a Beta distribution with mean .

Specifically , substituting 2 = 4, we have:
8 Beta(1,2-1
1+g¢ 2

- S _
43 Beta (1,2 —1)

g
—<— ~ Beta(l,1
1+¢ (L1)
The mean of a Beta distribution with parameters « and f is given by ﬁ In this case, « = 1
and 8 =1, so:

1 1
Mean of Beta(1,1) = T31=3

Therefore, when a = 4, % follows a Beta(1, 1) distribution which is a uniform distribution.

Table 2.1: Prior on Shrinkage Factor for Different Values of a

Prior Description Prior Probability

# =3 Mostmassnear1 P(shrinkage factor > 0.80) = 0.45
n=4 Uniform -
x >4 More mass near 0 -

Therefore, values 2 < a < 4 are considered reasonable to work with and provide the main
advantage of the hyper-g prior distribution, leading to a closed-form posterior distribution

for the hyperparameter ¢ given the model M,,.
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pyta—2
2F ((n—1)/2,1;(py +a)/2; sz)

(14 )1 7Pr /214 g(1— R,?)|17)/2
(2.20)

p(glY, My) =

Where »F;(a,b;c;z) in the normalizing constant is the Gaussian hypergeometric function
(Abramowitz and Stegun 1970)(1). The hypergeometric function >F(a, b; ¢; z) is a special
mathematical function. It is represented as a power series and is a solution to the hyper-
geometric differential equation. The parameters a, b, ¢, and z define the behavior of this
function.

The integral representing » F (a, b; c; z) is tractable, under these circumstances: for real |z| < 1
withc > b > 0,and for z = &1 only if c > a + b and b > 0. As the normalizing constant in
the prior on g is also a special case of the  F; function with z = 0, we refer to this as the hyper-
g priors. Another interesting appearance of the function »F; (a, b; ¢; z) is in the Bayes factor
that we use to compare the model M, with the null model. Specifically, the normalization

constant in the posterior distribution for the hyperparameter g leads to the following:

BF[M, : My] = “T_z /00(1 +g) T 1Pm/2[1 4 (1 — R2)|1-1/ 2dg
0
a2 r n_ll'p7+“-R2 (2.21)
pyta—22"\"2 T

Which is tractable and the posterior mean of g for a>3 is finite under M, is the following;:

2 oR((n—=1)/2,2;(py +a)/2ZR})
Cpy+ta—4R((n—1)/2,1;(py +a)/2;R2)

E[g[M,,Y] (2.22)

The »F; function can also be used to represent the expected value of the shrinkage factor
under each model. Unlike the regular g prior, the F; function results in nonlinear data-

dependent shrinkage.
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} (1-n)/2 dg

g2 14 (1 RE) /g

(1-n)/2
[(14 g)n=1-py=2)/2 [1 F(1- R?y)g] dg (2.23)

2 2R((n=1)/2,2;(py +a)/2+1;R3)
Cpyta oF((n—1)/2,1;(py+a)/2;R2)

g
. {1 g Y’M”]

For the computation of the Gaussian hypergeometric function, various subroutines have
been developed. However, they often encounter computational difficulties for large n and
R,%. Improved numerical methods include Laplace approximations (Tierney and Kadane

1986)(29).

1 4+b—1 _ 1\c—b—-1
oFi(a,b;c;z) = L(c) / A Ct) dt
0

24.1 Toy-example

The ‘Ozone’ data from mlbench package contains the Los Angeles ozone pollution data
collected in 1976. It is now up to us to find out which of the available variables would suit
best to predict the ozone reading with maximum accuracy. The objective of this analysis
is to accurately predict the ‘daily maximum one-hour average ozone reading’, using linear

regression models.

The BAS package is used in linear models for Bayesian model averaging with stochastic or
deterministic sampling without replacement from the posterior distribution of the models.
The form of the prior distributions used for the coefficients is based on Zellner’s g-prior
and g-prior mixtures. For fewer than 20-25 features, it examines all models as is the case
in the current example; otherwise, it performs random or deterministic sampling without

replacement in the model space.

The posterior means results for the coefficients are presented comparatively for all these
cases in the table. The third decimal place has been rounded off, we observe that the

marginal posterior estimates for the means of the corresponding coefficients under the prior
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Table 2.2: Marginal posterior means for the coefficients (2”candidate models)

§
&
o N
s . g R
T8 o NN N & T & §4
Intercept 11.3711.3711.3711.37 11.37 11.37 11.37  11.37  11.37 11.3711.37
Pressure Height -0.0+-0.0+-0.0+0.01-0.01 —-0.01 -0.01 -0.01 —0.01 —0.01-0.01
WindSpeed 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
Humidity 0.09 0.11 0.11 0.11 0.11 0.10 0.10 0.10 0.11 0.10 0.10
Temperature Sandburg 0.13 0.08 0.07 0.08 0.08 0.10 0.08 0.08 0.08 0.08 0.09
Temperature El Monte  0.48 0.45 045 0.45 045 046 045 0.45 0.45 045 045
Inversion Base Height  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Pressure Gradient 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Inversion Temperature —0.08-0.02-0.02-0.03—-0.03 —-0.04 —0.03 —-0.03 —0.02 —0.03-0.03
Visibility 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

distributions are with minimal (almost negligible) differences the same.

We observe that both below the AIC criterion selection and below the selection of the prior
Z5-tull, there is a tendency to select higher-dimensional models, as well as the tendency
(compared to the other priors) to assign a higher posterior probability of inclusion to vari-

ables that ultimately are not included in the respective model.

The values in the table represent the posterior probabilities of each variable being included
in the model under the different priors. Higher values indicate greater likelihood of inclu-
sion. For example, a variable with a high posterior probability under a specific prior is more
likely to be important for predicting the target variable using that particular prior. The table
provides insights into how different priors influence variable selection and model complex-
ity. In the table, it is presented the posterior probability margin for the coefficients to be

non-zero for each of the different prior distribution choices.

Focusing attention on the results for the first proposed model (higher posterior probability
model), it is observed that these are similar to the options BIC, EBL, EBG, hyper-g, hyper-
g/n, and ZS-null. Under these options, 9 explanatory variables are incorporated into the

model. It is worth noting that the intercept term is always included in the list of higher pos-
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Table 2.3: Marginal posterior probability p(B!=0) (2°candidate models)

§
&
o N
- 0
O v %) FD "73 ,é: ‘é: é: N O
TR o NN N T T &4
Intercept 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Pressure Height 0.80 0.48 0.46 0.48 0.50 0.62 0.53 0.53 0.48 0.53 0.53
WindSpeed 0.29 0.08 0.08 0.09 0.10 0.14 0.11 0.11 0.09 0.11 0.11
Humidity 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Temperature Sandburg 0.85 0.53 0.52 0.54 0.56 0.68 0.58 0.59 0.53 0.59 0.59
Temperature El Monte  1.00 0.99 0.99 0.99 0.99 1.00 0.99 0.99 0.99 0.99 0.99
Inversion Base Height  0.93 0.66 0.65 0.67 0.69 0.81 0.71 0.71 0.66 0.71 0.73
Pressure Gradient 0.37 0.19 0.19 0.20 0.20 0.26 0.22 0.22 020 0.22 0.22
Inversion Temperature 0.53 0.19 0.19 0.21 0.22 031 0.24 0.25 021 0.24 0.24
Visibility 0.32 0.08 0.08 0.10 0.10 0.15 0.12 0.12 0.09 0.11 0.11

terior probability models under any choice. For the final selection, a comparison was made
between the posterior means and standard errors of the coefficients, along with additional

diagnostic tests and log marginal likelihood.

The "Pressure Height’ feature highlights a distinct division among the models. Two groups
emerge based on the presence of this feature: one group includes models with "Pressure
Height,” and the other group comprises models without it. Notably, the "Pressure Height’
feature is primarily associated with Bayesian priors such as AIC, ZS Null, ZS Full, Hyper-g,
Hyper-g Laplace, and EBL. The comparison of these models inside the group will be using
posterior means and standard errors and log marginal likelihood. So, the following figures

are from BAS package in the environment of R just like the whole analysis.

The log marginal likelihood is a crucial quantity in Bayesian model selection and Bayesian
inference. It represents the probability of observing the given data under the model, marginal-
ized over all possible values of the model parameters. In other words, it quantifies how well
the model fits the data while accounting for the complexity of the model. The model with
the higher log marginal likelihood (or lower negative log marginal likelihood) is generally

favored as it better explains the data while penalizing overly complex models.
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Table 2.4: Selection of variables with p(B != 0)>0.5 (Median Probability Model)

¢
&
o N
5 o o 20
¢ v g g g g g N O
%)) 1 1
~ 2~ -~ 2~
T8 o NN N T T &4
Intercept * * * * * * * * * N -
Pressure Height * * * * %
WindSpeed
Humidity * * * * * * * * * * %
Temperature Sandburg *  * * % * * * * % % *
Temperature El Monte — *  * * % * * * * % % *
* * * * * P * % * * *

Inversion Base Height
Pressure Gradient
Inversion Temperature
Visibility

* Statistically significant explanatory variables for p(B != 0)>0.5

Utilizing the log marginal likelihood, our examination reveals that AIC and BIC exhibit
comparable values close to zero. Conversely, the rest of the prior selections yield positive
differences, barring the ZS full prior which displays a notable distinction. When gauging the
options, EBL coupled with 'Pressure Height,” EBG, and the g prior emerge with comparable
likelihood values, albeit without "Pressure Height.” Given the fewer features at hand, opting
for the g prior or EBG presents a superior choice. Specifically, the EBG option emerges as
the preferable alternative. To further illustrate this point, the following plots from the BAS

package with EBG provide additional insight.

In following figure, it is presented a visualization in the model space for each prior sepa-
rately. This visualization includes the first fifteen models, with the included and excluded
explanatory variables in each model, as well as the logarithm of the posterior odds ratio val-
ues for each model. Excluded explanatory variables are depicted in black, while any other
color represents the explanatory variables included in the model. Variables belonging to the
same color group indicate their inclusion in the same model, along with their corresponding

posterior probability.
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Model Rank

1 2 3 4 5 6 7 8 9 10 11 12 14

PressureHeight

WindSpeed

Humidity

TempSand

TempEIM

InvBaseHeight

PressureGradient

InvTemp

Visibility
2.072 1.46 1.068 1.043 0.929 0.917 0.85 0.845 0.64 0.635 0.602 0

Log Posterior Odds

Figure 2.1: Fifteen top model from Bas

2.5 Conclusion

In conclusion, this chapter has encompassed a thorough exploration of Bayesian statistics,
dissecting the intricacies of prior distributions and their implications within statistical mod-
eling. The significance of prior distributions in shaping the foundation of Bayesian inference
has been expounded upon, highlighting their role as repositories of pre-existing knowl-
edge prior to data observation. The pivotal role of hyperparameters in modulating prior
behavior has been illuminated, underscoring the equilibrium between informative and non-
informative priors. Concrete instances such as the Zellner-Siow priors and the hyper-g prior
have been examined to illustrate the tangible impact of diverse prior choices on posterior in-
ferences. Additionally, the concept of Bayes factors as effective tools for contrasting models
has been elucidated, offering a quantitative gauge of relative evidence between competing
hypotheses. By embedding these notions within the broader spectrum of Bayesian statis-
tics, a profound grasp of the manner in which prior distributions and Bayes factors steer the

course of Bayesian decision-making has been achieved.
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Table 2.5: Coefficients for EB-GLOBAL Prior

post mean post SD  post p(B # 0)

Intercept 11.374 0.318 1.000
PressureHeight —0.008 0.009 0.535
WindSpeed 0.010 0.066 0.109
Humidity 0.103 0.023 0.999
TemperatureSandburg 0.086 0.086 0.594
TemperatureEIMonte 0.450 0.134 0.995
InversionBaseHeight 0.000 0.000 0.726
PressureGradient 0.004 0.011 0.219
InversionTemperature  —0.030 0.093 0.244
Visibility 0.000 0.002 0.112

Looking forward, the subsequent chapter will introduce a groundbreaking algorithm devel-
oped by Ntzoufras and Paroli in 2023(26). This algorithm builds upon the principles of the
g prior, but with a modification involving the integration of g prior mixtures. This approach
will address challenges associated with computational complexity, as exemplified by the
hypergeometric function. By unveiling and addressing these challenges. Its expansion into
mixtures reflects not only its statistical prowess but also its adaptability in tackling compu-
tational obstacles. This chapter highlights the g prior’s enduring relevance and its role in

shaping the future landscape of Bayesian analysis.
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Chapter 3

Fast Bayesian Variable Screening (FBVS)

3.1 Introduction

The method that is being discussed uses mixtures of g-prior specification using both the
simple uni-covariate and multiple regression setups and is a quick Bayesian variable selec-
tion strategy applied to Normal regression models. The technique makes use of partial and
Pearson correlation coefficient thresholds. It is founded on Bayesian ideas that are obtained
from posterior model odds and Bayes factor thresholds. The size of the model space can be
decreased and inconsequential covariates can be found using this process. As a result, on
the resulting condensed model space, more conventional and computationally demanding
Bayesian variable selection techniques can be applied without difficulty. Additionally, this
method is adaptable and is be expanded to handle different prior settings. This method was
initially investigated by Paroli and Ntzoufras, who focused on the selection of the g prior
due to its closed-form Bayes factor computations and precise correlation thresholds. It con-
stitutes a highly efficient screening algorithm that relies on only two equations. Notably, this

method was studied and developed this year (2023).
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3.2 Background

3.2.1 Posterior Inclusion Probability (PIP)

In Bayesian variable selection, the posterior inclusion probability (PIP) is a useful metric
for determining how likely it is that a covariate will be included in the model given the
observed data. It is written as P(j = 1|Y), where j stands for the covariate X;’s inclusion
indicator. The posterior probability of individual models tends to be low when dealing
with a vast model space, with the exception of situations where a small number of features
exhibit a high signal-to-noise ratio. We may determine the median probability (MP) model
{X; : P(y; = 1]Y) > 05forj = 1,...,p} by taking PIPs into account; this model only
contains covariates with PIPs greater than 0.5. Under certain conditions the MP model is

better than the MAP model in terms of predictive inference (Barbieri & Berger, 2004)(2).

3.2.2 Universal Bayesian Covariate in Simple Regression

Throughout this chapter, there will be a discussion of Fast Bayesian Variable Screening that
explicitly utilizes the g prior, along with an exploration of variations involving mixtures of
g priors. The first formula will be under g prior like the original form of the algorithm and

then will be a generalization under the mixtures of g priors.

Ntzoufras and Paroli had compared two basic regression models using the Bayes factor:
the null model My and the model M;, which only incorporates covariate X; in the linear
predictor. The square of the sample coincides with the number of covariates p, = 1 and the
coefficient of determination R% for this model. Between Y and X]-, the Pearson correlation

coefficient is pjz-. The Bayes factor is the following:

(1+g)t=272
[1+g(1—p7)]n1

Bi"(g) = BF[M; : My] = 720 = Lep (3.1)

After Lykou and Ntzoufras (2013)(21) notation 3.1 in their paper, it will be mentioned as the
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“uni-covariate” Bayes factor. In linear regression setup with only one feature, the posterior
probability of M; can be also treated as the posterior inclusion probability (PIP) of X; which

is the following:

_ BF[M;: My]
~ 1+ BF[M; : My]

PIP,(j) (3.2)
As the Pearson correlation is stronger for each value of n, the Bayes factor offers more evi-
dence against the null model. The uni-covariate Bayes factor is an increasing function of p;

for any fixed g.

3.2.3 Correlation Thresholds

This uni-Bayes factor takes a specified value reflecting marginal Bayesian evidence in order
to determine a given correlation threshold value. They specifically look for whatever g and
p;j combination results in a uni-covariate Bayes factor that is less than or equal to a particular

Bayes Factor threshold.

This Bayes factor takes a certain value representing marginal Bayesian evidence in order to
determine a specified correlation threshold value. In particular, we are looking for which set
of values for features, a, and sample size results in a uni-covariate Bayes factor that is below

or equal to a certain selection of the Bayes Factor threshold of importance 6.

Therefore, for the model under consideration, in practice, a covariate X; with a sample
squared correlation coefficient p]-2 such that pjz < pg? will not be significant. We call |pog|

the non-importance correlation threshold as a result.

For all possible values of g, Lykou and Ntzoufras defined the non-important set of correla-
tion coefficients, as the set of correlations that correspond to covariates with a uni-covariate

Bayes factor less than 6, some common choices are (1,3,20,150).
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pg:B]””i(g) <0,vg>0,j=1,...,p

From the equation (2.7) they obtained the upper bound of this set as a function of g and 6,

pg and p3 given by:

=512 (1- P g V) .3
8

Where |pg| is called non-importance correlation threshold, and this was the 1st approach

under g-prior. In a special case for the g-prior, choosing g=n (UIP) offers the advantage of

yielding results akin to the Bayesian Information Criterion (BIC). This approach, focused on

the information contained in a single data point or observation, avoids favoring specific val-

ues for the regression coefficients, making it a non-informative prior. By striking a balance

between model complexity and regularization, the UIP allows for effective model selection

while preserving the statistical integrity of the analysis.

The first approach, as presented in equation (3.3), represents the general and conventional
method. The second approach involves utilizing the Unit Information Prior (UIP), while the
third approach employs Local Empirical Bayes by maximizing the Bayes Factor (BF). Each

approach comes with its own set of advantages and trade-offs.

This expansion builds upon Liang et al.’s equation 17 from their paper(19) on "Mixtures of
g Priors for Bayesian Variable Selection." The objective of this study is to expand the algo-
rithmic framework by incorporating the concept of mixtures of g priors. By integrating this
concept, we aim to enhance the algorithm’s efficacy in selecting relevant variables within a
Bayesian context. This research contributes to the advancement of variable selection tech-
niques and their application in diverse fields. Within the scope of this master’s thesis, an
intricate equation emerges, presenting challenges regarding direct solution. The equation

takes the mathematical form:
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x—2 n—1_ py+a -
:—F 1' 'R = .4
B =t h (M R <) 3.4)

We assigned the given Bayes Factor as 0 and then solved the equation, taking into account
the R% constraint. This process yielded the necessary threshold for our study. The method-
ology employed for this analysis is elaborated in the subsequent paragraphs. In the context
of simple regression, we equate R% to p, representing the correlation coefficient and the cor-

relation threshold for the simple regression.

This equation prominently features a hypergeometric function, denoted as »F;. Hypergeo-
metric functions often lack a straightforward closed-form solution, which complicates the
determination of the specific value of R%. It is essential to acknowledge that obtaining a
closed-form solution for R% remains a challenging endeavor due to the equation’s inherent

complexity.

Of particular interest is the exploration of the value of R:Zy and its implications within the
equation. However, due to the intricate nature of the hypergeometric function and the mix-
ture of prior distributions in play, directly calculating R,zy in a closed form presents difficul-

ties.

In this research, the R package hypergeo assumes a critical role within the study’s environ-
ment. This package offers solutions based on the Hypergeometric and generalized hyperge-
ometric functions as meticulously defined by Abramowitz and Stegun. This capability holds
particular significance, as it enables the identification of a crucial threshold. The threshold,
in this context, plays a pivotal role in the determination of variables through the extended
algorithm, adding a valuable dimension to the expansion of the Bayesian variable selection

process.

The subsequent stage of this investigation involves locating the root within a predetermined
interval through the utilization of the uniroot function, employing various tolerance levels.
In essence, the uniroot function systematically searches within the specified interval, mov-

ing from the lower to the upper bound, to pinpoint a root or zero of the given function
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concerning its first argument. This step presents an opportunity to establish a threshold
utilizing the capabilities of the hypergeo package across diverse levels of tolerance. It is es-
sential to acknowledge that the complexity of the hypergeometric function occasionally ren-
ders the stability of the interval challenging. In certain instances, the function may struggle

to ascertain the root due to the intricate nature of the hypergeometric calculations involved.

The BMS package plays a pivotal role in validating the outcomes of our study. This vali-
dation process involves employing an alternative library that specializes in computing the
Gaussian hypergeometric function for mixtures of g prior proposes. This approach offers
an additional layer of confirmation for our derived results. By using this distinct library,
we effectively corroborate the root obtained through our initial calculations. This validation
step entails assessing the value of the Gaussian hypergeometric function within the spec-
ified interval (0, 1). When the root is accurate, the interval associated with this calculated
value should approximate zero. In this manner, the utilization of the BMS package not only
bolsters the reliability of our findings but also verifies the integrity of the root discovered

within the Bayesian variable selection process.

In certain scenarios, a direct solution is attainable when we can straightforwardly determine
the Hypergeometric Function. However, for specific combinations of features, sample size,
and 'a’, a direct solution cannot be derived using the uniroot function to find R%. This
parameter is crucial for both simple and multiple regression. In the case of simple regression,
it equates to the coefficient of correlation, while in multiple regression, it differs slightly as it
represents partial correlation. Nevertheless, it remains essential in specifying the correlation

threshold for the study.

We are exploring combinations of sample size and alpha in the context of simple regres-
sion where a solution can be obtained using the uniroot function. The figure visualizes the
behavior of the hypergeometric function F;, also known as the Gauss hypergeometric func-
tion, as you vary the parameters and the size of the sample. The parameters are chosen from
the range [2.1, 4] with increments of 0.1, following the approach by Liang et al. (2008)(19).

The sample size, denoted as 'n’, ranges from 10 to 100 and the p. is equal to 1, resulting in
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Figure 3.1: Solution of Hypergeometric Function ;F; with varying parameters alpha and n

a total of 1780 combinations for analysis with direct solutions percentage of 54%. However,

these instances tend to be concentrated within a particular range of parameter values and

smaller sample sizes. Specifically, direct solutions are more prevalent for higher values of

The percentage of instances with direct solutions rises with increasing sample size n. This

observation suggests that as the sample size grows, the likelihood of encountering direct

analytical solutions for the hypergeometric function increases. This trend highlights the
52
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Table 3.1: Analysis of Direct solutions by parameter « and Sample Size n

size of sample Percentage of Direct Solutions

n =100 55%
n = 1000 68%
n = 10000 77%

growing stability of the function’s behavior as sample size expands. This table accentuates
the progressive rise in the prevalence of direct solutions with larger sample sizes, which can
be crucial information for applications necessitating analytical solutions. This phenomenon
suggests that certain parameter ranges, especially when “alpha’ is small, lead to intricate
behavior in the hypergeometric function, requiring resorting to numerical or approximated

techniques for evaluation.
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Figure 3.2: Direct solution

In this visual representation, the concept of a direct solution is depicted using the Greek let-
ter A, symbolizing the solution line. The graph illustrates the attempt to find a solution for

a specific problem utilizing the uniroot function in R, a common computational approach
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for finding roots. A direct solution occurs when the solution line (A) intersects the x-axis at
a specific point, indicating a feasible and optimal solution for the given problem. However,
the visualization reveals a limitation inherent to the uniroot function in R for a specific com-
bination of the parameters. Despite its application, the solution line (1) fails to intersect the
x-axis. This absence of intersection signifies that, with the specific methodology employed
(using uniroot in R environment), a direct solution cannot be attained. The values for the

specific figure 1 = 3, n=50 and 0 = 1 and 10 features.
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Figure 3.3: Heatmap of Hypergeometric Function ,F; with varying parameters alpha and n

The heatmap visually represents the intricate interplay between sample size (1) and a, cap-
turing the complexity of their relationship within a given dataset. In this heatmap, the amal-
gamation of colors illustrates various combinations of n and a, with distinctive white spots
scattered across the heatmap. Notably, these white spots are particularly prevalent in re-
gions representing very low sample sizes. This intriguing phenomenon occurs because,
in many instances, the hypergeometric function lacks solutions when calculated using the

uniroot function. These white patches serve as a visual testament to the challenging nature
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of solving the hypergeometric equation for certain combinations of n and a.

Trellis Plot of Root Combinations
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Figure 3.4: Trellis plot of Hypergeometric Function ,F; with varying parameters alpha and
n and features

The figure presented following offers a comprehensive representation of the intricate inter-
play between crucial parameters: sample size ('n’), parameter alpha (‘a’), and the number
of potential features (“p’). These specific parameter combinations hold a distinct advantage
— they offer a direct, analytically derived solution to the intricate hypergeometric functions
pivotal to our methodology. This direct solution cascades to the computation of Bayes fac-
tors, an integral step that ultimately determines the threshold governing the coefficients of

correlation.

As previously established and emphasized, the efficiency and effectiveness of the algorithm
display a marked trend as these parameters scale. Remarkably, higher values of sample
size (‘n’), parameter alpha (‘a’), and the number of potential features ("p‘) correspond to a
significantly improved adaptation of the algorithm. This adaptation is precisely observed
in the swift and accurate estimation of the Bayes factor threshold, a keystone element that

dictates the selection of relevant predictors.
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With this foundational understanding now firmly established, the next logical progression
involves a robust simulation that encapsulates a myriad of artificially generated datasets.
Within this extensive framework, a multitude of datasets, enriched with numerous features,
shall undergo analysis. Additionally, the simulation shall span a multitude of iterations,
ensuring a sufficiently large sample size for attaining highly accurate results. This strate-
gic approach holds the promise of consistently converging towards the truth and, notably,

closely approximating the characteristics of the true model in the majority of instances.

The simulation aims to explore the performance of the Fast Bayesian Variable Selection
(FBVS) algorithm in scenarios where the number of predictors exceeds the number of obser-
vations. To simulate the scenario of interest, we generated synthetic 100 different datasets
to ensure a comprehensive coverage of various situations. The sample size for each dataset

was set at 400, and the number of potential features was fixed at 1000.

For the simulation, we assumed a true model with a known set of parameters. Specifically,

the true model consisted of six predictors.

It is assumed that the explanatory variables are linear, and for these variables, we simulated
values from the standardized normal distribution Normal(0,1). Additionally, we assumed
that the response variable is linearly related to the above explanatory variables, resulting in

a multiple linear model of the following form:

Y = Bo+0.70X7 + 0.55X5 +1.25X3 + X4 +1.8X5 +1.3X¢s + € (3.5

In this model, the first six features are considered as true predictors. Their significance
is evident from the coefficients assigned to them and as it had been shown before € ~

Normal(0,0?).

To create correlated predictors and response for each simulation run, we employed the

Cholesky decomposition method. This method ensured that the generated predictors ex-
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hibited the specified correlation structure. By utilizing the Cholesky decomposition, we
transformed a covariance matrix into a lower triangular matrix, allowing us to generate cor-
related predictors while preserving the desired correlation relationships. This technique is
crucial in maintaining the integrity of the correlation structure across the dataset. Addition-
ally, random noise was introduced to the response variable to create a realistic dataset for

analysis. This noise factor contributes to the inherent variability seen in real-world data.

The first pivotal step of the Fast Bayesian Variable Selection (FBVS) algorithm entails the
calculation of Pearson correlation coefficients between each predictor and the response vari-
able. These correlation coefficients serve as an initial measure of potential predictor rel-
evance. Subsequently, threshold values are established using a hypergeometric function.
This threshold calculation process is designed to discern noteworthy correlations by evalu-

ating them against the computed threshold.
The process of threshold calculation involves:

- Specifying the necessary parameters for the hypergeometric function. - Defining a custom
function that encapsulates the hypergeometric equation needed for threshold computation,
as outlined previously. - Employing the uniroot function to identify the root of the hyper-
geometric equation within specified tolerance levels. This resulting root value signifies the

threshold for squared correlations.

Based on the threshold derived from the hypergeometric calculation, the FBVS algorithm
proceeds to identify and select relevant predictors. By comparing the squared correlation
coefficients of each predictor with the threshold, the algorithm distinguishes predictors
with substantial correlation to the response variable. Predictors exceeding the threshold
are deemed significant and are retained for further analysis, forming a subset of potentially

influential variables.

This systematic approach to predictor selection is at the heart of the FBVS algorithm, en-
abling it to identify promising variables for model inclusion. The incorporation of both cor-

relation analysis and thresholding ensures a rigorous methodology for predictor assessment
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and selection.

A prominent trend emerges, showcasing that the occurrence of precisely six features is the
most frequent outcome. Notably, this outcome transpired many times during the simula-
tions, solidifying the expected behavior. This occurrence, however, manifested only once

across all simulations, indicating its rarity.

The influence of initial beta values becomes apparent when examining the distribution of
feature retention. The initial betas played a pivotal role in shaping the simulation results.

This variability indicates the sensitivity of this feature to different parameter settings.

Moreover, upon closer examination of the first six features, intriguing patterns emerge. The
simulation data reveals the following counts for these features: 100, 93, 100, 100, and 100.
Evidently, some features r were consistently retained across all 100 simulations, each boast-

ing a perfect retention rate.

3.2.4 Adjustment in Multiple Regression with mixtures of g priors

The advantage of using the g prior over mixture methods lies in the closed-form expression
for the Bayes Factor. This closed-form expression allows for efficient computation and anal-
ysis, making it useful for performing feature selection with the algorithm. By substituting
specific values for a and 6, the equation provides a numerical value for the Bayes Factor,
which can then be used to make informed decisions about the relevance of features in the

model.

Additionally, employing the aforementioned methodology yields the value for the coeffi-
cient of determination (R?). This enables the selection of specific values for a, allowing for

turther extension and refinement of the analysis.

The focus is on the comparison of two nested models which will differ in only one covariate
j, the Bayes factor will be like the equation (2.7) and M, will be the model, from null-based

strategy. The scenery will be the same with global empirical Bayes with common g to all
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models. So, the resulting Bayes factor is the following:
Let us consider a model M, with p, covariates.

Then, we define model M,,; as the model with all covariates of M, except X; for j =

1,...,p,.

Hence, model M,,_; will contain p, — 1 covariates and the variable inclusion indicator of X;
will be set equal to zero, that is y; = 0 under M,,_;. Let R% be the coefficient of determina-
tion (R-squared) for the full model (with all predictor variables) and R%_], be the coefficient
of determination for the reduced model (with all predictor variables except for a specific

predictor of interest).

We focus our attention on the comparison of the two nested models that differ only by one
covariate X;: M, and M,,_;. It can be noted that here M, is considered fixed and it can be

also the full model Mk.

We can express the relative Bayesian evidence between M, and M,,_; as the ratio of the two

null-based Bayes Factors of each competing model, that is

B0
Bm

BM’Y'M’Y*]' 0
=i’

Using equation (17) of Liang et al. we can write

Bvm._, = (3.6)
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where R2 and R2 j are the usual coefficients of determination of the two models, respec-
tively. This equatlon represents the Bayes Factor BFy;, m - which quantifies the strength of
evidence for model M, over the alternative model M, _,, given a parameter 4. This equation
is used in the context of feature selection using an algorithm where a and 6 are specified

with certain values.

The key insight here is that the sample squared partial correlation coefficient p . represents
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the proportion of unexplained response variability between the two models, and this rela-
. . . 2 2 .

tionship allows us to express the Bayes Factor formula in terms of 05, and R?,. The partial

correlation coefficient is defined as the proportion of the unexplained response variability

between the two models M, and M,,_; with respect to the smaller one, that is:

RZ —R2 .
2 i Y=
p’y—j = 2 s (37)
1- R%J’
from which
1 — R?
2 ¥
Ryfj =1-— 5 . (3.8)
Po—j

This formula allows you to relate the R,? value for a specific predictor in the context of
multiple regression to the corresponding squared partial correlation coefficient. The partial
correlation coefficient provides a measure of the strength of the relationship between the
predictor and the response variable after accounting for the influence of other predictors in

the model. So we can insert (3.8) in (3.6), at the denominator, and solve the equation

Bum,m,_, =0 (3.9)

with respect to p,zy_ j and we will have the partial correlation threshold.

In the initial step, corresponding to simple regression within the algorithm, we set a corre-
lation threshold at 0.010. Under this criterion, the first feature, a true and vital component
of our model, was consistently retained across 84 instances, while all other features were
maintained 100 times across 100 different datasets. This stringent selection process ensured

the retention of the essential feature, affirming its significance.

In the subsequent step, wherein two models were considered, differing solely by the inclu-
sion or exclusion of a single feature X;, the algorithm demonstrated remarkable precision.

Specifically, the true features were accurately identified: Feature 1 was detected 100 times,
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Feature 2 was identified 93 times, and Features 3,4 and 5 were consistently detected 100

times each.

Conversely, features deemed non-significant were appropriately identified as such. One
of these non-significant features was found 2 times, while another set of 3 features was
identified 1 times, further affirming the algorithm’s ability to discern and prioritize relevant

components within the model.

Additionally, in the first step of the algorithm with the g prior, during the initial step, several
variables were identified as true features. However, in the second and pivotal step, the
results mirrored those obtained from the mixture of g priors. This consistency underscores
the robustness of the algorithm’s performance. In this step, a slightly higher correlation
threshold of 0.020 was employed, leading to similar outcomes, thus reinforcing the reliability

and accuracy of the model selection process.

Table 3.2: Bayes Factor with Feature Selection, P=1000

Features

n 1st 2nd 3rd 4th b5th 6th

200 16 13 20 20 20 20
300 20 19 20 20 20 20
400 19 19 20 20 20 20
500 20 20 20 20 20 20

Table 3.3: Bayes Factor with correlation thresholds, P=1000

n Pearson Correlation Partial Correlation

200 0.021 0.041
300 0.010 0.025
400 0.015 0.027
500 0.008 0.020
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In the tables, we present simulation scenarios for different sample sizes and numbers of
features, with specific parameter values set at « = 2.3 and 6§ = 1. These simulations are
designed to explore the behavior of the model under varying conditions, shedding light on

the impact of sample size and feature count on the outcomes.

Table 3.4: Bayes Factor with Feature Selection, n=400

Features

P 1st 2nd 3rd 4th 5th 6th

800 20 8 20 20 20 20
90 20 16 20 20 20 20
1000 20 19 20 20 20 20
1100 20 20 20 20 20 20

Table 3.5: Bayes Factor with correlation thresholds, n=400

P Pearson Correlation Partial Correlation

800 0.010 0.020
900 0.010 0.022
1000 0.010 0.025
1100 0.010 0.020

3.2.5 Simulation with Ozone data

In our study, we specifically utilized the Ozone dataset for our simulations. This choice was
made due to our prior knowledge about the performance of certain priors and criteria, such
as BIC and AIC, when applied to this specific dataset. Despite the small number of features,
the correlations present in the data are grounded in factual information and are not subject
to simulation errors. Moreover, this dataset has been extensively analyzed in various studies

in bibliography, providing a reliable basis for our experiments.
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Our simulation outcomes closely aligned with the results obtained using the BAS package,
enhancing the credibility of our findings. Notably, when employing the Fast Bayesian Vari-
able Selection (FBVS) algorithm under the g prior, the selected variables mirrored those
identified using the BAS package. This consistency strengthens the reliability of our results,

particularly in scenarios where these variables were consistent between the two methods.

In contrast, with the extension to hyper-g prior, there was a single variable discrepancy.
However, upon closer examination, the probability of inclusion for this variable stood at
0.52, introducing an element of uncertainty. It is noteworthy that under both priors, the most
probable variables were either included or excluded based on their low inclusion probabil-
ities. This observation underscores the careful consideration and evaluation required when

interpreting the results obtained through the hyper-g extension.

3.3 Algorithms for FBVS

The Fast Bayesian Variable Selection (FBVS) algorithms employed in this study, attributed to
Ntzoufras and Paroli, demonstrate versatility in accommodating various scenarios of sam-
ple sizes and numbers of features. These algorithms are adept at handling a wide array of
data complexities, making them invaluable tools in statistical analysis. The fundamental
concept underlying these algorithms remains consistent with the original approach using
the g prior. The only modification lies in the final equation, where the algorithm operates
under the framework of the mixture of g priors. Despite this change, the core idea and
methodology driving these algorithms remain true to the principles of the g prior, ensuring

their robustness and reliability in diverse analytical contexts.
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Algorithm 1 Single Covariate Screening Algorithm

Require: Bayes Factor threshold 0; Algorithm Approach: value of g; sample size n; number
of covariates under consideration p; response Y and covariates X; € V = {Xy,..., X }.
1: Step 1: Calculate the sample correlation coefficients for all covariates X; € V
2: Step 2: Identify which covariates X]* are below the correlation thresholds given by
3:  A:Equation (3.4)

4 All non-important covariates X will be denoted by the set V*.

Q1

: Step 3: Eliminate covariates X]* from V.

o

: Output: The final set of variables will be X(S); € V(S) =V \ V*.

N

: We denote by p(S) < p the number of covariates X(S); remained for evaluation in V(S).

Algorithm 2 Multiple Covariate Screening Algorithm

Require: Bayes Factor threshold 6; Algorithm Approach: value of g; sample size n; number

of covariates under consideration p; response Y and covariates X; € V = {Xy,..., X }.

1: Step 1: Calculate the R? of the multiple regression with all covariates X; € V and all the
sample partial correlation coefficients.

2: Step 2: Identify covariates X]* with sample partial correlations lower than the corre-
sponding thresholds given by

3:  A:Equation (3.9)

4: All non-important covariates X;* will be denoted by the set V*.

5: Step 3: Eliminate covariates X]* from V and denote the set as V*.

6: Output: The final set of variables will be X(M); € V(M) = V \ V*.

7: We denote by p(M) < p the number of covariates X(M); remained for evaluation in

V(M).

3.4 Conclusion

In this chapter, the method of Fast Bayesian Variable Screening (FBVS) was discussed. The

approach involves utilizing mixtures of g-prior specifications in both simple uni-covariate
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and multiple regression setups. It presents a rapid Bayesian variable selection strategy ap-
plicable to Normal regression models. The technique incorporates partial and Pearson cor-
relation coefficient thresholds and is rooted in Bayesian principles derived from posterior
model odds and Bayes factor thresholds. The key objective is to reduce the model space size
and identify inconsequential covariates, ultimately leading to a condensed model space that
can be subjected to more conventional and computationally demanding Bayesian variable
selection techniques. Importantly, this method is adaptable and can be extended to accom-

modate various prior settings.

Paroli and Ntzoufras initially investigated this method, focusing on the g prior’s selection
due to its closed-form Bayes factor computations and precise correlation thresholds. This
highly efficient screening algorithm relies on just two equations. Notably, this approach has

been developed and refined in the present year (2023).

The method’s foundation lies in the concept of Posterior Inclusion Probability (PIP), a valu-
able metric for gauging the likelihood of a covariate’s inclusion in the model given the ob-
served data. Additionally, the method employs the uni-covariate Bayes factor formula for
simple regression and correlation thresholds. Correlation thresholds are set by finding spe-
cific combinations of g and Pearson correlation coefficients that yield a uni-covariate Bayes

factor less than or equal to a specified threshold value.

A significant expansion to this method involves the incorporation of mixtures of g priors.
This expansion builds upon the work of Liang et al. (2008)(19) and aims to enhance the algo-
rithm’s efficiency in variable selection within a Bayesian context. However, the complexity
of equations and the presence of hypergeometric functions present challenges in deriving
closed-form solutions for certain parameters. The hypergeo R package plays a vital role in
handling these challenges by providing solutions based on the Hypergeometric and gener-

alized hypergeometric functions.

The simulations revealed a consistent trend of variable retention, with around six features
being the most frequently retained across the simulations. Additionally, the importance of

initial beta values in shaping the simulation outcomes was evident, as well as the influence
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of parameter settings.

The Multiple Covariate Screening Algorithm was introduced for scenarios involving multi-
ple predictors. This algorithm identifies relevant predictors based on their sample squared
partial correlation coefficients and their relationships with the coefficient of determination.
The Bayes Factor formula was derived to quantify the strength of evidence for a model over

its alternative, given a parameter g for g priors and parameter a for mixture of g priors with
hyper-g prior.

In the simulation experiments conducted, it was observed that the findings were largely
consistent across various approaches that validate the algorithms. Specifically, when apply-
ing different methods to the same dataset, the results showed remarkable similarities. This
consistency underscored the robustness of the algorithms, reaffirming their reliability and

effectiveness in analyzing data.

Furthermore, in the simulation with real data, particularly focusing on the ozone dataset
comprising solely numerical variables, two distinct algorithms were employed: Fast Bayesian
Variable Selection under the g prior and under the mixture of g prior. Additionally, the same
dataset was subjected to analysis using the toy example presented in the second chapter, em-
ploying the BAS package in R. In both cases, employing the g prior and the hyper g prior,
the results demonstrated convergence. This agreement in outcomes further strengthens the
credibility of the methodologies employed, affirming their applicability in real-world sce-

narios.

In conclusion, the Fast Bayesian Variable Screening method presents a valuable approach
to variable selection in the context of Bayesian regression models. Its ability to efficiently
screen and identify relevant predictors based on correlation thresholds and Bayes factors

makes it a promising tool for tackling complex datasets.
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Chapter 4

Conclusion

In this master thesis, a comprehensive exploration of Bayesian model selection and variable
inclusion techniques was undertaken, with a particular focus on the context of linear models.
The journey began by establishing the foundations of the normal linear model, setting the
stage for the subsequent introduction to the Bayesian paradigm. A pivotal concept, the

Bayes Factor, emerged as a critical tool that guided the course of this research.

The initial steps into the Bayesian realm led to a profound understanding of the model se-
lection landscape. The investigation commenced with the examination of the g-prior frame-
work, encapsulating the general Bayesian model selection process. Within this framework,
the Bayesian Model Average (BMA) approach was introduced, a technique that amalga-
mates predictions from multiple models, leveraging their posterior probabilities. This inno-
vative approach provided a more accurate estimation of the relationship between predictor

variables and the response variable.

Further progression unveiled the Bayesian Adaptive Sampling (BAS) methodology. A versa-
tile technique, BAS harnessed Bayesian model weighting through stochastic or deterministic
sampling without the need for resampling from posterior distributions. BAS, by adaptively
estimating marginal inclusion probabilities during sampling, addressed pivotal concerns in

variable selection.
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The exploration then transitioned to the Stochastic Search Variable Selection (SSVS) method,
an ingenious approach introduced by George and McCulloch(14). This method treated vari-
able inclusion as a Bernoulli trial, utilizing a mixed prior to represent the potential presence
or absence of each variable. Initially conceived in linear models, SSVS found its applications
expanding to diverse models, exemplified by log-linear models for multi-way contingency

tables.

The research also delved into the Kuo & Mallick (KM) Sampler(18), a model that exhibited
distinctive structural characteristics when compared to SSVS. The selection process of prior
specifications set KM apart. Similarly, the Gibbs Variable Selection (GVS) method, pioneered
by Dellaportas et al.(8), harnessed indicator variables as components of model equations,

presenting an alternative avenue in model selection.

The study further drew from Liang et al.’s foundational work (2008)(19) to explore the para-
doxes and modifications of the g-prior under various contexts. In particular, the incorpora-
tion of mixture models unveiled a realm of possibilities, culminating in the development of
the FBVS algorithm. This algorithm’s efficacy and benefits were expounded upon, showcas-

ing its precision and robustness.

A meticulous analysis of the FBVS algorithm revealed its adaptability in various scenarios.
The derivation of essential equations facilitated precise results. Additionally, correlation
thresholds were elucidated, their mathematical representation proving invaluable in prac-

tice.

The algorithm’s reach extended to mixtures of the g-prior. As explored through the lens
of Liang’s equation, challenges emerged that required innovative problem-solving. The
methodology proposed here overcame these challenges, reflecting its resilience and applica-

bility.

Empirical validation through simulations reaffirmed the algorithm’s effectiveness. The im-
pact of sample size on accuracy was noted, demonstrating an upward trend as the sample

size increased. A simulation-based approach showcased the algorithm’s prowess in scenar-
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ios with a high number of potential features.

In summation, this master thesis navigated the intricate landscape of Bayesian model se-
lection techniques. By probing various methodologies, algorithms, and modifications, a
comprehensive understanding emerged, unveiling their underlying mechanisms, strengths,
and limitations. The thesis contributes to the broader discourse on Bayesian methods and

paves the way for continued advancements in model selection and variable inclusion.

4.1 Future Work

Despite the promising results showcased by the Fast Bayesian Variable Selection (FBVS) al-
gorithm, a crucial limitation arises in its current formulation. Specifically, in the context of
multiple regression, the algorithm introduces a hypergeometric function to establish thresh-
old values for feature inclusion. However, a gap emerges as the coefficient of determination
remains unincorporated within the same framework as observed in the multiple regression
under g-prior. This discrepancy underscores the need for further exploration and refine-

ment.

In essence, future pursuits can be directed towards refining the algorithmic architecture to
encompass the coefficient of determination and its integration within the hypergeometric
function. By closing the existing gap and establishing a unified formula, this approach holds
the potential to bolster the algorithm’s performance, furnishing a more resilient solution to

the challenges posed by high-dimensional data scenarios.

Moreover, within the realm of Bayesian regression analysis, a spectrum of other priors beck-
ons exploration. The Generalized g-Prior, introduced by Maruyama and George (2011)(23),
extends the conventional g-prior to enable varying prior variances for individual regres-
sion coefficients. This adaptability accommodates prior information about the variability
of distinct predictors, contributing to a more nuanced modeling process. Similarly, the Ro-
bust Prior, proposed by Bayarri et al. (2012)(3), addresses the impact of outliers and in-

fluential observations in regression modeling. By assigning diminished weight to extreme
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data points, this prior fosters robust parameter estimation, particularly when data anomalies

challenge distributional assumptions.

These diverse priors provide researchers with a spectrum of options to incorporate prior
information and assumptions into Bayesian regression analyses. The choice of prior hinges
on data characteristics, research objectives, and underlying assumptions. Each prior offers
distinct advantages and considerations, underscoring the importance of tailored selection

aligned with the research context.
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Appendix A

Inverse Gamma

The main function of the inverse gamma distribution is in Bayesian probability, where it
is used as a marginal posterior (a way to summarize uncertain quantities) or as a conju-
gate prior (a prior is a probability distribution that represents your beliefs about a quantity,
without taking any evidence into account). In other words, it’s used to model uncertain

quantities.

In Bayesian statistics, the inverse gamma distribution often serves as a prior distribution
for the precision (inverse of the variance) of a normal distribution. If X follows a normal
distribution with mean y and precision ¢, then the prior distribution for ¢ is commonly

chosen as:

¢ ~ Inverse Gamma(«, f)

This choice is particularly common in Gaussian models, where it acts as a conjugate prior,

simplifying Bayesian computations.
Probability Density Function (PDEF):

flxa,p) = % U
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A.1 Spike-and-Slab Prior

In Bayesian statistics, a spike-and-slab prior is a type of hierarchical prior that combines a
point mass (spike) with a continuous distribution (slab). This prior is often used in variable

selection and model averaging.

The spike-and-slab prior is typically expressed as a mixture distribution:

7'[(9) = Tlspike 50(9) + TTglab * f(9)

where:

Tlspike 1 the weight assigned to the spike component,

d0(0) is a Dirac delta function at zero (point mass),

Ttlap is the weight assigned to the slab component,

e f(0) is a continuous density function representing the slab.

The spike-and-slab prior is useful for modeling scenarios where some model parameters are
exactly zero with high probability (spike), while others are allowed to take non-zero values

(slab).
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