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ABSTRACT

Victoria Sipaki

Some recent developments on Profile Monitoring
February 2024

Statistical profile monitoring can be considered as a subfield of statistical
quality control that has attracted many researchers. This attractiveness is a
result of the wide range of applications that can be identified for the concept
of profiling in different service and manufacturing settings. More specifically,
profiles appear when a quality — critical attribute is functionally dependent on
one or more explanatory variables. Thus, at each sampling stage we observe a
collection of data points that can be represented by a curve (profile).
Checking over time the stability of such functional relationships using
statistical methods is called “profile monitoring”. In some applications, the
profile can be represented adequately by a simple linear regression model,
while in some other more complicated models are needed. Fortunately,
advances in technology have enabled researchers to collect many process or
product measurements to reconstruct this functional relationship. Finally,
because profiling is a relatively new area in statistical process monitoring,
Woodall’s review paper (2007) is an important contribution and paved the
way for the publication of an increasing number of papers in this area. This
increasing trend is more noticeable during the period 2012 — 2017, while from
2018 onwards there is no document summarizing recent research in this area.
In this thesis a discussion of recent studies and trends around profile

monitoring especially in the period after 2018 be done.



Vi



INEPIAHYH

Buktopio Xnmakn

Mepkég mpoo@ateg eEEMIEEIS OYETIKA PE TNV TAPOAKOLOVON OGN
TPOPIA
deBpovaplog 2024

H moapakorovOnomn tov otatictikod mpoeil umopel va Oewpnbel wg évag
TOMENS TOV GTATIGTIKOV TOLOTIKOV EAEYYOV TOL £YEL TPOGEAKVGEL TNV TPOGOYN
ToOALDV epevvntodv. H eikvotwkdmta avty eivor oamdppola Tov gupémg
QACUATOC EQOPUOYDV TOL UTOPOVV VA TPOGOOPLGTOVV Y10, TNV €VVOld TNG
dnuovpyiag TpoPid ce drapopetikd mepifdArova vanpeciav. Mo avaivtikd,
0 TPOoPiA gp@aviCovtal 0Tav £va YOpaKTNPLOTIKO KPIGIUO TPOS TNV TOLOTNTA
e€aptdtal AELTOVPYIKA amd pio M TeEPLocOTEPEG EMEENYNUATIKES HETAPANTEG.
‘Eto1, og K40e 61dd10 detypatornyiag mapatnpodpue pio GLAAOYY OMUEI®V TOV
umopovv va avarapoactafodv and pio kapmOAn (mpoeir). O €heyyog pe v
TApodo Tov YPOVoL TNG oTahePOTNTAC TETOLMV AEITOVPYIKAOV GYECEDV UE TNV
xPNon oTaToTik®Vv pnebdomv ovopdletar «mapakorlovOnon mpoeii». Ze
opiopéves epappoyéc Babpovounong, to mpoeil pumopel va avamapoctadei
EMOPKDOG UE &V OTAO HOVTEAO YPOUUUIKNG TOAVOPOUNGCNG, EVO GE AAAEC
epappoyéc yperalovrar mo mepimhoka povtéra. Evtvuymdg, n mpdodog g
teyvoroyiog £€0moe TN OLVATOTNTA OTOVG E€PELVNTEG VO GLAAEEOLV UEYAAO
aplOpd HETPNGE®V JEPYACIOV 1 TPOIOVIOV Yo VO ovacLVOEGOVY avTh TN
Aertovpyikn oyxéon. Emedon n mopakorovOnon mpoeid eivar évag oyetikd véog
TOHEAG OTNV TAPAKOAOVONGN TNG OTATICTIKNG dladkaciog, TO £YYpaQo
avaokoémnong tov Woodall (2007) eivor pio onpovtikny cvpuforn kot dvoil&e to
dpouo vy ™ dnpocigvon evog avéavopevov aptBuov epyacidv. H avéntiky
avTn Téon eivar o arednt) Katd TV mepiodo 2012 — 2017, eved and 1o 2018
KOl £TELITO OEV VTAPYEL KOVEVO £YYPAPO TOV VO, GLVOYilel mIpOoPATEC EPEVVES
OTOV TOUEN QVTO. LTINV TapoLoO SIMAMUATIKY epyacia Ba yiver pia cv{ntnon
TPOGPATOV UEAETAOV KOl TAGE®V YOP® OTO TNV TOPAKOAOVONGN TOV TTPOQiA,

e01Ka Kotd TV mepiodo petd to 2018.
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CHAPTER 1

Introduction to Profile Monitoring

Introduction

Quality plays a crucial role in the success and prosperity of many production
and service organizations. In a competitive market, companies try to
differentiate the processes they use or their products from the rest of the market.
The implementation of competition policy encourages entrepreneurship,
efficiency and improves quality. More specifically, a company that can meet
the needs of its customers and at the same time can combine low prices and
superior quality in its products, can easily dominate the market. But how can
quality be defined? According to a traditional definition, quality means fitness
for use. However, a more modern, widely used and attractive definition names
quality as inversely proportional to variability. Thus, a product is defined as
qualitative when it is adapted to the requirements of the user and has an inverse
relationship with its variability. Therefore, reducing the variability of a process
or product is a primary interest for market professionals.

A characteristic tool of statistical process control (SPC), that is successfully
used in many production and non-production processes and helps professionals
improve the quality of a process or product while reducing their sources of
variability, is the control chart. A control chart contains a center line, an upper
control limit and a lower control limit. Furthermore, a point that plots within
the control limits indicates the process is in — control and a point that plots
outside the control limits is evidence that the process is out — of — control. In
the last case, investigation and corrective action are required to find and
eliminate assignable cause(s).

Profile monitoring generally involves the use of various statistical techniques
with the control chart playing a major role in monitoring a process or product.
Therefore, profile monitoring can be defined as the use of control charts for
cases where the quality of a process or product can be characterized by a

functional relationship between a response variable (Y) and one or more



explanatory variables (X's). One of the most important considerations for
profiling is the distinction between Phase | and Phase Il. More specifically,
Phase | is a retrospective analysis of process data to construct trial control
limits. Charts are effective at detecting shifts in process parameters, outliers,
measurement errors, data entry errors, etc. Moreover, Phase | facilitates
identification and removal of assignable causes. On the other hand, in Phase II,
the control chart is used to monitor the process. Process is assumed to be
reasonably stable and emphasis is on process monitoring, not on bringing an
unruly process into control. Please note that, either parametric models or non-
parametric methods can be used in both phases. Finally, it is emphasized that
the aim of the control chart is to quickly identify a possible deviation from a
normal profile pattern, which has made it play an important role in profile

monitoring.

1.1 Functional relationships qualified as profiles

This section will provide some examples where the quality of a process or
product is best modelled by a profile rather than measurements on a single
quality characteristic or a vector of quality characteristics. More specifically,
they were chosen to discuss practical applications from everyday life, where a
profile can characterize the performance of a process or product. Therefore,
below are examples from recent research on applications related to everyday
life.

1.1.1 Profiles of exosomal biomarkers
Delcanale et al. (2018) utilized DNA-PAINT to quantify the active sites on the

surface of nanomaterials. A year later, Chen et al. (2019) applied the above
approach to realize the quantitative profiling of exosomal biomarkers. This
method allows to profile surface biomarkers at the level of an exosome. Figure
1 1 represents the profile of four extracorporeal surface biomarkers (HERZ2,
GPC-1, EGFR, EpCAM) to detect cancer samples in the blood, where the above
biomarkers along with the proteins CD63 and CD81 have undergone

fluorescence.
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Figure 1_1. The profiles of exosomal surface proteins using DNA-PAINT approach for
wide-field TIRF images and for super-resolution images. (Adapted from Chen et al. (2019)).

1.1.2 Profiles of gut microbiota in Sardinian centenarians
Wau et al. (2019) provided a study on the role that the gut microbiota may play

in longevity. More specifically, the research analyses the composition profiles

of the gut microflora of three age groups. For this reason, a sample population
from Sardinia of size 65 (n=65) was used. This sample was classified into the
following age groups: young (n1=19), elderly (n.=25) and centenarians (n3=21).
Figure 1_2 represents the profiles of gut microbiota in the three age groups. As
we can see, the elderly group (E) shared similar profiles with the young group

(YY) but differed from the centenarian group (C).
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Figure 1_2. The profiles of gut microbiota in the three age groups.
(Adapted from Wu et al. (2019)).



1.1.3 Profiles of extracellular vesicles

Huang et al. (2020) provided a study in which they investigated recent
approaches to isolate extracellular vesicles. More specifically, their study
highlights the importance of the profile and corresponding monitoring of
individual extracellular vesicles. Figure 1_3 represents the process of isolating

cells and monitoring their profile over time.
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Figure 1_3. The profile of extracellular vesicles at the single-cell level. (Adapted from
Huang et al. (2020)).

1.1.4 Profiles of cyclic voltammetry

Boonpakdee et al. (2018) provided a profiling method for cyclic
voltammograms. More specifically, by observing the profiles of devices, which
have materials with low electrical conductivity, they concluded that the above
devices may exhibit non-ideal cycle behavior during cyclic voltammetry
(Figure 1_4). Note that the ideal profile of cyclic voltammograms is a

rectangular profile.
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Figure 1_4. Four different cyclic voltammetry profiles. a) ideal

profile. b) slanted, c) blunt, and d) mix of blunt and slanted
profiles. (Adapted from Mathis et al. (2019)).
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1.2 Structure of this thesis

The purpose of this section is to present the structure of this thesis. For this
reason, a brief description of each chapter is given below.

- Chapter 2. Statistical concepts will be developed in this chapter, which
are used in subsequent chapters and are essential for profiling. For this
reason, basic concepts such as the control chart, its structure and its
different types, Phase I, Phase Il as well as the performance measures
used to compare different methods in profiling will be defined and
analyzed.

- Chapter 3. In most calibration applications, the functional relationship
between the response variable and one or more explanatory variables is
given by a simple linear regression model. Since 2007, following
Woodall's seminal review paper (2007), more and more papers have
come to light on profiling methods, focusing mainly on the applications
of simple linear models. In this chapter, after a brief reference to past
methods of monitoring simple linear profiles, we will focus on recent
methods. More specifically, methods will be discussed in cases where,
for example, the assumption of normality does not apply to the linear
model data, the estimation of parameters is done with the help of robust
estimation methods and the monitoring of linear profiles be possible
under the influence of Bayesian approach.

- Chapter 4. This chapter will be divided into two parts, where the first
part will refer to modern methods of monitoring generalized linear
profiles using appropriate control charts in each case as well as robust
estimators will be used to study a method. The second part will discuss
recent methods of monitoring generalized linear mixed profiles,
discussing three different approaches, two of which use robust
estimation methods and the last is done with the help of a weighted score
test.

- Chapter 5. This chapter will discuss recent methods of monitoring
geometric and polynomial profiles. More specifically, there will be a
discussion on circular and cylindrical profiles, followed by recent
methods for monitoring polynomial profiles, mentioning interesting

cases of them.



Chapter 6. This chapter will discuss both recent developments in
nonparametric nonlinear profiles and more general nonparametric
methods applicable to general profiles.

Chapter 7. This chapter will discuss recent developments in monitoring
multivariate profiles. More specifically, appropriate models and control
charts will be used to analyze the methods and draw useful conclusions.
Chapter 8. In this last chapter of the thesis, we will summarize the
important parts of the previous chapters and write the conclusions that

will have emerged regarding recent developments on profile monitoring.



CHAPTER 2

Basic principles

Introduction

The era of globalization and the rapid development of technology brings to the
surface man's need for adaptability and flexibility in the ever-changing
environment he lives in. At the same time, its material needs are constantly
changing and follow the trends of the seasons, resulting in greater demand and
requiring better and better quality in the products of the market. Ensuring high
quality seems to be the key to the survival of factories and industries. Thus,
each manufactory aims at the continuous improvement of its products,
competing with the rest in terms of quality, price and consumer needs. Based
on the above philosophy, the main goal of modern industries is the stable or
repeated production process of a product, so that it can meet to a significant
extent the expectations of customers or exceed them. Therefore, companies
introduced the concept of statistical process control (SPC) into their strategic
planning, a concept which consists of a powerful collection of problem-solving
tools useful for achieving the stability of the production process, differentiation
from other industrial units, high quality and product improvement through the
reduction of variability. It is worth noting that, no matter how well a production
process is structured and designed, there will always be a quantity of natural
variability, which in statistical control is called stable system of chance causes.
This variability occurs under natural causes and will always take a small
percentage of the process, but without being a problem. Thus, the process will
be said to be under an in — control situation. However, other types of variability
that take place in a production process and significantly affect its qualitative
characteristics are called assignable causes of variation. The presence of such
assignable causes transforms the process into an out — of — control state.
Therefore, SPC is an on-line technique that aims to monitor production
processes, reducing variability through elimination of assignable causes and

creating an environment of continuous improvement and productivity.



Furthermore, the seven major tools of SPC, often called “the magnificent
seven”, are the following: a) histogram or stem-and-leaf plot, b) check sheet,
c) Pareto chart, d) cause-and-effect diagram, e) defect concentration diagram,
f) scatter diagram, and g) control chart. Among the above tools, the control
chart is recognized as the most technologically advanced. Its popularity is due
to the fact that is a proven technique for improving productivity and is effective
in defect prevention. Moreover, control charts prevent unnecessary process
adjustment, provide diagnostic information and provide information about
process capability. Finally, control charts have the ability to detect assignable
causes that drive the process out — of — control and, after examining these
causes, completely or significantly eliminate the variability of the process and
turn it into an in — control state.

The continuation of this chapter includes the basic principles and structure of
control charts, the separation of Phase | and Phase Il, the criteria and measures
used to evaluate chart performance. Finally, this section will close by
mentioning basic and useful control charts that will be used in future chapters.

2.1 Structure of the control chart

The control chart represents a graphical display of a quality characteristic that
has been measured from a sample versus the time. This graphic contains a line,
called the center line, which represents the average value of the quality
characteristic. Furthermore, two more horizontal lines, called the upper control
limit (UCL) and the lower control limit (LCL), are included in the chart.
Control limits are particularly useful, as based on them we can determine
whether a process is stable over time or has a change. More specifically, if all
the sample points that have been observed are within the upper and lower
control limits, then this indicates that the process is in — control and no action
is necessary. Conversely, if a point is found outside the control limits, then this
is evidence that the process is in an out — of — control state, and, so, we should
stop the process, find the assignable causes that led the process to such a state,
examine them and then eliminate them. It is worth noting that, control charts
should be thoroughly investigated, as even if all sample points are within the

limits, if they have a systematic or non-random pattern, then this is an

8



indication that the process is in an out — of — control state. Based on the above
information, one could say that control charts have a connection with
hypothesis testing, i.e., they examine the null hypothesis that the process is in
— control (Ho: in — control) versus the alternative hypothesis that the process is
out — of — control (Hi: out — of — control).

As mentioned above, control charts are a useful tool in the field of statistical
process control, as they help experts investigate and monitor a production
process. Profile monitoring approaches are typically divided into two distinct
phases, Phase | (retrospective phase) and Phase Il (prospective or monitoring
phase). These phases serve different purposes, with Phase | involving the
analysis of historical data points. The primary goals of Phase | include
assessing process stability, identifying and eliminating assignable causes, and
estimating process parameters using in — control samples. The aim in Phase |
is on reliably recognizing assignable causes. On the other hand, Phase Il is
focused on quickly detecting shifts based on the estimated parameters obtained
in Phase I. It is reported that the earlier we receive a warning signal about any
changes in the production process, the earlier it will stop so that the problem
can be examined and corrected. Finally, monitoring approaches employed in
these phases differ, utilizing distinct evaluation metrics tailored to their

specific objectives and will be discussed in the next section.

2.2 Evaluation criterion

As mentioned in the previous section, the main objective of the Phase | analysis
is to understand the process and assess process stability, eliminating any
assignable causes of variation. Moreover, control charts are effective at
detecting large, sustained shifts in process parameters, outliers and
measurement errors. Therefore, below we will briefly see the key measures
used in the Phase | analysis to evaluate the control charts in order to ensure that
the process is truly in an in — control situation.
= The most popular criterion for evaluating the performance of a control
chart in Phase | analysis is the signal probability criterion and is defined
as the probability that, at least, one charted statistic falls outside the

control limits interval.



False alarm rate (FAR) is another measure used to evaluate the
performance of a control chart in Phase | and is defined as the probability
of a false alarm at every sampling stage, which is controlled at a desired
level to determine the control limits.

The false alarm probability (FAP) performance criterion is defined as

the overall probability of at least one false alarm during Phase I analysis.

On the other hand, the primary purpose of Phase Il is to monitor the production

process and identify any shifts in it. The monitoring is done with the help of

control charts and their evaluation in Phase Il analysis is carried out with the

following performance criteria:

The most widespread and widely known performance criterion is the
average run length (ARL). This criterion defined as the average number
of samples taken until the chart indicates an out-of-control signal.

The average time to signal (ATS) defined as the average time required
to detect a shift in the process. Please note that, if the samples are taken
in fixed intervals of time that are h hours apart, then the average time to
signal is equal to the average run length of h, i.e.,

ATS = ARLN, (2.1).
In general, the run length is the number of samples taken until the chart
gives an out-of-control signal. Therefore, other popular measures based
on the run-length characteristics of control charts are the standard
deviation of the run length (SDRL), the standard deviation of ARL
(SDARL) which is a very useful metric for measuring the variation of a
process and the average of ARL (AARL) metric. Finally, the coefficient
of the variation of average run length (CVARL) is another performance

criterion and is calculated as:

SDA
CVARL = 224RL
AARL

x 100, (2.2).

10



2.3 Basic control charts

This section will present the most basic control charts used in the field of SPC

in order to monitor a quality characteristic that behaves as a variable. As

already mentioned, in a production process it is necessary to monitor both the

mean value of the quality characteristic and its variability. This action is

implemented by appropriate control charts, the structure of which is briefly

described below.

The x control chart is used to monitor the mean value of the quality
characteristic and the formula for its construction is given below.
Suppose that m samples are collected, each containing n observations of
the quality characteristic. Then, the best estimator of the mean value of
this characteristic is defined by the following form:

X = X1+ X2+ ...+ Xn)/m, (2.3),
where Xirepresents the average value of samplei,i=1, ..., m.

Thus, the Eq. (2.3) represents the center line of the x chart. Based on
this center line, the upper and lower control limits are defined as:
UCL=x+ A2 R, (2.4)
LCL=x—-A2R, (2.5)
where R = [(R1 + R2 + ... + Rn) / m] is the average range and A;
represents a constant value, depending on the sample size, n, that each
professional will use.

The R control chart is used to monitor the variability of the quality
characteristic and the formula for its construction is given below.
Suppose that m samples are collected, each containing n observations of
the quality characteristic. Then, the center line, the upper and lower

control limits, respectively, are defined as follows:

UCL = D4 R, (2.6),
Center line = R, (2.7),
LCL = D3 R, (2.8),

where R = [(R1 + R2 + ... + Rm) / m] is the average range and D3, D4
represent constant values, depending on the sample size, n, that each

professional will use.
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= The exponentially weighted moving average (EWMA) control chart has
the ability to monitor both the mean and variability of the quality
characteristic and the formula for its construction is given below.
Suppose that {x1, X2, ..., xn} samples are collected. Then, the charting
statistic defined as:
Zi=AXi+(1-4)zi1,i=1,2, ..., n, (2.9)
where A (0 < A < 1) represents the smoothing parameter and zo is the
process target.
Please note that, if we want to monitor the mean of a quality
characteristic, then the process target is equal to the process in — control
mean, i.e., zo = po. In this case, the center line, the upper and lower

control limits, respectively, are given by:

UCL = o+ Lo [ 5 1 - (1 — 2)7] (2.10),
Center line = uo, (2.11),
LCL = uo - La\/% 1 - (1 — A2, (2.12),

where L represents the width of the control limits and o is the standard

deviation of the independent variables Xi.
It is worth noting that, the first two control charts, x and R, are very useful for
the Phase | analysis, because the patterns on these charts often provide guidance
regarding the nature of the assignable causes. However, these charts use only
the information about the process, which is contained in the last point, and so,
they ignore any information given by the whole sequence of points. On the
other hand, the EWMA control chart is very useful for Phase Il analysis,
because it takes into account information from previous samples. Furthermore,
it has the ability to detect small changes in a production process and is thus
more effective than the first two, which are sensitive to large changes. Finally,
it is noted that, in the following chapters each new control chart that is
analyzed, depending on the type of each profile it represents, its structure is

described there.
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CHAPTER 3

Simple linear profiles

Introduction

The most common case for monitoring a process or product profile is the simple
linear profile, where it is represented through a simple linear regression model.
According to this model, the response variable is related to a single explanatory
or independent variable through a linear model. Since this is the case, i.e., a
single explanatory variable describes the behavior of the response variable, we
are talking about univariate response data.

For the j™ sample profile, where j = 1, 2, ... is the number of sample profiles,
which is denoted by {(xi, yij), i =1, 2, ..., n}, where n denotes the number of
observations in each profile, we get the following model:

Yii = Bo + faxi + eij, (3.1)
where fo and f1 are the intercept and slope coefficients, respectively and eijj are
the errors of the above model.

The simple linear model in Eq. (3.1) can equivalently be written as:

yij = Bo + Baxi" + &ij, (3.2)
with Bo = Bo + B1%, B1 = P1, and xi" = (Xi — X), where x= Y, x; / n.

A typical assumption in monitoring simple linear regression profiles is that gijj
errors are independent and identically distributed and follow the normal
distribution. However, methods have been proposed in the literature that do not
use the above assumption for errors, such as the method developed by
Noorossana et al. (2007, 2008) in which the simple linear profile for
autocorrelated errors was studied, and the method of Noorossana et al. (2011)
in which the normal distribution of errors was not used for the monitoring of
simple linear profiles, but t-distribution.

To monitor a simple linear profile as a first step is the analysis of Phase I.
During Phase | the parameters of the model are estimated, which will later be
used to design the control charts for monitoring the Phase Il of the model

parameters. Moving on to Phase Il, the focus is on quickly detecting any
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changes in the parameters of the model in relation to the values they had within
control in Phase I. Several scientific studies have been cited in the literature,
such as the method of Zhu and Lin (2009) in which monitoring the slopes of
regression lines for Phase | and Phase 11, the method of Zou et al. (2006) and
the approach of Mahmoud et al. (2007), who studied the change point method
for linear profile data. Based on the above, it is easy to understand that the
distinction between the two phases is necessary. It should be noted here that,
Zou et al. (2007) investigated a method where they avoided, as far as possible,
the distinction between Phase | and Phase Il. However, as there is generally a
distinction between the two phases as mentioned above, different types of
statistical methods have been analyzed in the literature to measure the
statistical performance of each chart to monitor the profile of a process or
product in either Phase | or Phase Il. More specifically, Phase | uses the signal
probability criterion in which performance is measured as the probability of
obtaining at least one charted statistic falls outside the control limits interval.
Finally, the performance of control chart methods for Phase Il is usually
measured based on a statistic, which is adapted from the run — length
characteristics of the control charts. Therefore, such measurements are, for
example, the average run length (ARL), the average number of items observed
(ANI), the adjusted average time to signal (AATS), the steady-state ARL (SS
— ARL), the steady-state SDRL (SS-SDRL), the median absolute deviance
(MAD), the inter quantile range (IQR), the average number of samples until a
signal (ANS), the extra quadratic loss (EQL), the relative average run length
(RARL), the performance comparison index (PCI) and the relative lost in
efficiency (RLE), the average (%) and the standard deviation of estimated
change point (SD(%)). It should be noted that, the run length is the number of
samples taken until the chart gives an out-of-control signal.

Table 3_1 briefly mentions previous research conducted to monitor simple
linear profiles over a decade from 2008 to 2018. More specifically, lists the
researchers, whether the expert study concerned Phase | or Phase Il of the
profile, and the criterion for measuring the performance of the control charts
used. It is worth noting that, as we are talking about monitoring simple linear

profiles of a process or product, we are talking about univariate response data.
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Research Phase | Phase 11 Performance
criterion
Noorossana et al. - Yes ARL
(2008)
Saghaei et al. - Yes ARL
(2009)
Soleimani et al. - Yes ARL
(2009)
Zhang et al. - Yes ARL
(2009)
Ho et al. (2010) Yes - Regression
metric
Li and Wang - Yes AATS
(2010)
Mahmoud et al. - Yes SS-ARL
(2010) & SS-SDRL
Noorossana et al. - Yes ARL
(2010b)
Noorossana et al. - Yes ARL
(2010c)
Noorossana et al. - Yes ARL
(2011b)
Hosseinifara and - - Chpu
Abbasi (2012a)
Hosseinifara and - - Chpu
Abbasi (2012b)
Mahmoud (2012) - Yes ARL & SDRL
Noghondarin and Yes - Similarity index
Ghobadi (2012)
Noorossana and - Yes ARL & SDRL

Ayoubi (2012)

(continued)
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Soleimani and - Yes ARL
Noorossana
(2012)

Wang and - Yes ARL, %, SD(®) &
Huwang (2012) precision
Amiri et al. - Yes ARL

(2013)
Ebadi and - - Coxa & Coy
Shahriari (2013)
Gani and Limam - Yes ARL
(2013)
Soleimani et al. - Yes ARL
(2013b)
Yeh and Yes - Signal
Zerehsaz (2013) probability
Abdella et al. - Yes ATS
(2014)
Adibi et al. - Yes ARL
(2014b)
Amiri and - Yes ARLo, ARL1,
Mohebbi (2014) Cost & Optimum
variables
Amiri et al. - Yes ARL
(2014b)
Farahani et al. - Yes ARL
(2014)
Ghahyazi et al. - Yes ARL
(2014)
Ghobadi et al. Yes - Signal
(2014) probability
Nemati Keshteli - - Cp, Cpk, CpL

et al. (2014a)

(continued)
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Wang and - - SpkA;AR(L)
Tamirat (2014)
Soleimani and - Yes ARL
Noorossana
(2014)
Noorossana et al. - Yes ARLo, ARL1,
(2014b) Cost & Optimum
variables
Zhang et al. - Yes ARL
(2014a)
Zhang et al. - Yes ARL
(2014b)
Aly et al. - Yes SDARL
(2015)
Khedmati and - Yes %, SD(?) &
Niaki (2015) precision
Moghadam et al. - Yes ARL
(2015)
Niaki et al. Yes - Signal
(2015) probability
Noorossana et al. - Yes ARL
(2015a)
Noorossana and - Yes ARL
Zerehsaz (2015)
Vakilian et al. - Yes %, SD(?) &
(2015) precision
Wang and - - SpkA;AR(L)
Tamirat (2015)
Abdella et al. - Yes ARL
(2016)
Chen et al. - Yes ARL
(2016)

(continued)
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De Magalhaes - Yes ARL

and Von

Doellinger

(2016)
Jensen et al. Yes Yes -
(2016)
Huwang et al. - Yes ARL, %, SD(®) &
(2016) correct
classification
Kamranrad and - Yes ARL, MAD
Amiri (2016) & IQR
Karimi - - MCpM
Ghartemani et al.
(2016)

Wang (2016) - - TSpka
Kazemzadeh et - Yes %, SD(?) &
al. (2016b) precision
Moghadam et al. - Yes Process state

(2016)
Noorossana et al. - Yes ARL
(2016)

Tamirat and - - Lot acceptance
Wang (2016) probability
Kazemzadeh et - Yes ATS, ANI

al. (2016a) & ANS

Wang and - - CTpua, CTpLa,
Tamirat (2016) CTouapc &
CTpLA:PC
Zhang et al. - Yes ARL & SDRL
(2016)
Chiang et al. - Yes BCp & BCpk
(2016)

(continued)
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Esmaeeli et al. - Yes ARL & correct
(2017) diagnosis
Kalaei et al. Yes - Signal
(2017) probability
Riaz et al. (2017) - Yes ARL, EQL,
RARL & PCI
Sayyad et al. Yes Yes ARL, SDRL
(2017) & RLE
Taghipour et al. Yes - Signal
(2017) probability
Wang and Huang - Yes ARL
(2017)
Zhang et al. - Yes ARL
(2017a)
Zhang et al. - Yes ARL & SDRL
(2017b)

Table 3_1. A brief overview of methods developed to monitor simple linear profiles from
2008 to 2018. (Adapted from Maleki, M. R., Amiri, A., & Castagliola, P. (2018)).

Finally, based on the fact that, following the detailed review papers of Woodall
(2007) and Maleki et al. (2018) almost a decade later, there is no review paper
available from 2018 onwards, the continuation of this chapter aims to present

recent studies, research and developments for monitoring simple linear profiles.

3.1 Methods for simultaneous shifts in the profile parameters

In this section, two recent studies on simultaneous monitoring of linear profile
parameters will be discussed. In the first place, a study by Saeed et al. (2018),
who examined the monitoring of simple linear profiles based on progressive
mean, will be introduced. Then, the study by Yeganeh et al. (2021), who
developed a new scheme based on a combination of multivariate exponentially

weighted moving average (MEWMA) control chart, which is introduced by Zou
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et al. (2007), and novel run — rules to improve the performance of monitoring

a simple linear profile in Phase II, will be mentioned.

3.1.1 A memory type structure based on progressive mean

In this subsection we will mention the study of Saeced et al. (2018), who
designed a new memory type control chart based on progressive mean in order
to simultaneously monitor the parameters of the simple linear model. Therefore,
for the j'" profile of the Eq. (3.2), the j™ progressive statistics for intercept,

slope and error variance, respectively, are defined as follows:

PMi(j) = Sh_1bor /J, (3.3)
PMs(j) = ¥_ by /], (3.4)
PMz(j) = ¥4 _1[X0 i -9/ (n=2)] /], (3.5)

where bokx and b1k are the estimates of Bo and B of the simple linear model in

Eq. (3.2),respectively, while ¥ is the i!" predicted value for the j'" profile.

In addition, upper control limits (UCL) and lower control limits (LCL),

respectively, for each progressive statistic are in the form of:

For intercept: By + Lio\/1/n f(j), (3.6)
For slope: B; + Ls a\/l/Z?zl(xi — x_)2 10), (3.7)
For error variance: o° + Lg 0°\/2/(n — 2) f{(j), (3.8)

where f(j) = j7*3 * 9 be the penalty function and Li, Ls, Lg are the charting
constants for intercept, slope, error variance of the new progressive mean

control chart, respectively.

Saeed et al. (2018) compared through their study the new progressive mean
chart with already existing and known control charts. So, the comparison was
made with: a) the EWMA/R chart, which is a combination between the
exponentially weighted moving average EWMA chart used to monitor the
average deviation from the in — control profile and the range R control chart
used to monitor the variation about this profile, b) the Hotelling T? control chart

which has as lower control limit the zero and upper control limit the a'" quantile
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of y? distribution, ¢) the EWMA_3 chart which has the three individual EWMA
statistics for each parameter of the simple linear model of Eq. (3.2) and, d) the
Shewhart 3 chart which has the individual Shewhart chart for intercept, slope
and error variance, respectively. The performance measures ARL, RARL,
SRARL, EQL and SEQL were used to compare the above control charts.
Finally, it is worth noting that, during their simulation study, they set an overall
in — control average run length ARL¢ = 200 and therefore the value of q in the

penalty function was set equal to 0.2.
The conclusions reached were as follows:

= For small and moderate shifts in the intercept of the Eq. (3.2), according
to the ARL performance measure, the new progressive mean control
chart performs better than the EWMA 3 and EWMA/R charts, while
these in turn perform better than the Hotelling T? and Shewhart 3 charts.

= For large shifts in the intercept of the Eq. (3.2), the new progressive
mean control chart performs better than the Hotelling T? and Shewhart 3
charts, while these in turn perform better than the EWMA 3 and
EWMA/R charts.

= In general, for any value in the intercept shift in the Eq. (3.2), the values
of ARL, RARL and EQL metrics, which are smaller than those of the
other charts examined, indicate that the progressive mean control chart

performs better at identifying shifts.

= For slope shifts of the Eq. (3.1), the values of ARL, EQL and RARL are
lower for the new control chart than for the rest. Therefore, in this case

too, it seems that the progressive mean control chart performs better.

= For small shifts in the error variance of the Eq. (3.1), it was observed
that the ARL value for the new control chart was lower than for the
others, while for moderate and large shifts the Shewhart 3 chart has a
smaller ARL value. However, for any value in the shift of the error
variance, the progressive mean chart shows smaller values in EQL and

RARL, which indicates that it has better detection ability.
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= For slope shifts of the Eq. (3.2), based on the performance measures
ARL, EQL and RARL, it was observed that these values are lower on
the new control chart than EWMA 3, EWMA/R, Hotelling T? and
Shewhart 3 charts.

* When in the Eq. (3.2) exist joint shifts in intercept and slope, then
according to the ARL the performance of the new progressive control
chart is better than other charts. It is noted that, second in a row comes
the EWMA 3 control chart for simultaneous detection of shift in the

intercept and the slope of the model.

3.1.2 MEWMA control chart with innovative run — rules

In this subsection a novel approach is introduced by Yeganeh et al. (2021) for
enhancing the efficacy of Phase II monitoring of simple linear profiles. This
innovative scheme integrates multivariate exponentially weighted moving
average control charts with a set of new run-rules. Therefore, MEWMA statistic

and the idea of run — rules are briefly given below.

The MEWMA control chart introduced by Zou et al. (2007), is used to monitor
linear profiles and MEWMA statistic, based on simple linear model in Eq. (3.1),

is defined as:

U =W W, i=1,2, ... (3.9)
with W; = 0Z; + (1-0)W;.1, where W;j represents the exponentially weighted
moving average of the vector Z;j for the j*™ profile, 8 (0 < 6 < 1) represents the

smoothing parameter and Z; is multivariate normally distributed vector with

x'x™ | 0)_

mean vector 0 and covariance matrix x = ( 0 1

Furthermore, run — rules can be defined with a rule matrix of dimension S X3,

where S represents the number of rules, as follows:

(Tl P1 ml)
cee cee cee , (3'10)
Ts DPs Mg

where rk (1 <k < S) represents the regions of each rule so that, region 1 belongs

to interval (r1, UCLule), ...., and region S belongs to interval (rs, UCL;ule),
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where UCLyle 1s the upper control limit of MEWMA chart using run — rules, px
(I <k <9) is the maximum acceptable ratio of the number of points in each
region to the total number of points until the current sample and mk (1 <k <8S)
represent the maximum number of points in each region for satisfied rules. As
an interpretation we could say for example that, the first rule shows that if the
ratio of the number of points in region 1 to the total number of points is greater
than p: and at least (m; + 1) points is in this region then , the rule fires, i.e.,

satisfied, and the chart signals an out — of — control situation.

Remarkably, the process is in an out-of-control state when the Uj statistic is
outside the upper or lower control limits, even if the rule has not fired. The
results obtained in Phase II are extracted through a simulation study, where the
new MEWMA scheme is compared with the following known schemes: a) T?
control chart by Kang and Albin (2000), b) EWMA 3 control chart by Kim et
al. (2003), ¢) multivariate exponentially weighted moving average (MEWMA)
control chart by Zou et al. (2007), d) the three distinct cumulative sum
(CUSUM _3) charts to detect step shifts in the model parameters, i.e., intercept,
slope, and error variance, by Saghaei et al. (2009), e) likelihood rate test (LRT),
which is a statistical test of the goodness — of — fit, by Zhang et al. (2009), f)
artificial neural network (ANN1) by Hosseinifard et al. (2011), g) generalized
likelihood ratio (GLR) control chart by Xu et al. (2012), h) variable
simultaneous confidence set (VSCS) by Huwang et al. (2014), i) EWMA — area
control chart, which represents an area-based approach for monitor general
linear profile slopes and intercept simultaneously, by Motasemi et al. (2017)
and j) proposed scheme (PM) by Saeed et al. (2018), which developed in the
previous subsection. Finally, the above comparisons are made in terms of ARL

criterion.
The conclusions drawn are as follows:

= For small positive shifts in the regression parameters of the alternative
linear model in Eq. (3.2), the proposed new method based on both
MEWMA control chart and run — rules were observed to perform better
than the other examined methods, as it receives smaller ARL values and

thus has the ability to detect a change faster. However, for moderate and
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large shifts, other methods were a bit better. Specifically for moderate
and large positive shifts in intercept, CUSUM 3 performs better than
other methods. Moreover, for moderate and large positive shifts in slope
both CUSUM 3 and VSCS methods are better than the others and for
large shifts in error variance CUSUM _3 performs better, again. Finally,
it should be noted that, for small positive changes in the error variance
the proposed method has better results than the PM approach, while for
moderate and large shifts in the error variance the PM was more

efficient.

For positive shifts in the profile parameters, i.e., intercept, slope and
error variance, it was observed that the ANN1 method takes longer to
detect a shift. Therefore, this makes it less effective compared to other

methods.

For decreasing shifts in the profile parameters of model in Eq. (3.2), the
new method seems to work effectively, particularly for small and

moderate shifts.

For uncoordinated shifts in intercept and slope of model in Eq. (3.2), the
EMWA - area method performed significantly better than all other
methods examined in this study for any size of shift, i.e., small, moderate
and large shift, respectively. Moreover, for small shifts, the new
proposed method based on MEWMA control chart and run — rules as
well as the EWMA 3 scheme performed equally well compared to the

remaining methods.

For coordinated shifts in two parameters in the model of Eq. (3.1), the
new approach performs best for small and moderate shifts, as it receives

the smallest ARL values.

For coordinated shifts in two parameters in the model of Eq. (3.2), the
new method performs best in all situations and has absolute superiority
over all the considered approaches in the joint shifts. It is worth
mentioning that the PM method by Saeed et al. (2018) shows the second-
best performance, but the ARL values are considerably greater than the

ARL values of the proposed approach, which prevails in performance.
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3.2 Robust estimation methods for simple linear parameters

In this section we will present three methods, which for the estimation of
regression parameters use robust estimators. In the first place, a study by
Hassanvand et al. (2019), who examined the monitoring two stages of a process
or product, where quality characteristics are represented as simple linear
profiles, will be introduced. Then the study of Salmasnia et al. (2019) will be
discussed, who examined the monitoring of simple linear profiles with the
simultaneous help of EWMA and R control charts under an economic-statistical
design approach, and finally, the research of Moheghi et al. (2020) will be

presented, who monitored simple linear profiles in the presence of outliers.

3.2.1 Robust two — stage process control chart

Considering the well-known cascade property, in which the quality of a process
or product at its current production stage is affected by the quality of its
previous stage, Hassanvand et al. (2019) examined multistage (two-stage)
process monitoring. Specifically, their research focuses on the performance of
the least square estimation method, which is compared to that of Huber's and
bi — square robust estimation methods considering the effect of outliers and
autocorrelations between the two stages. Furthermore, they examined through
a simulation study the performance of least — square, Huber's and bi — square

estimation methods and then proceeded to a comparison of the above methods.

In Phase I of statistical process control, twenty (20) sample profiles were
collected of which each profile contained ten (10) different points and the
process stages were two — stages process. Additionally, the error term in each
profile assumed to follow normal distribution and be independently distributed.
Furthermore, it was assumed that the values of the explanatory variable are
constant for both steps of the procedure. Finally, to generate outliers or
contamination in each run of simulation, each data point is produced according
to a new model with probability p. Thus, p is defined as the probability of

contamination. The hypothetical two-stage process used is the following:

Yijr=1+x+&iji, (3.11)
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Yij2 = @yij1+ 1 +x+ &2, (3.12)
withi=1,...,10, j=1,...,20, x=1,2,3,4,5,6,7,8,9, 10, where ¢ is the

AR(1) model parameter (autocorrelation coefficient of the two stages of

process) and &ij,1 ~ N(0, 61%), €ij2 ~ N(0, 62?), 61> = 627

After generating the data, the profile parameters at each stage for each run were
estimated using both the least square method and the robust estimation
methods. Here it is noted that, the number of simulation runs was equal to ten

thousand (10.000). In summary, the parameter estimates are as follows:
» The least square estimator for f = (X'X)' X" Y.
* For robust estimation methods:
Step 1. Calculate the residuals e; =yi — xif8, where £ is the least square estimator.

Step 2. Calculate the robust scale G,. A popular choice for &, is the median
absolute deviation (MAD), which is an unbiased and robust estimator.

Therefore, 6, = 1.4826*median |e; — median(e;)|.
Step 3. Calculate the standardized residuals u; = ei/ G-

Step 4. Calculate the weights (wi) of the Huber’s and bi — square estimators.
For Huber’s estimators we have, if |ui| < 1.345 then w; = 1 and if |ui| = 1.345

then wi = 1.345 / |uil.

For bi — square estimators, if |ui| < 1.345 then wi = (1 — (ui / 1.345)%)? and if
[ui| > 1.345 then w; = 0.

Note that, we choose 95% efficiency for the above methods.

Step 5. Calculate the weights functions of the Huber’s and bi — square

estimators as W = diag(wi, ..., wa). Here, we have W = diag(wi, ..., Wio).
Step 6. Calculate the new values of the model parameters as:

Brew = (X' W X)! X" WY (weighted least square method).

Step 7. If || .énew - .g |/ ||Bnew|| < ¢ then .éFinal = .énew and end, else .é = .énew
and go back to the Step 1 again.
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The interested readers are referred to the comprehensive article for the detailed
calculation of estimated parameters with the above methods for multistage

process monitoring by Hassanvand et al. (2019).

Next, the criterion of the mean bias matrix (MBM) and the mean square error
matrix (MSEM) was used to check whether the estimated results are close to
the actual value of the parameters. Obviously, smaller values of these criteria
signal to more reliable and accurate estimators. Jain et al. (2011) defined these

criteria as:
MBM(B) = E(B - B), (3.13)
MSEM(B) = E{vec(B - B)" x (vec(B - B)")'}, (3.14)

where B is the matrix of estimated values and B is the matrix of the desired

values of the regression parameters.

For comparison of the MBM values of the estimators, the Frobenius norm

IMBM||r = /tr{MBM’ x MBM}, which is known as mean absolute bias (MAB),
and the trace of MSEM are calculated.

The research examined the following hypothetical scenarios for the value of
the parameter of the new model: (a) change in the profile intercept, (b) change
in the profile slope and (c¢) change in the profile standard deviation error. The

conclusions drawn are as follows:

=  When there is no contamination in the initially data, i.e., p = 0, then all

three methods perform similarly in both stages of profiling.

= For the first stage of the process, as the probability of contamination and
the value of the model parameters increase, robust estimation methods
perform better than the least square method, i.e., robust methods show
lower values. In fact, Huber's method is a bit better than the bi-square

method.

=  When there is contamination in the profile intercepts in both stages of
process, for large values of ¢, i.e., when strong autocorrelation occurs,
then the three methods work similarly in both stages of the process.

However, for contamination in both stages of the process and weak
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autocorrelation, robust estimation methods perform better in the second
stage of the process, as the probability of contamination takes greater
values and the value of the intercept increases, compared to the least
square method. In fact, the bi-square method is better than the Huber s

method.

When there is contamination in the profile slopes in both stages of
process, as the probability of contamination gets higher values and the
slope value increases, Huber's method performs better in the second
stage compared to the bi-square method, which in turn performs better
than the least square method. Finally, the value of ¢ does not affect the
performance of the three methods, and thus, their performance is similar

in both stages for the various autocorrelation values.

When there is contamination in the profile standard deviation errors in
both stages of process, as p gets higher and the standard deviation error
increases, robust estimation methods perform better in the second stage
of the process than the least square method. In fact, for strong
autocorrelation Huber's method is better, while for weak autocorrelation

the bi-square method is better.

At the first stage there are better performances, due to the absence of the

cascade property, compared to the second stage of the process.

As the model parameters have been evaluated in Phase I, the T control chart is

used to monitor the model parameter estimated in Phase II for the two stages

of process. Hassanvand et al. (2019) through a simulation calculated the upper

limit of the T? control chart. Note that, the upper limit was calculated in such a

way for each of the three methods examined that type — I error does not exceed

0.01. When the process is under statistical control for each stage, then the T?

statistic follows a chi-square distribution with two (2) degrees of freedom.

Therefore, for the upper control limit (UCL) it applies that, UCL = )(ia, where

a is the probability of type — I error. The next step is to create out — of — control

samples after a shift in the parameters of the model. It is noted that, the
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parameters in both stages are shifted equally and simultaneously. A brief

description for calculating the probability of signal in Phase II is as follows:

Step 1. Suppose that the initial probability of signal of the T? control chart for

both the first and second stages it is equal to zero, that is, s1 = s2 = 0.

Step 2. Generate m samples and estimate the initial parameters for each method

separately (least square, Huber, bi — square method, respectively).

Step 3. Generate one sample without contamination, i.e., p = 0, but with a shift.
Then, calculate the parameters of this sample using the least square method,

i.e., Ag, s = 1, 2 (two — stages process).

Step 4. Calculate the U; and U, using the U statistic, with the value of U, be the
same for all the three methods. Thus, for the j* profile in the first and second

stages are as follow:
Uj1 = 4, (1% stage), (3.15)
Uia =4, - 21271 4)1 (2" stage), (3.16)

where 3, represents the matrix of covariance between A;, and A;;, while

Y11 is the covariance matrix of 4; ;.

Step 5. Calculate the T? statistic for each stage.

Step 6. For stage 1, if Tinew” > UCL, then s; = s + 1, else s1 = s;.
For stage 2, Tanew” > UCL; then sz = s + 1, else s2 = s».

In each case, he repeated this process 10,000 times, which is the number of

simulation runs.
Step 7. We have, S1=s1/10.000 and S>=s>/10.000,

where S is the probability of signal of the T? control chart for the stage 1 and
S» is the probability of signal of the T? control chart for the stage 2.

The conclusions drawn are as follows:
= In general, when there is no contamination, i.e., p = 0, then all three

methods perform similarly in detecting shift in the parameters in each
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stage. In fact, the performance of the least squares method is a bit better

than the robust methods.

When contamination is present, robust methods appear to perform better
at detecting different types of shifts in the first stage of the process, as
p, intercept, slope and standard deviation error values of the
contamination data in Phase I increase. In fact, the bi-square method is

a bit better than the Huber s method.

When there is contamination in the profile intercepts in both stages and
shifts in the profile intercepts in both stages, for small values of o, i.e.,
when weak autocorrelation occurs, robust methods perform better at
detecting shifts in the second stage of the process, as the probability of
contamination gets higher values and the value of the intercept increases,
with the bi-square method performing slightly better than that of
Huber's.

When there is contamination in the profile slopes in both stages and
shifts in the profile slopes in both stages, whether for weak or strong
autocorrelation, robust methods perform better at detecting a shift in
slopes in the second stage of the process, as p gets higher values and the
value of the slope increases, with the bi-square method performing a

little better than that of Huber's.

When there is contamination in the profile standard deviation errors in
both stages and shifts in the profile standard deviation errors in both
stages, whether for weak or strong autocorrelation, robust methods
perform best in detecting a shift in model parameters in the second stage
of the process. In fact, both the bi-square and the Huber method perform

similarly.

In the combined case, where there is contamination in slopes in the
second stage and shifts in intercepts in both stages, robust methods
perform better than the least square method, either for weak or for strong
autocorrelation. In fact, bi-square method performs a little better than

Huber's.
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3.2.2 A robust economic — statistical design

In this subsection the monitoring of simple linear profiles with the simultaneous
help of EWMA and R control charts under an economic-statistical design
approach will be discussed. This approach is looking for a scheme that can
minimize the expected total cost under uncertain conditions. The expected total
cost is defined as the ratio of the expected cycle cost, due to sampling costs,
false alarms, the detection of an assignable cause, the correction of the process
and its integration from the out — of — control state to the in — control state,
divided to the sum of in — control and out — of — control states considering that
the process at the initial stage was in — control and after some steps a shift was
created. In order to address the above uncertainties of the parameters mentioned
through the definition of the expected total cost, a robust economic — statistical
design (RESD) was presented. For the development of the RESD, the residual
approach was used in which the EWMA and R charts are used for monitoring
the residuals of the simple linear model of Eq. (3.1). Therefore, based on the
simple linear model, the statistic for the EWMA chart for the j™ profile is

defined as:

Zi=lde + (1 +2) e, (3.17)
where A (0 <A < 1) is the weighted constant parameter, the initial value of this

statistic is equal to zero, i.e., Zo = 0 and e; = Z}‘:l(yij — y)/n with y be the

predicted value of the model in Eq. (3.1).
The upper and lower control limits of the above statistic are respectively:

lo + JA/2Z-Nn, (3.18)

where | is the control limit coefficient, 6 and n va eivou the standard deviation
of error term and number of observations in each profile based on the simple

linear model in Eq. (3.1), respectively.
The statistic for the R chart for the j'" profile is defined as:

R; = maxi(e;) — mini(e;),1=1,2, ..., n, (3.19)

The upper and lower control limits of the above statistic are respectively:
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od> t olds, (3.20)

where d2 and d3 are constants that depend on n.
Therefore, based on simple linear model, the RESD model defined as:

minng maxXses E(CS), (32 1)
with ARLo = ARL1, ARL; < ARLy for every s € S, where E(C®) is the expected
total cost for scenarios s per each solution x, ARLr. and ARLy are the lower and

upper bounds for ARLo and ARL1, receptively.

In the above model, as mentioned in the definition of expected total cost, the
parameters of expected time to sample the profile, fix cost of each false alarm,
cost of repairing an assignable cause, quality loss cost in per time unit while
the process is in — control state and out — of — control, respectively, fix cost of
sampling and variable cost of sampling, are considered as uncertain. In fact,
these parameters are not exactly estimated and as a result they deviate from
their estimated values. Finally, to draw conclusions two scenarios are
investigated: a) the above uncertain parameters take 10% deviation from their
corresponding nominal values, and b) the above uncertain parameters take 20%

deviation from their corresponding nominal values.
The results of the survey are as follows:

=  Under 10% shift scenario in Phase II where there is a shift of size 0.5 in
the mean residual, for a small increase in uncertainty in the set of
parameters it was observed that the expected total cost increases
significantly. On the other hand, for a greater increase in the uncertain
condition, the E(C%) does not increase greatly and, so, there is no

significant effect on it.

= Under 20% shift scenario, the results obtained on the effect of
uncertainty on the expected total cost are equivalent to the 10% shift

scenario.

= Comparing the above two scenarios shows that the expected total cost

gets higher values at 20% than in the 10% shift scenario.
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In the 10% shift scenario, as the size of the shift in the mean residual
increases from 0.5 to 0.75 and 1, respectively, the expected total cost

gets smaller values. A similar relationship arises with the other scenario.

3.2.3 Simple linear profiles in the presence of outliers

Because of the outliers, the study of Moheghi et al. (2020) deals with robust

parameter estimation and a comparison are made between robust and least

squares estimators. In addition, the control charts used to monitor the simple

linear profile and compare the robust method with the least square estimation

method were:

Stover and Brill's T? chart, introduced by Stover and Brill (1998), is
based on the simple linear model of Eq. (3.1), referred to as SB method
and the T? statistic follows the Beta distribution with upper control limit

as follows:

UCLsg = (m — 1)? Bi, (m-3)/2, (1-a)/m (3.22)
where m represents the number of profiles and Bg,b,1-o is the 100(1 — a)

percentile of Beta distribution with parameters a and b.

Kang and Albin’s control chart, introduced by Kang and Albin (2000),
is based on the simple linear model of Eq. (3.1), referred to as KA
method and the T? statistic follows the F distribution with upper control

limit as follows:

UCLka =2 F2 mn-2), 1-a, (3.23)
where F2 mm-2),1-« represents the 100(1 — o) percentile for the F
distribution with 2 degrees of freedom in nominator and m(n — 2) degrees

of freedom in denominator.

Kim, Mahmoud and Woodall’s control chart, introduced by Kim,
Mahmoud and Woodall (2003), is based on the alternative simple linear
model of Eq. (3.2), referred to as KMW method and the t statistics which

follow the t — distribution with m (n — 2) degrees of freedom, defined as:
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toj = (By, - By) / {/(m — 1)MSE/mn, (3.24)

tij = (By, - By /J(m— 1)MSE/mS,, , (3.25)
where By, is the estimated parameter of Bo, By, is the estimated parameter
of Bi, By = Y™, By,/m, By = X7, By,/m, Sxx = Yt (xi - %)? and MSE

represents the mean square error.

The interested readers are referred to the comprehensive articles for the detailed
calculation of statistics with the above methods for profile monitoring by
Stover and Brill (1998), Kang and Albin (2000), and Kim, Mahmoud and
Woodall (2003), respectively.

Furthermore, the performance of robust and least square estimators is compared
with the following performance measures: a) probability of signal (POS), b)
fraction correctly classified (FCC), c) specificity, d) sensitivity, e) false
positive rate (FPR), f) false negative rate (FNR) and g) index SOC which is
used to measure the amount of sensitivity for the profile which should be
explored as an out — of — control profile. Please note that, the ideally best
performance occurs when FCC, specificity and sensitivity values increase and
at the same time FNR and FPR values decrease. Finally, it is worth noting that
the parameters of the simple linear model during the robust estimation method
were estimated using the Huber function and the steps of this estimation are

described in subsection 3.2.1.

The conclusions that emerged through a Monte Carlo simulation study are the

following:

* In the SB method, the distribution of the T? statistic is not greatly
affected when robust estimators are used instead of least square
estimators. Therefore, in this method the effect of the choice of

estimation method on the distribution of the statistic is negligible.

= When presented shift in profile intercept and if 10% of observations are
contaminated (i.e., outliers) then the robust estimators give better

estimates in Phase I for profile intercept and error variance.

= When a shift in profile intercept is presented and under the assumption

that 10% of observations are contaminated (i.e., outliers) then the
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estimated Phase I performance measurements are not significantly
affected by the choice of estimation method, i.e., robust or least square

estimation methods, except for the POS performance measure.

When a shift in profile slope is presented and under the assumption that
10% of observations are contaminated (i.e., outliers) then the robust

estimators outperform the estimates from least square method.

When a shift in profile slope is presented and under the assumption that
10% of observations are contaminated (i.e., outliers) then the POS and
SOC performance measures show better (larger) values for the robust

method.

When presented shift in profile error variance and if 10% of observations
are contaminated (i.e., outliers) then robust estimators yield better
estimates in Phase I for profile error variance than least square
estimators. However, there is no significant difference between the two

estimation methods for the rest of the model parameters.

When a shift in profile error variance is presented and under the
assumption that 10% of observations are contaminated (i.e., outliers)
then it was observed that for POS and FPR performance measures the
model parameter estimates during Phase I with the least square method

show better performance.

In general, it was observed that when parameters have been evaluated in
Phase I with robust estimation methods, then ARL values in Phase II are
smaller and therefore can detect shifts in model parameters faster than

least square estimators.

ARL values were lower in both robust SB and robust KA methods when
a shift in profile intercept is created in Phase II compared to ARL values

for least square SB and KA methods, respectively.

When the slope shifts in Phase II, then for a large shift the ARL values

of least square methods perform a little better than robust methods.
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= In general, the combination of robust estimators with the KA method is

preferable to the SB approach.

= For a small number of out — of — control profiles, least square estimators

perform better than the KA method.

3.3 Other techniques for monitoring simple linear profiles

In this section we will talk about three different approaches, where the
monitoring of simple linear models occurs under a specific framework. In more
detail, initially, the study developed by Aytagoglu, B., and Bayrak, O. T. (2019),
who monitor simple linear profiles in the case where the error term of the
simple linear model does not follow the normal distribution, will be discussed.
Then a method for monitoring linear profiles under Bayesian framework, which
was examined by Abbas et al. (2019), will be reported and, finally, a very recent
study will be given by Yeganeh et al. (2023), who implemented a
groundbreaking approach to financial market surveillance with a perspective

on statistical process control charts.

3.3.1 Influence of estimation on simple linear profile monitoring in non —

normal conditions

In this subsection will discuss the study developed by Aytagoglu, B., and
Bayrak, O. T. (2019), who assumed that the error terms of Eq. (3.1) follow
Student's t-distribution and investigated the estimation of unknown model
parameters when in Phase I there are m profiles with the same constant of
observations in each of them. Furthermore, their study investigates the effect
of both estimation and violation of normality assumption in Hotelling T2,
EWMA/R and EWMA 3 control charts. Average run length (ARL) and standard
deviation of run length (SDRL) are used as performance measures to compare
the above control charts. Finally, it is noted that, when the number of profiles

used in the study to estimate the parameters tends to infinity, i.e., m = oo, then
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the parameter values of the simple linear model are simulated using true

parameter values rather than their estimates.
The results obtained from the study were the following:

= For Phase I, when m = o then, as the distribution deviates from the
normality, the values of in — control ARL decrease for all the charts

considered, i.e., Hotelling T?, EWMA/R and EWMA_3 control charts.

» Under the assumption of normality for estimating model parameters in
Phase I, when the number of profiles is bigger than ten, i.e., m > 10, then
the Hotelling T?> and EWMA/R charts show larger in — control ARL
values than the EWMA 3 control chart. This shows that the first two

charts have fewer false alarm rates.

= Assuming normality for estimating model parameters in Phase I, when
the number of profiles is ten, i.e., m = 10, then the EWMA_3 control
chart shows ARL values closer to the theoretical value than the other two

charts, which indicates that it performs better.

= In general, under normal conditions, the EWMA has lower ARL values
with known parameters than when m > 10 and its SDRL is much less
than the other charts. Therefore, EWMA method performs better than the

others.

= Under the assumption of nonnormality for estimating model parameters
in Phase I, it was observed that as the number of Phase I profiles used
in estimation is small then the values of the ARL performance measure
for all control charts examined increase. Conversely, when the number
of Phase I profiles used in estimation increases, the ARL wvalues

decrease.

= Under the assumption of nonnormality for estimating model parameters
in Phase I, something similar happens with SDRL values, i.e., as m
increases, SDRL values decrease. Therefore, for a larger number of

profiles, the control charts perform better.
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Under normal distribution, for large shifts in the profile intercept during
Phase II all charts have similar ARL values for the known parameter
case, regardless of the number of profiles used in Phase I. Therefore, for
large shifts in the intercept the effect of estimation is negligible and, so,

any number of profiles can be used, even small number.

Under normal distribution, for small shifts in the intercept it was
observed that ARL values increase requiring a larger number of Phase I

profiles used in estimation to eliminate the estimation effect.

For any shift in the profile parameters and under t-distribution, the ARL
values are heavily influenced by estimation, resulting in control chart
performance being downgraded. It is worth noting that, when the degrees

of freedom of t-distribution increase, this effect is less.

Under normality, when there is a large shift in the intercept then the
Hotelling T? chart has large SDRL values, while the SDRL values are
similar and smaller in the EWMA/R and EWMA 3 control charts.

Under normality, when there is a small shift in the intercept then the
SDRL values of the charts are equivalent to those of the ARL, i.e., the
values increase so that a larger number of Phase I profiles used in

estimation to eliminate the estimation effect are needed.

In general, under normality, EWMA 3 is less affected by estimation and
performs better than EWMA/R, which in turn performs better than
Hotelling T? chart, which needs more profiles to detect a large shift in

intercept.

Under normality, when there is a shift in profile slope then EWMA 3 is

less affected by estimation and performs better than the rest of the charts.

Under Student's t — distribution, when a slope profile shift occurs then
the estimate affects both ARL and SDRL values as the distribution
deviates from normality. Therefore, since the effect of the estimate is not

negligible, the performance of the control charts is downgraded.
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= Generally, when there is a shift in profile error variance, then as the
distribution deviates from normality there is an increasing estimation
effect. However, it was observed that the examined control charts are
less sensitive to estimation compared to cases where there is a shift in

intercept or slope.

3.3.2 A Bayesian approach with random variables

In a profiling process, parametric uncertainty, which occurs when changes
occur on a frequent basis aiming at the efficiency of the process, can be
incorporated in the form of probability. In the view of Bayesian approach, this
parametric uncertainty is called prior distribution and was used in the study by
Abbas et al. (2019), where they investigated profiling by considering both

process parameters and the explanatory variable as random (rather than fixed).

In Phase I of statistical process control, the task is to evaluate the parameters
of the model. Abbas et al. (2019), tested the parameter estimation based on the
Bayesian framework. For this reason, the first step is the choice of prior
distribution. It is known that, for the selection of the prior in Bayesian set there
are the following approaches: a) subjective approach, b) pragmatic approach
(conjugate prior), and c) objective approach. In this study, both the subjective
and pragmatic approaches were used, while assumed non-conjugate and

conjugate priors for the integration of parametric uncertainty.

For Bayesian estimation using non-conjugate priors, the non-conjugate priors
of Bramwell, Holdsworth, Pinton (BHP) distribution, introduced by Bramwell,
Holdsworth and Pinton (1998) and used for the intercept and slope of the model,
were examined, while for the variance errors the non-conjugate Levy prior
distribution was used. Therefore, let it be Bof™(vo,&0), Bif (vi,&1), 6°f (o) the
priors for intercept, slope, errors variance, respectively, where (vo,v1,£0,&1,0)
are the hypers parameters. The following estimates then arise for intercepts and

slopes of posterior distributions for the j' profile:
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bow = [(nyiéo + 3 012)50363619(;—3) + (vo — &’)ai’] / [njé‘o"eXP(;—g/ + 0/’], with

variance ogn° = [0j2§o4exp(‘;—g)] /[njfo"exp(‘;—g) + 0/7], (3.26)

binj = [(&1Xi=1(xij - %) yij + %0/'2) 513€XP(§—1) + (vi = &rP)ai’] / [Beq (X - %)’
514exp(‘;—1) + o07], with variance o,° = [ojzéﬁexp(‘;—i)] /
[SF(xy - BYe exp(g)+or]. (3.27)
where 6% is the variance of the error terms &ij for the j™ profile.

However, this research studies a model in which the explanatory variable is
random. Therefore, due to this randomness, Eqs. (3.26) and (3.27) are

transformed as follows:

. . *
bonj” = bonj + b1y pixj, With variance con° = 60n° + binj’ 037, (3.28)
binj" = (binj— B1) / /alznj, with the same variance o, as above, (3.29)

where pxj and oxj> is the mean and variance of the explanatory variable,

respectively.

Finally, the estimates of the posterior distribution for errors variances are as:
onj = (nj + 1) /2, and Baj = {(Co / 2) + [(n — 2)5i?] / 2}, (3.30)
where o> = XL (Vij - Boj — Byjx{})* / (nj—2).

For Bayesian estimation using conjugate priors, the conjugate prior
distributions of normal for the intercept and slope coefficients was used, while
for error variance the conjugate prior of inverse gamma was used. Therefore,
let it be BoN(bo,Ao?), BiN(b1,A1?), 6?IG(¢o,p1) the priors for intercept, slope,
errors variance, respectively, where (bo,Ao>, bi,A%,¢p0,01) are the hypers

parameters. The following estimates are then obtained for intercepts and slopes

of posterior distributions for the j'" profile:
b()nj': (l’lj)_/j/l()z + by O'jz) / (I’ljﬂ()2 + O'jz), with O’()nj'2 = 1020'1'2 / (l’ljﬂ.()z + O'jz), (3.31)
binj = [Xi1(Xij - X)yij Ar* + br a/’] / [Xi=1(xij— %)? A7 + o;’], with variance

o’ =A% af /[Ty (xij - %) A7 + o). (3.32)
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However, this research studies a model in which the explanatory variable is
random. Therefore, due to this randomness, Eqs. (3.31) and (3.32) are

transformed as follows:

bonj~ = bonj’ + b]nj,ﬂxj, with variance O'onfz = O_Onj'z + b]njrz O'ij, (3.33)
binj” = (binj — B1j) / /allflj, with the same variance o;,; ° as above. (3.34)

Finally, the estimates of the posterior distribution for errors variances are as:
an = o+ 2, and By = g1 + [(n—2) 00’] / 2. (3.35)

As the model parameters have been evaluated in Phase I, the Bayesian
exponentially weighted moving average (EWMA) control chart is used to
monitor the simple linear profiles, when the independent variable is random.
To structure this control chart, Abbas et al. (2019) used posterior estimates
under conjugate priors of the profile intercepts, slopes and errors variance,
respectively, which have been estimated in Phase I of the process. Below is
defined the EWMA statistic along with the control limits for each parameter of
the model under Bayesian framework. Therefore, for the j profile intercepts

EWMA statistic is defined as:

EWMA(j) = 0bon~ + (1 — Q) EWMA(j — 1), (3.36)
where 0 is the smoothing constant ( 0 < 6 < 1) and EWMA{(0) = Bo + Bipx.
Moreover, the lower control limit (LCL) and the upper control limit (UCLy) for

the j™ profile intercepts are defined as:

[o [e
LCL; = Bo + Biux — L1 oonj~ oy UCL; = o + Biux + Lioonj~ T (3.37)

where L is the initial value of control limits intercept coefficient (fixed).
For the j'" profile slopes EWMA statistic is defined as:

EWMAs(j) = 0b1,j~ + (1 — O)EWMAs(j — 1), (3.38)
where EWMASs(0) = 0.

Moreover, the lower control limit (LCLs) and the upper control limit (UCL5s)

for the profile slopes are defined as:
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_ ) _ )
LCLs = — Ls /—(2_9), UCLs = + Ls /(2_9), (3.39)

where Lg is the initial value of control limits slope coefficient (fixed).
For the j* profile errors variance EWMA statistic is defined as:

EWMAE(j) = max{0 In(MSE;) + (I — Q) EWMAg(j — 1), In(c)}, (statistic using
log scale), (3.40)
where MSE; is the mean square error for the j'" profile and EWMAE(0) = In(c0?).

Moreover, the upper control limit (UCLEg) using the log scale for the profile

errors variance is defined as:

UCLg = LeJ[6/(2 — 6)] Var{In(MSEj)}, (3.41)

where Lk is the initial value of control limits slope coefficient (fixed).
Finally, for the profile errors variance, again, the EWMA statistic defined as:

EWMAEe«(j) = max{O(MSE; — 1) + (1 — O)EWMAEe~(j — 1), 0}, (statistic using
nature scale), (3.42)
where EWMAE=(0) = 0.

The upper control limit (UCLEg+) using the nature scale for the profile errors

variance is defined as:

UCL = Li=/[0/(2 — 8)] Var{In(MSEj)}, (3.43)

where L+ is the initial value of control limits slope coefficient (fixed).

Notably, the Bayesian EWMA control chart will indicate an out — of — control
signal either when the EWMA statistic is greater than the UCL or when it is
smaller than the LCL. As we saw in the introduction to this chapter, the
performance of control chart methods for Phase II is usually measured based
on a statistic, which is adapted from the run — length characteristics of the
control chart and is suitable for evaluating split shifts. However, Abbas et al.
(2019) studied the case of monitoring linear profiles with a random explanatory
variable, where a sequence of shifts occurs under the Bayesian framework. For
this reason, their research was based on the Monte Carlo simulation method,
the steps of which are summarized below. Therefore, the procedure for

implementing the method is as follows:
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Step 1. Designed the Bayesian EWMA statistics along with the corresponding
control limits for each model parameter (intercept, slope, variance errors), as

defined in Eq. (3.36) — (3.43).
Step 2. Decide about the value of constant 0 and the size of each profile (n).

Step 3. Generate error terms from the normal distribution with mean equal to
zero and standard deviation equal to one, i.e., &j ~ N(0,1), wherei=1, ...,n (n

is fixed from the previous step) and j =1, 2, ...

Step 4. Generate values for explanatory variable, which assumed to follow

normal distribution with mean px and standard deviation ox.

Step 5. Decide about the values of the parameters By and B under in — control

situation.

Step 6. Calculate the response variable y using both the Eq. (3.2) and the values

of parameters from the previous steps.
Step 7. Decide about the values of hyper parameters.

To select the most appropriate values for hyper parameters bo, A%, b1, M? a
method was applied, introduced by Garthwaitea et al. (2013) and concerned
variables that follow normal distributions, while for hyper parameters @o, ¢1 a
method was applied, introduced by Elfadalya and Garthwaitea (2014) and
concerned variables that follow the inverse gamma prior distribution.

Therefore, Bo ~ N(20, 35), B; ~ N(2.5, 12) and ¢? ~ 1G(0.68, 0.3).
Step 8. Select the initial values of L, Ls, and Lk.
Step 9. Calculate the bonj~ and bonj™ as defined in Eq. (3.33) — (3.34).

Step 10. Compute the Bayesian EWMA statistics together with the
corresponding control limits for each profile as defined in Eq. (3.36) — (3.43)

using the values obtained from the previous steps of the procedure.

Step 11. If the statistics of Step 10 are greater than either the corresponding
UCL or smaller than the LCL, then there is an out-of-control signal, and the
value of the ARL is recorded.
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Step 12. Repeat the process a large number of times and find the value of in —
control ARL (ARLy). In each iteration if the value of new in — control ARL is
the same as the specified ARL( value, then continue to the next step. Otherwise,
go back to Step 8, redefine the values of L1, Ls, and Lg, and then continue the

process again.

Step 13. After calculating the value of ARL,, it incorporated into the process a

sequence of shifts in its parameters.
Step 14. Evaluate the out — of — control ARL value (ARL)).

Step 15. Recalculate the EWMA statistics for the profile intercepts, slopes and

errors variance, respectively, under out — of — control situation.
Step 16. Repeat the Step 15 to a point which is out — of — control.

Step 17. Count the values that fall outside the control limits for intercepts,

slopes and errors variance.

Step 18. Repeat the above process a large number of times to get the ARL value,

which is under out — of — control state.
The conclusions drawn are as follows:

= As we know, the values of smoothing constant 6 fluctuate in the interval
(0, 1]. Following the study conducted by Abbas et al. (2019) through a
simulation, it was observed that for smaller values of 0 the performance

of Bayesian EWMA control charts improves.

= Bayesian EWMA control charts, which were used to monitor linear
profiles with a random explanatory variable, are better suited to detect
small shifts in process parameters than large shifts. It is worth noting
that, quickly detection of small shifts in the parameters of a process is
extremely useful in the field of production, as profiling professionals
can obtain a timely out — of — control signal and examine the causes and
whether they need to fix anything for the smooth continuation of the

process.

44



=  Whether log scale or natural scale is used to design Bayesian EWMA
control charts, this does not affect chart performance for intercept and

slope, and it does affect performance for errors variance.

3.3.3 A novel approach to financial market monitoring

This subsection will discuss the study by Yeganeh et al. (2023), who proposed
a new control chart to monitor the price variability of a cryptocurrency pair,
consisting of Bitcoin (BTC) and Ethereum (ETH). Due to the existence of
autocorrelation in financial markets, the new approach proposed in this study
to monitor the economic and financial market (financial surveillance) is
referred to as control chart based on profile monitoring (CCPM). More
specifically, the aim of this new method is to examine the profiles of two coins,
i.e., Bitcoin and Ethereum, predict how the relationship of this currency pair
changes over time, and generate buy and sell signals. Notably, these signals are
equivalent to changing the assets from Bitcoin to Ethereum (for buy) and
Ethereum to Bitcoin (for sell). Therefore, the daily relationship between the
considered assets is referred to as a profile and can be written in the form of a

simple linear model as follows:

ETH;j= Ao + AIBTCij + ¢;,1=1,2,...,24 j=1,2, ... (3.44)
where ETH;j represents a variable of the hourly price of ETH at the i'" hour of
the j'™ day, BTCjj is a variable of the hourly price of BTC at the i™ hour of the
j™ day, Ao, A1 and ij are the intercept, slope and error variance of the linear

model, respectively.

To account for both between and within autocorrelation effects, the model in
Eq. (3.44) is converted to an Autoregressive time series of order one model,

i.e., AR(1) model, as follows:

ETH;j = A9 + A|BTCjj + ¢;,1=1,2,...,24 j=1,2, ... (3.45)
with &ij = pei-n; + aij, aij = ¢&ig-1) +uij, 1=1,2, ..., 24 and j =1, 2, ..., where
&ij and ajj are the correlated error terms, ujj are the independently and identically

normally distributed errors, [p| < 1 and |p| < 1 are the coefficients of AR(1)
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model in a way that p is used within-profile autocorrelation, while ¢ accounts

for between-profile autocorrelation.

The Hotelling T? control chart was used to monitor the model in Eq. (3.45).

Briefly the steps for the CCPM method are as follows:

Estimation step. In this step we classify the profile parameters into a
dataset where the rows represent the days and the twenty-four columns
the hourly values of BTC and ETH assets. If the process is in — control
condition, the parameters are estimated and the limits of the T? control
chart are calculated. It is noted that the chart statistics for each model
profile are not independent of each other due to the between profile
autocorrelation and, thus, do not follow geometric distribution. The
interested readers are referred to the comprehensive article for choosing

an appropriate distribution for the above statistics by Knoth et al. (2021).

Monitoring step. In this step, the process profile is monitored, and the
process is terminated when a warning signal is reached, i.e., when the
T? statistic has gone outside the control limits. It is recommended to
detect at least (NOC + 1) statistically out of control, where NOC
represents the number of consecutive out — of — control profiles, to

terminate the process.

Decision step. In this step we calculate both the average of ETH/BTC
prices (CP) based on the number of profiles we have just before the
process is terminated and the reference price (RP) which is based on the
number of profiles of the estimation step. Therefore, the following

decisions are made:

If CP > RP then sell and if CP < RP then buy, (3.46).

The measure of performance used for the CCPM method was the target ratio

(TR), defined as the relative decrease (increase) in ETH/BTC price based on

the sell (buy) signal. Based on this measure, the following criteria were defined:

a) ratio of uncompleted signals (RUS), b) average of days to desired price
(ADDP), c¢) standard deviation of days to desired price (SDDP), and d) median
of days to desired price (MDDP).
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The results obtained through a simulation study with 1,000 iterations were the

following:

= In most cases, as TR values grew, the values of the four criteria

mentioned above were getting larger values, too.

= When we want to achieve more benefit/profit, i.e., TR price to increase,
then we need more time, i.e., the prices of ADDP, SDDP and MDDP
increase, and therefore the risk increases, i.e., the price of RUS

increases.

= The relationship between the ADDP, SDDP and MDDP criteria and the
NOC is negligible. Therefore, the days it takes to reach the target value
do not depend significantly on the waiting time to reach the necessary

number of signals.

= Out — of — control profiles with larger NOC values imply an increase in
instability in the process and the expectation of it to return to the original

in — control situation.

= Large NOC values signal smaller ADDP, SDDP and MDDP values,

compared to smaller NOC values.

* For larger model parameter shifts, i.e., intercept, slope and error
variance, the average of run length (ARL), standard deviation of run
length (SDRL) and median of run length (MRL) performance measures
had better detection ability. In fact, the variance error was detected more
quickly due to the smaller effect on autocorrelation compared to profile

intercept and slope.
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CHAPTER 4

Generalized linear and generalized linear mixed profiles

Introduction

Generalized linear profiles are an extension of the simple linear profiles we
developed in the previous chapter and are used when the normality assumption
of the response variable is violated, and the characteristics of the process can
be represented as a discrete response data. For this reason, generalized linear
models (GLM) were developed and used to express a profile in which the
distribution of the response variable belongs to the family of exponential
distributions. Therefore, to describe and monitor a generalized linear profile, a

generalized linear model should be used, the form of which is described below.

Suppose yi, i1 = 1, 2, ..., n, denotes the response values, then the form of GLM
1s as follows:

SIE()] = g(ui) =ni =xi'f = Pixir + foxiz + ... + Bpxip, (4.1)
where xi = (Xi1, Xi2, ..., Xip) 1S a vector of independent variables for the ith
observation, B = (B1, B2, ..., Pp)” is the vector of regression coefficients, i.e.,

profile parameters, and g(') represents a link function, which relates the linear

predictor x;i- B to the mean of response variable (p;).

Note that the expected value of response variable is in the form of:

wi = E@) =g'm) =g (xi'p), (4.2).
Furthermore, one of the most widespread types of GLM profiles, used in many
applications of everyday life and has an excellent position in various fields,
such as medicine and pharmacy, is the so-called logistic regression profile.
According to the logistic regression model, the response variables are binomial

variables, and the logistic regression model is in the form of:

In[mi / (1-7)] = g(ui) = g(m) =xi'f,i=1,2,...,n (4.3)
where g(°) is the logit link function and m; = Pr(yi = 1) represents the probability

of success for the i observation.
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On the other hand, linear mixed profiles will be mentioned in this chapter,
which are also an extension of simple linear profiles. More specifically, linear
mixed models (LMM) are models that combine fixed and random effects, and

their form is as follows:

vi=Xifi+Zibi+e,1=1,2,...,n (4.4).
Equivalently, the above model can be given using a general form of LMM as
follows:

Y=XB+7Zb + ¢, (4.5)

where Y is a vector of response variables for all the profiles, X is a matrix
which contains all the X;’s, B represents the fixed effects vector, Z is a diagonal
matrix with Z = diag(Zi), b is the random effects vector and ¢ is the vector of

error terms.

Table 4 1 briefly mentions previous research conducted to monitor generalized
linear profiles from 2008 to 2018. Thus, lists the researchers, whether the expert
study concerned Phase I or Phase II of the profile, and the criterion for

measuring the performance of the control charts used.

Research Phase 1 Phase 11 Performance
criterion
Yeh et al. Yes - Signal
(2009) probability
Shang et al. - Yes ARL & SDRL
(2011)
Paynabar et al. Yes - Signal
(2012) probability, %,
SD(?)
Saghaei et al. - Yes ARL
(2012)
(continued)
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Sharafi et al. - Yes %, SD(R) &
(2012) precision
Koosha and Yes - Signal
Amiri (2013) probability
Sharafi et al. - Yes %, SD(R) &
(2013b) precision
Soleymanian et - Yes ARL & SDRL
al. (2013)
Zand et al. Yes - %, SD(R) &
(2013) precision
Sharafi et al. - Yes %, SD(?) &
(2014) precision
Sogandi and - Yes %, SD(R) &
Amiri (2014a) precision
Sogandi and - Yes %, SD(?) &
Amiri (2014b) precision
Shadman et al. Yes - Signal
(2015) probability, T,
SD(%)
Abbasi Charkhi - - Cp
et al. (2016)
Shang et al. Yes - Signal probability,
(2016) bias of %, precision

& accuracy of
identifying shift

directions

(continued)
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Amiri (2018)

Amiri et al. - Yes ARL
(2017)
Hakimi et al. Yes Yes Estimated
(2017) regression
parameters, ARL
Maleki et al. - Yes ARL
(2017a)

Maleki et al. - Yes %, SD(R) &
(2017Db) precision
Shadman et al. - Yes ARL, SDRL, %,
(2017) SD(7) &

diagnostic

probability
Sogandi and - Yes %, SD(?) &
Amiri (2017) precision
Khosravi and Yes Yes ARL

Table 4_1. A brief overview of methods developed to monitor generalized linear profiles
from 2008 to 2018. (Adapted from Maleki, M. R., Amiri, A., & Castagliola, P. (2018)).

Finally, considering the gap that exists after the year 2018, after the review
contributions by Woodall (2007) and Maleki et al. (2018), the continuation of

this chapter aims to present some recent studies, research and developments for

monitoring generalized linear and generalized linear mixed profiles, to provide

an up-to-date exploration of the field's contemporary developments.
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4.1 Robust estimation methods for generalized linear and generalized linear

mixed profiles

In this section, three recent developments will be discussed, one of which
concerns the monitoring of generalized linear model (GLM) profiles, while the
last two approaches concern generalized linear mixed model (GLMM) profiles,
using robust estimation methods. In the first place, the study of Moheghi et al.
(2021), who monitored two types of GLM profiles under the influence of
outliers, will be developed. Then, we will discuss the study by Nassar and
Abdel-Salam (2022), who monitored linear mixed model (LMM) profiles using
the model robust regression 2 (MRR2) method for Phase II analysis. This
section will close with the research of Bandara et al. (2020) in which the
assumption that, the response variable can be correctly modelled using

generalized linear models, is unknown or uncertain.

4.1.1 Robust estimators for logistic and Poisson profiles

As mentioned in the introduction to this chapter, generalized linear models are
used to describe and monitor models where the distributions of response
variables belong to the family of exponential distributions, such as Bernoulli,
Binomial, Poisson, Exponential and Gamma distributions. Thus, the study of
Moheghi et al. (2021) investigates logistic/Binomial and Poisson profiles and,
due to the presence of outliers in Phase I, uses the robust method to reduce the
effect of outliers and to estimate the parameters of the above profiles. Finally,
of particular interest is the comparison of the robust estimation method with
the maximum likelihood estimation (MLE) method in terms of average run

length (ARL) criterion.

Before giving a brief description of the robust and MLE methods, it is recalled
that for the logistic profile the model will be used in Eq. (4.3), while the model

for the Poisson profile is described below.

Suppose Yi, i =1, 2, ..., n, are Poisson response variables with parameter Ai.

Then, the Poisson model, which uses the log link function, is of the form:
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g(uy) = In(uy) = In() =xi’p,i=1,2, ...n (4.6)
with Ai = exp(xi B).

Therefore, based on the general formula of the generalized linear model of Eq.

(4.1), the maximum likelihood estimators (MLEs) are as follow:

= (XWX XWq, (4.7)
with q = Xg + W' (y - f1), where f represents a vector of the least square
estimator of B, /i is the vector of expected estimation value of response variables

and W represents a diagonal matrix that includes estimators for the oi? = var(yi).

The above formula of Eq. (4.7) can be used appropriately for any GLM profile.
In the present study it was used through a Monte Carlo simulation study with

the use of R software for the logistic and Poisson profiles.

On the other hand, the robust method developed in this study is inspired by
Cantoni and Ronchetti (2001), who assessed the parameters of GLM using the
quasi — probability approach. Thus, this method is known as the robust C — R
estimation method and results from the following form:

Saly(r)o(x) 55— a@)] = 0, (4.8)

with Q(B) = (1/n)*2?=1E[w(ri)]m(xi)%fi—# , where y represents the Huber

function which was defined in the Section 3.3, ri = (yi — Wi) / oi, 6i> = var(yi)

and o(x;) represents the weight of the i™ observation.

Note that the T? control chart is used to monitor GLM profiles. The conclusions

that emerged through a simulation study were the following:

= For the estimation of the parameters of a Poisson profile in Phase I, it
was observed that either in the case where outliers are generated by
shifts in profile intercept or in the case where outliers are generated by
shifts in slope, the robust C — R estimators are not sensitive to the
presence of outliers, while MLEs are very sensitive to contamination

(i.e., to outliers).

= For the ability to detect shifts in the parameters of the Poisson model in

Phase II, it was observed that the T? control chart based on C — R
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estimation method is more efficient and detects a shift faster than the T?

control chart based on the MLE method.

= For the estimation of the parameters of a logistic profile in Phase I,
where data have generated with 10% contamination, it was observed that
C-R estimators are more accurate and effective than MLEs, which are

very sensitive to the presence of outliers.

= For the ability to detect shifts in the parameters of the logistic model in
Phase II, it was observed that the T? control chart based on C — R
estimation method is more efficient and detects a shift faster than the T2

control chart based on the MLE method.

» In general, it is concluded that the C — R estimation method is insensitive
to the presence of outliers in Phase I data and has better performance for

quickly detecting shifts in the profile parameters than the MLE method.

4.1.2 A semiparametric technique for Phase II analysis via residuals

In this subsection we will discuss the study by Nassar and Abdel-Salam (2022),
who monitored linear mixed model (LMM) profiles using the model robust
regression 2 (MRR2) method for Phase Il analysis. More specifically, the
MRR2 method is a semiparametric approach, which combines a parametric fit
with a segment dedicated to nonparametric residuals fit. Furthermore, as the
study focused on the Phase Il analysis, the multivariate cumulative sum
(MCUSUM) control charts were used to monitor the slope of linear mixed
models, incorporating random — effects considerations. Of particular interest is
the comparison made between the MCUSUM charts, which are used
appropriately for parametric, nonparametric and semiparametric approaches,
respectively, in terms of their effectiveness and ability to detect a shift quickly.
Finally, the results are obtained with the help of average run length (ARL) and
average time to signal (ATS) performance criteria.

Before proceeding to the conclusions that have emerged from the above study,

we will briefly give the estimates of the parameters of LMM, using the
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parametric, nonparametric and semiparametric methods, respectively.

Therefore, the estimators of linear mixed models are given as follows:

Based on LMM in Eq. (4.5), parameter estimates using the parametric
approach have the following form:

By = (X'VI'X)! (X'V'y) and b, = DZi'V! (yi — XiB,), (4.9)
with V= ZBZ’" + R, be a positive definite matrix, where R represents a
matrix of the variances of the error terms, B is a diagonal matrix with
elements the variance terms of b, i.e., B = diag(D), B, represents the
vector of the fixed — effects p and b,, represents the vector of the random
— effects b.

Using the nonparametric residuals estimation method, according to
which the response variable y fits with the residuals r parametrically,
e, y=1(r) + &(r) +e i1=1,2, ..., n, random — effects estimators for
the i'" profile have the following form:

7= [b, &1 (4.10)
where b, represents the estimated random — effects for the spline
component vector y and , represents the estimated knots.

Using the semiparametric estimation method, according to which
estimators will be derived with the help of the MRR2 approach
introduced by Mays et al. (2000), estimated parametric random — effects
for the i profile are defined as:

U, =[byp, A]’,1=1,2,...,n (4.11)

where 1 represents the estimated mixing parameter.

The last step before commenting on the results of the given research is the

definition of MCUSUM control chart statistics. Thus, these statistics are

defined as follows:

The parametric MCUSUM statistic Si, for the i'" profile is defined as:

If di > k then Sip = (Si.1 + by, - by)(1 — k/d;), else Sip =0, (4.12)
with Sop = 0 and di = [(Si-1 + by - by)” T (Siet + by, - by)]"'2, where k
represents a predetermined constant, ¥ is the variance — covariance
matrix of b, and i represents the vector of the mean parametric

estimated random — effect 5;,.
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* The nonparametric MCUSUM statistic Sinon for the i profile is defined
as:
If di>k then Sinon = (Si-1 + 7, - 7)(1 — k/di), else Sinon =0, (4.13)
with Sonon = 0 and di = [(Si-1 + %, - 7)" 7' (Si-1 + 7, - 7)]"%, where k
represents a predetermined constant, ¥ is the variance — covariance
matrix of 7, and 9 represents the vector of the non-parametric residuals
estimated random — effect 7,.

» The semiparametric MCUSUM statistic Sisp for the i'" profile is defined
as:
If di > k then Sisp = (Si-1 + 3, - P)(1 — k/d;), else Sip=0, (4.14)
with Sosp = 0 and di = [(Siz1 + P, - ¥)” T (Sit + P, - P)]V2, where k
represents a predetermined constant, ¥ is the variance — covariance
matrix of i, and 1/:) represents the vector of the semi-parametric MRR2
estimated random — effect v,.

The conclusions that emerged through a Monte Carlo simulation study were the
following:

= [If the misspecification parameter, denoted as v, is equal to zero, i.e., y =
0, and so, the estimated semiparametric profiles are equivalent to the
parametric profiles, then the ARL values of the parametric method are
smaller and better than the ARL values of the nonparametric approach
using residuals. However, as the values of parameter y increase, the
nonparametric method becomes better than the parametric approach, as
the ARL values become smaller and thus has a better ability to detect a
shift quickly.

* For y = 0 the semiparametric method is characterized as the best and
most effective estimation approach.

= For values of y close to zero, the performance of the parametric with the
semiparametric method is close, while for values of the misspecification
parameter near the unit the performance of the semiparametric method
with that of the nonparametric show similar results.

= Generally, the semiparametric estimation approach, which is based on
MRR?2 technique, was the most sensitive method in detecting shifts for

all the y levels and provided the best estimates.
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4.1.3 Robust profile monitoring for Phase I Analysis

GLMM are extremely popular, as they model many applications from everyday
life and have an important place in the field of product production, and mainly
are used when the response variable follows a nonnormal distribution. Studies
conducted until recently investigated profiling under the assumption that the
response variable can be correctly modelled using generalized linear models.
Bandara et al. (2020) studied the case where the above hypothesis is unknown
or uncertain. For this reason, they proposed two methods for monitor
generalized linear mixed profiles from the exponential family: a)

Nonparametric regression method, and b) Semiparametric method.

4.1.3.1 A nonparametric method for Phase 1

A generalized linear mixed model can be expressed nonparametrically as:

glE(Yy)] = f(xij) + Ci(xij), i =1, 2, ..., mand j = 1, 2, ..., n; (4.15)
where g[E(Yij)] represents the link function applied to the expected value of
Yij, 1 represents the different profiles, while j represents the different
observations within each profile, f(xjj) is the fixed but unknown smooth
function that captures the overall profile average curve, which represents the
average behavior of the functional relationship between response and
explanatory variable and (i(xij) is the i™" profile random smooth function that
captures the random difference between the i'" profile specific curve and the

profile average curve.

Both f(xjj) and {i(xij) can be accessed from the following relationships:
flei) = Bo+ I0_ Byl + Tl ju (i — k)P i=1 omj=1, ..,ni  (4.16)

G(x,j) %bi() +Zf=1bi1xl@j +ZII§2=1tiK (xl-j — k]()p, 1= ], e, M ] = 1, ooy, N (417)

where Bo + XV_, B xfj is the parametric component and Zg;lui,( (xij — kg)P is

l

the spline component for the profile average curve, while bio + X7_, by Xij

represents the random parametric component and YEZ qti (x;; — kg)P

represents the random spline component for the i profile.

The Eq. (4.15) can equivalently be written as:
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glE(Yy)] =Xif+Ziu+Xibi+ Eiti,i=1,....om j=1, ..., n (4.18)

where B = (Bo, P1, ..., Bp)T, u=(ur,uz, ..., uK1)T, bi = (bio, bi1, ..., bip)T, ti = (ti1,
tio, ..., tikz)T, K1 is the number of knots for the profile average curve and K is
the number of knots for the profile specific curve. Moreover, the matrices X,

Zi and E; have the follow fit:

1 x; xﬁ (xip — k)P - (xn — kgo)P
X = : B Z; = : : ,
1xg = xb, King — k)P (xij — kg)?
(xin — k)P (i — k)P
E, = : : .
Xini — k)P - (xy — ki2)?

Equivalently, Eq. (4.18) can be written as:

g[E()] =XpB +ZB, (4.19)
Zl Xl 0 e 0 E1 0 - 0 u

where Z = : : and B = [b], with u = (u1, uz, ..., ux1)’,
Zm 00 - Xp, 00... Ep t

b = (bi, by, ..., bm)T, t=(t1, to, ..., tm)T.

Then, using the maximum likelihood method, estimates for model parameters

B as well as forecasts B are in the form of:

g=X"D'X)'X"D'd, (4.20)
B=MZ"'D' (d-Xp), (4.21)
with D =Z M ZT + 41 417 R A% A1, where M is the covariance matric of B,
A 1s a block diagonal matrix of the first derivatives of the conditional mean
evaluated at the fixed effects estimate and the random effects estimate, A is a
block diagonal matrix containing the variance functions in the diagonal blocks,
R is a correlation matrix and d represents the pseudo-responses vector

representing pseudo responses from all clusters.

Once the parameters of the model have been estimated, it is easy to understand

that the estimates of Egs. (4.18), (4.19) are in the form of:
gP)=Xif+Zia+Xib+Et,i=1 ..mj=1 .. n (4.22)
g =XB+Za, (4.23)

where g(7,) represents the p-spline estimator of the expected values for the it
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profile and g($") represents the p-spline estimation for the expected values of
the profile average curve. Note that, both g(5,) and g(§") were estimated using

the link scale.

The next step is the calculation of the T? statistic in order to detect outlying
profiles, which are characterized in an out — of — control situation. Bandara et

al. (2020) defined the T? statistic as follows:

TP =(g(9)-g()"S" (g(9)-g(®¥),i=1,2,....,m (4.24)
or,
T =(¢,-9)" S (¢,-9),1i=1,2,...,m (4.25)

where S is the estimated variance-covariance matrix for g(#,) and @, = (b,, ;)".
Therefore, a profile is classified as outlying when it applies:

T* = xira-5=1,2 (4.26)
where o represents the significance level and df are the degrees of freedom of
the y? distribution, which are equal to the sum of the numbers of random effects

and knots numbers of each model.

4.1.3.2 A semiparametric method for Phase I

In this subsection, a study, examined by Bandara et al. (2020), will be
introduced, concerning profiling for generalized linear mixed models using a
semiparametric approach. More specifically, their research involved the
introduction of a robust generalized linear mixed model (MRGLMM), which
refer to a statistical framework that integrates both robust regression and mixed
model. In Phase I, where model parameter estimates are made, Bandara et al.
(2020) used a mixed model in which both the parametric and non-parametric
methods are incorporated through a convex combination. Therefore, the form

of MRGLMM in the link scale is defined as:

gy ) =(1-4gHm*) +ig®)i=12 .., m (4.27)
where g(3, 7) represents the MRGLMM fit, g(y, ) represents the parametric fit,
g(9,) represents the nonparametric mixed model fit defined by Eq. (4.22) and A

(0 <X <1)is the mixing parameter.
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Mays et al. (2000) estimated A as follows:

A=Tle(vim) — g(V=M] - [g(y) - 2@ D]/ [(3) — 23D [2(37) - (D], (4.28)
where g(y,-,) and g(y;-,°) represent the nonparametrically and parametrically
estimated expected values for the i profile without the observations from the
i™" profile, respectively, g($°) and g(9 P) represent the nonparametrically and
parametrically estimated profile average curve, respectively. Finally, the vector

(y) is the observation vector of the model.

The next step is the calculation of the T? statistic in order to detect outlying
profiles, which are characterized in an out-of-control situation. Bandara et al.

(2020) defined the T? statistic as follows:

s’ = [g(3,7) — g(@ RIS [g(5,7) — g(pMRAMM)] 1= 1,2, .., m (4.29)

where $°! is an appropriate estimate of the variance-covariance matrix (for

example, pooled sample variance-covariance matrix) and g(y MROLMM) —
2, g(37) / m.

A second way of defining the T? statistic is in the form:

T = (- ) {7 P - D) Wsa - W]/ 2(m = 1)} (- ), (4.30)

with ¥, = ( (1 — D)b,, 1p,)T, i =1, 2, ...,m, where b, is the predicted random
effect for the i'" profile of the parametric GLMM, which estimated using the
pseudo-probability method of Wolfinger and O'Connell (1993), @, represents

the vector of estimated random coefficients as defined through Eq. (4.25) and
=32 ¥ /m
Therefore, a profile is classified as outlying when it applies:

Ts* > x%rq-5=3,4 (4.31)
where o represents the significance level and df are the degrees of freedom of
the y? distribution, calculated as (1 — A)df, + Adfap, with df, represent the
degrees of freedom of the parametric model and dfy;, are the degrees of freedom

of the nonparametric model.
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4.1.3.3 A comparison of methods

This subsection will report conclusions drawn from the study by Bandara et al.
(2020). More specifically, a performance comparison was made between the
nonparametric approach and the semiparametric method. While their
performance research, conducted through a Monte Carlo simulation study,
focused on the univariate regressor situation using a binary response variable,
the resulting conclusions can be generalized to the multiple regressor situation
using any distribution from the exponential family. The model used derived

from Bandara et al. (2020) is in the form of:

Gij(xij)) = (1 —y)(A) +y(B),i=1,2,...m j=1,2, ..., nj (4.32)
where Gij(xij) is the probability of success for the i'" profile at the j™ level of
Xij, ¥ (0 < vy < 1) represents the misspecification parameter, A is a logistic
probability density function and B represents a mix of two logistic probability

density functions.

Therefore, the measures used in this study to measure the performance of the
above methods were simulated integrated mean square error (SIMSE) and
simulated probability of signal (POS) for the analysis of Phase I. SIMSE, which

is a measure of the goodness of fit, is defined as:

SIMSE = 1/m [¥™, (%, - )" (5, - )], i=1,2, ..., m (4.33)
where ¥, represents a vector of estimated values for the i™ profile using either
the nonparametric or semiparametric methods and p; is a vector of the

probability of success for the i'h profile.

POS is defined as the probability that at least one of the T? statistics, defined
for both the nonparametric and semiparametric methods, are outside the limits
in a simulation study. The upper control limit (UCL), in which the

independence of T2, i =1, 2, ..., m was assumed, was defined as follows:

UCL = Xlz—a,df: (4.34)

where y%_ «dr represents the (1 — a) quantile of the ¥* distribution.

In this study, o was set equal to 0.05 and represents the significance level.

The conclusions drawn are as follows:
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As the number of observations in each profile increases, SIMSE takes

smaller values and thus estimates become more accurate.

When the misspecification parameter is equal to zero, i.e., Y = 0 (so, the
model used in the simulation study is equal to the real model), the
adaptation of the model by the semiparametric method consists mainly

of the parametric fit.

When y = 1 then the model adaptation from the semiparametric method

consists mainly of the nonparametric fit.

For intermediate values of y, the semiparametric method model performs

better than that of the nonparametric method.
In general, MRGLMM performs better for misspecification of models.

Control limits increase for each T? statistic as the number of repetitions

decreases.

POS was used as a performance measure to detect step shift in intercepts
in both the nonparametric and semiparametric methods. It was observed
that as the size of the shift increased, the price of the POS became larger,
regardless of the value of y. Therefore, T? statistics can be considered

sensitive to step shift.

The probability of signal value for all T? statistics increases as the

number of repetitions increases.

MRGLMM method performance is better than nonparametric method for

partially misspecified models.

According to the probability of signal criterion, when y = 1 then for
small shifts the performance of the nonparametric method is better,

while for large shifts the MRGLMM method performs better.

According to the POS for drift shift in profile intercepts, the
performance of the semiparametric method is better for partially
misspecified models, while for y = 1 the nonparametric method performs

better.
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= According to the POS performance measure for temporary shifts in the
profile intercepts, it was observed that the T? statistic results of the two
methods are similar to those to step and drift shifts for small values of

parameter y (specifically, for y values = 0, 0.25, 0.5).

4.2 Other techniques for monitoring generalized linear and generalized linear

mixed profiles

In this section we will talk about three different approaches, where the
monitoring of GLM and GLMM occurs under a specific framework. In more
detail, initially, we will refer to the study of Mohammadzadeh et al. (2021),
who monitored logistic profiles using the variable sample interval method in
order to examine whether or not to increase the sensitivity of change detection
in Phase II. Then, we will discuss the study by Mohamed et al. (2022), who
monitored a known type of GLM profile, namely gamma regression model
(GRM) profile, based on identity and log link function. This section will close
with the study by Liu et al. (2018), who investigated the monitoring of

generalized linear mixed model (GLMM) profiles for surgical data.

4.2.1 Adapting to variable sampling intervals: A VSI approach

In this subsection logistic profiles, which are the most popular type of GLM
profiles, were monitored in Phase II with the help of control charts, under the
assumption that one chart parameter, namely the sampling interval, is not fixed
but behaves as a variable. The above method is referred to in the literature as
the variable sample interval (VSI) approach, introduced by Mohammadzadeh
et al. (2021) and is used to test the stability of a process over time in Phase II.
Furthermore, the above study is of particular interest as it proceeds to a
comparison between T2, multivariate exponentially weighted moving average
(MEWMA), deviance (DEV) control chart, generalized likelihood ratio (GLR)
and support vector regression (SVR) methods, drawing conclusions about their

performance where the VSI approach is used and where the sampling intervals
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are fixed. It is noted that the last two methods, i.e., generalized likelihood ratio
and support vector regression, although developed and used in other types of
profiles, for monitoring logistic profiles with binary responses in Phase II are
used for the first time. Finally, the above comparison is made with the help of
the average time to signal (ATS) criterion, which represents the expected time
until a signal occurred. Below are briefly given the statistics of the above

methods, which are based on the logistic regression model of Eq. (4.3).

* The general form of T2 chart statistic for t™" profile is:

T = (Be - Bo)” 2o (B: - Po), (4.35)
where j is the maximum number of profiles, B; represents the vector of
estimated parameters for the t'" profile, Bo is the vector of in — control

model parameters and Xy is the in — control variance — covariance matrix.
* The general form of MEWMA chart statistic for t'" profile is:

MEWMA: = (Zi— o) Zzi" (Zi — Po), (4.36)
with Z; = 08, + (1 — 0) Z.1, where Xz represents the variance —
covariance matrix of Zi, 6 (0 < 6 < 1) represents the smoothing
parameter, Po is the vector of in — control model parameters and S,
represents the maximum likelihood estimation of profile parameters (Bt)

using IWLS algorithm.

» The general form of DEV chart statistic for t'" profile is:

DEV: = {-2[¥i log(m/yie) + Xy yie (i By) - iy mlog (1 + exp(xi Br))] } -
{-2[Xiz1 log(m/yi) +Xizq yie(Xi Po) - Bizymlog(1 + exp(xi Bo))]},  (4.37)
where B, represents the maximum likelihood estimation of full profile
parameters (P¢) using IWLS algorithm, Bo is the maximum likelihood

estimation of reduced profile parameters (P¢) using IWLS algorithm and

m represents the total number of trials.

* The general form of GLR chart statistic for t' profile is:

GLRei = -2[Xiey Xjerr1Yij(xi Po) - Eica Ejmrpamlog(l + exp(xi'fo)) +
Yt Dfmre1 Vij(xi Br) - iy Bforyamlog(1 + exp(xi By, (4.38)

where 1 (1 <t <t) is the unknown time, Po represents the in — control
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parameters’ vector and fB; represents the estimated out — of — control

parameters’ vector.

The SVR method is a machine learning technique, and the general steps

are as follow:

Step 1. Determine the sample size (n), number of trials (m), fixed

sampling interval (do) and the other parameters of the control chart.
Step 2. Specity the upper control limit of the chart using simulation.
Step 3. Determine the sampling intervals d; and d> so that di < do < d>.
Step 4. Calculate the percentage of p as p = [(d2 — do) / (d2 — do)].

Step 5. Generate in — control profiles, which are determined to achieve

a specific in-control ATS and calculate the chart statistic for each one.
Step 6. Count the number of times that d; and d» is utilized.

Step 7. Adjust a warning limit based on the generated profiles to reach

J o

The results obtained through a simulation study were the following:

For shift in the profile intercept, it was observed that, both in the
scenario where the sampling interval is fixed and, in the scenario, where
the sample interval is variable, GLR and SVR methods perform better as
they have lower ATS values compared to T2, MEWMA and DEV control
charts. In fact, GLR and SVR methods have better ability to detect a
shift under the VSI approach.

For shift in the profile slope, it was observed that, both in the scenario
where the sampling interval is fixed and, in the scenario, where the
sample interval is variable, GLR and SVR methods perform better as
they exhibit lower ATS values compared to T?, MEWMA and DEV
control charts. However, for very large shifts in the profile slope the

DEV method seems to perform equally well in both scenarios.

For simultaneous shifts in the intercept and slope, the VSI approach

performs better and in fact, GLR and SVR methods have lower ATS
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values compared to other methods, which makes them more effective at

detecting shifts.

» T2 control chart is the least efficient chart for small shifts, both when the

sampling interval is constant and when it behaves as a variable.

= The bias effect, which means that ATS values in some shifts exceed
specific in-control ATS values, was observed on the T? and MEWMA

control charts.

= In general, it was observed that the VSI method improves the

performance of all charts examined, mainly for small and moderate

shifts.

= For smaller values of d; and for larger values of d> it was observed that
the examined control charts perform better and are more efficient under

the VSI method.

= As the number of trials increases, chart’s performance becomes better,
with GLR and SVR methods showing better performance at detecting

shifts in intercept than others.

4.2.2 Residuals control chart profiling in gamma regression models

In this subsection the gamma regression model (GRM) profile is examined and
monitored during Phase II, where monitoring is based on residuals
exponentially weighted moving average (residuals EWMA) control charts in
order to detect any out — of — control situation. It is noted that the estimation
of the model parameters in Phase I has been performed with the maximum
probability estimation (MLE) method, which was mentioned in the previous
section of this chapter. Furthermore, this study draws conclusions about the
EWMA control charts, as it compares the EWMA chart using deviance residuals
with the EWMA using Pearson residuals. Thus, the comparison is performed on
the EWMA control charts using different residuals, i.e., deviance and Pearson

residuals, and different link function, i.e., identity and log link functions.

67



Finally, the results are obtained with the help of average run length (ARL) and
relative average run length (RARL) performance criteria.

Initially, it should be mentioned that the gamma regression model (GRM) is
applied when the response variable, y, is continuous and positively skewed.
Furthermore, the gamma distribution, which belongs to the family of
exponential distributions with mean 1/¢, ¢>0, is used to model the time
between events or the failure times. Therefore, in this model y represents the
waiting time until an event occurred.

Based on the generalized linear model in Eq. (4.1) the two types of residuals
that will be examined in this study will be briefly presented. Therefore, we have
the following two categories of residuals:

= Pearson residuals are used for the purpose of checking the model for
each observation and are defined as follows:

P =(yi-@) /! Jvar(@),i=1,2,...,n (4.39)
with var(@) = [, (ni - &) / ni], where g, is the fitted mean value.

= Deviance residuals are a likelihood ratio statistic for detecting a mean
shift and are defined as follows:
rid=-23" log(yil @) — ((yi-@&) I &),i=1,2,...,n (4.40)
with @, = g*(xi’B), where g represents the vector of estimators for
parameters f.

Therefore, below are defined the GRM profiles that would be used in the study
by Mohamed et al. (2022).

The GRM with mean and shape structures, using the identity link function for
the mean structure, defined as:

" wi=xi'0,i=1,2,...,n (4.41)
log(6i) = Zi'y,i=1,2, ...,n (4.42)
where Eq. (4.41) represents the mean structure and Eq. (4.42) represents
the regressors Z for the shape structure, with log link function.

The GRM with mean and shape structures, using the log link function for the
mean structure, defined as:

* Jog(pi) =xi'6,i=1,2,...,n (4.43)
log(0i) = Zi'y,i=1,2,...,n (4.44)
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where Eq. (4.43) represents the mean structure and Eq. (4.44) represents

the regressors Z for the shape structure, with log link function.

The conclusions of the research are drawn through a simulation study, where

four, five and ten sample sizes (n), respectively, were used, and the number of

samples (m) was twenty-five, thirty and thirty-five, respectively. Therefore, the

results were as follows:

When using the identity link function, ARL values of deviance residuals
are smaller than ARL values of Pearson residuals for any value in the
sample size.

As the number of samples used in the study increased, the ARL values
became smaller, resulting in better performance for any link function
and type of residuals.

It was observed that for number of sample size equal to four or five, the
highest ARL value - and therefore the worst - was presented for Pearson
residuals, for both kind of link function.

Through this study, it was realized that smaller ARL values occurred
under deviance residuals for both types of link function.

For number of samples equal to thirty and number of sample size equal
to five, the best RARL values were observed in the EWMA statistic for
scenario where it includes log link function and deviance residuals.

For number of samples equal to twenty-five and number of sample size
equal to ten, the best RARL values were observed in the EWMA statistic
for scenario where it includes log link function and Pearson residuals.
Overall, at m = 25 the best RARL values were observed for the log link
function and Pearson residuals, while at m = 30 became the worst RARL
values.

In general, the deviance residuals results have greater effectiveness and

are more accurate compared to Pearson residuals results.

4.2.3 Real-time monitoring of surgical outcomes

Liu et al. (2018) proposed a new efficient control chart, which will be able to

detect shifts both in average levels (i.e., location parameters) and in scale
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parameters (i.e., volatility within the same group), to monitor surgical
performance. Therefore, a weighted score test (WST) statistic was developed
to construct an exponentially weighted moving average (EWMA) control chart
to simultaneously monitor location and scale parameters. The research ends
with a comparison between the above new method and an existing approach

based on the risk — adjusted cumulative sum (RA — CUSUM) control chart.

In studies of surgical outcomes, the model used is based on GLMM and has the

following form:

®(7) = X2 B + a, (4.45)
where o(") is the logit link function, x, represents a vector of a set of risk factors
of the binary outcomes yn, B is a vector of parameters, o represents the intercept
parameter and w, = Pr(yn = 1) = 1 — Pr(ya = 0) represents the surgical failure

rate.

Furthermore, to monitor the 30-day mortality risk of surgical outcomes, Liu et
al. (2018) assumed that for every independent binary outcome yi, i = 1, 2, ...,
n, there will be a random effect yi. Therefore, based on this assumption, the

WST statistic S(0) for the model in Eq. (4.45) is defined as follows:

S(0)=0.5", 41 — D)™ [(yi—m)* —mi(l —m)],i=1,2,...,n (4.46)
where A (0 < 4 < 1) is a smoothing parameter and m; is the surgical failure

rate with logit link function logit(m;) = x;"B + a + vyi.

Therefore, based on the WST statistic the pairs (Xn, yn) are collected and thus
the EWMA control statistic Z, for the n'" observation (xn, yn) is defined as:

Zn:(l _)\4) Zn-l +)\,Yn,n: 1,2, cee (4.47)
with Yn = (yn — n)? — ma(1 — ma) and Zo = 0, where logit(m,) = xa'p + a.

The control chart, which uses Z, for its statistic, is referred to in the literature
as the EWMA chart for surgical outcome (ESOP) and is used to detect upward
shifts and downward shifts simultaneously. Finally, before proceeding to draw
conclusions, we will define the RA-CUSUM chart, as the research compares
the returns of the above control charts. Therefore, the RA-CUSUM chart, which
was introduced by Steiner et al. (2000) and is based on the Wald sequential

probability ratio test, can be written as:
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Z, =max(0, Zo1 + Xun),n=1, 2, ... (4.48)
Zn=min(0, Zn1 — Xn),n=1,2, ... (4.49)
with Zo = 0 and X, = log{[nr?" (1 - wr)! "] / [7a"" (1 — ma)! ~¥"], where 7, =
Pr(yn = 1) represents the surgical failure rate, nir = Rnn / (1 + (R — 1)m,) and R
represents an initial value adapt to the minimal clinically important effect in a
clinical trial. Note that Eq. (4.48) presents the form of the upper — sided RA-
CUSUM chart, while Eq. (4.49) the lower — sided of this control chart.

The conclusions that emerge through a simulation study are the following:

= For the lower-sided charts, when the ESOP receives small values of the
A parameter, then it performs better for small shifts, as the ARL values
are smaller resulting in the ability to quickly detect shifts, while when
the ESOP receives large A values then it has a better detection capability
of large shifts. Finally, the RA-CUSUM chart performs better when
actual shifts mainly match those initial R values that the above control
chart was designed to detect, which take small values. Therefore, the
above control charts are most effective when A and R values decrease.

» For the upper — sided charts, when the ESOP receives small values of
the A parameter, then it performs better for small shifts, as the ARL
values are smaller resulting in the ability to quickly detect shifts, while
when the ESOP receives large A values then it has a better detection
capability of large shifts. Finally, the RA-CUSUM chart performs best
when actual shifts mainly match those initial R-values that the above
control chart was designed to detect, which take large values.

= When the scale parameter is greater than zero, observed that both the
ESOP and the RA-CUSUM charts are effective for detecting shifts by a
large margin.

= In general, the ESOP control chart is more sensitive either for smaller
mean shifts or when shifts are performed in the scale parameters,
compared to the RA-CUSUM chart. Therefore, the ESOP is
characterized as more effective for monitoring random effects belonging

within the same group, than the RA-CUSUM control chart.
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CHAPTER S

Geometric and Polynomial profiles

Introduction

A geometric profile, encompassing roundness, flatness, and cylindricity,
pertains to the characteristics of a two or three-dimensional space. This profile
is derived by assessing the quality features of interest at multiple locations. It
involves the examination and measurement of the dimensional attributes,
ensuring precision and conformity across the specified geometric parameters.
This comprehensive approach provides a understanding of the object's form and
alignment, enabling a thorough evaluation of its geometric integrity. Therefore,

the geometric profile can be modeled in its general form as:

y=/x) te, (5.1)
where y represents the observed deviation from the nominal value, f(x)

corresponds to the system error and ¢ is the error term of the model.

It 1s noted that the following sections will report recent research on two known
types of geometric profiles, the circular and the cylindrical profiles, which will
be appropriately analyzed in the respective sections. Finally, the remaining
sections of this chapter will present studies on monitoring polynomial profiles.
The polynomial profile is a type of profile that belongs to the category of linear
profiles and incorporates a mathematical framework known as polynomial
regression, establishing a model that illuminates the relationship between
explanatory and response variables. The form of a polynomial model is

described below.

Considering {(xi, yij),1=1,2,...,nandj=1, 2, ...} as the jth random sample
and Bo, P1, ..., Pp as the nominal values of the in — control parameters, the

polynomial regression model of order p is defined as:

Vi = Bo + Pixi + faxiZ + ..+ Bpxi + &ij, (5-2)

where x; represents the explanatory variable and ¢;jj is the error terms between
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profiles, which are independent and identically distributed with a normal

distribution, i.e., &ij ~ N(0, ¢?).

In order to eliminate the effect of multicollinearity, Eq. (5.2) can be written

equivalently as follows:

vij = bo + bixi" + boxi 2+ ..+ bpxi*p +e;,1=1,2,...,nandj=1,2, ... (5.3)

where xi" = xi - %, bi = Xb_, Bs (lsc) x % = (1/n) ¥, x; and &ij ~ N(0, ¢2).

Table 5 1 briefly mentions previous research conducted to monitor geometric
and polynomial profiles from 2008 to 2018. Thus, lists the researchers, whether
the expert study concerned Phase I or Phase II of the profile, and the criterion

for measuring the performance of the control charts used.

Research Phase | Phase 11 Performance
criterion
Colosimo et al. - Yes ARL & estimated
(2008) parameters
Kazemzadeh et Yes - Signal
al. (2008) probability, T,
SD(?) &
precision
Kazemzadeh et - Yes ARL
al. (2009)
Amiri et al. Yes - Regression
(2010) metric & Radj?
Pacella and - Yes ARL
Semeraro (2011)
Abdella et al. - Yes ARL
(2012)

Keramatpour et - Yes ARL, %, SD(?) &
al. (2013) precision
Colosimo et al. - Yes ARL & SDRL

(2014)
(continued)
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Keramatpour et - Yes ARL
al. (2014)
Nemati Keshteli - - Cr & Cpk
et al. (2014b)
Viveros — Yes Yes ARL
Aguilera et al.
(2014)
Chen et al. Yes - Probability of
(2015b) signal,
sensitivity &
specificity
Noorossana and - Yes ARL
Nikoo (2015)
Zeng and Chen Yes - Regression
(2015) metric & chart
statistic
Abdella et al. - Yes ARL
(2016)
Chen et al. - Yes ARL
(2016)
Awad (2017) Yes Yes Estimated
regression
parameters &
Radj?
Nie and Du Yes - Identification
(2017) accuracy of
change point &
non — signal
probability
Pacella et al. Yes Yes ARL & SDRL
(2017)

Table 5_1. A brief overview of methods developed to monitor geometric and polynomial
profiles from 2008 to 2018. (Adapted from Maleki, M. R., Amiri, A., & Castagliola, P.




Considering the scholarly gap identified beyond 2018, following the
contributions of Woodall (2007) and Maleki et al. (2018), the remainder of this
chapter seeks to bridge this void. The objective is to present recent studies,
research and advancements pertaining to the monitoring of geometric and
polynomial profiles. This continuation aims to offer an updated exploration by

bringing together some contemporary developments within this field.

5.1 Correlation in profile monitoring methods

In this section we will present three methods, which use correlated data to
monitor geometric and polynomial profiles, respectively. In the first place, the
study of Zhao et al. (2020), who attended an extremely useful type of profile
for the field of geometric specifications, the circular profile, which contribute
to the reliability and durability of products, will be discussed. Then, we will
discuss the study by Zhao et al. (2020) on monitoring cylindrical profiles under
spatial correlations, who proposed a new approach using T? and Shewhart
control charts for monitor the variance of error term. This chapter will close
with the study by Song et al. (2023), who examined the monitoring of
polynomial profiles in the case where response variables behave as attribute
data (categorical or count data) and the observations between profiles are

correlated, i.e., there is between-profile correlation.

5.1.1 Monitoring circular profiles under spatial correlations

In modern manufacturing, the precision of rotary parts relies heavily on
geometric specifications like circularity and cylindricity. As the number of
measurement points increases, traditional statistical process control methods
struggle due to highly correlated measurements. Therefore, Zhao et al. (2020)
studied monitoring circular profiles under spatial correlations and proposed a
new approach using T2 and Shewhart control charts for monitor the variance of

error term. Below, the model used to describe circular profiles is given.
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Suppose that there are m profiles and each profile j (j = 1, 2, ..., m) consists of
n observation points. The deviation of each it" (i = 1, 2, ..., n) point in the j™
circular profile is denoted by yi; and the model is defined as follows:
Vi = Xgo1 psj WO yij + xi B; + ij, (5.4)
where p (0 < p < 1) is the unknown lag coefficient (for spatial correlations), Xi
are the independent variables, Bj represent the coefficient parameters, W is
the s-order spatial weight matrix and «jj represent the error terms, which follow
the normal distribution as &ij ~ N(0, ¢2).
Of particular interest is the comparison made between the new proposed method
described above under spatial correlations and other known methods.
Specifically, the new method is compared with the following methods: a) out
of roundness (OOR) method, which is used to test the accuracy of circularity
and is monitored using the Shewhart chart, b) location control charts (LOC)
method, which monitors data by designing it in the same coordinate system and
is monitored using the Shewhart chart, c) spatial autoregressive regression
(SARX) approach, which examines the effect of spatial correlations on
residuals, is monitored using TZ and residuals charts and the difference with the
new method presented above is that the SARX approach include the error terms
while in the new method they exist in a separate term, and d) principal
component analysis (PCA) method, which is used to monitor T? statistics.
The conclusions obtained through simulation studies, where the results are
obtained with the help of average run length (ARL) performance criterion, are
the following:
= The new method appears to perform better compared to LOC and SARX
methods, which in turn perform better than OOR and PCA approaches.
= For small shifts, it was observed that the new method as well as the
SARX methods perform better and are more effective than the others,
because they have the lowest ARL values. Therefore, the ability to detect
a small shift is faster than the rest of the examined methods.
= Through this study it was observed that the PCA method is not sensitive

to minor shifts and the OOR approach is the least effective.
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= In general, methods using spatial correlations were shown to perform
better than other methods, with the new proposed approach achieving
slightly better results than SARX.

5.1.2 Monitoring cylindrical profiles under spatial correlations

The cylindrical profile is a geometric structure composed of circular profiles.
Using cylindrical coordinates, which extend polar coordinates into three
dimensions, it incorporates a height dimension. Measurement points are evenly
distributed along the axis, forming layers of points with the same height that
constitute circular profiles. The radial position of a point is defined by the angle
(0), and the radius is denoted as r(z, 0), determined by both height (z) and angle
(0). Zhao et al. (2020) studied monitoring cylindrical profiles and they
proposed the following model to take into account the spatial correlations:
Vi = Xgoq psj WO yij + Xi B + aij, (5.5)
with xi"Bj = X Y [AijPj(z)cos(i0) + BijPj(z)sin(i0)], where z€[-1, 1], 0€[-n, =],
Pj(z) represents the ji" Legendre polynomial, Ajj and Bjj are the coefficients in
the systematic error Xi'Bj, p (0 < p < 1) is the unknown lag coefficient (for
spatial correlations), W® is the weight matrix, which is represented by the
rook-based contiguity or the queen-based contiguity and jj represent the error
terms, which follow the normal distribution as &ij ~ N(0, c2).
Of particular interest is the comparison made between the new method under
spatial correlations with other known methods. Specifically, the new proposed
method is compared to the OOR, LOC, SARX and PCA approaches, which were
developed in subsection 5.1.1, simply as we are talking about cylindrical
profiles, axial and radial errors were added to evaluate their performance in
Phase I1.
The conclusions obtained through simulation studies, where the results are
obtained with the help of average run length (ARL) performance criterion, are
the following:
= The new method under spatial correlations and the SARX approach
seems to perform better than the rest of the examined methods, because
they exhibit the lowest ARL values, with the new proposed method

prevailing slightly more.
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= For large shifts the LOC method gives similar results to the new and
SARX methods.

=  Through this study it was observed that the PCA method is not sensitive
to minor shifts and the OOR approach is the least effective.

= It was observed that the axial error can be detected faster than the radial
shift error. Based on this observation and since both in subsection 5.1.1
and here, the new proposed methods presented for circular and
cylindrical profiles, respectively, were compared with common
geometric approaches, we can finally conclude that, comparing circular
and cylindrical methods the detection rate for the cylindrical profiles is

higher.

5.1.3 Monitoring polynomial profiles based on attribute data

This subsection will discuss the study by Song et al. (2023), who examined the
monitoring of polynomial profiles in the case where response variables behave
as attribute data and there is between-profile correlation. The motivation for
the development of their research was a real example of automobile warranty
data, where through it they note a trend where new car models experience a
decline in warranty claims over time, signaling improved reliability in early
manufacturing stages. This reduction in claims offers manufacturers insights
into field reliability, enabling them to enhance product quality and customer
satisfaction. Examining the data from a profile monitoring perspective reveals
a correlation between different profiles. Inspired by learning effects, their study
applies the learning curve model to illustrate the connection between profiles,
particularly the decreasing claim rates or increasing production quantities of
new products. Therefore, below is given the form of the proposed model
developed by Song et al. (2023) based on learning effects/curves, i.e., on the

phenomenon of production and time reduction.

Suppose yij and xjj are the j" observations, j = 1, 2, ..., n, for the i'" profile
response and explanatory variables, respectively. Then, assuming that, {yii, yi2,
..., yin} are independent but the between-profile observations are correlated,

the second-order polynomial model is defined as follows:
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g(:ul]) = ﬁo + ﬁlxij + ﬁle'jz + qﬂlog(Dl)aj = 1) 2” ceey 1 1 = 1: 2: (56)
where g(°) represents a link function, pij = E(yij), B = (Po, B1, B2) is the vector of
the regression coefficients and plog(D;) represents the failure rate decreases for

the i profile, with ¢>0.

Furthermore, the proposed control chart for monitoring and evaluating model

performance is based on the model of Eq. (5.6) and its statistic is defined as:

Ei = J(B.~ pic) + (1 = JEi1, (5.7)
where A (0 < A < 1) is the smoothing parameter, B, represents the estimate of
vector B for the i profile, Bic is the in — control vector of the regression

coefficients and Eo = 0.

It is worth noting that, as the size of products manufactured on the same day
for i'" profile, i.e., the batch size, is time — varying, it is advisable to use
dynamic control limits and not constant-fixed. Therefore, a series of dynamic
control limits are used for each profile and thus, the charting statistic of Eq.
(5.7) was named dynamic exponentially weighted moving average (lIEWMA)
chart. Finally, it is interesting to compare the simulation study between the new
proposed dEWMA control chart and two other charts. Specifically, dEWMA is
compared to a) the generalized likelihood ratio (GLR) chart, which is used for
independent profiles and its control limits are constant, and b) the iIEWMA
control chart, which is identical to the new proposed dEWMA chart, just

ignores between-profile correlation.

The conclusions obtained through a Monte Carlo simulation study using a
second-order polynomial model, where the results are obtained with the help of

average run length (ARL) performance criterion, are the following:

* For shifts in the profile intercept, it was observed that the dEWMA chart
performs best, as it has the smallest ARL values and thus can detect a
change in profile parameters faster than the other control charts
examined. Also, iIEWMA provides better results in turn than the GLR
chart. Note that the effectiveness of dEWMA is due to the fact that it
takes into account between-profile correlation and does not use constant

control limits.
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= As the value of || increases, the ARL values of dEWMA chart increase,
which signals a decrease in chart’s performance, primarily for detecting
small shifts in the profile intercept.

= For small values of A, the dEWMA is capable of detecting a small change
in the profile parameters more quickly, while for larger values of A it is
more efficient for detecting large shifts.

= The iIEWMA chart proved to be very poor since between-profile
correlation is ignored and thus, the out — of — control ARL values are
much larger than the in — control ARL values. Furthermore, GLR control
chart was deemed defective for monitoring polynomial profiles using
attribute data and between-profile correlation and exhibits the worst
performance.

= The control limits of dEWMA do not show a trend, they are random and
small, while the control limit values of iIEWMA chart are very large,
have a trend and after an upward trend they stabilize (not random).

» Integrating the learning effect term into the model proves essential in
characterizing the between-profile correlation and effectively mitigating
the influence of correlated factors on control limits. In general, the
dynamic nature of the control limit in the proposed dEWMA control
chart enhances its accuracy in assessing the product state, effectively
reducing the occurrence of false alarms.

* The study reveals that the variation in within-profile sample size (n)
does not impact the in — control performance of the proposed dEWMA
chart. Even when there are differences in the within-profile sample sizes,
the run length distribution of the dEWMA chart consistently
approximates a geometric distribution. It is worth noting that as n
increases, the ARL values decrease, so that the chart can more quickly

and efficiently detect a change in the profile parameters.

5.2 Methods for simultaneous shifts in the profile parameters

In this section, two methods will be discussed, which refer to the monitoring of

polynomial profiles for the ability to detect simultaneous changes in the profile
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parameters. In the first place, we will discuss the study of Yao et al. (2020),
who proposed a new control chart for monitoring polynomial profiles during
the analysis of Phase Il, while at the end of this section will be presented the
study of Atashgar and Abbassi (2021), who presented a new polynomial profile
monitoring technique designed to effectively detect small shifts during Phase

Il analysis.

5.2.1 Development of a Phase Il control chart using the weighted likelihood

ratio test
Yao et al. (2020) proposed a control chart based on the weighted likelihood
ratio test (WLRT) scheme and, in addition to the ability to detect changes in
the parameters of the polynomial profile, has the ability to detect the decrease
of model variance. Moreover, interestingly, the new proposed method based on
the WLRT scheme is compared to other known approaches. Specifically, the
WLRT control chart is compared with a) T? control chart, b) MCUSUM\y?
control chart, c) MEWMA control chart and d) Ortho chart. Below are briefly
given the statistics for each method. Therefore, we have that:
= T2 charting statistic, introduced by Kang and Albin (2000), is based on
the polynomial model in Eqg. (5.2) and has the following form:
T? = (B, - B) =™ (B, - B), (5.8)
where E] represent the vector of the estimated parameters for the jt"
profile, B = (Bo, P1, ..., Bp)” IS the vector of the nominal values of the in
— control parameters and X represents the covariance matrix of [?]
= MCUSUM charting statistic, introduced by Noorossana and Amiri
(2007), is based on the polynomial model in Eq. (5.2) and has the
following form:

Sj = max{Sj-1 + B(ﬁA} - B) - 0.5D, 0}, (5.9)

with B = (,[?J —B) =1/ D, where D=,/(B*— B) £-1(B*— B), B is the
vector of the nominal values of the in — control parameters, B~ is the

vector of the nominal values of the out — of — control parameters and £

represents the covariance matrix of /?J
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But, to assess error variance concurrently with the MCUSUM control
chart, a suggested approach involves introducing a y? statistic. Thus, the
proposed y? charting statistic is defined as follows:

n° = (Ue®) X, el (5.10)
where €ij = yij — Bo — BiXi — P2xi® — ... — Bpxi® and o? represents the
variance of the error terms.

MEWMA charting statistic, introduced by Zou et al. (2007), is based on
the polynomial model in Eqg. (5.2) and has the following form:

Ui =W 2zt w;, (5.11)
with Wj = AZj + (1 — A)Wj.1 be the EWMA statistic, where L (0 <A < 1)
is the smoothing parameter, Z; = (Zj"(B), Zj(c0))’, oo is the in — control
standard deviation of the error terms, Wo = 0, Z;j(B) = [(ﬁj —B) / oo], 2z
is the covariance matrix of Zj, Zj(co) = ®*{F(n-p) 6,> / co®, n-p)}, @ is
the inverse standard normal cumulative distribution function and F
represents the chi-square distribution function.

Ortho charting statistic, introduced by Kazemzadeh et al. (2009), is
based on the transformed orthogonal model:

Yij = boPo(xi) + b1P1(Xi) + ... + bpPp(Xi) + &ij, (5.12)
where bo, b1, ..., bp are the regression parameters such in Eq. (5.3) under
in — control situation and Po(xi), P1(xi), ..., Pp(Xi) are the orthogonal
polynomials. Thus, the EWMA statistics based on the transformed model
are defined as:

EWMA() = Ab, + (1 - A)EWMA(-1),1=1, ...,p (5.13)
EWMA®(j) = max{L(MSE; — 1) + (1 - )EWMA"(j-1), 0}, (5.14)
with EWMA(0) =bi,1=1,2, ..., p,and EWMA"(0) = 0, where Eq. (5.13)
represents the EWMA statistic for the regression parameters of the
model, Eq. (5.14) represents the EWMA statistic for the in — control
error variance of the error terms, MSE is the mean square error and b,

represent the vector of the least square estimators of regression
parameters for the j™ profile.

WLRT charting statistic, proposed by Yao et al. (2020) for monitoring
polynomial profiles, where in addition to identifying shifts in the
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regression parameters, has the ability to detect variance decrease, is
based on the polynomial model in Eq. (5.3) and has the following form:
Rj. = (Yej/ 00?) + nlog(n oo/ V) —n, (5.15)
where Yej = (1 — 1) Ycj1 + AN, (Yij — bo — baxi™ - ... - bpxi P)?, A is the
smoothing parameter, co? is the in — control variance of the error terms,
Y/:] =(1-2) Yj:l + AX™ . (Yij - by - by Xi" - ... - E; Xi"P)2, bo, b1, ..., bp
are the in-control regression parameters, by, by, ..., E; are the estimators

of the in — control regression parameters, Y¢o0 = n and YC\O =n.

The conclusions obtained through simulation study using a second-order

polynomial model, where the results are obtained with the help of average run

length (ARL) performance criterion, are the following:

For small shifts in the profile intercept, the MCUSUM \y? chart performs
best, while for larger changes it was observed that the Ortho control
chart performs best. Finally, the T? chart shows the worst performance
for any size change in the profile intercept.

For small shifts in the first slope, the recommended WLRT method
performs best, as it has the smallest ARL values and thus could detect
small changes faster than other methods. However, for moderate shifts
it was observed that the Ortho chart performs slightly better than WLRT.
In general, for large changes both Ortho and WLRT approaches perform
equally well and prevail over other methods.

For any size shift in the second slope, the WLRT chart performs better
than the rest of the charts, except in the case of moderate and large shifts,
where the WLRT and Ortho charts show similar returns. Furthermore,
second in performance and efficiency come the MEWMA and
MCUSUM\y? control charts and last comes T? which shows the worst
performance.

In detecting the upward shift of error standard deviation, Ortho control
chart was observed to perform better for small and moderate shifts and
the WLRT performed better for larger shifts. But, in detecting the
downward shift of error standard deviation, WLRT performs best for
small and moderate shifts, while for large changes the MEWMA control

chart shows the best performance.
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* For simultaneous change in the intercept and second slope, T? performs
worst of all the control charts examined. Moreover, for moderate and
large shifts in the intercept and at the same time for small changes in the
second slope, Ortho chart performs better than the others, while for small
shift in the intercept and at the same time for small shift in the second
slope the WLRT chart shows the best performance. In general, as the
change in the second slope gets bigger, then the WLRT performs better
than all other charts.

= In general, for simultaneous changes in the intercept, first and second
slopes, WLRT and Ortho charts perform best, while the T2 control chart
performs the worst. Finally, MCUSUM\y> and MEWMA control charts
perform similarly, with MCUSUM\y?> performing better for larger
changes in first slope and for any change in second slope, while for
smaller shifts in the first slope the MEWMA chart performs a little
better.

= In general, for simultaneous changes in the intercept, first slope, second
slope and error standard deviation, WLRT and Ortho charts perform best,
while the T? control chart is the least efficient. Finally, the MCUSUM \y?
and MEWMA charts perform similarly, with MCUSUM\y? performing
better for larger changes in the error standard deviation and for any
change in the second slope, while for smaller shifts in the error standard

deviation the MEWMA chart performs a little better.

5.2.2 A method for enhancing sensitivity to minor changes

Atashgar and Abbassi (2021) presented a new polynomial profile monitoring
technique designed to effectively detect very small shifts during Phase Il
analysis. Specifically, for Phase Il monitoring, a newly introduced control chart
simplifies the process by employing a single statistic and a singular control
limit to simultaneously oversee all profile parameters. Therefore, based on the
polynomial model in Eq. (5.2), they developed the so-called multivariate
generally weighted moving average polynomial profile (MGWMA-PF) method,

which uses the following statistic in j™" profile analysis:
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Wi =2 (@Y = ¢ Wl + @/ Wo, j= 1,2, ... (5.16)
with V;j = (Vj"(B), Vi(c))" and Wo = 0, where Vj(B) = (B, - B) / o, Vj(c) = @
{F((n-p)c?]2 / 62, n-p)}, Ej represents the vector of the estimated coefficients of
model in Eqg. (5.2), B is the vector of the profile parameters, o represents the
variance of the error term, ® is the inverse standard normal cumulative
distribution function, F represents the chi-square distribution function, a (a>0)
is the adjustment parameter, q (0 < q < 1) represents the design parameter and
67 =1/ (n-p-1)] (yi - XB,)" (¥i - XB))-

Moreover, the above method will indicate a signal that the process is in an out-
of-control state when:

Le < W;" [Var(Wj)]t w;, (5.17)
where Le (Lc > 0) represents the upper control limit, which is determined each
time by the researcher, depending on the in-control average run length (ARL)
value to be used.

Finally, of particular interest is the fact that, through a Monte Carlo simulation
study, the new MGWMA-PF method, which uses Wj statistic, is compared with
other known methods using T2, MEWMA, and multivariate cumulative sum
along with y2 control chart (MCUSUM/y?) statistics, respectively. The format
of these statistics has been given earlier in this section, but the interested
readers are referred to the comprehensive articles for the detailed calculation

of statistics with the above methods for profile monitoring by Kang and Albin

(2000), Zou et al. (2007) and Noorossana and Amiri (2008), respectively.

The conclusions obtained through simulation study using a second-order
polynomial model, where the results are obtained with the help of average run
length (ARL) and standard deviation run length (SDRL) performance criteria,
are the following:
= For small and moderate shifts in the profile intercept, the new proposed
MGWMA-PF method performs better than the others, as it has lower
ARL and SDRL values, respectively, and thus has the ability to detect a
change faster.
= For shifts in the first slope (mainly for small and moderate changes), the
new method performs better than the MEWMA approach, which in turn
performs better than the T> and MCUSUM/y? methods.
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= For small and moderate shifts in the second slope, the MGWMA-PF
approach performs uniformly better than the other methods under
consideration. Furthermore, it was observed that, the MCUSUM/y?
method shows better results than T?> and MEWMA methods.

= For small and moderate changes in the standard deviation, the new
proposed method presents the smallest ARL and SDRL values,
respectively, which marks its best performance.

» For large shifts in model parameters, all examined methods show similar
performances, with the new method appearing to perform more
efficiently.

= Under very small simultaneous shifts in the profile parameters, it was
demonstrated through the simulation study that the new MGWMA -PF
method performs better than the MEWMA approach.

= Finally, an interesting position in the study by Atashgar and Abbassi
(2021) is that the MGWMA-PF method performs better when shifts
occur in the profile intercept than the approach presented in the

subsection 5.2.1, namely WLRT.

5.3 Methods regarding the effects on the Phase Il performance

In this section, approaches to monitoring polynomial profiles will be presented,
where they will examine how various factors affect the performance of Phase
Il analysis in the fullness of time. In the first place, we will discuss the study
by Ghasemi Eshkaftaki et al. (2021), who sought to evaluate how parameter
estimation in Phase | affects the performance of Phase Il control charts.
Furthermore, the study by Liu et al. (2023), who evaluated monitoring
polynomial profiles under the assumption that observed data are not accurate,
will be presented and, finally, the study by Netshiozwi et al. (2023), who
introduced a monitoring framework that utilizes the concept of polynomial
profile monitoring as a data-driven method for overseeing the internet usage of

a telecommunications company, will be discussed.
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5.3.1 The impact of estimation methods on Phase Il performance

In various applications, there is a common assumption that process parameters
are known, but this isn't always the case. In such instances, parameter
estimation becomes necessary, utilizing in — control data collected during Phase
I. The study of Ghasemi Eshkaftaki et al. (2021) aims to assess the impact of
parameter estimation during Phase I analysis on the effectiveness of control
charts in Phase II, specifically focusing on polynomial profiles, an area not
extensively explored previously. Furthermore, the investigation delves into the
influence of sample size in Phase I parameter estimation on the performance of
Phase Il methods and the study seeks to identify optimal methods for parameter
estimation in Phase I for polynomial profiles, aiming to enhance the overall
performance of Phase II control charts. Therefore, initially, the two estimation
approaches that will be used for monitoring polynomial profiles during Phase I
will be briefly given below. The choice of two estimation methods, namely F
and T? approaches, stems from their demonstrated superior performance
compared to alternative methods and are defined as follows:
= The F approach introduced by Kazemzadeh et al. (2008) for polynomial
profiles Phase I monitoring, the idea is based on the fact that all m
samples, each having n; size, merge into a common sample size N =

Z;-”zl n; and the model based on Eq. (5.2) is converted as follows:

vij = foj + Brxi + foxit o+ Ppxi” + ey, i=1, .m0 j=1,..,m
(5.18).
Therefore, based on the transformed model, the statistic used for the F
approach is of the form:
Fj=[((nj-p-1)MSE;/’(nj-p - 1)] / X% ;(nj - p - DMSE; / 6" %1% (n; -
p-1), (5.19)
where MSE; represents the mean square error for the j' profile.

* The T? approach was introduced by Kazemzadeh et al. (2008) for
polynomial profiles Phase I monitoring, is based on the polynomial

model of Eq. (5.2) and the statistical of the method is of the form:

T2 = (B, -B) E1 (B - B, (5.20)

where EJ represents the vector of the estimated parameters for the ji
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profile, E is the average mean of ,l?j and Y is the estimated covariance
matrix.
After assessing the parameters of the model in Phase I, it is the turn to monitor
the stability of the model over time and the ability to detect any shifts in the
profile parameters in Phase II. Therefore, the methods to be used in Phase II
analysis are the following: a) MEWMA method, which was discussed earlier in
this chapter, b) Ortho method, which was also mentioned earlier, and c¢) the
double EWMA based on orthogonal model (dAEWMA-OR) approach, which is
briefly described below.
= The dEWMA-OR method introduced by Shamma et al. (1991), is based
on the orthogonal model of Eq. (5.12), each parameter of the model is
monitored by a separate control chart and so, the dEWMA-OR statistics
for monitoring regression coefficients and error variance, respectively,
are defined as:
AdEWMA-OR(j) = AEWMA(j) + (1-2)dEWMA-OR(j-1), (5.21)
dEWMA-OR"(j) = max{A\EWMA"(j) + (1-2)dEWMA-OR"(j), 0}, (5.22)
with EWMA(G) = Ab; + (1-A)EWMA(-1), dEWMA-OR(0) = b,
EWMA(0) = b;, EWMA"(j) = MMSEj-1) + (1-A)EWMA™(j-1), where
MSE; represents the mean square error for the j profile, L (0 <A < 1) is
the smoothing constant parameter and byj, | = 1, 2, ..., p, are the in —
control regression parameters for the j'™ profile.
The conclusions obtained through a Monte Carlo simulation study using a
second-order polynomial model, where the results are obtained with the help of
average run length (ARL), standard deviation run length (SDRL), average ARL
(AARL) and standard deviation ARL (SDARL) performance criteria, are the
following:
=  When the parameters of the polynomial model are estimated with either
the F or T? methods, then according to the AARL criterion the MEWMA
approach performs better than the other methods under study.
= According to the SDARL metric, estimating the profile parameters with
the F approach in Phase I we observe that the Ortho method shows the
best performance for any number of samples (m). Furthermore,

dEWMA-OR method also has good performance, like that of Ortho.
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However, when the T? approach is used to assess parameters, then the
MEWMA control chart shows the best performance and effectiveness.
It was observed that as the number of samples used in the study
increases, the in — control ARL and AARL values increase, while the in-
control SDARL values decrease. This results from the fact that, as we
consider more samples, then the estimation error decreases and thus, the
in — control ARL and AARL values approach their specified value
(usually the value is 200).

In general, the accuracy of Phase II monitoring greatly depends on the
initial parameter estimation in Phase I. Additionally, when using the
estimated parameters, the ARL values under in — control conditions are
consistently lower than the ARL values based on known parameters.
Therefore, employing estimated parameters not only influences the
performance under in — control conditions but also exerts significant
effects on the ARL and SDRL performance in out — of — control scenarios
across the methods.

In Phase II analysis, when the number of samples tend to infinity, i.e.,
the profiles parameters are known, then for small shifts in the profile
intercept the dEWMA-OR chart performs better than the other control
charts under ARL metric, while for moderate and large changes in the
intercept it was observed that the Ortho method has smaller ARL values
and thus, is considered more effective. However, according to the SDRL
criterion, the dEWMA-OR chart shows better results for detecting a shift
than the other charts.

When profile parameters are estimated using the F method in Phase I,
then for small shifts in the profile intercept in Phase II the dEWMA-OR
chart shows better results for any m, in terms of ARL and SDRL metrics.
On the other hand, for larger changes in the profile intercept, greater
effectiveness is noted by the Ortho approach.

When the estimates of profile parameters are made with the T? method
in Phase I, then for small shifts in the profile intercept in Phase II and
small or moderate number of samples the MEWMA chart shows better
results while for large m the Ortho approach has better results, in terms

of ARL metric. Moreover, for moderate and large changes in the
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intercept the MEWMA method outperforms in relation to the other
methods. Finally, based on SDRL metric, for any sample size it was
observed that MEWMA and dEWMA-OR control charts have the best
performance for fast detection of a shift.

In general, applying the F method for parameter estimation during Phase
I typically leads to enhanced performance of charts during Phase II.

In Phase II analysis, when the number of samples tend to infinity, i.e.,
the profiles parameters are known, then for moderate and large shifts in
the standard deviation the Ortho chart performs better than the other
control charts under ARL metric, while for small changes in the standard
deviation it was observed that the dEWMA-OR method has smaller ARL
values and thus, is considered more effective. However, according to the
SDRL criterion, the dEWMA-OR chart shows better results for detecting
a shift than the rest of the charts and so, this chart has the best
performance.

For any number of samples m and for any estimation method in Phase I,
the dEWMA-OR chart is characterized as the best control chart for
detecting small shifts in the profile standard deviation, while for larger
changes the Ortho chart shows better results.

In general, ARL and SDRL values derived from the F estimation method
are consistently lower than those obtained through the T? method.
Consequently, it is highly advisable to select the F method when
estimating parameters during Phase I, particularly when the profile

parameters are unknown.

5.3.2 The effect of measurement errors on Phase Il performance

Control charts for profile models assume data accuracy, but this is rare in

manufacturing and service settings due to measurement errors. A recent study,

introduced by Liu et al. (2023), explores how neglecting these errors affects

monitoring control charts, and specifically, it focuses on examining the

following well-known charts: a) the double multivariate exponentially

weighted moving average (IMEWMA) control chart, proposed by Alkahtani

and Schaffer (2012) to monitor polynomial profiles during Phase II, b) the
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multivariate cumulative sum (MCUSUM) control chart, introduced by Crosier

(1988) to identify shifts in the polynomial profile parameters, c) the

multivariate exponentially weighted moving average (MEWMA) control chart,

which was introduced by Lowry et al. (1992) to monitor any change in the

regression parameters of a polynomial model, and d) the Hotelling’s T? control

chart, which was introduced by Kang and Albin (2000) to monitor simple linear

profiles and then extended its formula for polynomial profiles by other

researchers. Below are briefly given the charting statistics of the control charts

mentioned above.

The dMEWMA charting statistic for the j" profile, based on the
polynomial model of Eq. (5.2), it has the following form:

dAMEWMA; = d;” > d, (5.23)
with dj = Az; + (1 — A)dj.1, where A (0 <A <1) is the smoothing parameter,
Zj = X(ﬁj - B) + (1 —A)zj-1, [?] represents the vector of the ordinary least
square estimated parameters for the j™ profile, p is the in — control
regression parameters, X represents the variance — covariance matrix of
dj and zo = do = 0.

The MCUSUM charting statistic for the j™ profile, based on the
polynomial model of Eq. (5.2), it has the following form:

If ¢; > c then s; = (sj.1 + B\] - PB)(1 — c/cj), else s; = 0, (5.24)
with ¢j = [(5;-1 + B, — B)" 272 (sj-1 + B, — B)]Y2, where so = 0 and ¢
represents a constant value.

The MEWMA charting statistic for the j™ profile, based on the
polynomial model of Eq. (5.2), it has the following form:

MEWMA; = w;” 21wy, (5.25)
with wj = A(B, — B) + (1 — M)wj.1, where wo = 0.

The Hotelling’s T? charting statistic for the j profile, based on the
polynomial model of Eq. (5.2), it has the following form:

T2 =(B,~B) 27 (B, - p), (5.26)

In real-world scenarios, obtaining precise observations is often challenging due

to the presence of measurement errors. Consequently, an error-prone variable,

denoted as &, is observed and utilized instead of the true variable x. It is
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assumed that the connection between the variable x and the observed variable

¢ can be captured by the model:

E=x+u, (5.27)
For this reason, the polynomial model used to account for the measurement

errors is transformed into the form:

vij = Po + pixi + Poxi? + ..+ Poxif + eij, with & = xij + uyj, (5.28)

where the errors ujj and gj; are independent.

Through a simulation study, the conclusions regarding the effect of
measurement errors on the performance of the examined control charts, in terms

of ARL, were the following:

= The influence of measurements errors on the in — control ARL values
show that, as the standard deviation of measurement errors increases,
there is a corresponding rise in the false-alarm rate. Moreover, the
detection capability of each chart remains nearly unchanged despite
variations in sample size (n).

= The influence of measurements errors on the out — of — control ARL
values show that, in the presence of measurement errors, all the above
control charts have a delay in indicating an alarm compared to scenarios

where measurement errors are absent.

The above conclusions reveal a negative impact on control chart performance,
which may be due to the fact that, when the measurement errors exist then the
vector of the estimated regression parameters for the j profile, i.e., the B\], is
biased. To address this problem, Liu et al. (2023) used: a) the adjusted least
square (ALS) estimators, introduced by Cheng and Schneeweiss (1998), the
idea is based on finding unbiased estimates tij of xj; and replacement of x;; by
t;;, but with the limitation that the ALS estimator, denoted as f8,, is unstable for
small or moderate samples and b) the modified adjusted least square (MALS)
estimators, denoted as B, introduced by Cheng et al. (2000), have the same
asymptotic properties as the B, and are suitable for both small and moderate
samples and larger sample sizes. Thus, the above estimators were used for

control charts reconstruction, where the ordinary least square estimator, f3,, was
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replaced with B, or By. The conclusions for the performance of reconstructed
charts obtained through a simulation study, using a second-order polynomial
model, where the results are obtained with the help of average run length (ARL)

performance criterion, are the following:

= The control charts based on MALS demonstrate superior performance
compared to those based on ALS. This different becomes more
pronounced as the magnitude of measurement errors increases.

* For shifts in the profile intercept and first slope, the dIMEWMA and
MCUSUM charts show the best returns for any value in measurement
error standard deviation.

= For shift in the second slope, it was observed that the AIMEWMA chart
is more efficient than the other control charts under review.

* In general, the AIMEWMA and MCUSUM control charts show better
results for changes in the profile parameters than MEWMA, which in
turn performs better than Hotelling's T2 chart, for various values of the
measurement error standard deviation (oy).

» For shifts in the standard deviation, the T? control chart has the best
performance for 6y < 0.2, while for 6y > 0.2 the MEWMA chart performs

better and more efficiently.

Based on the above conclusions, it is understood that the reconstructed charts
remain affected by measurement errors. For this reason, the following two
solutions have been proposed: a) a multiple measurement approach, and b)
increasing sample size, aiming to minimize the impact of measurement errors.
Please note that, adopting multiple measurements for each sample point has the
potential to decrease the variance of the error component. However, this comes
at the expense of higher measurement costs and additional time. Conversely, an
augmentation in the sample size results in a reduction of the variance in the
monitoring statistic. Finally, the conclusion that emerges from this study, which
focuses on MALS-based charts through a simulation study, particularly the
dMEWMA-MALS scheme is the following:

* In the multiple measurement approach, employing eleven (11)

measurements per observation effectively addresses measurement errors
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when monitoring process parameters. Moreover, it was observed that,
the ARL values are smaller than those without errors, indicating faster
alarms on detecting shifts in the regression parameters. Furthermore,
increasing sample size enhances the AIMEWMA-MALS chart's ability to
detect regression parameters. However, for shifts in profile variance, the
proposed remedial approaches prove ineffective in monitoring profile

error variance.

5.3.3 The impact of a practical application on the profile monitoring

Netshiozwi et al. (2023), motivated by the fact that most profiling research
focuses mainly on constructing various new theories, approaches, control charts
and assumptions, focused on the lack of practical application of the above
concepts and wanted to provide an answer by proposing the direction of
attention to real applications of profile monitoring. Therefore, they introduce a
monitoring framework that adopts a data-driven approach to oversee the
internet usage of a telecommunications company. This framework is based on
the polynomial model of Eq. (5.2), where the explanatory variables represent
hours, i.e., x; = 1, 2, ..., 24, and response variables, yij, represent the usage of
internet in a specific hour. Notably, there appears to be a lack of research
addressing the tangible application of polynomial profiles, as far as the

researchers are aware.

In general, in certain companies such as telecom company, the purchasing
patterns, product consumption, or other quality characteristics exhibit
variations at different hours throughout the day. These fluctuations can carry
significant consequences for the overall performance of the company.
Therefore, the proposed framework aims to enable the daily monitoring of
internet usage, facilitating the detection of any abnormal trends or patterns and

includes the following five (5) stages:

= Model estimation. At this initial stage, the polynomial model is adjusted
and estimated, and then residuals for each profile are calculated.
= Model verification. As a next step, the basic assumptions that the model

should meet are tested. Specifically, the assumption of normality is
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tested through the Kolmogorov — Smirnov test, the equality of variances
between the profiles is checked using the Levene test and, finally, the
existence of within or/and between profile autocorrelation is checked.
Note that, in cases where the assumption of normality or equality of
variances are violated, then an appropriate transformation of the
response variables is applied, while for the existence of autocorrelation
the use of a linear mixed model is recommended.

= Phase I analysis. During this step the outliers are removed until all the
profiles are in an in — control situation and the profile parameters are
estimated.

= Phase II analysis. In this step, the charting statistics that each researcher
will use are calculated (here, the well-known T? and MEWMA control
charts are applied) as well as the corresponding control limits. Finally,
the stability of the model is checked over time in such a way that if the
statistics are outside the control limits, then an alarm will be noted for a
possible out — of — control situation, while if it is within the limits then
the process is in — control and there is not any problem.

= Signal interpretation. As a final step, the researcher should interpret the

signal and find related assignable causes.

The conclusions on the three most popular challenges faced by most companies

are conducted through a simulation study and are the following:

* For the evaluation of irregular patterns in internet usage, it was observed
that, while there is no autocorrelation and equality of variances applies,
the assumption of normality is violated. For this reason, the response
variables are transformed appropriately. Furthermore, during Phase I
analysis, two outliers were found, which were removed from the data,
and it took three iterations to bring the process to an in-control state.
Finally, for its ability to detect shifts in the profile parameters during
Phase II, the T? chart performed quite poorly, especially in detecting
small changes. In contrast, the MEWMA chart proved significantly
superior to the T? control chart, demonstrating in enhanced capability to

identify even minor shifts.
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To assess the impact of discount policy, where the aim is to find how
and when the proposed scheme identifies the increase in hours of internet
use when there are discounts for specific hours, it was observed that
while equality of variances applies, there is nonnormality and between-
profile autocorrelation. Moreover, the T? control charts demonstrated
superior performance by quickly detecting the out-of-control situation
on the first day of the discount, whereas the MEWMA chart required two
days to signal. This suggests that a significant shift in profile parameters
occurred after the commencement of the discount, with the T? control
chart, which is more sensitive to early detection, exhibiting earlier
detection capability.

To evaluate general fluctuations in social behavior, which may be
viewed as reflective of customer requirements, it was observed that there
is no autocorrelated data and it took two iterations to put the process into
an in-control condition during Phase I analysis. Finally, for Phase II
analysis, both proposed control charts can detect a change soon, but it
was observed that the MEWMA chart takes a little longer to return to an
in-control situation.

In general, through this practical application it was realized that, with
appropriate configurations, adjustments and using the five steps of the
proposed framework, companies can rapidly identify abnormal

situations in order to make appropriate solutions.
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CHAPTER 6

Nonparametric profiles

Introduction

The nonparametric profile comes into play when the data lacks adherence to a
specific assumed parametric structure, when there are inaccuracies in the
specification of the parametric model, and when identifying the correct
parametric form poses challenges. In such instances, where the underlying data
distribution cannot be reliably characterized by a predetermined mathematical
model, the nonparametric profile proves instrumental. It serves as an effective
approach for situations where the assumptions or specifications of parametric
models are either inappropriate or hard to ascertain. Therefore, the

nonparametric model is described below.

Considering {(xij, yij):i=1,2,...,njandj=1,2, ... } as the j® random sample,
where yij be the measurement of the i'" observations in the j profile and xij
represents the vector of corresponding explanatory variables. When the process

1s in an in — control situation, the nonparametric model is of the form:

yii = flxi) + ei, (6.1)
where f represents an in — control regression function and ¢;j are the error terms,
which are independent and identically distributed with a normal distribution,

i.e., &ij ~ N(0, 6?) and represents the random noise associated with the process.

In cases where the values of explanatory variables are fixed for different j's and
each profile includes the same number of observations, then Eq. (6.1) is

transformed as follows:
vi =f(xi) tej,i=1,2,...,n j=1,2,.. (6.2).

Table 6 1 briefly mentions previous research conducted to monitor
nonparametric profiles over a decade from 2008 to 2018. More specifically,

lists the researchers, whether the expert study concerned Phase I or Phase II of
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the profile, and the criterion for measuring the performance of the control

charts used.

Research Phase I Phase 11 Performance
criterion

Zou et al. - Yes ARL & SDRL
(2009)

Qiu and Zou - Yes ARL & SDRL
(2010)

Qiu et al. - Yes ARL & SDRL
(2010)

Hung et al. Yes Yes Type | and |1
(2012) errors
Chuang et al. Yes Yes ARL, SDRL &

(2013) ATS
Chen et al. Yes - Correct
(2015a) classification,
signal
probability
Colosimo et al. - Yes ARL, SDARL,
(2015) Type Il error
Yang et al. - Yes ARL, SDRL,
(2017) median,
quartiles, False
alarm rate

Table 6_1. A brief overview of methods developed to monitor nonparametric profiles from
2008 to 2018. (Adapted from Maleki, M. R., Amiri, A., & Castagliola, P. (2018)).

The continuation of this chapter is intended to bring together some recent
developments for monitoring nonparametric profiles. Therefore, since after the
remarkable review papers of Woodall (2007) and Maleki et al. (2018) there is
no newer paper that includes methods for profile monitoring from 2018 until
today, the continuation of the chapter comes to fill this scientific gap regarding

nonparametric profiles.
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6.1 Change point detection approaches

In this section, two methods will be presented, which refer to the monitoring of
nonlinear nonparametric profiles and aim at change point detection. More
specifically, in the first place, the study by Li et al. (2019), which focuses on
nonparametric profile monitoring using a nonparametric exponentially
weighted moving average (EWMA) control chart in order to identify process
shifts in Phase Il monitoring, specifically designed for nonlinear profile data,
will be discussed. Then, this section will close by presenting the study by Iguchi
et al. (2021), who suggested a nonparametric approach employing a single
index model (SIM).

6.1.1 Advanced nonlinear profiling using support vector regression

In practical scenarios, the functional relationship within profile data seldom
arises to a linear form, and real-world data often deviates from a normal
distribution. Consequently, to accurately capture the nature of profile data, Li
et al. (2019) developed a nonparametric regression model. Furthermore, a
nonparametric rank-based exponentially weighted moving average (EWMA)
control chart is devised to effectively identify process shifts in Phase Il
monitoring, particularly tailored for nonlinear profile data.

The initial step involves applying a support vector regression (SVR) model to
effectively smooth the nonlinear data, thereby eliminating any noise present in
the data set. More specifically, in the SVR method, the explanatory variables,
X, undergo a mapping onto a feature space, where a linear model is then
constructed. Therefore, the linear model in this feature space is defined as
follows:

g(x, w) =w’ o(x) + b, (6.3)
where w represents a normal vector, ¢(') is a nonlinear function and b represents
the bias term.

Assuming that during Phase | there are (g — 1) in — control profiles, the SVR

model turns into a minimization problem as:
min% Iwl2 +CYr (& + &, i=1,2,..,n j=1,2,....(g—1) (6.4)

with yij — g(xi, w) < e+ &, g(xi, W) —yij < e + & and &, & > 0, where g (¢>0)
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is a threshold, C (C>0) represents a constant to control overfitting and &, &
are the slack variables.
Based on the model of Eq. (6.4) it follows that the reference profile for the ith

observation is of the form:
yo=X01 v, 19— 1), (6.5)
where y;, represents the predicted value for yi;.

Having the above information, the five metrics, introduced by Williams et al.

(2007), are derived as follow:

Mj’l* = Sign(ir=n1a..7.cn {lyz,] - 57”})1 J = 17 2a [ERE) (g - 1) (66)
Mi2"=ZLilyy — Fil =12, ... (g~ 1) (6.7)
Miy3* =(1/n) Z?:l |yl] -y, i=12..,(-1) (6.8)
Mja" = IMj1'], j=1,2, ..., (g~ 1) (6.9)
ij5* = Z?:l |ylj - 5}”29 .] = 19 27 (REE) (g - 1) (610)

where M1, M2, M3z M4 and Ms represent the maximum deviation, the sum of
absolute deviations, the mean absolute deviation, the absolute value of
maximum deviation and the sum of squared differences between the predicted
values for the measurement yj; and the corresponding baseline profiles,
respectively.

Finally, to monitor the quality characteristic of the nonlinear profile data, a
nonparametric rank-based exponentially weighted moving average (EWMA)
control chart incorporating these five metrics is employed. Therefore, the
proposed nonparametric EWMA charting statistic is defined as follows:
EWMAjp= (1 - 1) EWMAj.1p + ARjp, j=1,2, ... (6.11)
where A (0 < A < 1) is the smoothing parameter, EWMAo,, = 0 and Rjp
represents the standardized rank of the metrics {M1,", M2,,", ..., Mg-1,p" } With
p=1,2,3,4,5.

A simulation study was used to conduct the conclusions, where the in-control
nonlinear model used follows an exponential form:

yij = 0.9 exp(Bo + BiXij) + sij, (6.12).
Therefore, the results obtained were based on two possible scenarios, a) the
error terms follow a standard normal distribution, or b) the error terms follow

an exponential distribution with parameter 6 = 0.5, and are the following:
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= As the smoothing parameter increases, the ARL values become larger,
so detecting a change in the profile parameters is slower. In contrast, the
proposed nonparametric EWMA control chart is more effective as shift
values increase.

= Based on the ARL criterion, the performance of the EWMA chart with
metrics M1 and Mg is worse than that of metrics M2, Mz and Ms, probably
because M1 and M4 do not use all the information in the data set. Note
that the returns of the EWMA control charts with the metrics M2 and M3,
respectively, they are the same.

= When the error terms follow an exponential distribution, then the
EWMA charts with metrics M2, M3 and Ms perform similarly for any

size shift in parameters.

6.1.2 Nonlinear profile monitoring through single index models

In a Single Index Model (SIM), the assumption is that the connection between
the expected response and a d-dimensional explanatory variable is expressed
by a univariate function g, known as the link function. This link function's
argument, referred to as the index, is a linear combination of the predictor
vector x. Rather than monitoring the function of the fitted response directly,
Iguchi et al. (2021) proposed a new method, which monitors a statistic based
on the vector of coefficients, known as index parameters. These index
parameters are employed to define the index within the SIM. Therefore, in their
nonparametric approach using the SIM, the focus is shifted from monitoring
the profile itself for a change to monitoring an I>-based statistic on the
coefficients generated by the SIM.

First, based on the nonparametric model of Eq. (6.2), a single index model can
be represented in the following form:

Vi=gXi'a) +e&,i=1,2,..,n (6.13)
where g(') is a smooth function, a represents an unknown object for which it is
true that E(y|x) = E(y|a’x) and &i represent the error terms.

Having briefly mentioned the form of a SIM, the next step is to transform the
nonparametric model of Eq. (6.2) into a model with discretely sampled

functions, i.e., discretely profiles. Therefore, as the objectives of the research
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include determining whether the process is in — control during the time periods
t=1, 2, .., T, the nonparametric model of Eq. (6.2) is transformed as follows:
yit = Pxit) + o(xih) I(t > 7) + &', (6.14)
with &' ~ N(0, 6:2), where yi' is the vector of a profile at time t, fO(x;') represents
the relationship between the explanatory and response variables when the
process is in — control, ¢(') represents an unidentified functional change that
occurs when the process deviates from its in-control state and t€{1, 2, ..., T}
represents the time of the first out — of — control profile.

Using the above information, Iguchi et al. (2021) defined charting statistic for
the change point detection in the following form:

o)

_ T
—0
=]

where k (k>0) represents the starting point of the observation period under

max ||at

te{k,.,T} ’ (6.15)

consideration in such a way that if for some k>0 the condition tgg{axﬂ”at -

holds true, then the claim is made hat a change point has occurred by time T,
I .|| represents the I, — norm, o' is the index parameter at time t (t>0) and a_$
represents the bootstrapped index parameter for the in — control profiles at time
T.
Of particular interest is the fact that this study compares the performance of the
proposed method by Iguchi et al. (2021) with a method, which is similar to the
one examined but with the difference that a linear model is used instead of a
SIM. Finally, the proposed method is also compared to the method by Li et al.
(2019) and, specifically, to M2, M3z and Ms metrics, which described in
subsection 6.1.1.
The conclusions on the performance of the methods were made with the help
of the average run length (ARL) criterion and are as follows:
= The proposed method consistently exhibits the smaller ARL values
across all conditions. Moreover, it generally maintains comparable false
alarm rates when compared to the detectors introduced by Li et al.
(2019). Therefore, it is observed that the proposed method of Iguchi et
al. (2021) shows better results regarding performance and ability to

detect a change during Phase Il analysis.
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= An important piece of information we get from this research is that the
detector employing the linear model failed to identify a change point
even after observing T = 10* profiles. Furthermore, for the method of Li
et al. (2019) it was observed that the average run time for detecting a
change was on the order of 102 seconds, while the remarkable
performance of proposed method is achieved at the expense of increased
computation time.

= In general, despite being characterized by its speed, the performance of
the Li et al. (2019) detectors demonstrated a relatively consistent pattern
across various signal-to-noise conditions. This stability is attributed to
the inherent characteristics of their rank-based methodology. On the
other hand, the new proposed method preserves information about the
difference between an observed profile and the historical profile by
avoiding the need for ranking summary statistics for each profile.
Therefore, the proposed approach, which gives a non-rank-based
monitoring procedure, demonstrates superior performance compared to
other change-point detection approaches. Finally, it excels in quickly
and uniformly detecting changes from the in — control profile, all the

while maintaining a minimal false alarm rate.

6.2 Correlation in profile monitoring methods

In this section we will present two methods, which use correlated data to
monitor nonparametric profiles. Initially, we will discuss the study by Zhou
and Qiu (2022), who proposed a new mixed — effects model designed to
describe serially correlated univariate profile data and then, the study by Ding
et al. (2024), who proposed real-time nonparametric monitoring schemes

considering covariates to monitor correlated profiles will be discussed.

6.2.1 A study based on serially correlated nonparametric profiles

Addressing serial data correlation among profiles observed at different time
points is a notably challenging task in profile monitoring research. This aspect
has not been adequately addressed in the statistical process control literature.

Serial data correlation is a prevalent occurrence in practical scenarios, and

105



existing literature highlights that control charts become unreliable when serial
data correlation is disregarded. For this reason, Zhou and Qiu (2022) proposed
a novel mixed — effects model designed to capture serial correlation in
univariate profile data and, building upon this model, they developed a Phase |
nonparametric profile monitoring chart. Therefore, below will be given the new
mixed — effects model, which describes nonparametric univariate profiles,
incorporating both within — profile and between — profile data correlation.
Thus, based on the simple nonparametric model of Eq. (6.1), the new model is
as follows:

yij = f(xij) + & + p(xij) +eij, 1=1,2,...,n;, j=1,2,...,m (6.16)
where yij be the measurement of the i™ observations in the j™ profile, xije[0, 1]
represents the vector of corresponding explanatory variables, &; represents a
random — effects term to characterize the variation of the j'" profile from the
population mean profile function f(x) and used to describe within — profile data
correlation, y(xjj) represents a random — effects term which used to describe
between — profile data correlation and ¢;jj is the error term. Please note that, &,
v(xij) and ¢&;j are independent of each other and follow a normal distribution, i.e,
& ~ N(0, 6£), ¥(xij) ~ N(0, 0,%) and &;j ~ N(0, :?).

In the above model, the design points {xij} are permitted to vary across all m
profiles. Consequently, the set of all design points could encompass numerous
distinct values. In the extreme scenario where no two of the design points in
the set {xij,i=1,2,...,nj, j=1, 2, ..., m} are identical, the count of random
— effect terms in {y(xi)} would be equivalent to the total number of
observations. Therefore, the model in Eq. (6.16) is deemed inestimable and so,
can be approximated by:

yij=f(xij)) + & +ng+eij,q=1,2,...,p, i=1,2,...,n5, j=1,2,....m (6.17)
with Xijje[dq-1, dq], do =0, dp =1, dq = q/ p, where p is the number of subintervals
into which the initial interval of xij was divided, i.e., the interval [0, 1] and nq
represents the random — effect term when Xxije[dq-1, dq] and is based only on q.
Please note that, & and ng are independent, identically distributed and describe
the within — profile and between — profile data correlation, respectively.
Finally, the control chart, which was designed to monitor Phase I, was based
on the idea that, since the quantities f(xij) and nq of the model of Eq. (6.17)
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both depend on the design points xij, then it seems logical and appropriate to
monitor the j" profile to use the quantity (1/n) X.7.[y; — f(x,) — 7al?
instead of quantity (1/nj) 3.2 [y;; — f(x,,)1% where f(x,) and 7, represent the
estimates of f(xij) and ngq, respectively. The interested readers are referred to
the comprehensive article for the detailed calculation of estimated parameters
by Zhou and Qiu (2022). Therefore, charting statistic, which is used to quantify
the discrepancy between the observed profile and the estimated profile, is

called in the literature as TM because it indicates that the model in Eq. (6.17)
has two mixed — effects terms and is defined as follows:

S = max (Un) X1,y — fGx) = ), (6.18).

Finally, the TM control chart gives a signal for an outlier profile when

Stm > CL, (6.19)
where CL (CL>0) represents a control limit, which is specified via a bootstrap
procedure.

To conduct the conclusions, Zhou and Qiu (2022) considered the following four
cases for specifying the three random terms in model of Eq. (6.17). In the first
case, within-profile data correlation is assumed, but there is no between-profile
data correlation, in the second case addresses a scenario where within-profile
data correlation is absent, but there is between-profile data correlation and,
finally, the last two cases explore situations where both within-profile and
between-profile data correlation exist, but the random variables have different
distributions. Furthermore, for the in — control mean function f(x), they assume
the following three situations: a) f(x) represents a linear profile, b) f(x) consists
of the linear component as in the first case and a nonlinear component, and c)
f(x) adds a quadratic term to the previous profile. Moreover, until now, no
existing univariate nonparametric profile monitoring methods have been
identified that can handle between-profile data correlation. However, there are
already Phase Il profile monitoring methods capable of accommodating within-
profile data correlation. To compare their proposed method with existing
approaches, the following three representative Phase Il profile monitoring
methods, which consider within-profile data correlation, are adapted for Phase
| profile monitoring: a) the proposed method by Jensen et al. (2008), which is

based on linear mixed — effects model and is use to monitoring linear profiles
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with possible within-profile data correlation, b) the proposed approach by
Zhang et al. (2014a), in which the within-profile correlation is addressed using
the Gaussian process model and is use to monitoring linear profiles with
possible within-profile data correlation, and c) the method by Qiu et al. (2010),
which is based on nonparametric mixed — effects model and is use to monitoring
nonparametric profiles with possible within-profile data correlation. Finally,
the performance of the models used in this simulation study was measured in
mean square error (MSE) terms and the in — control performance of the above
charts measured with the help of false alarm rate (FAR). In evaluating the out
— of — control performance of a Phase | control chart, Zhou and Qiu (2022)
employed the following criteria: a) the alarm probability which denotes the
percentage of simulations where the chart signals at least one profile as out —
of — control, b) the fraction of correctly classified profiles which measures the
accuracy in distinguishing between in — control and out — of — control profiles,
and c) the false positive rate which quantifies the proportion of identified out
— of — control profiles that are actually in — control.
Therefore, the results obtained were as follows:
= MSE values for estimating linear profile models are typically smaller
than those for estimating nonlinear profile models. This discrepancy
arises because nonlinear profile models are generally more challenging
to estimate than their linear counterparts. As a result, the associated
MSE values for estimating nonlinear profile models tend to be larger.
= MSE values tend to decrease as the number of profiles (m) increases.
= MSE values generally decrease with an increase in p because the model
in Eq (6.34) approximates the model in Eq. (6.33). A larger p leads to a
better approximation. However, choosing p to be excessively large can
result in extensive computational requirements during the model
estimation process.
= In cases where there is no between-profile data correlation, the actual in
— control false alarm rate (FAR) values of the methods by Jensen et al.
(2008), Zhang et al. (2014a) and Qiu et al. (2010) are reasonably close
to the nominal in — control FAR value of a = 0.05. However, when a
significant between-profile data correlation is present, the actual in —

control FAR values of the above methods deviate considerably from a =
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0.05. On the other hand, the actual in — control FAR values of TM
approach are reasonably close to a = 0.05 in all considered scenarios.
Therefore, the proposed TM method exhibits reliable in — control
performance, especially when substantial between-profile data
correlation is present, while the three alternative methods may not be as
reliable in such cases.

= |n scenarios where there is no between-profile data correlation, all the
methods perform almost the same. Furthermore, the new proposed TM
outperforms the other approaches when there is a substantial between-
profile data correlation. Moreover, it is worth noting that, the methods
of Jensen et al. (2008), Zhang et al. (2014a) and Qiu et al. (2010) perform
similarly for monitoring linear profiles, while for monitoring nonlinear
profiles it was observed that the method of Qiu et al. (2010) outperforms
the other two.

= In general, the proposed method TM demonstrates superior performance
compared to other nonparametric profile monitoring methods,

particularly in cases where there is between-profile data correlation.

6.2.2 Enhanced real-time monitoring with Gaussian process incorporating

covariate information

In the rapidly development of technology and cyber manufacturing, sensors are
increasingly utilized across industries, from manufacturing to services, to
collect valuable information. Sensor data support the data collection for quality
management and further analysis. The correlation often observed in sensor data
at different times gave a concentrated interest in profiles. For this reason,
adaptable and precise nonparametric profile models are essential to capture the
intricacies of vast, complex, and correlated datasets. Gaussian processes,
serving as a nonparametric technique and a machine learning method, have
found applications in a wide array of profile monitoring scenarios. Moreover,
another challenge is the fact that, many control charts focus only on monitoring
quality variables without considering covariate information. Incorporating
covariates into the process monitoring framework becomes crucial for
enhancing accuracy and effectiveness. In profile monitoring, however, there's

a notable dearth of studies that take covariate information into account.
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Consequently, Ding et al. (2024) built on the above philosophy and wanted to
find a solution to these challenges in the field of profiling. Therefore, they
introduced profile monitoring schemes that integrate covariates for real-time
process monitoring. Finally, the devised profile model addresses within-profile
correlations through Gaussian process and effectively incorporates covariate
information to account for its impact on the profile data.
Initially, a Gaussian process can be described as a collection of random
variables, where the joint distribution of any finite subset follows a Gaussian
distribution. Based on this and considering one covariate, Ding et at. (2022)
defined the proposed nonparametric model as follows:
Vi=ali+p+fX)+e i=1,2,...,n (6.20)
where yi = (y1i, Y2i, ..., ymi)” represents the it" profile, which is measured at the
location x = (X1, X2, ..., xm)", Ti = (T1, T2, ..., Tn) is the covariate, o, B are
parameters of the covariate, € represents the error term and f(x) is a realization
of the Gaussian process. Please note that, the error term is assumed to be
independent with f(x) and follows normal distribution, i.e., € ~ N(0, c:2).
Given a specific covariate Ti, the above in — control model predicts an expected
profile, which is forecasted by the proposed model utilizing the estimated
parameters, that is theoretically in — control. In detail, if an observed profile
y'=(y1’,y2', ..., ym’) is associated with a covariate T, which is obtained from
the real-time process, then, using the same covariate, the proposed model
predicts an expected profile y* = (y1*, y2*, ..., ym*). Moreover, as the model is
trained with samples from the in — control process, y* is theoretically in —
control. Therefore, the comparison between the observed profile y” and the
expected profile y* determines whether y” is in an in — control situation.
Consequently, if the process goes out — of — control, the observed profile may
significantly differ from the theoretically in — control expected profile, making
the difference between the two profiles meaningful.
Two control statistics have been developed to measure the difference between
observed and expected profiles and are the following:
= The Euclidian distance (ED) statistic measures the distance between the
corresponding points of the two profiles, i.e., the observed profile y” and
the expected profile y*, and its formula is given by the following

equality:
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ED =[S0 - )2 (6.21).

Note that, if the difference between the two profiles is significant then
the value of ED statistic will be large.

= The Area statistic measures the difference between observed and
expected profiles more accurately than ED statistic, as it calculates the
region enclosed by the two profiles, and the formula can be expressed as
follows:

Area = f;‘f|y’— y*| dx, (6.22)
where x: and xo are locations in which the two profiles have been
measured.

Please note that, the value of the area changes with the difference
between the expected and the observed profiles and the greater the
difference, the higher the value Area statistic will take.

Ding et al. (2024) formulated the exponentially weighted moving average

(EWMA) control charts with both ED and Area statistics. Thus, the standard

form of the EWMA control chart for the it" profile could be expressed as:

Ei=Asi+ (1 -A)Ei1, i=1,2, ..., n, (6.23)

where & (0 < A < 1) represents the smoothing parameter, s; is the control statistic

(either the ED or the Area statistics) and Eo is equal to the mean of s;.

It is worth noting that, for A = 1, the above EWMA becomes the Shewhart —

type chart. Furthermore, this research compares the two proposed charting

statistics with the Hotelling’s T2 statistic. Therefore, the comparison, which is
carried out through simulation studies, includes the three Shewhart — type
statistics, i.e., ED, Area and Hotelling’s T2, and the results, which are obtained
with the help of ARL and SDRL performance criteria, are the following:
= For changes in the profile parameters, it was observed that the Area
charting statistic performs slightly better than the ED, which in turn
shows better results than the T2 statistic.
= The Area charting statistic provides quicker signals as shifts become

larger. This shows its ability to detect larger changes faster.
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= In general, the two proposed charting statistics show lower ARL and
SDRL values than the Hotelling’s T? and, so, they are judged more
effective.

= Comparing ED and Area statistics with each other, it was found that the
Area has smaller ARL and SDRL values than ED and thus shows better
performance and is more efficient at quickly detecting shifts in the
profile parameters. Therefore, the Area statistic is superior.

= Constructing the EWMA control chart with the Area statistic it was
observed that for smaller values in the smoothing parameter A the chart
has the ability to detect small shifts faster, while for larger A values it
has better efficiency in larger changes. Note that similar conclusions are
reached by constructing the EWMA control chart with the ED statistic.

= In general, the EWMA control chart, built with Area statistic,
demonstrates greater sensitivity to process shifts. Utilizing the same
smoothing parameters (A), this chart shows smaller ARL and SDRL
values than the EWMA control chart built with ED statistics. However,
the last control chart is also effective in detecting shifts, and the ED

statistic offers the advantage of being simpler and quicker to compute.

6.3 Approaches for monitoring both regression parameters and profile variance

In this section, recent studies will be discussed, which aim to monitor
nonparametric profiles taking into account both regression parameters and
profile variance. In the first place, we will develop the study by Abbasi et al.
(2022), who proposed a new control chart for Phase Il analysis, uniquely
designed to monitor both regression parameters and profile variance, using an
adaptive approach. This section will be closed analyzing the study by Yeganeh
et al. (2022), who introduced an innovative ensemble framework designed to
monitor shifts in both the regression relationship and variation of profiles for
Phase Il applications utilizing a pool of artificial neural networks (ANNS) as

learners to augment the effectiveness of a base control chart.
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6.3.1 An adaptive EWMA control chart

In a comprehensive sense, a control chart is considered adaptive if it involves

the change in real time of chart’s parameters such as sample size, control limit
coefficient, sample sampling. These adjustments are made based on estimations
of the shifts that have occurred in the process. Building on this philosophy,
Abbasi et al. (2022) introduced a new adaptive approach for nonparametric
profile monitoring, filling a current research gap in adaptive control charts for
Phase Il statistical process control applications. The proposed approach aims
to enhance the detection capability of nonparametric exponentially weighted
moving average (NEWMA) chart statistics, as proposed by Zou et al. (2008),
particularly in terms of the average run length (ARL) criterion.

First, the charting statistic defined by Zou et al. (2008) will be briefly given
below and then, this idea will be used to structure the proposed approach of
Abbasi et al. (2022). Therefore, based on the nonparametric model in Eq. (6.2),
Zou et al. (2008) calculated the nonparametric EWMA charting statistic as
follow:

Ej = AUj + (1 — A)Ej-1, (6.24)
with Uj = (Zj, ,)", where Zj = (Yj - F) / o, Yj = (Yij, Y2i, -.., ynj), F = (f(x1),
f(x2), ..., f(xn)), o is the standard deviation of eij, G, represents the

transformation of estimated EF to a standard normal random variable, Eo = 0
and A (0 <X <1) is the smoothing parameter.

Finally, the final form of NEWMA is given by positive chart statistic:

Qi =Ej’ 2E;j, (6.25)
where X represents the symmetric covariance matrix of U;.

Note that, the statistic will give an out — of — control signal when
Qi>LI[A/(2-A)], (6.26)
where L is assigned based on a desired in — control ARL.

Now, the primary concept of Abbasi et al. (2022) involves introducing an
adaptive approach that is formulated based on the tendency (relative distance)
of obtained statistics to the out — of — control situations. This proposed
tendency, or relative distance, is calculated by evaluating the ratio of the
statistic's distance from the upper control limit (UCL) to the lower control limit

(LCL). Thus, the tendency of the j*" sample, denoted as Tj, is defined as follows:
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Tj=(UCL - Qj)/ (Qj — LCL), (6.27).
In nonparametric EWMA method, LCL is equal to zero. Therefore, the above
form transforms to:

Tj=(UCL-Q))/Q;j, (6.28).
It is worth noting that, a higher tendency is associated with lower charting
statistics. Naturally, the average of tendencies decreases when an out — of —
control situation is observed. It is therefore appropriate to define the average
of tendencies and then, mapped to a specific rate for applying in an adaptive
approach. Thus, the average of tendencies, denoted as T;", is defined as follows:
T =T1+Ta+ ... +T) /], (6.29).
Furthermore, the NEWMA statistic (Q;) is increased when the tendency index
(Tj) is decreased, while is decreased when Tj is increased. Thus, based on all
the above information, the updating of the NEWMA statistic is done by using
the tendency rate as follows:

Q" = Qj x Ty, (6.30)
where Ty represents the tendency rate.

It is worth noting that, to enhance the sensitivity of the control chart to out —
of — control shifts, it is anticipated that Ty; should be less than 1 when Tj has a
large value (indicative of an in — control situation). However, it is worth noting
that, Ty can be greater than 1 when T;j has a small value (indicating an out — of
— control situation).

Interestingly, the proposed method was compared through simulation studies
with other existing control charts. More specifically, these charts were the
following: a) the nonparametric EWMA (NEWMA) chart, introduced by Zou
et al. (2008) and discussed above, b) the naive multivariate EWMA (NM)
control chart, which treats Z; as an extended multivariate vector and employs
the MEWMA scheme to construct control chart, ¢c) the EWMA_3 chart, which
introduced by Zhang et al. (2014b), is a nonparametric extension of the well-
known EWMA _3 control chart of Kim et al. (2003) developed in Chapter 1 and
aims to address processes with different in — control and out — of — control
characteristics, and d) the parametric MEWMA (PM), which was introduced by
Zou et al. (2007) and involves obtaining parameter estimates for each profile
and subsequently applying the multivariate exponentially weighted moving
average (MEWMA) scheme for the transformation of these estimated
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parameters. Finally, in these simulations, the robustness of the proposed
scheme is demonstrated through the exploration of three different scenarios,
each involving polynomial, exponential, and linear models. Therefore, the
conclusions obtained through simulation studies, where the results are obtained
with the help of average run length (ARL) performance criterion, are the
following:

= |In the scenario where polynomial profiles were employed, the proposed
method proves effective for all shifts. Notably, the performance of the
proposed method is roughly better, particularly for significant shifts in
the process parameter, showcasing an advantage over competing
methods. Furthermore, it was observed that, the NEWMA control chart
has a faster ability to detect changes than NM and PM charts.
Importantly, the degree of outperformance increases with the complexity
of the out — of — control model.

= |n the scenario where exponential profiles were employed, the proposed
method shows the best performance, except in a few cases, where as the
model becomes more complex the NEWMA approach was observed to
perform similarly or slightly better.

» Inthe scenario where linear profiles were employed, where the proposed
method compared with the EWMA_3 and NEWMA control charts, it was
observed that, the proposed method demonstrated superior performance
in detecting small shifts, while the NEWMA method yielded slightly
better results for the detection of moderate and large shifts. As the
proposed control chart naturally enhances the detection ability of
NEWMA, it logically achieves the best overall performance for the
detection of all shifts. Finally, the predictability of the superiority of
NEWMA over EWMA _3 arises from the linear structure inherent in the
EWMA _3 control chart.

6.3.2 An ensemble neural network framework

In practical applications, detecting out — of — control situations is crucial to
prevent the production of non-compatible products, while from a theoretical
part of view, achieving better performance criteria, such as a lower average run

length (ARL:), can offer valuable contributions. Yeganeh et al. (2022), based
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on the above philosophy and, considering both the rapid development of
technology and the competition that prevails between different industries and
the quality of the products produced, proposed an ensemble framework based
on artificial neural networks (ANNSs) as a supplementary tool to enhance the
sensitivity of a predetermined base control chart. This enhancement aims at
improving the detection of out — of — control situations in the monitoring of
nonparametric profiles during Phase Il, which leads to better performance in
industrial processes.

First, it is worth emphasizing that, to the best of the researchers' knowledge,
this proposed method is the first attempt to introduce a novel ensemble
framework designed for monitoring profiles with different in — control and out
— of — control characteristics. Furthermore, the present study is based on the
nonparametric model of Eqg. (6.2) and uses the nonparametric exponentially
weighted moving average (NEWMA) chart, introduced by Zou et al. (2008),
described in subsection 6.3.1, the format of its charting statistic (Q;j) was given
by Eq. (6.25) and is considered appropriate due to its capability in monitoring
different types of shifts. Finally, it is stated that, the general idea of a neural
network ensemble is to employs learning techniques, which involve combining
the predictions of the multiple models to produce more accurate and precise
results than what individual models can achieve. Therefore, utilizing the above
information, below is briefly given the structure of the proposed ensemble-
based ANN control chart, which is denoted by ensemble ANN with NEWMA
(EANNN).

For the j" profile, the first step involves calculating the statistic of the NEWMA
chart (Q;) and comparing it with its control limit, which is denoted by base
control chart limit (BL). Thus, if Q; > BL, the control chart triggers an out — of
— control signal, while if Q; < BL, indicating the in — control region, the
EANNN is utilized to determine the process condition. Please note that, BL is
always greater than L[ A / (2 — A)], which is the control limit of the NEWMA
method, due to the incorporation of EANNN as a supplementary tool.
Moreover, the next step is to divide the in — control area of the NEWMA chart,
denoted as [0, BL], into ki (t =1, 2, ..., N) regions and then, the number of
points in each is counted in the j™ profile. Determining an optimal number of

regions is a challenging task, prompting the use of a neural network ensemble
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to address this issue. This approach involves training N ANNs with varying
input layer sizes based on different numbers of regions in the in — control
region. An additional ANN, known as the incorporator, acts as a reasoning
scheme to combine the predictions of the N trained ANNs and produce the
outcome. In summary, the EANNN structure consists of N + 1 (N > 1) ANNs,
with N ANNSs incorporating specific features from the base control chart and
the (N + 1) ANN integrating the outputs of the N ANNs. Therefore, to simplify
the design process and eliminate arbitrary decisions, the following formula is
proposed to determine the size of the input layer for the learners:
ke=2t+ 1, witht=1, 2, ..., N, (6.31).
Finally, the output of the incorporator identifies the final process condition,
i.e., if the output of the incorporator is greater than a predefined control limit,
which is called cutting value (CV), then the proposed approach triggers an out
— of — control signal, while if the output of the incorporator is smaller than CV,
then the process is in an in — control situation.
Interestingly, the proposed EANNN chart was compared through simulation
studies with other existing control charts. More specifically, these charts were
the following: a) the nonparametric EWMA (NEWMA) chart, b) the naive
multivariate EWMA (NM) control chart, c) the parametric MEWMA (PM) chart
and d) the nonparametric EWMA _3 control chart. Finally, in these simulations,
the robustness of the proposed scheme is demonstrated through the exploration
of three different scenarios, each involving polynomial, exponential, and linear
models. Therefore, the conclusions obtained through Monte Carlo simulation
studies, where the results are obtained with the help of average run length
(ARL) performance criterion, are the following:
= |In the scenario where polynomial profiles were employed, the EANNN
control chart consistently outperforms the other methods, demonstrating
notably superior performance for large shifts in the process parameter.
For smaller shifts, EANNN vyields comparable results to the NEWMA,
NM and PM control charts. Furthermore, it was observed that, the
NEWMA control chart has a faster ability to detect changes than NM
and PM charts.
= In the scenario where exponential profiles were employed, the proposed

method exhibits the smallest ARL values, which indicates its excellent
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performance for any size of shift in the profile parameters. It was
observed that the EANNN method performs better than the NEWMA
approach, which in turn shows better ARL values than the NM method.
In the scenario where linear profiles were employed, where the proposed
method compared with the EWMA_3 and NEWMA control charts, it was
observed that, the proposed method demonstrated superior performance
in detecting changes in the profile parameters. Moreover, the expected
superiority of NEWMA over EWMA_3 arises from the linear structure
inherent in the EWMA_3 control chart. Therefore, as the proposed
EANNN control chart naturally enhances the detection ability of
NEWMA, it logically achieves the best overall performance for the
detection of all shifts.

Interested are the results obtained from the scenario where polynomial
profiles were employed and PM was used as the base control chart
instead of NEWMA. Through the simulation study, it was observed that
the proposed ensemble framework could improve the performance of the
NP chart in all shifts. Moreover, the model created using the NP as the
base control chart can detect the negative shifts in variance, which the
NP chart alone could not do. Based on this observation, it is concluded
that, integrating the suggested ensemble framework with other base
control charts has the potential to mitigate their inherent weaknesses.
Despite this, EANNN still shows the best performance due to the

superior performance of NEWMA compared to NM across all shifts.

6.4 Other techniqgues for monitoring nonparametric profiles

In this section we will talk about two different approaches, where the

monitoring of nonparametric profiles occurs under a specific framework. In

more detail, initially, we will refer to the study of VVarbanov et al. (2019), who

proposed a Bayesian method based on wavelets, utilizing inference derived

from the posterior distribution of the change point and this approach avoids

imposing restrictive assumptions on the profile’s form. Then, we will discuss

the nonparametric nonlinear profile monitoring approach of Deng et al. (2022),
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which has been adapted for machine condition monitoring (MCM) and aims at

surveillance of the health condition of rotating machines.

6.4.1 Bayesian sequential monitoring of nonlinear profiles with wavelets

Nonparametric methods typically depend on the use of smoothing and
dimension reduction tools. These tools play a crucial role in distinguishing
signal from noise, allowing the computation of metrics that precisely measure
the disparity between observed profiles and an in-control pattern. Therefore,
the study by Varbanov et al. (2019) focuses on nonlinear profile monitoring
during Phase Il and identifying changes in the profile parameters in the
presence of Gaussian white noise, using a wavelet-based Bayesian (WBB)
method.
Initially, as the objectives of the research include determining whether the
process is in-control during the time periods t = 1, 2, ..., T, the nonparametric
model of Eq. (6.2) is transformed as follows:
yt=f0(x) + g(x) I(t = 7) + &, (6.32)
with ' ~ N(0, o:2), where y' is the vector of a profile at time t, f9(x) represents
the relationship between the explanatory and response variables when the
process is in — control, g() represents an unidentified functional change that
occurs when the process deviates from its controlled state and te{1, 2, ..., T}
represents the time of the first out — of — control profile.
Then, when examining the observed data, each y! profile is transformed into a
vector of coefficients in the wavelet using the discrete wavelet transform.
Therefore, denoting the resulting vector as d!, which encompasses all empirical
wavelet coefficients of the profile y!, we distinguish the following two cases:
= When the process is in — control and t < 1, then the vector d' is given by:

dt=W et =&, (6.33)

where W represents an orthogonal matrix and €' is the Gaussian white

noise.

= When the process is out — of — control and t > t, then the vector d' is

defined as:
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d'=WgKx) +We' =0+ &', (6.34)
where 6 represents the wavelet coefficients of g(x), i.e., the noise —
contaminated observations, and &' is the Gaussian white noise.
Once a process is identified as out — of — control, the precise change point can
be estimated by selecting:

T =arg max (=1t | D), (6.35)
<t<t

where D = {d?, d?, ..., d"} is the empirical wavelet coefficients and n(z = t | D)
represents the marginal posterior distribution of .

To derive an expression for the posterior distribution of the change point given
the available data, it is necessary to assign prior distributions to the unknown
parameters in our model. Thus, the prior distribution for the parameter t is as
follows:

m(r=t)=A-p)tp, t=1,2, .. (6.36)
where p represents the probability of being out — of — control at the next time.
Furthermore, for the vector 6, which can be written in the form:

0 = ($jo1: $joz o fjozfo, j01, Gjoz, -, 9]_1,21-1)’ (6.37)
where &jok represent the smooth coefficients and 0jk are the detail coefficients,
the prior distribution is given by:

moik(0ik) = (1 — @) d0(Oik) + @ ys(6ix), j =Jjo, ..., I-1 k=1, .., 2 (6.38)
where o and s are hyperparameters of 0, representing sparsity and the scale of
the detail coefficients, respectively, do is the Dirac delta function at zero and ys
represents a symmetric density. For ys consider either normal or Laplace
density.

Moreover, setting @ = 1 in the Eq. (6.38), the prior distribution for smooth
coefficients of 6 is of the form:

meok(Eiok) = ps(&ok), k=1, ..., 21° (6.39).
It is worth noting that, by choosing the above approach, we expect nonzero
values for all smooth coefficients in the model, aligning their scale with
nonzero detail coefficients. The focus is on detecting subtle changes,
prioritizing cases where the magnitude of these changes is relatively small. The
orthogonality of the wavelet representation allows for the independent

modeling of each coefficient in the prior, a common assumption in Bayesian
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wavelet estimation. Based on the above information, the posterior distribution
of t is defined as follows:
f(Dlz) = [ f(D16,7) me(6) A

= [ME=2 T ¢ (df | 0, D] [T u(df™™) v(dB)], (6.40)
where m(0) is the prior distribution of 6, ¢(') represents a normal density
function, d{** is the empirical coefficient in position i from out — of — control
profiles, d™7 is the mean of d™* and u, v are functions, resulting from
factorization of the density of d{*".
Finally, before proceeding to the conclusions of this study, it is noted that, we
have outlined all the necessary components for deriving the posterior of t. To
operationalize the process monitoring method, the next step involves selecting
hyperparameters for the prior distributions of t and 6. Therefore, Varbanov et
al. (2019) utilized the median of the posterior distribution as the estimated
coefficient. Consequently, the posterior median and the relationship between
the hyperparameters and posterior median threshold are given in the following

forms:
median(6i | di) = max(0, h(di, w, s)), (6.41)
Jmedian = min{d: d = 0, h(d, w, s) > 0}, (6.42)

where h(d, o, s) is the posterior median threshold.
Finaly, during the calibration of the method to achieve a desired in-control
average run length, the user has two options: a) adjust p for a fixed upper
control limit or b) adjust the upper control limit for a fixed p. Due to the
intractability of the distribution of in-control run length, the calibration of
either p or the upper control limit to achieve a specific in-control ARL can be
conducted using a Monte Carlo simulation study. Thus, below are presented the
results from the research of Varbanov et al. (2019), who compare the
conclusions with those of the probability ratio test (LRT) method, which
introduced by Chicken et al. (2009) and used to monitor nonlinear profiles
using wavelets. The results, which are based on the ARL and SDRL criteria,
are as follows:
= Although both WBB and LRT methods are adjusted to achieve the same
in — control average run length (in — control ARL value equal to 200),
WBB approach achieves this average with significantly lower
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variability. On the other hand, LRT method exhibits a much higher
SDRL values and includes extreme run length values that surpass those
seen in any WBB setting. Due to the occurrence of these extreme values
in the run length distribution, the LRT method tends to produce a higher
proportion of early false alarms to align with the desired in-control ARL.

= Either in the case where T = 1, i.e., the process is never in an in — control
situation, or in the case where © = 20, it was observed that, for large
changes, both examined methods show similar results. In contrast, for
the ability to detect small shifts, the proposed WBB method significantly
outperform LRT approach was observed. This can be elucidated by the
WBB method's capability to integrate frequency and location
information across profiles.

= Measuring the efficacy of change-point estimation, LRT method
encounters difficulties perceiving not obvious changes, hampering its
precision in pinpointing their location. On the other hand, the proposed
WBB approach presents more favorable outcomes, showcasing an adept

ability to precisely identify the location of the change.

6.4.2 A study for machine condition monitoring

Machine Condition Monitoring (MCM) seeks to assess the health of machines
through statistical analysis of machine condition data, aiming to enhance
machine reliability. Key aspects of MCM involve detecting incipient failures
and evaluating degradation trends. Incipient fault detection involves using
health indicators (HIs) to identify the onset of failure as an alarm for machine
health conditions, while the degradation trends of health indicators serve as
valuable predictors for estimating the remaining useful life of machines.
Consequently, the construction of suitable and effective Hls holds significant
importance in the field of MCM. For this reason, Deng et al. (2022) proposed
a method, which attempts to characterize nonparametric nonlinear profiles
through B-spline fitting and constructs a Hotelling T2 health indicator (HTHI)
using coefficients that encapsulate the profile model. Below is briefly given the
form of the B-spline model, as well as the Hotelling T2 health indicator.

Therefore, the B-spline model is defined as:
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SES(t) = f(t) + e(t) = XP_, Byx(t) Pi + &(t), (6.43)

1, te[t;, tizq]
0, otherwise

with Bio(t) = {
and Bix(t) = [(t — t)Bik-1(t) / (ti+1 — ti))] + [(tisk+1 — t))Bisrk-1(t) / (tivk+1 — tis1)]
for k>0, where f(t) represents a B-spline curve at time point t, Pi is the i*" control
points, p represents the dimension of control points and &(t) represents the error
between the square envelope spectra (SES) and B-spline model at time point t.
It is worth noting that, if a sample set SES conforms to the B-spline curve, the
following equation should hold:

SES(t) = XF_, Bix(t) B, (6.44).
But Eq. (6.44) can be written equivalently in a matrix form as follows:

SES = BP, (6.45).
Therefore, the estimated control points can be calculated from the following
relationship:

P=(B'B)!B’SES, (6.46).
Based on the above information, it is emphasized that, the number of control
points is determined manually. Specifically, various quantities of control points
are selected to visualize B-spline curves, and the smallest number is chosen
that can precisely fit a given data curve. Ultimately, the B-spline fitting curves
can be derived through this process. Furthermore, the above control points can
be employed to formulate a health indicator using Hotelling T2. However, the
dimensionality of control points becomes excessively large due to the complex
shape of SES, leading to a dimensionality problem. To address this issue, a
proposed solution involves segmenting the B-spline fitting curves. The average
deviations of a testing profile piece and the average profile piece can then be
calculated by:

Dij=Xt_illxije — Xl /0, i=1,2,...N, j=1,2,..,¢, (6.47)
where g represents the number of control points for each piece, c is the number

of pieces of the profile curve, ||| represents the Euclidian distance, Xijk

represents the k™ control point of the i profile in the j™ piece and ¥, is the
mean of Xijk.

Therefore, HTHI for the it" profile is defined as follows:
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HTHIli = (Zi - Z)' S’ (Zi - Z), (6.48)
where Zi = (Di1, Diz, ..., Dic)’, Z represents the mean vector of Zi and S is the
covariance matrix of standard profiles, i.e., in a normal condition.
Two health indicator metrics, namely monotonicity and trendability, were used
to conduct the conclusions of this research, and were employed to
quantitatively evaluate the degradation trends of four commonly used Hls, i.e.,
the negative entropy, kurtosis, smoothness index, and Gini index, and the
proposed Hotelling T2 health indicator. The results were as follows:
= The values of the two health indicator metrics of the proposed HTHI,
i.e., monotonicity and trendability, are higher than the other examined
Hls. Specifically, the sum of monotonicity and trendability of the HTHI
was observed to be greater than that of the Gini index, which in turn
presents a larger sum value than the negative entropy. Finally, the
smallest values are presented in the smoothness index and the kurtosis.
= In general, the proposed Hotelling T? health indicator demonstrates a
superior monotonic degradation tendency compared to four commonly

used health indicators and can effectively detect an early fault.
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CHAPTER 7

Multivariate profiles

Introduction

The popularity of monitoring multiple linear profiles has increased in recent
times due to its effectiveness in various fields. This approach is widely adopted
because it provides a comprehensive view of interconnected linear
relationships, allowing for a more careful understanding of complex systems.
More specifically, a multiple linear profile, which is a category of linear
profiles, applies in cases where a regression profile has a multiple form with p
predictor variables, (X1, X2, ..., xp) and the model formula is given below.

For the ji" sample profile, where j = 1, 2, ... is the number of sample profiles,
which is denoted by {(Xik, Vij), i =1, 2, ....,n, k=1, 2, ..., p}, where n denotes
the number of observations in each profile and p represents the number of
predictor variables, we get the following model:

Yij = o + fixia + foXiz + ...+ fpXip + &ij, (7.1)
where o, P1, ..., Pp are the regression coefficients and ejj represent the error
terms between profiles, which are independent and identically distributed with

a normal distribution, i.e., &ij ~ N(0, o¢?).

Please note that, if p = 1, then the above model reduces to a simple linear

profile, discussed in Chapter 3.

In certain applications, it is essential to assess the stability of multiple
correlated profiles simultaneously over time. Employing separate control charts
for each profile may yield misleading outcomes if the inherent correlation
structure between the response variables is ignored. A multivariate multiple
linear profile, as a general multivariate regression model, is characterized by p

response variables and q explanatory variables and is formulated as follows:

Y,=X;B+E;, j=1,2,.. (7.2)

where Y is the nXp matrix of responses variables, Xj is the nxq+1 matrix of
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explanatory variables, B represents a (q+1)Xp matrix of regression coefficients

and Ej is the nXp matrix of error terms.

Please note that, if q = 1, then the above model is converted to multivariate
simple linear model. Furthermore, if p = 1, then the model in Eq. (7.2) becomes
equal to multiple linear profile described in Eq. (7.1) and, finally, ifp=q =1,

then the model reduces to a simple linear profile.

Table 7 1 briefly mentions previous research conducted to monitor multiple
linear and multivariate multiple linear profiles over a decade from 2008 to
2018. More specifically, lists the researchers, whether the expert study
concerned Phase I or Phase II of the profile, and the criterion for measuring the

performance of the control charts used.

Research Phase | Phase 11 Performance
criterion
Mahmoud Yes - Signal
(2008) probability
Noorossana et al. Yes - Signal
(2010a) @ probability
Noorossana et al. - Yes ARL
(2011b)
Amiri et al. - Yes ARL
(2012)
Xu et al. - Yes ATS & 7
(2012)
Zietal. - Yes ARL & SDRL
(2012)
Zou et al. - Yes ARL & SDRL
(2012) )
Adibi et al. - Yes ARL
(2014a)
(continued)
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Amiri et al. - Yes Accuracy percent
(2014a)
Ayoubi et al. - Yes £ & precision
(2014) )
Huwang et al. - Yes ARL
(2014a)
Huwang et al. - Yes ARL, SDRL, %,
(2014b) SD(%), precision &
accuracy percent
Kazemzadeh et - Yes £ & precision
al. (2015)
Mahmoud et al. - Yes ARL
(2015)
Xu et al. - Yes SSATS & ©
(2015)
Ayoubi et al. - Yes £ & precision
(2016) )
Khedmati and - Yes ARL
Niaki (2016c)
Ghashghaei and - Yes ARL, SDRL &
Amiri (2017a) ) accuracy percent
Ghashghaei and - Yes ARL & accuracy
Amiri (2017b) percentage
Ghashghaei et al. - Yes ARL
(2018) )
Motasemi et al. Yes Yes ARL & Signal
(2017) probability
Xia and Tsung Yes Yes ARL & diagnosis
(2017) percentage
Cheng and Yang - Yes ARL & accuracy
(2018) detection

Table 7_1. A brief overview of methods developed to monitor multiple linear profiles from
2008 to 2018. (Adapted from Maleki, M. R., Amiri, A., & Castagliola, P. (2018)). Please

note that, (*) represents the multivariate multiple linear profiles.




The subsequent sections of this chapter are intended to bring together some
recent developments for monitoring multivariate profiles. Therefore, since after
the remarkable review papers of Woodall (2007) and Maleki et al. (2018) there
IS no newer paper that includes methods for profile monitoring from 2018 until
today, the continuation of the chapter comes to fill this scientific gap regarding

multivariate profiles.

7.1 Multivariate principal component analysis methods

In this section, recent studies will be discussed, which aim to monitor
multivariate multiple linear profiles with the use of principal component
analysis (PCA). In the first place, we will develop the study by Wang et al.
(2018), who proposed a new thresholded multivariate principal component
analysis (PCA) approach to reduce the dimension of a multivariate profile and
then monitor it in Phase I. Moreover, we will discuss the study by Ren et al.
(2019), who introduced the exponentially weighted moving average (EWMA)
scheme with multichannel functional principal component analysis (MFPCA)
for monitoring multichannel profiles in Phase Il. Finally, this section will
discuss the study by Herzer et al. (2023), who proposed an approach for the
product life cycle to monitor time-series behavior patterns.

7.1.1 Thresholded principal component analysis for Phase |

In today's manufacturing systems, the widespread use of multiple sensors
capable of simultaneous data collection introduces the challenge of monitoring
multichannel or multivariate profiles. This issue holds significant implications
for enhancing manufacturing systems. Wang et al. (2018), taking into account
the above philosophy stemming from the high needs of industries, the rapid
development of technology, the increasing competition for the best quality of
products among businesses and the high expectations of consumers, proposed
a Phase I method for multivariate profile data, particularly in scenarios where
multiple sensors measure similar process variables or quality characteristics.
The historical data used for this method includes both in — control and out — of
— control observations. Furthermore, this approach not only has the capability

to identify and eliminate out — of — control observations but also allows for the
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estimation of baseline model parameters, i.e., mean and variance functions,
based on in — control data. These estimated parameters are subsequently
utilized for Phase II monitoring. In detail, this proposed methodology involves
the incorporation of multivariate functional principal component analysis
(PCA), shrinkage, and change-point detection approaches for the analysis of
Phase I data contaminated with out — of — control observations. In this
framework, PCA and shrinkage techniques are employed for dimensionality
reduction, focusing on extracting monitoring features that exhibit the highest
sensitivity to process changes as reflected in out — of — control data. The
change-point detection method then combines these features to identify the time
of the change in the system. The idea of Wang et al. (2018) will be given in
more detail below. Suppose a random sample of m multichannel profiles, each
comprising p channels, collected from a production process. Each observation
in the set of m multichannel profiles is represented as a p-dimensional curve,
i.e., X;(t) = (X)), X;P), ..., X;®(t)), forj=1,2,....,mand t € [0, 1]. Based
on the multivariate model of Eq. (7.2), we assume that initially the process is
in an in-control state and the Xj(t) have a mean equal to pi(t). However, the
process at an unknown time gets out — of — control and so the mean of the Xj(t)'s
changes and becomes equal to p2(t). Therefore, the above procedure can be

modeled as follows:

Xi1) = {#2 é‘tl)(t_z J;] g)(t)] ]:=T Jlr 1Tm fort e [0, 1], (7.3)
where pi(t) and p2(t) are the two unknown mean functions of Xj(t).
The purpose of this research is to examine whether a change will occur at some
unknown time t. Therefore, using the observed Xj(t) variables, the following

hypothesis test is tested:

{Ho= i (t) = pp(t) (no change) (7.4).

Hy: pq(t) # uy(t) (achange occurs)’

Moreover, must be enforced the classical Type I error probability constraint:
Puo (reject Hop : pi(t) = uy(t)) < a, (7.5)

for a specific constant a.
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Based on the above information, Wang et al. (2018) proposed the following
statistic for hypothesis test in Eq. (7.4):

l -0 (1 1
Ay = B2 R X (O - = I X0} (7.6)

m
where 1 (1 =1, 2, ..., m — 1) represents a potential change-point at which the
first 1 observations have mean p; and the remaining (m — 1) observations have

mean equal to po.

Now, the objective is to introduce an effective method to assess whether Ai(t)
is a zero function, i.e., there is no change in the process, by integrating
shrinkage with PCA. Therefore, below are the basic steps to implement the
proposed method.

Initially, to simplify the hypothesis testing problem, this study employs the
multivariate functional PCA method, which translates the testing from the
functional space to the space of PCA coefficients. This method involves
estimating both the basis and covariance matrices. More specifically, as
mentioned above, the study by Wang et al. (2018) was based on scenario where
multiple sensors measure similar process variables or quality characteristics.
Therefore, assuming that, all the components of the p — dimensional functions
Y;j(t)’s exhibit similar covariance structures over time and can be decomposed
into the same real-valued basis functions ux(t)’s, the study focuses on
examining the inner-channel covariance structure over time through the

following total covariance function:

c(t, s) = E[Y;(), ()] = X, E[(Y" (1) Y;V(s)], 0<t, s <I, (7.7).
Thus, the uk(t)’s are calculated as the eigenfunctions of c(t, s). Moreover, the
projection of the p — dimensional function Yj(t) on the k™ principal component

has the following form:

1
Sk = J, [ Yi(0) u(v)] dt, (7.8),
withj=1,2,...,m, k=1,2, ..., d, where d is the number which represents the
first d eigenfunctions ux(t)’s, i.e., d is the number of principal components.

Please note that, the vectors &jk’s are considered to be independent multivariate
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normal distributions across various bases (k's) and observations (j's), each
having distinct pxp covariance matrices for different principal components. In
the scenario where the Yj(t)'s are observable, the covariance matric is defined

by the following relationship:

, 1 1y,
Zi = B &) = E{f, i (0ue(®) dt Y/ (Oui(t) dt}, (7.9).
In the scenario where the Yj(t)'s are unobservable, then the total covariance

function in Eq. (7.7) can be approximated by:

(1,5) = 5 BP0 = X(0)” (Xja() = X1), (7.10)
where the differences Yj+1(t) — Yj(t) = Xj+1(t) — Xj(t) are observable for all j

except for j = 1, if the change-point t occurs.

Then, the %E(t)’s are calculated as the eigenfunctions of £(t, s) and the

covariance matrix in Eq. (7.9) approximate by:

= 1

2k = 2(m—-1)

1 1 __ 1 f
YT Jo XGei() = X))} W (1) de < [({Xje1(0) = Xi(1)} Te(t) dit (7.11).
The next step is to define a statistic on the basis of which we can decide whether

or not the null hypothesis Ho: pu;(t) = u,(t) is true. Thus, the proposed statistic

was defined in this study as follows:

On = max Y¢_ max (Uyx—c, 0), (7.12)

1<i<m
with Urx =i’ 2! ik, where Zj, is the covariance matric defined in Eq. (7.11),
Nkl = folAl(t) U (t) dt, the w,(t)’s are computed as the eigenfunctions of ¢(t, s)
and ¢ > 0 represents a prespecified “soft-thresholding” parameter. Furthermore,

we reject the null hypothesis Ho if and only if,

On>L, (7.13)

where L represents a prespecified control limit.

Please note that, when Eq. (7.13) holds, then the estimated change-point is

given by the following formula:

T =arg max Y4 (Uik—c¢)", (7.14).

The interested readers are referred to the comprehensive article for the detailed

131



guidance on selecting appropriate tuning parameters, i.e., d, ¢, L, with the
above method for multichannel process monitoring by Wang et al. (2018).
Remarkably, the proposed new method developed here is compared to the
method of Paynabar et al. (2016), in which null hypothesis Hy : pu;(t) = p,(t)

rejected if and only if max >4_(Uix) > L, where L is a prespecified control
si<m

limit. Thus, it is understood that the method of Paynabar et al. (2016) is a
special case of the proposed method of Wang et al. (2018) when the soft-
thresholding parameter is equal to zero, i.e., ¢ = 0. In addition to this, it is
emphasized that, Paynabar et al. (2016) made an assumption that all principal
components are affected by the change simultanecously, while Wang et al.
(2018) assumed that only some principal components are significantly affected,
particularly when the number d of principal components is large. Therefore, the
comparison is made by putting three different values in the parameter c, i.e., co
=0, c1 =7, c3 = 11.6, and the following three scenarios are used: a) a local
change occurs for 30 <j <37, b) a local change occurs for 16 <j <29, and ¢)
a global change occurs for all 1 < j < 66. Note that, with the same magnitude
of the change, detecting the local change in the first scenario, where the peak
of the profile occurs, is the most challenging, while detecting the global change
in the last scenario is the easiest. Finally, the results refer to the case where all
the p channels (here, p = 4) are affected by the change simultaneously, were

derived through Monte Carlo simulation studies and were the following:

= In the first scenario, where a local change affects the rise, peak, and fall
segments of the profiles, all three methods exhibit comparable detection
powers, although the method by Paynabar et al. (2016), i.e., co = 0 is
slightly worse.

= In the second scenario, when the shift is small then both c¢; and c2
significantly enhance the detection power compared to the method by
Paynabar et al. (2016). However, for large change magnitudes, all three
approaches demonstrate detection powers close to 1, indicating that they
are capable of detecting large changes effectively.

= In the third scenario, where a global change occurs, it was observed that,
in the presence of a small shift, both c¢; and c2 exhibit a higher detection

power than co = 0. This outcome might be not logical, as one would
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expect that thresholding would not significantly help in detecting a
global change.

* In the special case where only the first two channels are affected by the
change, while the last two maintain the in — control mean p;, it was
observed that, the ci1 and c» values significantly outperform the co value
for almost all shifts in the first and second scenarios. In the case of
global change, the improvement in detection power is particularly
significant for co compared to the method by Paynabar et al. (2016). This
improvement may be attributed to the new spatial sparsity, where only
the profile means of two channels have shifted.

= In general, the proposed method of Wang et al. (2018) has the ability to
detect the true change-point more accurately and effectively than the

method of Paynabar et al. (2016).

7.1.2 Multichannel functional principal component analysis in Phase 11

The advent of advanced sensing technologies in complex manufacturing
systems has ushered in an era of plentiful and real-time data. While this
presents unprecedented opportunities for monitoring and enhancing product
quality and process efficiency, it also poses substantial challenges to traditional
statistical process control methods. Ren et al. (2019), wanting to provide a
solution to the above challenge, proposed a Phase II monitoring approach
tailored for multichannel profiles. This innovative method leverages functional
principal components to extract features, effectively characterizing process
variations. These extracted features are then utilized to construct an
exponentially weighted moving average (EWMA) chart. Therefore, they
developed the exponentially weighted moving average (EWMA) scheme with
multichannel functional principal component analysis (MFPCA), which is
specifically designed to reduce dimensionality and extract a limited number of
major and representative features essential for process monitoring. Below is
briefly given the structure of the method proposed by Ren et al. (2019).
Initially, in Phase II monitoring for multichannel profiles, Ren et al. (2019),
based on the multivariate linear profile of Eq. (7.2), consider sequential

collection of profile observations according to the following model:
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Xi(t) = {u?t()t):sg?); Vo), j _ T1’+' 1T , fort € [0, 1], (7.15)
where n(t) represents the in — control mean function of profiles, o(t) is the
change in the mean function at time point 1, i.e., T represents the change-point.
Using MFPCA for online-collected observations Xj(t), j = 1, 2, ..., we can
reduce their dimensions and extract crucial information by projecting them onto

the principal functions. The projections, known as PC-scores, corresponding to

the largest d eigenvalues are obtained by:

G = Jy Xit) wn(v) dt, k=1, ..., d, (7.16)
where uk(t)’s are the known eigenfunctions of c(t, s) from Phase I analysis,
which is calculated in Eq. (7.7) of the previous section and d is the number of

principal components.
Based on the &jx, the EWMA charting statistic is defined as follows:

nik = (1 —w) nire t win, k=1,....d, (7.17)
where w ( 0 <w < 1) represents the smoothing parameter and nok = 0 in the p —
dimension space. Please note that, a smaller w leads to a quicker detection of

smaller shifts. Therefore, Ren et al. (2019) chose w € [0.05, 0.2].

The proposed control chart, which is denoted as Q; and is referred to as the

principal components based EWMA (PCEWMA) chart, triggers a signal if,

2 -

= i Z ] > L, (7.18)

O =/

where L > 0 is a specified control limit based on the in — control ARL value

w

chosen by each researcher and Zk represents the covariance matrix of &k set

during Phase I analysis.

A particularly interesting part of this study is the fact that researchers explored
a potential extension of the PCEWMA chart to illustrate its adaptability. In
practical scenarios, shifts in the mean function can impact the correlation
among channels, even if Xx remains at its in — control value. To detect changes
in the covariance matrix, monitoring the principal component scores &jk can be
effective for constructing the control chart. When the process is in — control,

the jx's are random vectors with a mean equal to zero and a covariance matrix
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Yx. Thus, they follow a multivariate normal distribution when Xj(t) follows a
Gaussian process. Therefore, an EWMA sequence based on &jx can take the

following form:

Sk=(01-w)Siak +twinéix’, k=1, ...,d, (7.19)
with Sox = 0. It is worth noting that, when the process is an in — control state

then E(Sjk) = Zk.

Then, the proposed control chart for the covariance matrix, which is denoted

by Tj, triggers a signal if,

Ty = Y1 {tr(Sp) — log|Sy| — p} > CL, (7.20)

where CL is a specified control limit.

Because monitoring changes in both location and scatter concurrently is a good
approach, Ren et al. (2019) proposed implementing the EWMA scheme for the
covariance matrix alongside a PCEWMA to effectively identify shifts in
multichannel profiles. Finally, to assess the effectiveness of the proposed
PCEWMA, they employ three distinct approaches for comparative analysis.
More specifically, the initial approach for monitoring multichannel profiles
involves stacking profiles from each channel and converting them into a high-
dimensional vector. Subsequently, PCA is applied to the resulting vector to
extract features for constructing an EWMA control chart. This method is
denoted as vectorized-PCA EWMA (VPEWMA) and breaks the correlation
structure in the original data, potentially losing valuable representations
available in the original form. Moreover, the second method, which is referred
to as sSIPEWMA, involves applying standard functional principal component
analysis to each individual channel to construct EWMA statistics. The
monitoring statistics are then obtained by summing up these individual
statistics. However, this approach neglects the correlation among the
multichannel profiles. The last method is the approach of Zou et al. (2008),
which proposes the nonparametric EWMA (NEWMA) control chart for single-
channel functional profiles and has been discussed in Chapter 6. To adapt it to
multichannel profile data, one could apply NEWMA to each channel's profile
and then sum up their statistics. This method is referred to as mNEWMA and it
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does not consider the correlation among profile channels. The comparison
between the above control charts was made with the help of the ARL and SDRL

performance criteria and the results were as follows:

= In general, the PCEWMA chart with a larger value of smoothing
parameter w is superior in detecting large shifts, while the PCEWMA
with a smaller w is better at detecting small shifts.

= Based on the ARL values with high-level and low-level correlation in
the covariance matrix X, respectively, it was observed that, the proposed
PCEWMA control chart demonstrates superior efficiency for both strong
and weak between-profile correlations. Furthermore, as the degree of
correlation increases, both mNEWMA and sIPEWMA exhibit slower
detection of shifts.

= In general, PCEWMA exhibits improved performance with higher level
of correlation, as the model by Ren et al. (2019) effectively incorporates
and leverages the correlation information among channels.

= In general, the PCEWMA chart consistently exhibits superior efficiency
in most cases, and its advantage becomes more pronounced, particularly
in detecting larger shifts. Therefore, the proposed PCEWMA chart
significantly outperforms the other control charts in terms of efficiency
and sensitivity, particularly for large shifts.

= Both VPEWMA and sIPEWMA outperform the mNEWMA chart, as
these PCA-based methods capture significant information from
multichannel profiles. In contrast, the mNEWMA chart is inefficient in
detecting shifts. This inefficiency arises from its failure to consider the
correlation among channels and its assumption that the stochastic noise

at each observation point is independent.

7.1.3 A recent study in product portfolio management

To address the limitations of existing product portfolio management methods,
Herzer et al. (2023) proposed a novel approach that integrates financial
information with economic performance, product competitiveness, and

macroeconomic data. Specifically, the aim was to create a robust profile
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monitoring scheme that can effectively identify patterns and changes in the
product lifecycle. By continuously monitoring key indicators, their method
seeks to provide timely insights for editing the product portfolio when
necessary. Furthermore, this approach addresses the challenges posed by the
unique and dynamic nature of each project, making it a valuable tool for
corporate management in navigating the complexities of product portfolio
management. Below are briefly given the steps of the methodology followed
by Herzer et al. (2023) for this new approach to product portfolio management.

Therefore, the steps are as follows:

= Variable selection. The initial step is to select variables, which will be
used appropriately for the specific study. Thus, Herzer et al. (2023)
categorizes variables into dependent (Y) and independent (X) ones,
where Y variables represent product factors and X variables encompass
macroeconomic data related to the business.

* Principal Component Analysis (PCA). While there is no strict limit on
the number of selected variables, PCA is applied to simplify the model
significantly. Specifically, PCA is employed in the proposed method to
reduce dimensionality, a statistical technique that retains essential
information in the first components, resulting in a more manageable
dataset for analysis. The proposal suggests applying PCA to both
dependent and independent variables to derive model residuals. This
process aids in capturing key information and reducing the complexity
of the model.

* Multivariate linear regression model. The next step is to define the
model to be used and connect the dependent variables with a set of
variables describing the system (explanatory variables). For this reason,
the multivariate multiple linear model defined in Eq. (7.2) is used. Based
on this model, the estimate of the regression coefficient matrix, B, is
given by the following relationship:

B=xX)'(X'Y), (7.21).
To compute the inverse of (X'X), it is crucial to address issues related
to high collinearity among independent variables. Thus, to remove the

multicollinearity, PCA methods are applied. Once the components are
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derived, a cause-effect model is constructed using this information. The
residuals obtained from this model serve as the basis for monitoring the
product portfolio through a multivariate control chart.

= Hotelling control chart. As a last step, it is recommended to control the
process and identify any assignable causes that lead the process to out —
of — control situations. In this study, Hotelling’s T? control chart is used
in order to controls the residuals obtained from the multivariate
regression model and its statistic is given by:
"=X-X)S'x-X), (7.22)
where S represents the covariance matrix of X and X is the average

vector of X.

Please note that, generating control charts for each component (X and Y)
becomes crucial when an out — of — control data point is detected in the residual
control chart. This approach is vital for identifying the source of change in the
regression model pattern. If the change is attributed to the X component, it
signifies a shift in the macroeconomic scenario, requiring a review of the
strategic business plan. However, if the change is associated with the Y
component, intervention in the company's product portfolio becomes necessary.
This method enables a targeted response to changes in both macroeconomic
conditions and product performance. Finally, the new proposed method is
compared to that of Villalobos et al. (2005), where the researcher examined the
case in which a shift occurred in just one variable. The results were conducted

through simulation studies and were the following:

= In this study, a shift in a single variable and later in the entire set of Y
variables was tested using the proposed control procedure. On average,
one false alarm was detected every 209/210 months, similar to Villalobos
et al. (2005).

=  When a shift occurred in one variable, the average time to signal (ATS)
metric rapidly declined. Introducing a constant change in all components
led to an expected acceleration in the decline, showing faster results
compared to Villalobos et al. (2005).

= In general, the proposed method demonstrates a quicker identification

of changes in the model patterns compared to usual multivariate
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monitoring procedure. This enhanced speed in model responsiveness
translates to faster availability of information for effective decision-

making.

7.2 Correlation in profile monitoring methods

In this section we will present two methods, which use correlated data to
monitor multivariate profiles. Initially, we will discuss the study by Khalili and
Noorossana (2021), who proposed a multivariate linear mixed model (MLMM)
scheme in order to account for autocorrelation within profiles and then, the
study by Rodrigues et al. (2021), who introduced a statistical process
monitoring procedure designed for flexible environments characterized by a

finite production horizon and p correlated observed variables will be discussed.

7.2.1 Auto-correlated profiles: A  multivariate MLMM  approach

The majority of studies in profile monitoring often assume the absence of
correlation structure among observations within profiles. However, this
assumption is unrealistic, especially in cases where data is collected over time
or space, leading to the presence of serial or spatial correlation. When
observations are collected in short time intervals or close spatial distances,
within-profile correlation becomes noticeable. This correlation challenges the
independence assumption underlying traditional control charts and
significantly influences the performance of existing methods. Khalili and
Noorossana (2021), wanting to provide a solution to the above challenge and
focusing on autocorrelation within multivariate multiple linear profiles
(MMLP) in Phase II, proposed a multivariate linear mixed model (MLMM) in
order to account for autocorrelation within profiles. Furthermore, based on the
proposed model, they proceeded to develop two control charts for monitoring
the shifts in the mean vector and covariance matrix. Below are briefly given

the steps of their method.
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Khalili and Noorossana (2021), based on the multivariate multiple linear
models of Eq. (7.2), defined the MLMM for the j' autocorrelated profile as

follows:

Yi=X;B+Z b +E, j=1,2,...,m, (7.23)
where Y; is the nXp matrix of responses variables, X; is the nxq matrix related
to explanatory variables of fixed effects, B represents a (q+1)Xp matrix for
regression coefficients of fixed effects, Z; is the nXr matrix related to
explanatory variables of random effects, b; represents a rXp matrix for
regression coefficients of random effects and E; is the nXp matrix of error

terms.
The Eq. (7.23) can be transformed in the following model:

vec(Yj') = (XiQl1,) vec(B') + (Z;QI,) vec(b;’) + vec(E;’), j=1,2,... (7.24)
with vec(bj) ~ Np(0, ¥), where vec represents the vectorization operator, the
symbol & represents the Kronecker product, I, is an identity matrix of size p,
¥ is an rp X rp block diagonal covariance matrix equals to &I, and ¢

represents the autocorrelation coefficient.

Proceeding to the definition of the proposed control charts, we first assume that
the in — control profile parameters are known or have been accurately estimated
through Phase I analysis. Therefore, the two proposed control charts are the

following:

= The multivariate exponentially weighted moving average (MEWMA)
control chart is used to monitor the fixed effects in Phase II and its
charting statistic for the j*™ profile is defined as follows:
Ty =227 7, (7.25)
with Zj = A (VGC(B;) - B) + (1 = X) Zj1, where A (0 < A < 1) is the
smoothing parameter, B} is the j" estimation of the fixed effect
coefficients, B represents the mean of vec(B), Z is a vector with zero
entries, Xz = [ A/ (2 — 1)] Zvec(B)), and Zyec(B) represents the covariance

matrix of vec(B).
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The multivariate exponentially weighted moving covariance (MEWMC)
control chart is utilized to identify both increases and decreases in the
marginal variability of a multivariate normal process, i.e., to monitor the
covariance matric in Phase II, and its charting statistic for the j'" profile
is defined as follows:

C; = tr(S)) — log|S;j| - p, (7.26)
with Sj = A vec(Uj) [vec(U;")]” + (1 — A) Sj-1, where L (0 <A < 1) is the
smoothing parameter, tr represents the trace, So is equal to the identity
matrix Iyp of size np, Uj = A (vec(Yj) — vec(o)), vec(po) is in — control
values of mean matrix, matrix A is defined as inverse Cholesky root
matrix of Vo and Vo represents the variance — covariance matrix of Y for

the j = 0 profile.

Note that, in order to monitor process stability when both fixed effects and

covariance matrix change simultaneously, a combination of MEWMA and

MEWMC charting statistics can be employed.

Finally, the results on the performance of the proposed control charts, which

were examined through simulation studies and with the help of the ARL

criterion, were the following:

In scenario where shifts occur in the profile intercept, it was observed
that, under a constant correlation coefficient between responses, both the
two proposed control charts exhibit better performance when the
autocorrelation (@) is strong compared to the case when autocorrelation
is weak.

In scenario where shifts occur in the profile intercept, it was observed
that, when both between-responses and within-profile correlations (¢)
are weak, then the MEWMA control chart performs better than MEWMC
for A < 1.6. However, for strong correlation levels, MEWMC is superior
to MEWMA for A > 0.6. Moreover, the combined method is faster than
the other two methods in moderate to large shifts.

In scenario where shifts occur in the profile slope, it was observed that,
the MEWMA control chart performs better than MEWMC chart for small
shifts.
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= In general, the two proposed charts exhibit better performance for slope
shifts than for intercept changes.

= In scenario where shifts occur in standard deviation, it was observed
that, MEWMA and MEWMC control charts have superior performance
under strong correlation among responses and weak autocorrelation
coefficient. However, MEWMUC chart has the ability to more quickly
detect an out — of — control situation when a shift takes place in the
covariance matrix.

= In general, the MEWMC exhibits superiority to the MEWMA and shows

better results in all correlation and shift levels.

7.2.2 A study for flexible production environments

Traditional control chart methods, particularly univariate charts, face
challenges in modern production environments characterized by small series
and production lots. Short production runs do not yield sufficient data for
accurate estimation of process parameters like mean, standard deviation, and
control limits. Moreover, the assumption of independence in univariate charts
is often violated, as the quality of an item is influenced by correlated variables.
In processes with a limited production horizon and correlated variables,
designing effective control charts becomes a challenge for researchers.
Rodrigues et al. (2021), wanting to give a modern answer to the above
challenge, proposed a statistical process monitoring procedure designed for
flexible environments characterized by a finite production horizon and p
correlated observed variables. Therefore, based on the multivariate multiple
linear profile in Eq. (7.2), they made a preprocessing of the multivariate
Hotelling’s T? control chart, including the standardization of each variable
observed in each product. Subsequently, modifications for bootstrapping and
monitoring multiple products with varying dimensions are implemented. Thus,

the format of the recommended control chart is as follows:

sz = Zijrf'l-j Zija i: 19 29 .., I, J = 1’ 2’ °t2 p’ (727)
where Zi = (&ij / 6,;) be the vector of the standardized observed variables of the

quality characteristics p, 5‘1\]2 = Y" & / (ni — 1), &j represents the observed
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difference of the quality characteristic j of product 1 from the value specified
in design, n; represents the number of samples observed for product i in Phase

I analysis and 2, is the covariance matrix of Z;.

The control limits vary depending on Phase I or Phase II that we will apply the

proposed control chart. Therefore, we have the following control limits:

= In Phase I analysis, the control limit of the proposed chart follows a
Beta distribution and is defined as follows:

(n; — 1)2

Li="——— Bi-wxp/2mp-12 (7.28)
l

where B1 - o2; p/2; i - p - 1)2 1s the percentile of Beta distribution with
parameters p/2 and (ni —p — 1)/2.
= In Phase II analysis, the control limit of the proposed chart follows a F

distribution and is defined as follows:

:(m+1)(m—1)p
m (m —p)

L Ep, mp)s (7.29)

where F represents the quantile of the cumulative distribution F.

The control chart in this study was validated through Monte Carlo simulation,
replicating the variability in product characteristics randomly based on the
actual historical data set. A flexible process was simulated with four product
families: A, B, C, and D. These families had 2, 3, 4, and 5 critical quality

characteristics that required monitoring. The results obtained were as follows:

= The ARL chart indicates that a false alarm is generated for every 96
observations. In the case of a shift in the process, such as an upward
shift in the average due to equipment variation, the chart takes an
average of 42 observations to detect this shift. When there is a change
of two standard deviations, the chart only needs one observation to
trigger an alarm. The decreasing curve in the ARL graph demonstrates
the expected performance, highlighting the graph's utility in detecting

changes in process parameters.
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7.3 Other techniques for monitoring multivariate profiles

In this section we will talk about three different approaches, where the
monitoring of multivariate profiles occurs under a specific framework. In more
detail, initially, we will refer to the study by Ahmadi Yazdi et al. (2019), which
aims to assess the impact of parameter estimation on the performance of three
Phase II approaches for monitoring multivariate simple linear profiles.
Furthermore, we will mention the study of Ghashghaei et al. (2019), who used
the exponentially weighted moving average semicircle (EWMA-SC) and
generally weighted moving average semicircle (GWMA-SC) control charts to
simultaneously monitor the mean vector and covariance matrix of multivariate
multiple linear regression profiles in Phase II analysis. Finally, this module will
develop the study by Park and Lee (2022), who monitored profiles in multistage

processes using the multivariate multiple regression model.

7.3.1 The effect of parameter estimation on the performance of control charts

in Phase II analysis

In certain statistical process monitoring applications, there is a common
assumption that the process parameters are known during Phase II analysis.
However, this assumption is often unrealistic, as in many practical situations,
these parameters are unknown and need to be estimated using historical data in
Phase 1. More specifically, in the context of Phase II profile monitoring, it is
frequently assumed that in — control parameters are known. The values of
profile parameters are seldom known in practical environments and should be
estimated during Phase 1. Then, this assumption can impact the performance of
control charts due to the additional variability introduced by parameter
estimation. Ahmadi Yazdi et al. (2019) explores the impact of parameter
estimation on three methods for monitoring multivariate simple linear profile
data. The investigated approaches include the following control charts: a) the
multivariate exponentially weighted moving average (MEWMA) control chart
for monitoring profile parameters, b) a combination of a MEWMA control chart

based on the vector of residual means and a chi-square (%) chart for monitoring
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process variability (MEWMA/¥?), and c) a combination of three separate
MEWMA control charts (MEWMA 3) for monitoring the vector of intercepts,
the vector of slopes, and the process variability. Before we move on to the
definition of the statistics of the above charts, we will define the model that
will guide us through the rest of this study. Therefore, the multivariate simple

linear regression model can be represented as:

Yi=XB+E, j=1,2,.., (7.30)
where Y; is the nXp matrix of responses variables, X = [1 x] is a n X2 matrix of
explanatory variables, x = (x1, X2, ..., Xn), B = (Poj, B1j)” represents a 2Xp matrix
of regression coefficients and E; is the nXp matrix of error terms.
Here, it is assumed that the matrix B is unknown and should be estimated
through in — control Phase I samples. Therefore, an estimation of B is given by:
B=XX'"X Y=o B, i=12, .., (7.31).
Please note that, the question is whether the estimation of parameter B has an
impact on the efficacy of MEWMA, MEWMA 3, and MEWMA/y? methods,
initially designed under the assumption of known parameters. Thus, the aim is
to identify which method exhibits greater resilience to the effects of parameter

estimation.
The charting statistics of the above control charts are the following:

= For the statistic of the MEWMA control chart, we rewrite the B; by a

1X2p vector as follows:

Bi" = (Boij, oz, ... Bopi, Bi1j, P12y, ., Bipi), (7.32).
So, the statistic for the MEWMA control chart is given by:
T =227 j=1,2, .., (7.33)

with Zj = A (B} —B)" + (1 —X) Zj-1, where A is the smoothing parameter,
Zo is a vector with zero entries, B\] represents the estimation of B;’, B is
the mean vector of B;", Z;; = [ A/ (2 — A)] 23, and Zgis the covariance
matrix of .

* The statistic for the MEWMA/y? control chart is given by:
Ty = Zje S Zie', j=1,2, ..., (7.34)

with Zj.. =X € + (1 —X) Zj-1,¢, where g, is the vector of the average error
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for the j'" profile, £, = [ A/ n(2 —A)] £, and T represents the covariance
matrix of E;.
Please note that, ;> = eij ! eij’, i.e., ¥’ statistic follows a Chi — square
distribution.

* When X = 0, the covariance between the estimated slope and intercept
of the profile becomes zero as well. Consequently, the monitoring of
regression parameters, along with process variability, can be effectively
performed using three distinct control charts. In this scenario, the
relationship between the explanatory and response variables for the i™
observation is expressed as:
vi=po" +xi pit+ey, i=1,2, ..., n, (7.35)
where xi” = (xi - %), Bo” = Bo, 1~ = B1 + ¥ J, and J is a 1 Xp vector of 1s.
The MEWMA 3 statistic for monitoring the intercept is given by:

Ty =Zy ' Zy', (7.36)
with Zi; = & (Bo,” — Bo")" + (1 — X) Zig-1), where By," represents the
estimation of intercepts and Xz1=[ A/ n(2 — A)] Z.

The MEWMA 3 statistic for monitoring the profile slope is given by:
Tsi = Zsj X757 Zs;', (7.37)
with Zsj = L (By," — B1")" + (1 — &) Zsg-1), where fB;," represents the
estimation of intercepts, zs = [ A/ Sxx (2 —A)] T and Sxx = Y=, (x; — %)°.
The MEWMA 3 statistic for monitoring the process variability is:

Zgj = max{ In(x/) + (1 =) Zegj-1), np}, (7.38)
with 3% = X e 271 ey

Given that the ARL is no longer a fixed parameter under the assumption of

estimated process parameters, three metrics, the average of ARL (AARL), the

standard deviation of ARL (SDARL) and the coefficient of the variation of ARL

(CVARL), are employed. The objective is to compare the methods and

determine the most robust one in the face of the effects of parameter estimation.

The results were obtained through simulation studies and were the following:

= Under in — control conditions, when more samples of Phase I are used to

estimate the unknown parameter then the estimation leads to be better.
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Based on the AARL metric, the MEWMA/y? performs better in most
cases, as it exhibits higher AARL values. Moreover, the MEWMA 3
control chart in most cases it has higher AARL values compared to
MEWMA and thus has greater efficiency.

In general, it was observed that the AARL value increases when the
value of the smoothing parameter increases.

Selecting the superior method based on the SDARL metric is not
straightforward in this case. However, it was observed that, the
MEWMA 3 chart outperforms the other competing control charts in
terms of the SDARL metric when A = 0.2. Furthermore, for small values
of samples, i.e., m = 10 and m = 70, the MEWMA/y? chart has lower
SDARL values, which signals greater effectiveness of this method.
Utilizing the CVARL metric enables the consideration of both AARL and
SDARL simultaneously in determining the superior method. While both
the MEWMA 3 and MEWMA/? control charts outperform the
MWEMA, the MEWMA 3 consistently exhibits superior performance
compared to other competing charts. Additionally, the performance of
the MEWMA 3 improves with an increase in the value of samples.
When a shift in the intercept of the first profile (Bo1) occurs, then the
AARL measurement indicates that the performance of the MEWMA and
MEWMA/? control charts consistently outperforms that of the
MEWMA 3 across all values of m. It is worth noting that, the
MEWMA/? chart exhibits superior performance to the MEWMA for
small shifts, while their performances are comparable for large changes.
When a shift in the intercept of the first profile (Bo1) occurs, then the
MWEMA chart shows the best performance in terms of the SDARL, as
it has the smallest SDARL values. Moreover, similar results to MEWMA
have the MEWMA/y? control chart, which has greater efficiency than
MEWMA 3.

When a shift in the intercept of the first profile (Bo1) occurs, then the
MEWMA method performs better than the other competing methods in
terms of the CVARL. However, it is worth noting that previous research

by Noorossana et al. (2010) indicated that the MEWMA/%*> method
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outperforms other methods in terms of ARL when parameters are known.
Therefore, based on this observation we see that the performance of
control charts changes, depending on whether the parameters of the
model are known or estimated.

= When a shift in the slope of the first profile (Bi1) occurs, then the
evaluation of all three metrics, i.e., AARL, SDARL, CVARL, suggests
that the MEWMA method outperforms the other competing methods.
However, it's noteworthy that the MEWMA/? chart exhibits better
performance in detecting very small shifts, particularly in terms of the
CVARL metric. Please note that, both in case the parameters are known
and, in the case, where the parameters are unknown and need to be
estimated, the MEWMA control chart shows the greatest effectiveness.

= In general, the performance of the control chart approaches is
significantly influenced by parameter estimation. Finally, the use of
estimated parameters in calculating the control chart statistic requires a
larger number of Phase I samples to achieve the same in-control
performance as when parameters are known. However, obtaining more
Phase I samples for parameter estimation improves detection

performance.

7.3.2 Simultaneous monitoring of the mean vector and covariance matrix

Simultaneously monitoring the mean vector and covariance matrix in
multivariate processes enables researchers to avoid the inflated false alarm rate
associated with using two independent control charts. Ghashghaei et al. (2019),
based on this philosophy, used the exponentially weighted moving average
semicircle (EWMA-SC) and generally weighted moving average semicircle
(GWMA-SC) control charts to simultaneously monitor the mean vector and
covariance matrix of multivariate multiple linear regression profiles in Phase
II. Then, the above control charts have only one statistic with one control limit
to simultaneously monitor all the profile parameters. First, before proceeding

to define the control charts used in this study, we will define the model on
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which Ghashghaei et al. (2019) were based. Therefore, the multivariate

multiple linear model is given as follows:

Yy=XB+E;, j=1,2,... (7.39)
where Y; is the nXp matrix of responses variables, X is the nxq+1 matrix of
explanatory variables, B represents a (q+1) Xp matrix of regression coefficients

and E; is the nXp matrix of error terms.

Note that, for the j'" sample, the least square estimator of matrix B is given by:
B =X X)"' X" v, (7.40).
Moreover, the matrix E could be rewritten as a 1X(q+1)p random vector [?],

where B, = (Boij, B, .., Pati> Bo2j, B12js -5 Ba2is -5 Bopis Bipis ---» Papi)-

Based on the above model, the charting statistics of the proposed control charts

are defined as follows:

= The exponentially weighted moving average semicircle (EWMA-SC)
was originally developed by Chen et al. (2004) to monitor mean and
variance of a univariate quality characteristic. Ghashghaei et al. (2019)
extended the original idea of Chen et al. (2004) with the goal of
simultaneously monitoring mean vector and covariance matrix of
multivariate multiple linear regression profiles in Phase II analysis.
Therefore, the proposed charting statistic is defined as follows:
U=12Ti+(1-2) U., j=1,2, ..., (7.41)
with Tj = Z; + Wj, where A€(0, 1] represents the smoothing parameter,
Uo=p(n+q+1),Zi=(B—-B) 5" (B, - B), B is the expected value of
E], ¥ is the covariance matrix of B\], Wi =Y, (vij — xiB) = (yij — xiB)’
and X represents the covariance matrix of E;j.

Furthermore, the upper control limit of this chart is given as follows:

2pA[1— (1 - )2
2-2

UCLZp(n+q+])+L.\/ ](n+q+1), (7.42)

where the value of L is determined by the value of the in — control ARL
given by each researcher.
*= The generally weighted moving average semicircle (GWMA-SC) control

chart originally developed by Sheu et al. (2009) in order to monitor mean
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and variance in the situation where an individual observation is taken
over time. Ghashghaei et al. (2019) extended the original concept of
Sheu et al. (2009) for the purpose of simultaneous monitoring of mean
vector and covariance matrix of multivariate multiple linear regression
profiles in Phase II analysis. Therefore, the proposed charting statistic
is given by:

V=%l (0C=D% — 9tYT_ypy + 05V, j=1,2, ..., (7.43)
where T; = Z; + Wj as previous, Vo=p (n+q+1),0 (0 <8 <1)is the
design parameter which is constant and o€(0, 1] represents the
adjustment parameter determined by the researcher.

Furthermore, the upper control limit of this chart is given as follows:

UCLZp(n+q+I)+L*\/2p(n+q+1)Q, (7.44)
where the value of L* > 0 is determined by the value that each researcher

will give to the in — control ARL and Q = lim {¥/_, (8¢~ D — 9t*)2}.
j >

Of particular interest is the comparison made between the two proposed control
charts developed above with three other existing EWMA-based charts. More
specifically, EWMA-SC and GWMA-SC are compared with the following
control charts: a) the EWMA-based generalized likelihood ratio (ELR) control
chart proposed by Eyvazian et al. (2011), who developed four methods to
monitor multivariate multiple linear regression profiles in Phase 11 analysis, b)
the sum of squares EWMA-based (SS-EWMA) control chart proposed by
Ghashghaei and Amiri (2017b) in order to identify the out-of-control parameter
responsible for a shift in the process, and c¢) the maximum multivariate
exponentially weighted moving average (Max-MEWMA) control chart
proposed by Ghashghaei and Amiri (2017a) to monitor mean vector and
covariance matrix simultaneously. The comparison between the above control
charts was made with the help of the ARL performance criterion and the results

were as follows:

= When a shift in the intercept of the first profile occurs, then
the GWMA-SC chart shows enhanced performance as parameter 0

increases, although the influence of o is not consistently ordered.
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Furthermore, the EWMA-SC control chart performs better with A = 0.2
compared to other A values. It is worth noting that, the GWMA-SC
control chart outperforms the EWMA-SC chart only for 8 = 0.8 and 0.9.
When a shift in the standard deviation of the first profile occurs, the two
proposed charts show better results than the three existing control charts.
In particular, the GWMA-SC chart shows slightly better efficiency than
the EWMA-SC for small and moderate shifts, while for large changes
the two control charts perform similarly. Moreover, while it is accurate
to state that the performance of all control charts improves when the
level of correlation parameter increases, the proposed control charts
consistently demonstrate superior performance.

When a shift in the intercept of the first profile occurs, for large changes
the two proposed charts are more effective than the ELR, SS-EWMA and
Max-MEWMA control charts. Moreover, similar results arise for
moderate shifts if the level of the correlation parameter is equal to 0.5.
However, for small changes in the intercept the SS-EWMA is the one
that has the greatest efficiency and performance. Please note that, similar
results are obtained in case which a change occurs in the slope of the
first profile.

When simultaneous changes occur in the intercept and standard
deviation of the first profile, then both EWMA-SC and GWMA-SC
charts perform better than the other three control charts, for any size of
change and for any degree of correlation.

When a shift in the intercept of the second profile occurs, then the
proposed control charts show better results for large shifts than the rest
of the charts, with GWMA-SC being a bit better than EMWA-SC in most
cases. Moreover, when the value of correlation parameter is equal to 0.9
(strong correlation) then the proposed charts perform better than the
other three control charts for moderate shifts, since they have smaller
ARL values. Finally, for small changes the SS-EWMA control chart was
observed to perform best in most cases and thus is able to detect a small

change faster.
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7.3.3 Monitoring profiles in multistage processes

In modern production processes, the quality of final products is often
influenced by multiple stages, emphasizing the importance of effective profile
monitoring across these stages. To achieve this, a multistage process is
dissected into individual single-stage processes, each treated as a profile
structure. In each stage, Park and Lee (2022) implemented the multivariate
multiple linear regression model using orthogonal design coding. The
utilization of orthogonal design coding ensures independence among the row
vectors of the coefficient estimator matrix, allowing for the independent
monitoring of the process. This independence is crucial for effectively
assessing each stage of the multistage process, contributing to enhanced control
and quality assurance. Below will be briefly given the model that will be used
in this study as well as the idea of constructing the proposed control chart for

monitoring such multistage processes.

For a specific stage of the multistage process, sequential samples are collected
for monitoring. In this context, P input variables are represented as {xi, Xz, ...,
xp} and K output quality variables are denoted as {yi, y2, ..., yk}. Assuming
that the conditional distribution of output quality variables given input
variables follows a multivariate normal distribution with a mean vector p = (p1,
n2, ..., uk)  and a covariance matrix X, the observed output quality vectors are
{vk = (¥1k, Y2k, ..., Yuk) , k=1, 2, ..., K} and the observed input vectors are {xp
= (X1p, X2p, ---» Xnp) , p=1, 2, ..., P}. For an in — control process sample of size
n, the sample in — control process model for a given stage is expressed as a

multivariate multiple linear regression model:

Y =XB +e, (7.45)
where Y = (y1, y2, ..., k), X =(1, x1, X2, ..., Xp), B = (B1, B2, ..., Bx)” represents

the coefficient matrix and € is the error matrix.
The fitted model for Eq. (7.45) could be written as follows:

Y = XB, (7.46)
where ¥ = (91, 92, ..., §x) and B = (b1, ba, ..., bk)’ represents the coefficient

least square estimator matrix.
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Moreover, the least squares estimators for the k'™ column of B are given by:

be = (X X)' X’ yk, (7.47).
Please note that, the design matrix X is properly formed to become orthogonal,
or near orthogonal, and then, the independence of row vectors in matrix B
enables the monitoring of a given stage using (P+1) independent multivariate

control charts with K variables.

Based on the above model, the proposed charting statistic has the following

form:

Tyl = (bpt - bp) Sy' (bpe-bp),p=0,1,..,P, t=1,2, .., (7.48)
where by represents the coefficient estimator vector for the p'" coefficient at
sample t, b, is the mean vector of the by and S, represents the covariance matrix

for the p™ regression coefficient.

It is worth noting that, the control limits vary depending on Phase I or Phase II
that we will apply the proposed control chart. Therefore, in Phase I analysis the
control limit for the proposed chart follows a Beta distribution, while in Phase
II follows a F distribution. Finally, the efficiency of the proposed control chart

was examined through a simulation study, the results of which were as follows:

= Based on the ARL metric, when a large change occurs in only one of the
regression coefficients then the proposed T? chart has the ability to
detect it quickly and efficiently, while for small and moderate shifts it is
considered ineffective.

= Similar results are obtained in the case of shifts occurring in two
regression coefficients, with the T? control chart being sensitive to large
shifts, while for smaller changes its performance is not good.

= Comparing the performance of the proposed chart in cases where
changes occur in only one of the regression coefficients and in two
regression coefficients, respectively, it was observed that in the latter
case the T? chart shows better results, as it can detect shifts faster and

more correctly.
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CHAPTER 8

Conclusions and further research

Profile monitoring is a statistical technique employed to assess the stability of
functional relationships between response and explanatory variables over time.
Specifically, through statistical analysis, profile monitoring helps identify any
deviations or changes in the relationships, enabling timely interventions and
maintaining process stability. Since this technique is a relatively new area in
statistical process control, Woodall’s review paper (2007) is an important
contribution and paved the way for the publication of an increasing number of
papers in this area. This growing trend was framed in the detailed review paper
of Maleki et al. (2018), almost a decade later than Woodall's remarkable paper,
which presents a classification scheme and classify the papers in this area since
2008 up to 2018. However, after these two review papers, there is no document
summarizing recent research in profiling. Therefore, the purpose of this thesis
was to fill this scientific gap by gathering and discussing recent studies and
trends around profile monitoring, especially in the period after 2018. Finally,
the discussion takes place around the main types of profiles, i.e., simple linear,
generalized linear, generalized linear mixed, geometric, polynomial, nonlinear,
nonparametric and multiple profiles, respectively, the conclusions of which are

presented below.

Initially, this thesis presented recent studies, research and developments for
monitoring simple linear profiles, the most popular type of profile. In the first
place, two methods aimed at simultaneous shifts in the profile parameters were
examined. These approaches were by Saeed et al. (2018), who used a memory
type chart based on progressive mean, and Yeganeh et al. (2021), who
constructed a MEWMA control chart with a set of new run-rules. It was
observed that the two new proposed control charts perform more effectively in
monitoring simple linear profiles than existing charts, for example the

EWMA_3 and the Hotelling’s T? chart. Interestingly, the comparison made
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between these two recent methods, where the approach by Yeganeh et al. (2021)
was judged better at detecting changes. Of course, the study by Saeed et al.
(2018) shows quite good performance, which gives rise to interest in extending
it to other types of profiles, such as nonlinear profiles. Furthermore, useful
conclusions were also obtained from the studies of Hassanvand et al. (2019),
Salmasnia et al. (2019) and Moheghi et al. (2020), which use robust estimators
to estimate regression parameters. Through these studies, the performance of
ordinary least squares estimators is compared with robust estimation methods,
assuming the existence of outliers, showing the superiority of robust estimators
in detecting different types of shifts. Further research that could expand the
study by Hassanvand et al. (2019), who examined monitoring simple linear
profiles for multistage processes, is the profiling study for multivariate or
multiple linear profiles using robust estimation methods. Another interesting
extension would be to compare the above profiles between the performances of
robust approaches and extensions of ordinary least square method. This chapter
closed by discussing the studies of Aytagoglu, B., and Bayrak, O. T. (2019),
Abbas et al. (2019) and Yeganeh et al. (2023), which concerned the effect of
both estimation and violation of normality assumption, the monitoring of
simple linear models with one random explanatory variable in the Bayesian
framework, where it was observed that the Bayesian EWMA chart is capable of
detecting small shifts in the process parameters more quickly, and the proposal
of a new scheme to financial market monitoring, respectively. Further research
that could extend the study of Abbas et al. (2019) is the profiling study for
generalized multivariate setups, where the model would consist of multiple
response and random independent variables and would be examined under
Bayesian framework. Finally, the study by Yeganeh et al. (2023) based on the
CCPM method could be studied and researched to extend and draw interesting
conclusions regarding parameter shifts with profile diagnosis techniques.
Moving on to the next chapter, interest turned to generalized linear and
generalized linear mixed profiles. In the framework of robust estimators, the
study by Moheghi et al. (2021) was initially presented, focusing on logistic and
Poisson profile monitoring aiming at reducing the presence of outliers and
estimating regression parameters. Making a comparison with maximum

likelihood estimators (MLEs), it was observed that robust estimators are more
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accurate and effective, do not show sensitivity to the presence of outliers in
Phase I and detect shifts in Phase II analysis faster. Significant results were
conducted from the studies of Nassar and Abdel-Salam (2022) and Bandara et
al. (2020), where the former monitored linear mixed models using the
semiparametric MRR2 technique while the latter examined the monitoring of
generalized linear mixed profiles with a semiparametric method using binomial
distribution for the response variables and the T? charting statistic. These
semiparametric methods were compared with their nonparametric and
parametric counterparts, concluding that the proposed semiparametric methods
were more sensitive to detecting changes and provided better and more accurate
estimates of profile parameters. It is worth noting that, further research that
could expand the study of Bandara et al. (2020) is the profile monitoring study
for generalized linear mixed models where the distribution of the response
variable will be different from the binomial, but will belong to the family of
exponential distribution, say Poisson or gamma distributions. Furthermore,
through the study of Mohamed et al. (2022), who monitored profiles under
gamma regression models, it was observed that the EWMA control chart based
on deviance residuals was judged more effective, with better performance and
more accurate results than the EWMA chart based on Pearson residuals.
Moreover, the study by Mohammadzadeh et al. (2021), which concerned the
monitoring of logistic profiles using variable sample interval approach, proved
that the use of sample intervals as variables improves the performance of
control charts as mainly small and moderate shifts are detected faster than if
sampling intervals are considered fixed. The use of other approaches such as
variable sample size, i.e., the sample size to behave as variable rather than
fixed, to evaluate the performance of appropriate control charts in Phase II
analysis and comparison with methods using constant sample sizes are
suggested for the future research. Finally, Liu et al. (2018) developed a new
scheme for surgical outcomes based on EWMA control charts, which was
compared to the RA-CUSUM chart. The above control charts were used to
detect upward and downward shifts simultaneously, with the proposed EWMA
chart performing better for monitoring random effects belonging within the

same group.
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Moving on to the fifth chapter, interest turned to geometric and polynomial
profiles. Zhao et al. (2020) examined circular and cylindrical profiles,
respectively, using T? and Shewhart control charts for monitor the variance of
error term under spatial correlations. The proposed methods, one for each type
of the above geometric profiles, were compared with the already existing OOR,
LOC, SARX and PCA approaches. The results highlighted the new proposed
methods and the SARX approach as the most effective, while the OOR method
was considered less efficient. An important conclusion was that methods using
spatial correlations perform better, more efficiently and show greater accuracy
to detect changes in the profile parameters. Of course, the proposed method for
cylindrical profile was observed to show better results than the method for
circular profile, as the detection rate was higher. It is worth mentioning that, in
the future, the above methods could be generalized for other geometric
specifications or even used to monitor nonparametric profiles. Also, an
interesting suggestion for future study would be to use other control charts, say
EWMA and CUSUM, instead of T? and residual charts and compare their
results. Through the study by Song et al. (2023), who monitored polynomial
profiles in the presence of attribute responses and between-profile correlation,
it was observed that the proposed dEWMA chart with dynamic control limits
and not constant performs better than GLR and iEWMA charts. It is concluded
that the dynamic nature in the dEWMA achieves accuracy and efficiency by
reducing the frequency of false alarms. Effectively monitoring profiles with
attribute responses, considering both within — and between - profile
correlations, remains a challenging yet valuable research area. Exploring the
monitoring of autocorrelated nonparametric profiles with attribute responses
deserves further investigation. Further studies are also needed for Phase I
analysis of profiles with attribute responses in the presence of between-profile
correlation. Furthermore, studies by Yao et al. (2020) and Atashgar and Abbassi
(2021), which concerned monitoring polynomial profiles for simultaneous
shifts in the regression parameters, proposed WLRT and MGWMA -PF methods,
respectively, and compared them with already existing control charts, was
discussed. Yao et al. (2020) proved that the WLRT and Ortho control charts
performed the best, while the T? chart proved to be the least effective.
Moreover, in the research of Atashgar and Abbassi (2021) the proposed
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MGWMA-PF chart was capable of detecting very small shift types effectively
and was the most effective, compared to other existing methods of the literature.
It is worth noting that, MGWMA-PF performs better when shifts occur in the
profile intercept than the WLRT approach. Moving on to examine the impact of
Phase II control chart performance from various factors, the study by Ghasemi
Eshkaftaki et al. (2021) emphasizes that the accuracy of Phase II monitoring
directly depends on the parameter estimation that will be made during the Phase
I analysis. It was observed that when estimated parameters are used, then the
performance and effectiveness of both Phase I and Phase II analysis is
significantly better compared to when known parameters are used.
Furthermore, the F method was considered more effective for parameter
estimation than the T? approach because the former has the ability to improve
the performance of control charts in Phase II. Also noteworthy was the research
of Liu et al. (2023), who showed that the effect of ignoring measurement errors
significantly affects the ability to detect changes in control charts. In an effort
to mitigate this effect, they reconstructed the charts they used in their study,
i.e., the dAMEWMA, MCUSUM, MEWMA and T? charts, using consistent
MALS and ALS estimators. It turned out that the MALS-based charts perform
better than the ALS-based control charts. However, ignorance of measurement
errors still has a significant impact on the performance of Phase II analysis.
Thus, two remedial approaches were proposed to reduce the impact of
measurement errors, which proved to be extremely important. Closing this
chapter, the study by Netshiozwi et al. (2023) concludes that if every business
follows the five proposed steps, i.e., model estimation, model verification,
Phase I analysis, Phase II analysis, signal interpretation, then it will be able to

recognize abnormal situations correctly and accurately.

The next chapter aimed to examine and conduct results on monitoring
nonparametric profiles. Initially, in the context of change point detection
methods, the study of Li et al. (2019) was presented, who proposed a rank-
based EWMA control chart using SVR model. It turned out that the proposed
chart in combination with the M2, M3 and Ms metrics, respectively, performs
better than the M| and M4 metrics. Almost two years later, Iguchi et al. (2021)

developed a l>-based statistic of SIM coefficients and compared the results with
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those of Li et al. (2019). Simulation studies have shown that the non-rank-based
monitoring procedure of Iguchi et al. (2021) shows superior performance, better
results and a lower false alarm rate compared to the method of Li et al. (2019),
which despite its excellent speed to detect a change is considered a little less
effective. Furthermore, excellent results and basis for future research were
provided by the studies of Zhou and Qiu (2022) and Ding et al. (2024),
respectively, which included correlation in profile monitoring. Specifically, the
study by Zhou and Qiu (2022) centers on Phase I monitoring of univariate
profile data under serially correlation. The research showed that the proposed
method performs better than existing nonparametric approaches, mainly under
between-profile correlation. There is a potential avenue for further research,
exploring the generalization of the proposed method for Phase II monitoring,
encompassing both univariate and multivariate profiles, particularly in
situations where both between-profile and within-profile data correlation are
present. The very recent study by Ding et al. (2024) examines the results of the
EWMA control chart constructed with ED, Area and T? statistics, respectively.
The Area statistic could detect larger changes more quickly and has generally
been shown to perform better than ED statistic, which in turn shows better
results than T2. Moreover, the EWMA control chart built with Area statistic was
judged to be slightly more efficient and more sensitive to process shifts
compared to the EWMA chart with ED statistic. Notably, the results were based
on only one covariate. Thus, further work could include more covariates in the
proposed model. Furthermore, the Gaussian process-based profiling model
proposed in this study effectively addresses within-profile correlation. One
suggestion for further research is to explore advanced machine learning
approaches for modeling between-profile correlation. Moving on to studies
looking at monitoring both regression parameters and profile variance, Abbasi
et al. (2022) and Yeganeh et al. (2022) proposed an adaptive NEWMA control
chart based on relative distance and a NEWMA control chart based on ANNS,
respectively. Both proposed charts improve the performance and ability to
detect changes of the original NEWMA chart and were judged to be more
effective than NEWMA, which in turn appeared to perform better than PM, NM
and EWMA 3 control charts. Furthermore, another interesting study was that

of Varbanov et al. (2019), who compared their proposed method, the WBB, with
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the LRT approach. The results showed that the WBB approach has a lower false
alarm rate, lower variability, accurately detects the location of the change and,
in general, has superior performance compared to the LRT method, mainly for
smaller shifts. Finally, this chapter closed with the study by Deng et al. (2022),
who investigated the monitoring of the health condition of rotating machines,
proposing the T? indicator. The results of the survey highlighted the new health
indicator as the most effective for detecting an early fault in relation to negative
entropy, kurtosis, Gini index and smoothness index indicators, respectively.
Reaching the final chapter of this thesis, the focus turned around monitoring
multivariate profiles. Under the PCA framework, Wang et al. (2018) examined
multichannel profile monitoring during Phase I analysis and demonstrated that
their proposed PCA method exhibits superior performance than the method of
Paynabar et al. (2016), which is a special case of the new approach. The above
efficiency is because the new method has the ability to detect the true change
point with greater accuracy and efficiency compared to the specific method of
Paynabar et al. (2016). A topic for future research is to extend the new method
for profile monitoring during Phase II analysis. Furthermore, the study by Ren
et al. (2019) proposed a new EWMA scheme based on MFPCA, which was
shown to show better results than other existing methods for monitoring
multivariate profiles in Phase II analysis. In fact, the new PCEWMA control
chart, as it was called, was observed to perform equally well for either weak or
strong between-profile correlation. Of particular interest was the study by
Herzer et al. (2023), who focused on an application in product portfolio
management proposing four steps for the benefit of companies. The new
multivariate profile monitoring process using the four proposed steps has been
shown to be able to recognize changes faster compared to standard multivariate
monitoring procedures, as it has greater speed and, thus, occupies faster the
available information for making effective decisions. A general conclusion that
emerged from the above studies was that PCA-based approaches capture
significant information from multichannel profiles and, therefore, are
extremely useful and effective. Moreover, moving on to research investigating
correlation in profile monitoring, the study by Khalili and Noorossana (2021)
was first discussed. They tested the multivariate linear mixed model by

constructing the MEWMA chart to identify shifts in the fixed effects, while the
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MEWMC control chart was constructed to monitor the covariance matrix. The
results showed that for shifts in the profile intercept and slope, the above
recommended charts perform better mainly for strong between-responses and
within-profile correlations, while for changes in the standard deviation it was
observed that these control charts provide better results for strong correlation
between responses and weak autocorrelation coefficient. Furthermore, in most
cases the MEWMC performed superior to the MEWMA control chart. It is
worth noting that, the motivation behind the development of the combined
method of Khalili and Noorossana (2021) was to monitor the process mean
vector and covariance matrix simultaneously. However, diagnosing out — of —
control parameters need further investigation and could be a subject of future
studies. Moreover, Rodrigues et al. (2021) presented a statistical procedure for
process monitoring in flexible environments based on the T2 control chart. The
results showed that the new proposed scheme is capable of detecting changes
in the process parameters correctly and effectively. Moving towards the end of
this chapter, the study by Ghashghaei et al. (2019), who proposed EWMA-SC
and GWMA-SC control charts for simultaneous monitoring of the mean vector
and covariance matrix, was discussed. In these recommended charts all of the
profile parameters are monitored by only one statistic. Simulation studies have
shown that for shifts in the standard deviation, new control charts are more
efficient than existing EWMA-based charts, while in cases where changes are
made in the profile intercept and slope, the proposed control charts were
superior for large shifts. Moreover, Park and Lee (2022) proposed a T? charting
statistic for examining multi-stage processes using orthogonal design coding,
which proved more effective in detecting larger changes in the profile
parameters. Finally, Ahmadi Yazdi et al. (2019) studied the effect on parameter
estimation, an issue of major importance in profiling. For this reason, this effect
was examined in MEWMA, MEWMA\y> and MEWMA_3 control charts and
their performances were evaluated in terms of AARL, SDARL and CVARL
metrics. These performance criteria were used instead of the well-known ARL
metric, as the latter ceases to behave as a parameter due to the estimated
parameters. Under in-control conditions, the performance of control charts
varied depending on the evaluation criterion. More specifically, based on AARL

metric it was observed that the MEWMA\y? chart showed the best results
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compared to the other two control charts. On the other hand, the choice for
superior performance is not so clear in terms of SDARL metric. However, the
results of simulation studies showed that when the smoothing parameter A is
equal to 0.2 then the MEWMA 3 chart is judged to be the most effective, while
for small values of samples better results are presented by the MEWMA \y?
control chart. Moreover, research showed that, using the CVARL metric, the
MEWMA 3 chart uniformly performs better than the other control charts.
Finally, by evaluating the performance of the above charts under out — of —
control conditions, the study proved that the MEWMA control chart is the one
that has the most effectiveness and performs better compared to the rest of the
charts for all possible scenarios. Of course, a topic for future research is to
propose new performance criteria to better measure the effect of parameter
estimation, which is extremely useful for evaluating the performance of control

charts and the appropriate selection of superior methods.
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