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0.1 Abstract

It is common practice for insurance companies to give dividends to their shareholders. Many
papers have been written on dividends policies. It has been found that under some reasonable
assumptions the optimal policy is to follow the so called constant barrier dividends policy also
known in Risk theory as de Finetti model. However soon become apparent that this model is
not "perfect" as questions and problems emerge from its application and that some "kind" of
modifications are necessary.

In this spirit, this thesis extends the de Finetti model in order to include cases with barriers
dividends policies which are modeled by diffusions. The approach is axiomatic and was motivated
by the classical de Finetti model. We show that the de Finetti models with general (diffusion)
barriers are well posed that is they exist and are unique, or in other words that there exist unique
stochastic processes that evolve according to our conditions. When we say unique stochastic
processes we mean up to the degree of indistinguishability.

We consider de Finetti models with one general barrier meaning that when the reserves of the
insurance company reach a "particular" level, which also depends upon a diffusion process, then
the company goes bankrupt. We also consider de Finetti models with two general barriers, that
is when the reserves of the insurance company reach the level of the lower barrier, which also
depends on a diffusion process, then the insurance company has the option to borrow money and
continue it’s function.

We derive differential equations with appropriate boundary conditions, the solution of which
gives the quantities for which we are interesting. More specifically we find differential equations
with appropriate boundary conditions, the solution of which gives the moments of the discounted
dividends, the moments of the discounted financing, the Laplace transform of the time of ruin, the
Laplace transform of the joint distribution of the time of ruin and the discounted dividends and
the Laplace transform of the joint distribution of the discounted dividends and the discounted
financing.

We apply the formulas in special cases and more specifically in cases where the reserves process
follows a Brownian motion, a Geometric Brownian motion and an Ornstein—Uhlenbeck process

(also see Gerber, H.U. and Shiu, E.S.W.([71],[72])).

Next we work on another important issue, which is the situation of insurance companies
cooperation. We consider this issue from the perspective of a particular insurance company. We
are interesting to look at parameters which are vital to the decisions of the company. Among
these parameters very important role we consider to play the probability of survival in a particular
cooperation and the shares that will be given to the shareholders during this cooperation. We
find differential equations with appropriate boundary conditions the solution of which will give:

e The moments of the discounted dividends and the discounted financing.

e The Laplace transform of the joint distribution of the time of ruin and the discounted
dividends.

e The Laplace transform of the discounted dividends.
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e The Laplace transform of the time of ruin.

e The Survival probability for one of the two insurers.

We apply these results in two models:

(I) The Lundberg - de Finetti model.

(IT) The de Finetti - de Finetti model.

We show how an insurance company can use the above results for policy making purposes. We
also mention possible ways to extend the above considerations to various other models.
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MOST COMMON
NOTATION

I. Sets and Spaces
(Q,F,P)
(Q,F,F,P)

R+

RTL

N

RTLXm

Cc(U)

cn(U)

Co(U)
Cy(U)

cyU)

I1I. Functions

t
(z,a,b)
b

>

0
¢(x,a,b)
£(z,a,b)

DESCRIPTION

Probability space

a filtered complete probability space

Positive real numbers

the n—dimensional Euclidean space

the natural numbers

the n X m matrices (real entries)

the space of continuous functions from U into R
the space of continuous functions from U into R
with continuous derivatives up to order n.

the space of continuous functions from U into R
with compact support

the space of functions from U into R with compact

support and continuous derivatives up to order n.
the space of continuous, bounded functions

from U into R with continuous, bounded derivatives

up to order n.

see Definition 2.5.10
see Definition 2.5.11
see Definition 2.5.12
see Definition 2.5.13
see Definition 2.5.18

see Definition 2.5.19
see Definition 2.5.20

Right shift operator, see Definition 1.3.27
see Definition 2.5.4
see Definition 2.5.4
see Definition 2.5.4

vii
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III. Greek notation

1) interest rate

I drift coefficient, see Definition 1.3.23

o diffusion coefficient, see Definition 1.3.23

Pra correlation of the Brownian motions B”
and B*, see (2.1.4)

o2 see Definition 2.5.3

IV. General notation
FX the o-algebra generated by {X;:s <t}

i
() max(f(-),0), the positive part of the real function f(-)
=) max(—f(-),0), the negative part of the real function f(-)
sign(z) { 1 if z>0
-1 if <0

Az the generator of an Ito diffusion X

(see definition 1.3.29)
a.s. almost surely
T Ay min(z,y) for z,y € R
xVy max(z,y) for x,y € R
t time
T Ruin time

de Finetti model with one general reflecting barrier

u Dividends
U Discounted Dividends, see (2.1.18)
U(t) Discounted Dividends starting at time ¢

(see definition 2.5.6)

N(z,a,b, A1, 2) The Laplace transform of the joint distribution of
the time of ruin and the discounted dividends,
see (2.1.20)

K(z,a,b,\) The Laplace transform of the discounted dividends,
see (2.1.21)

M(z,a,b, \) The Laplace transform of the time of ruin,
see (2.1.22)

V(z,a,b;n) The Moments of the discounted dividends,
see (2.1.23)

V(z,a,b) Equals with V(z,a,b;1) by definition.
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de Finetti model with two general reflecting barriers

U

U
u-
U

U=
U (t)

L(CL‘, a, bv )‘1a )‘2)

KW (x,a,b,\)

K (z,a,b,))
V) (z,a,b;n)

V) (z,a,b)
VE)(z,a,b5n)
V), a,b)

We refer simultaneously to dividends and financing
(whenever we use the symbol £+ we use it with
analogous logic)

Dividends

Financing

We refer simultaneously to the discounted dividends
and the discounted financing

Discounted Dividends, see (2.1.24)

Discounted Dividends starting at time ¢

(see (2.5.22))

Discounted Financing, see (2.1.25)

Discounted financing starting at time ¢

(see (2.5.23))

The Laplace transform of the joint distribution of
the discounted dividends and

the discounted financing, see (2.1.29)

The Laplace transform of the discounted dividends,
see (2.1.30)

The Laplace transform of the discounted financing
The Moments of the discounted dividends,

see (2.1.31)

Equals with V() (z,a,b;1) by definition.

The Moments of the discounted financing

Equals with V(_)(ZE, a,b; 1) by definition.
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Two Insurers (T.I.)

M(z,y, )

The Laplace transform of the time of ruin
see (4.1.10)

(T.I.)One reflecting barrier

V(z,y;n)

V(z,y)
K(z,y,\)

/\/(x, Y, /\1, )\2)

The Moments of the discounted dividends,

see (4.1.7)

Equals with V(z,y;1) by definition.

The Laplace transform of the discounted dividends,
see (4.1.9)

The Laplace transform of the joint distribution of
the time of ruin and the discounted dividends

see (4.1.12).

(T.I.)Two reflecting barriers

V) (2, y;n)

K (2,9, \)

N(:c,y, /\1, )\2, )\3)

The Moments of the discounted dividends

see (4.1.6).

Equals with V() (z,;1) by definition.

The Moments of the discounted financing

Equals with V(=) (z,y;1) by definition.

The Laplace transform of the discounted dividends
see (4.1.8)

The Laplace transform of the discounted financing
The Laplace transform of the joint distribution of
the time of ruin , the discounted dividends and
the discounted financing. (see (4.1.11))
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xi

Two Insurers (T.I.): de Finetti -de Finetti model
(T.I.)One reflecting barrier

Vi(z, y;n)

Vz<x7y)
lCi(x7 Y, )‘)

The Moments of the discounted dividends,

for the 7 - insurer (i = 1,2)

Equals with V;(z,y;1) by definition.

The Laplace transform of the discounted dividends,
for the 4 - insurer (i = 1,2)

(T.I.)Two reflecting barriers

VI (@, y;m)

Vi (@, y)
VI (@, ;)

7

VI (@,y)

(2

K (2,9, 0)

K (2,9, \)

The Moments of the discounted dividends

for the i - insurer (i = 1,2)

Equals with VZ-H)(L y; 1) by definition.

The Moments of the discounted financing

for the 7 - insurer (i = 1,2)

Equals with Vi(f)(a:, y; 1) by definition.

The Laplace transform of the discounted dividends
for the 4 - insurer (i = 1,2)

The Laplace transform of the discounted financing
for the 4 - insurer (i = 1,2)

Stochastic Processes

v,  see Definition 2.5.1

h;  see Definition 2.5.1

Y:; see Definition 2.5.1

Z;  see Definition 2.5.1

B; Brownian motion

BY Brownian motion driving the process X



Chapter 1

Risk Theory, Dividends, and the

Stochastic Analysis perspective

1.1 Introduction

In this first chapter, collective risk theory is introduced together with the concept of dividends pol-
icy. We are more interested to consider the above concepts from a stochastic analysis perspective.

We give the necessary notations, definitions and existing results.

Collective risk theory is concerned with the random fluctuations of the total assets of an
insurance company. The so called risk process, models the time evolution of the reserves of an
insurance company. The quantities that describe the risk process are: the initial capital, the
premiums, the claims, the risk reserve, the economic environment and the reinsurance. For more
information one can see texts on risk theory such as for example: T. Rolski, H. Schmidli, V.
Schmidt and J. Teugels [160], Asmussen [0], Grandell [20], Daykin, T Pentikainen, M Pesonen
[12] and Biithlmann [32] .

For each of the quantities of the risk process many choices are possible. As a consequence of
this there are many models available in the literature. The most important of them which have
been studied extensively are: The Sparre-Andersen model, (see for example Gerber [75], Albrecher
[9], Cai[33]), the Markov-modulated risk model, (see for example Lu [125], Reinhard [154]) and
the Cramer-Lundberg model (see for example Embrechts [56], Kliippelberg [114]). Next we will
describe briefly the Cramer—Lundberg model.

We assume a complete probability space (2, F, P). The classical Cramer—-Lundberg model

consists of the risk process X = {X; : ¢ > 0} which models the reserves of an insurance company
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and which is described by a point process N = {N; : ¢ > 0} with initial condition Ny = 0 a.s.
and mean EFN; = At and a sequence {Y; : k € N} of independent and identically distributed
random variables, with common distribution F, with F(0) = 0, mean ju, and variance o2. More
specifically the risk process X is described by
Ny
Xp=mzo+ct—» Y (1.1.1)
k=1
where ¢ = Ap(1 + ) is the so called gross risk premium, 6 is the so called safety loading factor

and xg is the initial capital of the company.

Many modifications of the above model has been proposed. We will mention two of them

which fall in the category of the so called perturbed risk models.

The first model is an extension of the reserves process by the addition of a diffusion component

and is described by
Ny

X =$0+Ct—ZYk+Tl1Bt (1.1.2)
k=1

where B = {B; : t > 0} is a standard Brownian motion and 7, > 0.

The second model consists of the addition of an a-stable Lévy process instead of a Brownian

motion, that is
Ny

X, :a:0+ct—ZYk+nQZt (1.1.3)
k=1

with Z = {Z; : t > 0} an a-stable Lévy process and 7, > 0. For more information on perturbed
risk models one can see for example Dufresne [50], Furrer [65], Wang [182], Schlegel [163], and
Schmidli [167].

A central goal of risk theory is to obtain information on the ruin probability associated with
a risk process, where the event of “ruin” is defined as the first time epoch where the reserves of

the insurance company drop below the level 0. The ruin probability is therefore defined as

P (X; <0 for some t > 0) (1.1.4)
and the corresponding time to ruin, as

T:=inf{t >0: X; <0} (1.1.5)

(with the understanding of the infimum of the empty set is +00). Many approaches are available
to compute the ruin probability including exact solutions, numerical methods, approximations,

bounds and inequalities, statistical methods and simulation (see Asmussen [(]).
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In this thesis we will focus in diffusion approximation techniques. The classical Cramer—
Lundberg model can be approximated (see Harrison [$8]) by a Brownian motion with drift, that

is we can model the risk process as

X; = ut+oB (1.1.6)

XO = o a.s.
where B = {B; : t > 0} is standard Brownian motion.

Diffusion approximations of the risk process are very popular because they can be applied to

quite general models deviating from the usual restrictive assumptions. In particular distinguished

are three types of approximations: Diffusion approximations (see Iglehart [97], Ruohonen [161],
Schmidli [164],Asmussen [7]), Corrected Diffusion approximations (see Fuh [63], Siegmund [171])
and Lévy process approximations (see Furrer, Michna, and Weron [64]).

The approximation approach is a link between Risk theory and Stochastic Analysis. This
connection gave a great boost on risk theory. The techniques of Stochastic Analysis are very
important because they enable one to consider more complex and more realistic risk models.
Some of the texts relevant to the methods and principles of stochastic analysis are Chung and
Williams [10], Durrett [52], Klebaner [113], Oksendal [111], Revuz and Yor [150], Steele [174].

Stochastic Analysis and Risk theory make an excellent combination as one can see for example
in the paper of Hipp[92]. The main advantage of the cooperation of Stochastic Analysis and
Risk theory is that particularly difficult problems for risk theory can and already have been
solved under the contexts of: Optimal stopping (see Jensen [106], Schottl [169], Ferenstein [55],
Karpowicz [110], Bassan [20]) and Stochastic Control (see Ishikawa [101], Kushner [120]). Also
extensive use of the methods of Stochastic Analysis have been applied in the field of optimal

reinsurance (see Azuce [13]).

Continuing now with the classical Cramer—-Lundberg model we mention that under the as-
sumption that the premium income per unit time c is larger than the average amount claimed
Ap then the reserves in the Cramer-Lundberg model has positive first moment and has there-
fore the unrealistic property that it converges to infinity with probability one. In answer to this
objection de Finetti [11] introduced the dividends barrier model, in which all surpluses above a
given level are transferred to a beneficiary. This approach resembles more closely the “real” world
but unfortunately has the drawback that under the barrier dividends model the risk process will

down-cross the level zero with probability one.

In this dissertation we focus on dividends policies and for this reason we describe briefly in the

next section the main components of the de Finetti model.
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1.2 de Finetti model.

The de Finetti model is usually followed in practice by an insurance company and the main idea
of it is that the insurance company pays some of its surplus to the shareholders as dividends, until
ruin occurs, i.e. until the capital is negative for the first time. When ruin occurs, the company
is bankrupt and no more dividends can be paid to the existing shareholders. Many papers have
been written on dividends policies. It has been found that under some reasonable assumptions
the optimal policy is that whenever the surplus goes above a “barrier” b the excess is immediately

paid out as dividends and this policy is known as dividends barriers policy.

In the case of an insurance company which applies a dividends policy the model (1.1.1) is

modified as
Zt = Xt - th (121)

where with U; we denote the accumulated dividends until time ¢. It is well known that the process

{U; : t > 0} is unique and is given a.s. by

U = sup (Xs—0b)" (1.2.2)
0<s<t
(For a real number x we denote by x* := max(z, 0) its positive part and by 2™~ := max(—=x,0) its
negative part.) Also

(D)
{Up :t >0} is nondecreasing a.s. (1.2.3)

(I1I)
Zy =Xy —U; < by forall t >0 a.s. (1.2.4)

(III) The process {Us;t > 0} increases only when Z; = by, i.e.

t
/ 1(Zs < b)dUs = 0, for all time ¢t > 0 a.s. (1.2.5)
0

A variation of the above model is to allow for the possibility that when the reserve fund
becomes zero then the company does not go bankrupt but has the possibility to be financed and
continue its operation. This is the so called de Finetti model with two barriers of reflection. It
can be described by the model:

Zy =X, - U +u> (1.2.6)

where with L{t(+) we denote the accumulated dividends and with L{t(f) we denote the accumulated

financing of the company until time ¢. It is well known (see Harrison [89]) that the process
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{(Ut(ﬂ, (7));t > 0} is unique and is given a.s. by

U = sup (b X, — ug(—))* (1.2.7)
0<s<t
U = sup ( X, — Us(”)_ (1.2.8)
0<s<t
and also that
(D)
{Z/lt(+) :t >0} and {Z/It(_) :t > 0} are nondecreasing a.s. (1.2.9)
(IT)
0< Z =X — U™ +uU ™) <b, for all time t > 0 a.s. (1.2.10)

(ITT) The process {Z/It(+); t > 0} increases only when Z; = by, i.e.
t
/ 1(Zs < b)dU™) =0, for all time ¢ > 0 a.s. (1.2.11)
0
and the process {Z/lt(_);t > 0} increases only when Zy = 0, i.e.

t
/ 1(Zs > 0)dU{™) =0, for all time ¢ > 0 a.s. (1.2.12)
0

In the mathematical finance and actuarial literature there is a good deal of work on divi-
dend barrier models and the problem of finding an optimal policy for paying out dividends. In

connection with a dividends policy we distinguish the papers as relevant to

(I) Optimal dividend payouts (see Paulsen [116], Gerber [71], Gerber and Shiu [72], Dickson
and Waters [10], [17], Gerber and Shiu [73],[74]).
(IT) Optimal reinsurance (see Azcue and Muler [12], Schmidli [165], Schmidli [166], Asmussen

[5])-

(III) Optimal investment (see Hipp and Plum [93]).

(IV) Stochastic control (see Hipp and Taksar [91]).

In practice however the above model may fail to fit with all the requirements. That is, it might
be the case that there exist requirements imposed on the company by the regulatory authorities,
and it is possible that the insurance company will not be allowed to pay dividends according to

the optimal scheme, and it will have to look for the optimal allowed dividend policy, or it might



1.3 Preliminaries. 6

be the case that the company do not want to make the probability of bankruptcy in the near
future unacceptably high and so it will probable alter its dividends policy.

In addition even if we suppose that the insurance company will be allowed to pay dividends
according to the optimal scheme, which let us suppose that it is a constant dividends barriers
policy then it might be the case that due to random fluctuations in the accuracy of the flow of
information the barriers can not be determined exactly to have a “correct” constant deterministic
value but rather the random fluctuations passed to the value of barriers and so in reality the

barriers instead of being constant they evolve in some diffusion way.

In the dissertation we will try to handle the above situation by considering barriers strategies,
with barriers that are some general diffusion processes. In the following section we will present

the necessary theory, notions and notations in order to formulate our models.

1.3 Preliminaries.

We assume as given a complete probability space (€2, F,P). In addition we assume a given
filtration {F; : ¢ > 0}. A filtration F = {F; : t > 0} is a non-decreasing family of sub-c-algebras
of F. A stochastic process on (Q, F, P) is a collection of R%valued random variables {X; : t > 0},
where (d > 1). The functions t — X;(w) mapping [0, 00) into R? are called the sample paths
of the stochastic process X. The stochastic process X is said to be measurable if for every
A € B(RY), the set {(t,w); X;(w) € A} belongs to the product o-field B([0,00)) ® F, where
B(]0,00)) and B(R?) are the smallest o—fields containing all the open sets of the topological
spaces [0, 00) and R? respectively. The stochastic process X is said to be adapted if X; € F} (that
is, is F; measurable) for each ¢ > 0. The filtration generated by a process X is called the natural
filtration, is defined by F{X := 0{X, : s < t} and is the smallest filtration for which the process
X is adapted.

Definition 1.3.1 A filtered complete probability space (2, F, F, P) is said to satisfy the usual
hypotheses if

1. Fy contains all the P-null sets of F.

2. The filtration F' is right continuous, that is

Fo=()Fs V>0

s>t
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In order to avoid technical difficulties in this thesis we always assume that the usual hypotheses
hold.

The risk process as a function for fixed w € Q evolves continuously until some claim occurs
and makes it jump. This behavior is described with the notions of right continuous process and

cadlag process.
Definition 1.3.2 A process X = {X; : t > 0} is called right continuous iff

(1) The trajectories Xy are right continuous.

(II) The filtration F' is right continuous, i.e.

Fy=()Fes fort =0

s>t

Definition 1.3.3 A stochastic process X is said to be cadlag if it a.s. has sample paths which
are right continuous, with left limits. We will denote the space of cadlag processes with D. A
stochastic process X is said to be caglad if it a.s. has sample paths which are left continuous, with

right limits. We will denote the space of caglad processes with L.
The notion of stopping time is central in risk theory.

Definition 1.3.4 (Stopping Time) A random variable T : Q@ — [0, 00], is an F—stopping time
iff {T <t} € F for each t > 0.

Usually there is the need of studying a process until some stopping time. For this reason we

give now the definition of the so called stopped process.

Definition 1.3.5 (Stopped Process) Let X be a stochastic process and let T' be a random time.
A process X7 is said to be the process X stopped at T if X} := Xyar.

If X is adapted and cadlag and if T is a stopping time then the stopped process X7 which is
given by
X! = Xpor = Xg1{t < T} + Xp1{t > T} (1.3.1)

is also adapted.

The following three definitions will be useful.
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Definition 1.3.6 Let o denote a finite sequence of finite stopping times:
0=T<T1 <...<Tp <@

The sequence o s called a random partition.

Definition 1.3.7 A sequence of random partitions o,
on Ty <T7" <... < Ty
is said to tend to the identity if

(1)

limsup 7}’ =00 a.s.
ok

(1)

|lonl| == sgp Ty — T} converges to 0 as n — 00 a.s.

Definition 1.3.8 A sequence of processes {H"},,>1 converges to a process H uniformly on com-

pacts in probability if, for each t > 0 the supg<,<; |Hy — Hs| converges to 0 in probability.

One often faces the need to describe that in some sense two stochastic processes say X and Y,

are the “same”. To this end the notion of indistinguishability is needed.

Definition 1.3.9 Two stochastic processes X and Y are modifications of each other if P{X; =
Yi} =1, (Vt > 0). Two processes X and 'Y are indistinguishable if P{X; = Y;,Vt > 0} =1

The next proposition is very useful.

Proposition 1.3.10 Let X and Y two stochastic processes, with X a modification of Y. If X

and Y have right continuous paths a.s., then X and Y are indistinguishable.

Fundamental role in stochastic analysis and risk theory has the so called martingale property.
An extension of the notion of martingale is the notion of local martingale. It arises from the need

to study a process in a local mode.

Definition 1.3.11 An F—martingale (resp. F-supermartingale, F-submartingale) M = {M; :

t > 0} is a real valued process such that
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(1) M; is Fy—measurable.
(II) E(|My]) < oo for allt > 0.

(II1) If s <'t, then E(My|Fs) = Ms P-a.s. (resp.E(M|Fs) < My, resp. E(M|Fs) > My)

Definition 1.3.12 An adapted, cadlag process X is a local martingale if there exists a sequence
of increasing stopping times, {Tp}nen, with lim T, = oo a.s. such that Xar, is a martingale
n——aoo

for each n € N. Such a sequence {T,,}nen of stopping times is called a fundamental sequence.

We note here that a (local) martingale stopped at a stopping time is still a (local) martingale.

Useful results on martingales there are in many texts (see for example Neveu [136], Wall [181]).

One of the first martingales that have been studied and a process that plays a fundamental

role in the stochastic analysis is the Brownian motion.

Definition 1.3.13 Consider the filtered probability space (2, F, P). An F-adapted process B =

{B¢ : t > 0} taking values in R" is called an n-dimensional Brownian motion if

(1) Increments are independent of the past, that is for 0 < s <t < oo, By — By is independent
of F

(II) For0 < s <t, Bi— By is a Gaussian random variable with mean zero and covariance matriz

(t — s)C, for a given, non-negative definite matriz C.

A vast literature exists on Brownian motion and stochastic integration. See e.g. Karatzas and
Schreve [109], Revuz and Yor [156], Yeh [189], Durrett [53], and Hida [90]).

The notion of stochastic integral which gives meaning to the so called Stochastic Differential
Equations has a fundamental role in stochastic analysis (see Gikhman [78], Freedman [(1], Tkeda
[99], Gard [68], Sobczyk [173], Bass [17],[18], Cherny [38]). The classical definition of the integral

is given with the use of an increasing process.

Definition 1.3.14 Let A = {A; : t > 0} be a cadlag process. The process A is an increasing
process if the paths of A :t — Ai(w) are non-decreasing for almost all w. The process A is called
a finite or bounded variation process (BV) if almost all of the paths of A are of finite variation

on each compact interval of RT.
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Let A be an increasing process. It is well known from the theory of Lebesque-Stieljes integration
that for a fixed w the function ¢ — A;(w) induces a measure p4(w,ds) on RT. For a bounded

measurable process H the stochastic integral is defined by

/ot Hy(w)dAs(w) := /0 ()1 (, d5)

If the process H is a.s. continuous then it holds

t
HydA, = lim > Hy(Ay,, — Ap)
0 e tg,tk+1€Tn

where the convergence is a.s. and 7, is a sequence of partitions of [0, t] with

lim mesh(m,) =0
n—oo

where

mesh(my,) := sup |tk — tx_1]
k
and ty < s < tgy1. (see Protter [152]).

It soon became apparent that it would be very desirable to define the stochastic integral for
other processes also. At first this goal was achieved using as integrator the Brownian motion,
which is a.s. an infinite variation process. Later the stochastic integral was extended to have

martingales, local martingales, and semimartingales as integrators.

Definition 1.3.15 An adapted, cadlag process X is a semimartingale if there exist processes M,
A, with My = Ag = 0 such that
Xy =Xo+ M+ A (1.3.2)

where M is a local martingale and A is a BV process.

In order to describe the stochastic integral with semimartingales as integrator we follow
Protter[152] and we need the notions of stopping time o-algebra, simple predictable process,

and predictable process.

Definition 1.3.16 Let T be a stopping time. The stopping time o-algebra, denoted by Fr, is the

smallest o-algebra containing all adapted cadlag processes sampled at T'. That is

Fr:=o{Xrp; X is adapted cadlag process}
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Definition 1.3.17 A process H is said to be simple predictable if H has a representation

H; = Hol{o}(t) + Z Hil(TinHl](t) (133)
=1

where 0 =11 < --- < Tp41 < 00 is a finite sequence of stopping times, H; € Fr, with |H;| < oo

a.s., 0 <i <n. We denote the collection of simple predictable processes with S.

It is well known that the space S is dense in L under the topology induced by the uniform

convergence on compacts in probability.

Definition 1.3.18 The predictable o-algebra on R x Q, denoted by P, is he smallest o-algebra
making all caglad processes measurable. We will denote with bP the bounded processes that are P

measurable.

Definition 1.3.19 For a simple process H € S with representation as in (1.3.3) and X a cadlag
process the stochastic integral is defied to be the linear mapping Jx : S — D given by

t n
Jx(H) = / HdX = HoXo(t)+ Y Hi(X{™ - X} (1.3.4)
0 i=1

For a semimartingale X the mapping Jx : S — D is continuous when both spaces have the
topology induced by the uniform convergence on compacts in probability. Thus the continuous

linear mapping Jx : S — D can be extended to Jx : L — D.

The stochastic integral with semimartingales as integrator extends to all predictable and locally
bounded integrands, in a unique way. In general, the stochastic integral can be defined even in

cases where the predictable process H is not locally bounded.

One of the first papers concerning the use of semimartingales in stochastic integration is the
paper of Meyer [132]. For relevant references one can also see Dellacherie [15], Lenglart [122],
Bichteler [23], Protter [153].

A very important special class of semimartingales is the so called Lévy processes. They have

been used extensively in the context of Risk theory and a lot of papers have been written on them.

For some recent and very interesting papers one can see for example in: Vandaele [180], Kluppel-
berg [115], Albin [3], Hainaut [37], Kassberger [1 1], Kostadinova [1 16], Jang [105], Morales [133],
Riesner [157], Bollerslev [26], Xing [185], Ngwira [138], Irgens [100], Nakano [135], Zhang [193],
Gerber [70].

Fundamental for the theory of semimartingales is the notion of quadratic covariation.
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Definition 1.3.20 Let X,Y semimartingales. The quadratic covariation of X,Y, denoted by
(X,Y] ={[X,Y];:t > 0}, is defined to be the unique process that satisfies the following:

(1)
[X,Y]o = XoYo (1.3.5)

(11)
A[X,Y] = AXAY (1.3.6)

(I11) If oy, is a sequence of random partitions tending to the identity, then

[X, Y] = Xo¥p + lim (XTﬁH - XTi"> (YTZL - YT?) (1.3.7)
7

where convergence is uniformly on compacts in probability and o, is the sequence
0=Ty <Tp<--<TP"<---<Tp
with T stopping times and where
AXy =Xy — Xyo
and

X = limth for s < t.
S—

Definition 1.3.21 The quadratic variation of a semimartingale X, denoted by [X,X]| =
{[X,X]¢ : t > 0}, is defined to be the unique cadlag, increasing, adapted process that satisfies
the following

(1)
(X, X]o = X2 (1.3.8)

(1)
A[X, X] = (AX)? (1.3.9)

(111) If oy, is a sequence of random partitions tending to the identity, then
(X, X] = X3 + lim »° (XTZil - XTi")2 (1.3.10)
i
where convergence is uniformly on compacts in probability and o, is the sequence
0=Ty <Tp<---<TP"<---<Tp

with T} stopping times.
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Because the quadratic covariation [X, Y] of the semimartingales X, Y is of bounded variation
we can distinguish it in continuous and discontinuous part. For semimartingales X, Y the process

[X,Y]¢ denotes the path-by-path continuous part of [X,Y]. We can then write

(X, Y] = [X,Y]{+ ) (AX,)(AY,) (1.3.11)
0<s<t

where Xg_ =0 and Yy_ = 0.
One of the most important results in stochastic analysis is the so called It6 formula.
Theorem 1.3.22 (1t6 formula) Let X = (X',..., X™) be a n—tuple of semimartingales and let

f+ R" — R have continuous second order partial derivatives. Then f(X) is a semimartingale

and the following formula holds:

f(Xy) = F(Xo) (1.3.12)
[ af 1 top2f o
)dXE+ = Xs-)d[ X", X7
; 0+ 8:62 +21§%;§n/0+ axiaxj( Jdl Js+
+ Z <f(Xs) - f(Xs—) - Z 85 (Xs—)AX;>
0<s<t i=1 "

The use of It6 formula for semimartingales is also very useful in the study of jump diffusions

or Lévy Processes ( see Applebaum [11], Bertoin [21], Jacod [104], Oksendal [112], Protter [152]).

As we saw in the previous section the classical Cramer-Lundberg model can be approximated
by a Brownian motion with drift. This is an example that shows the important role that the so

called Ito diffusion processes have in risk theory.

Definition 1.3.23 (1t6 diffusions)A stochastic process X = {X; : t > 0} is an It6 diffusion if
it is adapted and can be expressed as the sum of an integral with respect to Brownian motion
B ={B;:t >0} and an integral with respect to time, that is

t t
X = X +/ 0sdBy +/ eds (1.3.13)
0 0

where o is a predictable B-integrable process and p is predictable and (Lebesgue) integrable, that
18
t
@ s < o0

for each time t > 0.
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In this dissertation we will be mostly concerned with stochastic differential equations (SDE)
of the form
dX; = M(t, Xt>dt + O'(t, Xt)dBt (1314)

where X¢(w) : [0,00) x @ — R", pu(-,-) : [0,00) x R" — R", o(-,-) : [0,00) x R" — R™ " and
B, is an m—dimensional Brownian motion. The solution of the SDE (1.3.14) is an Ito diffu-
sion. The function wu(-,-) is called the drift coefficient and the function o(-,-) the diffusion or
volatility coefficient. If p(t, X;) = pu(X;) and o(t, Xy) = o(X;) then the Itd diffusion is called

time-homogeneous.

In this dissertation we assume that the drift coefficient p(-, -) and the diffusion coefficient o (-, -)

always satisfy the following two conditions.

Condition 1.3.24 (Linear growth condition). For every x € R™ and everyt € [0, 00) it holds
that
)+ llo(t, @) < C(1+ =)

for some constant C, where ||u(t, x)| is the Euclidean norm and
1/2

lo(t,)ll:= | DD ofi(t,)

i=1 j=1

Condition 1.3.25 (Lipschitz condition) For every x,y € R™ and every t € [0,00) it holds
that

it ) — p(t )l + ot 2) — ot y)| < Dz -y

for some constant D.

Under the above two conditions there is an unique stochastic process that satisfies the differ-
ential equation (1.3.14) (see Oksendal[l11], Karatzas and Shreve [109]).

For the theory on diffusion processes one can see many texts, as for example the texts of Ito
[103], Rogers [158], Stroock [175].

Next we will describe a very useful property of the It6 diffusions. This is the so called Markov

property and we will define it with the aid of the canonical space and the right shift operator.

Definition 1.3.26 The canonical space is the space C[0,00), the set of all continuous functions
w: [0,00) — R, with metric

o0

1
d(wi,ws) :== 27012?2%(‘“}1“) —wa(t)| A1)
n=1 -
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where a A b := min{a, b}.
The canonical space under the metric d is a complete, separable metric space.

Definition 1.3.27 (Right shift operator) The right shift operator 6; on the canonical space  is
given by 0 : Q@ — Q and 04 (w) :=w(t+.) for allt > 0.

Theorem 1.3.28 (Markov property) Let f(-) be a bounded Borel function from R™ to R. We
say that a process X = {Xy :t > 0} has the Markov property, if for t,h > 0 holds

E*[0,f (X0)|Fl(w) = XY@ (f(X},))  P® —a.s. (1.3.15)

where BE* denotes the expectation with respect to the probability measure P* which gives the dis-
tribution of the process {X; : t > 0} assuming Xo = = and EX*W(f(X})) means the function
EY(f(X})) evaluated at y = X¢(w).

A time-homogeneous It6 diffusion satisfies the Markov property (see Oksendal [111]). Generally
speaking we say that a stochastic process has the Markov property if the evolution of the stochastic
process after a deterministic time ¢ does not depend on the evolution before ¢, given the value of
the process at time ¢. (i.e. the “future” and “past” of the process are conditionally independent
of each other given the “present”). A stochastic process that has the Markov property is called
Markov process. For an in—depth treatment of Markov processes and the Markov property see the
texts of Dynkin [54], Freidlin [62], Blumenthal [25], Chung [41] and Kurtz [119].

In connection with the diffusion processes comes the notion of generator operator. The gener-

ator is very useful in the study of diffusion processes.

Definition 1.3.29 (Generator) Let X = {X; : t > 0} be an It6 diffusion in R™. The (infinitesi-
mal) generator A, of X is the operator defined by

o Blf(X)] - f(=)
Axf () = lim ;

(1.3.16)

with x € R™. We also denote by D 4 the set of functions for which the limit exists for all x € R™.

This operator can be thought of as the generator of the Markov semigroup associated with a
Markov process X. (For very interesting results on generator operators and the semigroup theory
see Hille [91], Krein[!17] and Pazy [117]).

In this dissertation we often work on the function space CZ(R").



1.3 Preliminaries. 16

Definition 1.3.30 The space CI?(R”) is the space of functions which are continuous, bounded

and have continuous bounded derivatives up to second order.
Another important space is the function space C3(R™).

Definition 1.3.31 The space Cg(R”) is the space of functions which are continuous, have com-

pact support, and continuous derivatives up to second order.

The next theorem plays a key role in the formulation of the de Finetti models with general

barriers.

Theorem 1.3.32 Let X be the It6 diffusion

If () € C3(R™) then f(-) € Da and
82
Zm Z D) 5e (;; (1.3.18)

is the converse matrix of o.

where ol

Also if f(-) € CE(R™) and the drift p,(-) and volatility o, (-) coefficients satisfy the linear
growth condition (1.3.24) and the Lipschitz continuity condition (1.53.25), then f(-) € Da and the

above formula holds.

One may consider the de Finetti model as a process reflected at a boundary (case with one
reflected barrier) or as a process reflected at two boundaries (case with two reflected barriers).
From this point of view it is appropriate to close this first chapter with the following theorem

which also is needed for the proof of uniqueness in the de Finetti model with general barriers.

Theorem 1.3.33 (The Skorohod Theorem, see Karatzas and Shreve [100]). Let X = {X;;0 <
t < oo} be a continuous stochastic process. There exist a unique continuous stochastic process
K ={K;;0 <t < oo} such that a.s.

V=X, +K, >0 0<t<oo (1.3.19)
Ky =0 and K, is nondecreasing (1.3.20)

/0 Ly, >0y dKs = 0 (1.3.21)
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The process K, is given by
K, =0V(-X;), 0<t<oo. (1.3.22)

where

The Skorohod Theorem can be used for the construction of the so called reflected processes.
For example let us suppose a process X = {X;;0 <t < oo} with state space (0,00). In order from
X to construct a process Y reflected at some boundary b > 0, that is a process Y with state space
(0,b), we can use the Skorohod Theorem and construct the process Y from the relation (1.3.19)
with .

K, =0V(Xs —b), 0<t<oo



Chapter 2

de Finetti model with general

barriers

2.1 Introduction

Starting this chapter we owe to mention that the realization of this chapter has became possible
thanks to the papers of Gerber, H.U. and Shiu, E.S:W., on the subject of risk models with
dividends. Our inspiration stems from their work. Specially we want to mention the papers ( [71]
, [72] ) in which we find most of the ideas of this chapter. We found their approach on this subject
most fruitful and gave us the proper set up, helping us in our effort of introducing a generalization

on risk models with dividends.

In the literature there are a lot of studies on the de Finetti model with constant dividend
barriers policies. However we feel that it would resemble more closely the “real” world and the
random environment in which evolves an insurance company, if we suppose that the barriers are
subject to random effects as well. One should allow for fluctuations in the barriers in order to

reflect possible fluctuations in the accuracy of information.

We want to extend the de Finetti model in order to include general barriers policies. With this
we mean that we would like to treat a diffusion process b = {b;;t > 0} as an upper barrier. We
assume that the dynamics of the process b are described by the stochastic differential equation
(SDE)

dby = iy, (bg)dt + oy (by)dBY (2.1.1)

with 1, (b;) denoting the drift and o (b;) the diffusion component, and with initial condition by = b

a.s.. The process B® = {B?;t > 0} is standard Brownian motion.

18
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We also assume a reserves process that evolves according to a diffusion model, that is it has
dynamics
dX; = /Lx(Xt)dt + Jx(Xt)dth (212)

where p,,(X¢) denotes the drift and o,(X¢) the diffusion component and with initial condition for
the process {X;;t > 0}, g = = a.s.. The process B* = {Bf;t > 0} is again standard Brownian

motion.

Finally we would also like to treat the lower barrier as a diffusion process a = {a;;t > 0}. We
assume that the dynamics of the process a are described by the stochastic differential equation
(SDE)

day = p,(a)dt + o4(ar)dBy (2.1.3)

where p,(a;) denotes the drift and o,(a;) the diffusion coefficient and with initial condition for

the process {a;t > 0}, ag = a a.s.. The process B* = {B{;t > 0} is a standard Brownian motion.

The three Brownian motions driving the above SDE’s are not assumed independent. Instead,

they are correlated and we denote these correlations by p. Thus

Pradt == d[B*, By, (2.1.4)
ppdt == d[B%, B,
papdt == d[B* B,

The process b will play the role of a reflecting barrier for the reserves process X. When
the reserves process is above the level of the process b, dividends are going to be paid to the
shareholders. We would also like to treat the process a as a lower barrier. We will consider two
scenaria concerning this lower barrier. In the first scenario the process a will play the role of an
absorbing barrier (we call this model de Finetti with one reflecting barrier), that is the insurance
company will be ruined when the surplus process reaches the level of the process a. In the second
scenario the process a will play the role of a reflecting barrier (we call this model de Finetti
with two reflecting barriers), that is when the surplus process reaches the level of a the insurance

company has the option of borrowing money and continuing its operation.

In order for the above model to make sense it is necessary that the sample paths of the lower
barrier process, a = {a;;0 < t < oo}, are with probability 1 below those of the upper barrier
process b = {b;;0 <t < co}. Thus we need to impose the following condition.

Condition 2.1.1 We assume that

ar <b, 0<t<ooa.s. (2.1.5)
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The process (b —a)~! = {(b; — a;)"1;0 < ¢t < oo} will play a critical role in our model. To

ensure that this process is bounded we impose the following

Condition 2.1.2 Through this chapter we will always assume that there exists € > 0 such that,
w.p. 1
ar+e<b 0<t<oo. (2.1.6)

Of course condition 2.1.2 implies the condition 2.1.1.

The condition 2.1.2 we pose includes itself in a more general context of stochastic analysis

which manifest itself under the context Stochastic Comparison theorems. For relevant results on

this subject one can see Anderson [10], N. Ikeda, S. Watanabe [95], Yamada [186], O’Brien [31],
L.I. Galcuk and M.H.A. Davis [67], Hajek [85], Yan [187], Mao [126], Ferreyra [59], [60], Tudor
[178], Borkar [29], Geiss [70], Kroger [115], S. Peng and X. Zhu[l18],Yang [188], Ding [18].

In the next proposition we mention conditions under which the condition 2.1.2 holds (see

Karatzas and Shreve [109]).

Proposition 2.1.3 Consider two processes, a = {a;;t > 0} with agp = a a.s., and b = {b;;t > 0}
with by = b a.s., which satisfy the SDE (2.1.8) and (2.1.1) respectively, with drift and diffusion
coefficients that satisfy the linear growth condition (1.3.24) and the Lipschitz condition (1.3.25).
We assume that

(I) The coefficients u,(z), oq(x), wy(x), op(x) are continuous, real functions on R.
(II) P{B{ = BY,Vt > 0} = 1.
(III) o4(z) = op(x), for each x € R.
(IV) po(x) < py(x), for each x € R.

(V) a+¢e <b, for somee > 0.

Then the condition 2.1.2 holds.

We now proceed with the definition of the De Finetti models with general barriers. Certainly
the general model should be reducible to the classical de Finetti model in the case we would like

to consider constant barriers.
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Definition 2.1.4 de Finetti model with one general reflecting barrier (b) and one ab-
sorbing barrier (a). Given three continuous stochastic processes X = {X;0 < t < oo},
a={a;0<t<oo} andb = {b;0 <t < oo} we will call a pair (Z,U) of continuous stochastic
processes a de Finetti model with general reflecting—absorbing barriers corresponding to the process

(X,b,a) if and only if this pair of processes satisfies

Zt = Xt *Ut, 0 S t < oo (217)

ap < Zy <b, 0<t<o0 as (2.1.8)

Uy = 0 and Uy is nondecreasing a.s. (2.1.9)
t

/1{Z8<bs}dL{S =0, 0<t<ooas. (2.1.10)

0

In the above definition of the de Finetti model with one general reflecting barrier we interpret
the process X as the risk process, the process a as the lower barrier which is an absorbing barrier,
the process b as the upper barrier which is a reflecting barrier, the process U as the accumulated
dividends and the process Z as the modified risk process that is the process Z equals the risk

process X minus the dividends process U.

Definition 2.1.5 de Finetti model with two general reflecting barriers the processes b
and a. Given three continuous stochastic processes X = {X;0 <t < oo}, a = {a;0 <t < o0}
and b = {b;;0 < t < oo} we will call a triple (Z,U),U)) a de Finetti model with two general

reflecting barriers corresponding to the process (X,b,a) if and only if this triple of processes

satisfies
Zo=X —UP +uT, 0<t<oo (2.1.11)
a < Zy <b;, 0<t<o0 as (2.1.12)
L{éH =0 and Z/{t(ﬂis nondecreasing a.s (2.1.13)
U =0 and Z/{t(f) is nondecreasing a.s. (2.1.14)
t
/ 1{Zs<bs}dus(+) =0, 0<t<o0 as. (2.1.15)
0
t
/ Lz saydd ) =0, 0<t<ooas (2.1.16)
0

In the above definition of the de Finetti model with two general reflecting barriers we interpret
the process X as the risk process, the process a as the lower reflecting barrier, the process b as

the upper reflecting barrier, the process U(*) as the accumulated dividends, the process U(~) as
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the accumulated financing and the process Z as the modified risk process that is the process Z

equals the risk process X minus the dividends process &) and plus the financing process U( ).

Now that we have defined the general de Finetti models we can formulate our questions more
clearly. We are interested in studying the discounted dividends and the discounted financing of an
insurance company which adopts a dividends policy according to a de Finetti model with general
barriers. Moreover we suppose that the reserves of the insurance company evolve in an economic

environment in which there is some interest rate which we denote by §.

With regards to a dividends policy which follows a de Finetti model with one general reflecting
barrier, it is appropriate to consider that there is the possibility that the insurance company goes
bankrupt. For this reason we must consider the time of ruin for the insurance company which we
denote by T and which depends on the initial state (z, a, b) of the process (X, a,b) and is defined
by

T:=T(z,a,b) :=inf{t >0: Z; = a;} (2.1.17)

Taking into account the economic environment, we are primary interested in the discounted
dividends, denoted by U which are depending on the initial state (z,a,b) of the process (X, a,b)
and given by

T
U:=Ur:=U(z,a,b) = / e~ dU, (2.1.18)
0
Here the following notation remark is in order.
Remark 2.1.6 Let f(U,T) be a function of the discounted dividends U = U(z,a,b) and the time

of rwin T = T(z,a,b). The expected value E(f(U,T)) will depend on the initial state (z,a,b). In

order to express this dependence we will use the notation E®%  that is we define

E@eN(f(U,T)) := E(f(U(z,a,b),T(z,a,b))) (2.1.19)

The main quantities we are going to study in the de Finetti model with one general reflecting

barrier are

e The Laplace transform of the joint distribution of the time of ruin and the discounted divi-
dends, denoted N(zx,a,b, A1, A2) and given by

N(z,a,b, A1, Ao) := E@ab) (e*MT*W) (2.1.20)

e The Laplace transform of the discounted dividends, denoted K(x,a,b,\) and given by

K(z,a,b,\) := E@®0) (=) (2.1.21)
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e The Laplace transform of the time of ruin, denoted M (z,a,b, A) and given by

M (z,a,b, ) := E@0) (AT (2.1.22)

e The moments of the discounted dividends, denoted V (z,a,b;n) and given by

V(x,a,b;n) = E@aD)(Um) (2.1.23)

Turning now our attention to the de Finetti model with two general barriers and taking into
account the economic environment, we focus on the discounted dividends, denoted by U () which

depend on the initial state (x,a,b) of the process (X, a,b) and given by

t 00
U .= UH)(z,a,b) := lim Ut(ﬂ = lim [ e %dult :/ e dult) (2.1.24)

t—o00 t—o00 0 0

and to the discounted financing, denoted by U(~) which depends on the initial state (z,a,b) of
the process (X, a,b) and given by

U .= U (z,a,b) := tlirglo Ut(f) = tlirglo Ot e % dy() = /000 e~ du~) (2.1.25)

where
Uit = /0 t e ay() (2.1.26)
Ut = /Ot e (2.1.27)

are the discounted dividends and the discounted financing until time t.
Here it is appropriate to make the following remark concerning notation.

Remark 2.1.7 The expected value E(f(U™),U))) will depend on the initial state (z,a,b). In

order to express this dependence we will use the notation E@%Y) | that is we define

ECO (U, U)) = B(fUD (@, a,0),U (2, a,b))) (2.1.28)
We proceed to define

e The Laplace transform of the joint distribution of the discounted dividends and the discounted

financing, denoted L(x,a,b, A1, A2) and given by

L(z,a,b, A1, \p) i= E@D) (= MU =2U)y (2.1.29)



2.1 Introduction 24

e The Laplace transforms of the discounted dividends and the discounted financing, denoted
K®)(z,a,b,\) and K()(x,a,b, \) respectively and given by

K®(z,a,b,\) = B@ab) (AU (2.1.30)

e The Moments of the discounted dividends and the discounted financing denoted V(J“)(as7 a,b;n)
and V() (z, a, b;n) respectively and given by

V) (2, a,b;n) = @) ((U&))”) (2.1.31)

We will denote by A, the generator of the process {(X¢,at, b);t > 0}. It is well known

that the generator coincides with the differential operator L(s,.,5) given by

1 0% 1 0% 1 02
Livap = 503;(90)@ + 502(0)@ + 5”2@@
2 2 %
+Ux($)0a(a)ﬂmM + Ux(x)ab(b)/)xbm + Ua(a)Ub(b)Pabm
0 0 0
+Mm(l‘)% + :U’a(a)% + Mb(b)%

where f(-) € CZ(R?) and the drift coefficients pu, (), po(+), s (-) and volatility coefficients o(-),
oa(+), op(-) satisfy the linear growth condition (1.3.24) and the Lipschitz continuity condition
(1.3.25).

Up to this point we have constructed the “environment” in which will evolve the general de
Finetti models and we have clarified what we are going to study. Now it is time to describe the

course we are going to follow in the next sections.

After the definition of the de Finetti model with general barriers the first question which
naturally arises is the question of existence and uniqueness, that is, if there exist processes which
satisfy the requirements we pose and, if they do, whether they are unique or not. We answer
these questions in the affirmative in the following section. This enables us to proceed with the
consideration of the more general de Finetti models and with the study of the quantities we

defined in this introduction.

In section 2.3 we show that these models have a property, which we call “scale property”,
which turns out to be very useful in order to formulate our results. In section 2.4 we state results
that will help us to derive the boundary conditions of the differential equations we are going to
derive. In section 2.5 we derive some useful results of the generator operator. Finally in section
2.6 we apply the previous results in order to formulate differential equations the solution of which
will give us the quantities defined in (2.1.20)-(2.1.23) and (2.1.29)-(2.1.31).
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2.2 The de Finetti models with general barriers are well defined.

As we mentioned in the introduction of this chapter the first question we must address is whether
the classical de Finetti model with constant barriers can be extended to a model having as barriers
diffusion processes while preserving the desirable properties (1.2.1)-(1.2.5) and (1.2.6)-(1.2.12).
We will show that this is the case and that, in fact, there exist unique processes which satisfy
the requirements of the definitions of the de Finetti models with general barriers, as stated in the
Definition 2.1.4 and in the Definition 2.1.5. The uniqueness of these processes is actually easier to

prove than the existence and so we proceed by assuming existence and establishing uniqueness.

2.2.1 Uniqueness

In this section we will prove that if there are exists a pair of processes (Z,U) which satisfy the
defining conditions (2.1.7)-(2.1.10) of the de Finetti model with one general reflecting barrier then
this pair is unique. Similarly, we will prove that if there exists a triple of processes (Z,U ),y (_))
which satisfy the defining conditions (2.1.11)-(2.1.16) of the de Finetti model with two general

reflecting barriers then this triple is unique.

We consider first the de Finetti model with one general reflecting barrier. The main idea of
the proof of Proposition 2.2.1 is that if there exists a process that satisfies the conditions (2.1.7)-
(2.1.10) of the de Finetti model with one general reflecting barrier then this process satisfies all the
conditions of the Skorohod Theorem 1.3.33. Because of this we can first conclude the expression
(2.2.1) and then conclude uniqueness for the de Finetti model with one general reflecting barrier

by the uniqueness guaranteed by the Skorohod Theorem.

Proposition 2.2.1 The dividends process U = {Uy;;0 <t < oo} is unique for the de Finetti model

with one general reflecting barrier and is given a.s. by

Uy = O\t/(XS —by) (2.2.1)

Proof. Consider a process (Z,U) which satisfies the conditions (2.1.7)-(2.1.10) of the Definition
2.1.4.

From the condition (2.1.10) in Definition 2.1.4 we conclude that for every time 0 < ¢t < oo
holds a.s.

t t t
0:/0 1{Zs<b,c}du5:/0v 1{0<bs—Zs}du5:/0 1{0<bS_XS+uS}dus (222)

Defining the stopping time
T, = inf{t > 0,7 = at}
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and the process

by — Xe +U, te [0, Ta]
Y=
0, t> T,

relation (2.2.2) can be written as
o0
/ 1{ys>0}du3 =0 (223)
0

From the above relation (2.2.3) we conclude that the dividends process U satisfies the condition
(1.3.21) of the Skorohod Theorem 1.3.33.

Also from the condition (2.1.9) of the Definition 2.1.4 the dividends process U satisfies the
condition (1.3.20) of the Skorohod Theorem 1.3.33.

Finally from the condition (2.1.8) we deduce that for every time 0 <t < oo holds a.s.
Zi <bp=b-Xi +Us >20=Y, >0

and so the dividends process U satisfies the condition (1.3.19) of the Skorohod Theorem 1.3.33.

Since the dividends process U corresponding to the process
{bt—Xt; 0§t<00}

satisfies all the requirements of the Skorohod Theorem 1.3.33 we conclude that the dividends
process U = {U;; 0 <t < oo} is unique for the process

and from the Skorohod Theorem 1.3.33 we conclude that the dividends process I/ is unique and

given a.s. by

U = O\t/(XS — bs)

Next we consider the de Finetti model with two general reflecting barriers. The main idea of
the proof of proposition 2.2.2 is that if for a given financing process U(~) there exists a dividends
process U(H) that satisfies the conditions of Definition 2.1.5, then this process satisfies all the
conditions of the Skorohod Theorem 1.3.33. Because of this we can first conclude the expression
(2.2.4) and second by the uniqueness result of the Skorohod Theorem 1.3.33 we conclude that
for each financing process U() there is a unique dividends process U(*) such that the process
UF), U)) satisfy the defining conditions (2.1.11)-(2.1.16) we pose on the de Finetti model with
two general reflecting barriers. After the proof of uniqueness of the dividends process U for
each financing process U(~) we repeat the same arguments to prove that for each dividends process

U there is a unique financing process U(~) that satisfies the conditions of definition 2.1.5.
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Proposition 2.2.2 The pair of processes (U™, U()) = {(ut(“,u(’)),o <t < oo} of the de

Finetti model with two general reflecting barriers is unique and is given a.s. by

t
Zéﬂ:0v<XfH44_bJ7 0<t<oo (2.2.4)

t
Z/{t(_) = 0\/ (US(JF) - Xs + CL5> ) 0<t<o0 (2'2'5)

Proof. We fix a financing process U (=) and we consider a triple of processes (Z,U )y (_))
which satisfy the defining conditions (2.1.11)-(2.1.16).

From condition (2.1.15) we conclude that for every time 0 < ¢ < oo holds a.s.

t t
0= /0 Lz, <p,ydd{T) = /0 Ly, 7, =0yl (2.2.6)
If we define for every time 0 < ¢ < co the process
Y = — 2=t — Xy + U D

then relation (2.2.6) can be written as
t
/0 1{YS(+)>O}dZ/{§+) =0, for each t € [0, 00).

Therefore taking limits
AU ) =
/0 1{YS(+)>O} s 0 (227)

From the above relation (2.2.7) we conclude that the dividends process 4(+) = {th(Jr); 0<t<oo}
satisfies the condition (1.3.21) of the Skorohod Theorem 1.3.33.

Also from the condition (2.1.13) the dividends process U(*) satisfies the condition (1.3.20) of
the Skorohod Theorem 1.3.33.

Finally from condition (2.1.12) we have that for every time 0 < ¢ < oo
Zi<by=b— X, +UT U >0=Y >0 as.

and so the dividends process U(+) satisfies the condition (1.3.19) of the Skorohod Theorem 1.3.33.

Since the dividends process U(T) = {L{t(+); 0 <t < oo} corresponding to the process
=X, U7 0<t < o0}

satisfies all the requirements of the Skorohod Theorem 1.3.33 we conclude that the dividends
process U(H) = {L{t(Jr); 0 <t < oo} is unique for the process

{bt—Xt—U(_);O§t<oo}
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and is given a.s. by
t
Ut =oy (X5+u§—> —bs) L0<t< oo

From the above we see that if there is another dividends process which together with the financing
process U(7) also satisfies the requirements of the de Finetti model then if must also satisfy the
requirements of the Skorohod Theorem 1.3.33 for the same process {b; — X; — U(f), 0<t<oo}
and this is a contradiction. So we conclude that the dividends process (1) is unique for the
financing process U(~) and is given by (2.2.4). Finally we conclude that to a fixed financing
process U(7) corresponds a unique triple of processes (Z,Z/{(+),L{ (_)) which satisfy the defining
conditions (2.1.11)-(2.1.16).

We turn now our attention to the financing process U(~) and we will prove that for each
dividends process U(T) corresponds a unique financing process U (=), In order to prove this we fix
a dividends process U(t) and we consider a triple of processes (Z,U 0,y (_)) which satisfy the
defining conditions (2.1.11)-(2.1.16).

From the condition (2.1.16) we conclude that for every time 0 < ¢ < oo a.s. holds

t t
0= / 1{Z5>az}dus(7) = / l{ZS,aS>0}dUS(7) (2.2.8)
0 0
If we define the process
V) =Z—a=X - U + U7 —a, 0<t <o

then relation (2.2.8) can be written as
t
/0 1{YS(*)>0}du§_) =0, foreach 0 <t <

So taking limit as t — oo

Tl du ) =0 2.2.9

From relation (2.2.9) we conclude that the financing process U(™) = {Z/It(f); 0 <t < oo} satisfies
the condition (1.3.21) of the Skorohod Theorem 1.3.33.

Also from condition (2.1.14) the financing process U(~) = {Z/It(_);O < t < oo} satisfies the
condition (1.3.20) of the Skorohod Theorem 1.3.33.

Finally from the condition (2.1.12) we conclude that for every time 0 < ¢ < oo a.s. holds
Zi>a =X~ U +U T ;> 0= Y, >0

and so the financing process U(~) = {Ut(f);O < t < oo} satisfies the condition (1.3.19) of the
Skorohod Theorem 1.3.33.
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Since the financing process U(~) = {L[t(f); 0 <t < oo} corresponding to the process
(X, —UP —a, 0<t< o0}

satisfies all the requirements of the Skorohod Theorem 1.3.33, we conclude that the financing

process U(7) is unique for the process
{X¢ —Z/It(ﬂ —a, 0<t< oo}

and is given a.s. by
t
U :0\/(L1§+) —Xs+a5), 0<t< oo

From the above we see that if there is another financing process which together with the dividends
process U(H) also satisfies the requirements of the de Finetti model with two general reflecting
barriers then it must also satisfy the requirements of the Skorohod Theorem 1.3.33 for the same
process {X; — Z/{t(+) —at, 0 <t < oo} and this is contradiction. So we conclude that the financing
process U(7) is unique for the dividends process U(+) and is given by (2.2.4). Finally we conclude
that to a fixed dividends process U corresponds an unique triple of processes (Z,Uu ),y (_))
which satisfy the defining conditions (2.1.11)-(2.1.16) we pose on the de Finetti model with two

general reflecting barriers.

Let us suppose now that we have two triples of processes (Z,U™), U and (Z, U™, U))
which satisfy the defining conditions (2.1.11)-(2.1.16). We will show that it holds

P{Z U U) = (Z,d D, 13, 7)), for each 0<t<o0) =1 (2.2.10)

~ (=)

Let us suppose the contrary. Then because U (=) Uy ~ = 0 we can consider the first point in

time in which these processes are different, that is we consider the stopping time 7 defined by

(=)

r=inf{t >0 U7 > % ot <7y (2.2.11)

We will show that
P{r<oo}=0 (2.2.12)

By what we have found so far for the processes (Z,U(t), 1/(-)) and (Z,ZJ(JF), Z/N{(_)) it holds that

U — oy (XS +uU - bs> L 0<t<oo (2.2.13)
U= = oy (u§+> X+ a5> , 0<t< oo (2.2.14)
a® = oy (Xs +u) - bs) L 0<t<oo (2.2.15)
ao = oy (L?S(” — X+ as> L 0<t< o0 (2.2.16)
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On the event {7 < oo} it holds

(=)

Loy (DU = Tjg.0) (8 (2.2.17)

From the above relation (2.2.17) and the relations (2.2.13),(2.2.15) we conclude that also

Homy WU = 100" (2.2.18)
By relation (2.2.17) we conclude that on the event {Z/IT(_) > i{:(i)} we must have
U= >0 (2.2.19)
which implies that
P{Z. =a} =1 (2.2.20)

because by the defining property (2.1.16) the process U(~) is flat outside of the set {Z; = a;}.
On the other hand by (2.2.18) and (2.2.14),(2.2.16) we conclude that
AU >0 (2.2.21)

which implies that
P{Z.=b} =1 (2.2.22)

because by the defining property (2.1.15) the process U is flat outside the set {Z; = b;}. That

is we have arrived at a contradiction and we conclude that

(=)

P{UT) >U =0 (2.2.23)
Working similarly we can also conclude that
P <t 7y =0 (2.2.24)

and this finishes the proof. m

Now that we have proved the uniqueness we turn our attention to the existence of the de

Finetti model with general barriers.

2.2.2 Existence of the de Finetti model with general barriers.

In this subsection we prove the existence of the de Finetti model with general barriers. We start by
first considering the de Finetti model with two general reflecting barriers, denoted (Z,U 0, u (_))
with defining properties (2.1.11)-(2.1.16).
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Proposition 2.2.3 There exists a de Finetti model with two general reflecting barriers, (Z,L{(+),Z/{(_))
with the properties (2.1.11)-(2.1.16).

Proof. The idea behind the proof is the construction of the De Finetti model with two general
reflecting barriers (Z,L{(+),Ll(_)) as a limiting process of some suitable sequence of stochastic
processes. After that, with the aid of the sequence of stochastic processes we will show that the
limiting process (Z,U™),14(7)) satisfies the defining properties (2.1.11)-(2.1.16) of the De Finetti

model with two general reflecting barriers.
We split up the proof into several steps.

Step 1. (Construction of the process (Z,U*),1/(7)) as a limit of some suitable

sequence of processes)

Step 1.(I) We define the families of processes u"™ = {u};0 <t < oo}, I" = {I7"; 0 <
t < oo} withn=0,1,2,3,.....by:

u) =0, t>0 (2.2.25)
19:=0 , t>0 (2.2.26)
t
up =0\ (Xs+1071=b,) , 0<t<o0 (2.2.27)
t
=0V (ul ' —X,+as) , 0<t<oo (2.2.28)

Observe that the sequences of processes {u™} and {I"} are sequences of continuous processes
and so in the following steps of the proof and when it is needed, in order to prove that a relation
about these processes holds with probability one, it is enough to prove the relation for a fized

time ¢ > 0, because if we prove that the relation holds for a fized time ¢t > 0 outside a set IN; with

N:UNt

teQN[0,00)

P(N;) = 0 we can consider the set

with P(N) = 0 and using the continuity of the processes u" and " we can take the limit through
the rationals ¢t € @ N[0, 00) and show that the relation holds for each t > 0 a.s.
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Step 1.(II) We will show that the families of the processes {u"} and {l"} are increasing

in n for each fized time t. We will prove this by induction.
Let time t > 0 be fixed.

We observe that a.s.

and
t

We assume that it holds

uf > uffl
o> pt

for k=1,2,....,n .

We conclude that a.s.
t t
uf Tt = 0V/(Xs + 17 —bs) > 0V/(Xs + 1771 —bg) =

and

t t
B =0Vl — Xy +as) >0V (ul ' = X +a,) =1

By the above relations we conclude that the families of the processes {u"} and {i"} are
increasing in n for each fix time t.
Step 1.(III) We define the stopping times
o1 :=inf{t >0:1 > 1} (2.2.29)
To = 1inf{t > o ul > ul '} n=1,2,3,.. (2.2.30)
(2.2.31)

Opy1 = inf{t > 7, P > 10} n=1,2,3,..

The above are indeed stopping times. To see this let us suppose that it is given a filtration
F = {F; :t > 0} in which the process {(X¢,b,a) , 0 <t < oo} is adapted and with @ denoting
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the set of rational numbers we first observe that the processes {u"} and {l"} are adapted. Indeed
let O be an open set of the [0, 00) then we have
{uwec0}= ) {max(0,X,-b) €O} e R

0<s<t
SEQ

because {max(0, X; — bs) € O} € F; C F; for s < t.

Similarly
{1te0}=J {max(0,-X,+a,) €O} € T

0<s<t
sEQ

because {max(0, — X + as) € O} € F; C F; for s < *t.

Suppose now that the processes {uj , 0 <t < oo} and {If , 0 <t < oo} are adapted. Then we
have

{upt €0} = ] {max(0,(X,+1] —bs)) € O} €
0<s<t
sEQ

because {max(0, (X; + 17 —bs)) € O} € Fs C F; for s < t.

Similarly we have

{1t eo} = ] {max(0, (] - X, +a,) €O} € F
0<s<t
SEQ

because {max(0, (u? — X5+ as)) € O} € Fs C F; for s < t. Thus we have proved that the
processes {u"} and {I"} are adapted.

t
Next and taking into account the continuity of the process I} := 0\/(—X; + as) we conclude

{on<ty={it>0}=J {ii>0}= (J {1i>0}er
0<s<t OgsSt
sE

because {l; > 0} € Fs C Fy for s < t.

t
Taking into account the continuity of the process u} := 0\/ (X — bs) we conclude

{1 <ty = U ({o1 < s}n{ul >0}) e 7
0<s<t
s€Q

because {01 < s} € Fy and {ui > O} € Fs C Fy for s < t.

Assuming now that o, and 7, are stopping times we conclude that

o <th= |J Urm<sin{itt>rhen
OSSSt
ES
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because {r, < s} € Fs and {{7T! > "} € F, C F for s <rt.
Finally we conclude

fran <ty = | (fon<syn{ut™ >u}) e 7
onggt
se

because {0, < s} € Fs and {u!™ >ul'} € F, C F for s < t.
Next we will prove that 7, T oo and o, T oo a.s. asn T .
By the definition (2.2.29)-(2.2.31) we observe that it holds
On < Tp < 0Opt1 < Tnal (2.2.32)

for n = 1,2,3,... From (2.2.32) we conclude that the sequence {0, },cy of stopping times is

increasing and also that the sequence {7}, of stopping times is increasing.
Let time ¢ > 0. The event {0,,4+1 > t} by definition implies

= 0<s <t (2.2.33)

The event {0,471 > t} also implies the event {7,+1 >t} and from the definition (2.2.30) we
conclude

u ="t 0<s<t (2.2.34)

The event {o,41 >t} also implies the event {0,412 >t} and from the definition (2.2.31) we

conclude
P =t 0 <s <t (2.2.35)

The event {o,+1 >t} also implies the event {742 >t} and from the definition (2.2.30) we

conclude
ut = 0 <s <t (2.2.36)

Continuing with the same logic we can conclude that the event {0,411 > ¢} implies

I'=1; ,0<s<t and m>n (2.2.37)
uy' =uy ,0<s<t and m>n (2.2.38)

and also that it holds
{opy1 >t} C{om >t} ,m>n+1 (2.2.39)
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{opt1 >t} C{rm >t} ,m>n+1 (2.2.40)

Similarly we can conclude that the event {7,171 > ¢} implies

l;”:lg“ ,0<s<t and m>n+1 (2.2.41)
ul' =uy ,0<s<t and m>n (2.2.42)
and also that it holds
{tn>t}Cc{rm >t} ,m>n+1 (2.2.43)
{th >t} C{om >t} ,m>n+1 (2.2.44)

Let us suppose that 7, T¢1 and o, T {3 for some times t1,t2 > 0. If ;1 < t9 then there exist
a stopping time o, such as
on > 1 (2.2.45)

But the above relation (2.2.45) in conjunction with (2.2.40) will lead to a contradiction. Sim-

ilarly if to < t1 we conclude a contradiction. Hence 1 = ¢35 .

We suppose now that 7,, Tt and o, T t for some time ¢t > 0. First of all observe that by
taking into account the condition (2.1.6) we have that it holds

ar+e<b ,0<t<o0 a.s. (2.2.46)

for some ¢ > 0. Let us suppose that all the stochastic processes live on the probability space
(Q,F,P) and let @y C Q the set in which the relation (2.2.46) holds. Let also Qo C Q be the
set in which the process {X; , 0 <t < oo} is continuous, Q23 C Q be the set in which the process
{bs, 0 <t < oo} is continuous and 4 C Q be the set in which the process {a; , 0 <t < oo} is
continuous. Then of course holds that P(£;) = 1 with ¢ = 1,2,3,4. We define the set Q=
01 N QN Q3N QY and it is obvious that it holds P(SNI) = 1. Let w € Q. Then the function b (w) ,
0 <t < o0 is continuous and hence uniformly continuous on compact time intervals which implies

that for any d; > 0 we can choose time h; > 0 such as that it holds
bty (w) = b, (w)] < 61 (2.2.47)

for every times s1,ts € (¢t — hi,t). Combining the relations (2.2.46),(2.2.47) and choosing ;1 < ¢

we conclude
bty (W) — as, (W) = (by (W) = bs, (w)) + (bs, (W) — as, (W) > =61+ ¢

or equivalently
bi, (W) — as, (w) > ¢ (2.2.48)
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for some constant ¢ > 0 which is defined by ¢ := ¢ — §; and every times s1,t9 € (t — hi,1t).

Next observe that the function X;(w) , 0 <t < oo is continuous and hence uniformly continuous

on compact time intervals and so for any § > 0 we can choose time hy > 0 such as that it holds
| X, (w) — Xy (w)] < 0 (2.2.49)
for any times s1,ty € (t — ho, t).

In the rest of the proof we choose h = min(hj, he) and § < ¢ where c is the constant of the
relation (2.2.48) and of course for this choice the relations (2.2.48),(2.2.49) hold simultaneously.

The hypothesis we made, that is 7,,(w) T ¢ and o,(w) 1 ¢ for some time ¢ > 0, means that for

any time h > 0 there is a ng € N such as that it holds
Tn(w),on(w) € (t — h,t) , for any n > ng (2.2.50)

The above is equivalent to saying that for any n > ng there are times t1,t2 € (¢t — h,t), t1 < ta,
such as
7 (w) > 1 (w) (2.2.51)

and
u?;l(w) > uyp (w) (2.2.52)

The relation (2.2.51) reflects the fact that op,41(w) € (t — h,t) and the relation (2.2.52) reflects
the fact that 7,41(w) € (¢t — h,t) and the relation ¢t; < t3 comes from op41(w) < Tpi1(w) (see
(2.2.32)).

From (2.2.51),(2.2.52) and taking into account the relations (2.2.27),(2.2.28) of the definition
of the sequences of processes {u"} and {I"} and the fact that these processes are increasing in

time t for fixed n, we conclude the representations
us (W) = Xep (W) + 1, (@) = biy (w) (2.2.53)

and
ZZ+1(w) = ug (W) — X, (w) + ag, (w) (2.2.54)
Because the process {l;ZJrl ,0<t < oo} is continuous assumes a maximum on the compact
time interval [0, t2] and because of the relation (2.2.54) and the fact that the process {Z?H ,0<t<oo}

is increasing we conclude that there is a time s; in the time interval [t1, t2] such as

lf;l(w) =ul (w) — X, (W) + as, (W) (2.2.55)

S1
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Because the sequence of the processes {I{"} is increasing in n for each fized time t we also

have
1 (w) > 1 (w) (2.2.56)

Combining the relations (2.2.55)-(2.2.56) we conclude
uy (W) — X (W) + as, (w) > 13 (w) (2.2.57)
Taking into account the fact that the process {u} , 0 <t < oo} is increasing with respect to
time ¢ and that s; < t3 the relation (2.2.57) becomes

upy (W) — Xy (W) + ag, (W) > 1 (w) (2.2.58)

Combining the relations (2.2.52),(2.2.53) we conclude

Xty (W) + 13 (W) — by (W) > ugy, (W) (2.2.59)

Combining the relations (2.2.58),(2.2.59) we conclude

Xy (w) — Xg; (w) > by, (w) — as, (w) (2.2.60)

Thus taking into account (2.2.48) the relation (2.2.60) becomes
Xty (w) — X, (w) > ¢ (2.2.61)
Considering the relation (2.2.49) with § > 0 such as § < ¢, where ¢ is the constant of the

relation (2.2.48), we find that
§ > X, (w) — Xgy (w) > ¢ (2.2.62)

which is a contradiction. Hence we conclude that

{wGQ:Tn(w)Ttandan(w)thorsomete[0,00)}C{w€Q:w¢§}z>

0§P({w€Q:7n(w)Ttandan(w)thorsomete[O,oo)})ﬁP({weQ:wgéﬁ}> =0

and we have proved that 7, Too and g, T oo a.s.asn T oo.

Step 1.(IV) By what we found on Step 1.(I) we easily conclude that there are processes
Ut = {Z/l,5(+);0 <t<oo} and U) = {Ut(_);() <t < oo} such that

uy Tuf“ and [} TZ/{t(_) a.s. as n1 oo (2.2.63)
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By what we found on Step 1.(III) we conclude that the limiting processes are finite on compact

time intervals.
Step 1.(V) In this step we will find the limiting processes.
For m > n we observe that a.s.
u* =wuy if T, <t < Thpy (2.2.64)

and

=1 if o, <t <opg1 (2.2.65)

and so from the relations (2.2.64),(2.2.65) we conclude that the limiting processes are given a.s.
by:

UD = if 7 <t < T (2.2.66)

and

UT =17 if op <t < opi (2.2.67)

Observe that the process U(*) is a.s. continuous on the intervals [T, Tnt1) with possible jumps
on the times {7, }n,en. But we have Auﬁj) = L{-,Q:) U = uy  — A up —wup =0

Tn— Tn— -

(using relation (2.2.64) and also the a.s. continuity of the process u"). Thus the process U (+) is

a.s continuous. Similarly we conclude that the process U() is a.s continuous.

We define a process

2™ = Xy = 0 i 7 S < Ty and o S E< o (2.2.68)

and a limiting process

Zy= lm 2™ =X, - +u> (2.2.69)

n,m——>00

which is given by

Zy = X — 'LL;L + lgn R ifr, <t< Tn+1 and o, <t < Om+1 (2270)
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By relation (2.2.69) and the a.s. continuity of the processes (), 2/(=) and X we conclude that

the process Z is a.s. continuous.

Step 2. We will show that the process (Z,U("), /(7)) satisfies the requirements (2.1.11)-

(2.1.16) of the definition of the de Finetti model with two general reflecting barriers.

Step 2.(I) It is obvious that the process (Z,U1),14(5)) satisfies the condition (2.1.11) of the

definition of the de Finetti model with two general reflecting barriers.

Step 2.(IT) We will show that the process (Z,U),U()) satisfies the condition (2.1.12) of

the definition of the de Finetti model with two general reflecting barriers.

Indeed from the relations (2.2.27),(2.2.28) we have that a.s.

ul > X+ 10 —b  n=1,2,.

and

l;nzu;n_l—Xt—i—at , m=1,2,..

If m>n then from the relations (2.2.72),(2.2.64),(2.2.65) we have a.s.

l{”“ > u® — Xt + ay
l;"Jrl =" onop <t<omy1 =

u' =uy on Ty <t < Thyl
>l — Xy ta = " —ul+ X, > a = 2" >

and

u?”l Z Xt + lgn — bt
m—+1 n
Uy = uy on Tp, <t < Tpt1

WP X AU — by = I — Ul 4 X < b= 2™ < by,

By symmetry we conclude the same in the case m < n.

That is we found that a.s.

a < Z"™ <by . i Th<t<Tpyr and om <t < Ot

(2.2.71)

(2.2.72)
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and taking limits we conclude (2.1.12) that is a.s.

a; < Zt(n,m) < bt — a; < lim Zt(n,m) < bt — ay < Z; < bt.

7,1 ——>00

Step 2.(IIT) We will show that the process (Z,UH),1U(7)) satisfies the conditions (2.1.13),(2.1.14)

of the definition of the de Finetti model with two general reflecting barriers.

Indeed it is easy one to see that for every fixed n € N the processes u” = {uy;0 <t < oo} and
" ={i};0 <t < oo} are nondecreasing and so are the limiting processes U YE) and also
we have L{é+) —0and U7 =0 a.s.

Step 2.(IV) We will show that the process (Z,Ut),14(-)) satisfies the conditions (2.1.15),(2.1.16)

of the definition of the de Finetti model with two general reflecting barriers.

Indeed from (2.2.70) we have that a.s.

t tATh

+) _ n—=
/1{Zs<bs}dus( =3 / L mup sy s =0
0 n:17—n71

because if X, — by + U < uy then dul =0 by the Definition (2.2.27) of the process u".

Also we have a.s.

t tAon

/1{Zs>as}du§_) - Z / 1{X57u§+)+l?>as}dl? =0
0 n=l;

because if [? > as — X5 + U£+) then di?? =0 by the Definition (2.2.28) of the process [". m

Working as above we can immediately conclude the existence of the de Finetti model with
one general reflecting barrier by similar arguments and by taking in the proof of the previous

proposition [}* := 0 for each n € N and each time ¢ € [0, 00).

We have come to the end of this section having proved that the de Finetti models with general
barriers are well defined. We move now into the next section in which we will derive a very useful
property which we call the "scaling property". This property will help us to proceed with later

calculations.
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2.3 Scaling Property.

We start this section by posing a question. Let us suppose that we have the reserves process of
an insurance company, which moves between two boundaries which are described by two general
diffusion processes and dividends are paid to the shareholders according to the de Finetti model
with general reflecting barriers. How will the discounted dividends be affected if we move up or
down, by the same amount, the reserve process and the two boundaries processes? How will the
discounted dividends be affected if we multiple the above processes by the same amount? In our
effort to answer these questions we will derive a property which proves to be very useful. We call

this property "scaling property".

More specifically we proceed by defining two auxiliary processes in a way as to express the
changes induced in the original processes, that is the changes induced by adding a constant and

the changes induced by multiplying by a constant.
Definition 2.3.1 We define the following processes

e For a real number ¢ € (—o0,00) and fort >0

()?t,at,/l;t> = (Xt — C,at — C, bt - C) . (231)

e For a real number ¢ > 0 and fort >0

(Xtaatvgt) = (Xpe L ae Hbe ) (2.3.2)

With these definitions, we proceed with the general idea of this section, which is to derive the
discounted dividends and the discounted financing for the de Finetti model with general barriers
of the above processes and to compare how these are related to the discounted dividends and
the discounted financing for the de Finetti model of the initial processes. In order to accomplish
this, we first will consider the de Finetti model with one general reflecting barrier and next the

de Finetti model with two general reflecting barriers.

Starting with the de Finetti model with one general reflecting barrier we note that the as-

sociated de Finetti models with one general reflecting barrier for the processes ()~( ,E,N) =
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~

{(Xp,a4,b);0 < t < 00}, (X,@,b) = {(Xp,d, by); 0 < t < oo} are described by

~ ~ A\t

U, = sup <Xs—bs) (2.3.3)

0<s<t
Zy = X, — U, (2.3.4)
T = inf{t >0: 2, = a} (2.3.5)
~ T —
Uu:= /e“%@ (2.3.6)
0

Next we will consider the initial process (X,a,b) and the above two auxiliary processes
()~( ,a, B) and ()? ,a, B) and proceed to examine relations between the respective times of ruin

and the respective dividends. We conclude the following lemma which proves to be very useful.

Lemma 2.3.2 For the de Finetti models with one general reflecting barrier corresponding to the
processes (X,a,b), (X, 3, B) and (X,a,b) it holds a.s. that

(1)

{Up;0 <t < 0o} = {Uy; 0 < t < 00} = {dhy;0 < t < o0} (2.3.7)
(1)
T=T=T (2.3.8)
(11I)
U=U=cU (2.3.9)
Proof.

(I) Because the dividends processes U, U and U for the de Finetti models with one general re-
flecting barrier corresponding to the processes (X, a, b), ()? ,a, B) and ()? ,a, B) respectively,
are continuous processes, by using the Proposition 1.3.10 in order to prove the claim it is
enough to prove that the dividends processes are modifications of each other. For this con-
sider the fixed time ¢ > 0. Taking into account Proposition 2.2.1, for the dividends processes

U and Z] we can see that a.s.

~ ~

U = sup (X5 —bs)T = sup [(Xs —c) — (bs — ¢)]T = sup (X5 —bs)"
0<s<t 0<s<t 0<s<t

hence
L{t == Z:{\t .
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Similarly for fixed time ¢ > 0, for the dividends processes & and U we have that a.s.

U = sup (X5 —bs)" = csup(Xscf1 — bscfl)+ = csup(Xs — b)) T =cly
0<s<t 0<s<t 0<s<t

hence
Z/[t =C Z;lvt.

(II) Using relation (2.3.7) we conclude for the stopping times T and T that a.s.

T = inf{t>0:Zy=a;} = inf{t >0: Xy =U + a;}
inf{t>O:Xt—c:ut+at—c}:inf{t>O:thlil\t—i—at}

= 1nf{t>02t:at}:f

Similarly for the stopping times 7T and T a.s. holds that

T = inf{t>0:Z;=a;} = inf{t >0: Xy =U + ar}
inf{t >0: Xtc_l = Z/{tc_l + atc_l} = inf{t >0: )?t = th + at}

= mf{t>0:Z, =U}=T

(III) Using the relations (2.3.7), (2.3.8) we find that for the discounted dividends U, Uand U a.s.

holds that R
T T - N

U= / e dUy = / e dl, = U
0 0

and

T T N N
U= / e %dU, = c/ e Uy =c U
0 0

Next with the aid of Lemma 2.3.2 we are ready to prove the scaling property.

Proposition 2.3.3 (Scaling property for the de Finetti model with one general reflecting barrier).
For the moments of the discounted dividends V (x,a,b;n), the Laplace transform of the discounted
dividends K(x,a,b, ), the Laplace transform of the time of ruin M(xz,a,b,\) and the Laplace
transform of the joint distribution of the time of ruin and the discounted dividends N(x,a,b, A1, A2)

it holds that
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(1) For each real number ¢ € (—o0, 00)

V(z,a,b;n)
K(z,a,b,\)
M(x,a,b,\)
(l‘ab)\l,)\g)

(II) For each real number ¢ > 0

V(z,a,b;n)
K(xz,a,b,\)
M(x,a,b,\)
(SCCLb)\l,)\z)

V(z—c,a—
K(x —c,a—
M(x—c,a—
N(x —c,a—
"V (xzct,
K(zct,
M(xc™

¢,b—c;n)
c,b—c, )
c,b—c, )
c,b—c, A, A2)

ac”t b n)
ac”tbe™h Ae)

Lac b be™t\)
Lac™t be™ A, Aoc)

Proof. The proposition is obvious if we take into account the relations (2.3.8),(2.3.9) and we

will only prove here the properties (2.3.13) and (2.3.17), while the other statements are proved

similar.

(I) From the relations (2.3.8) and (2.3.9) we conclude that

N(l’, a, ba )\17 )\2)

. E(m,a,b) (e—)\lT—)\zU)

E(r—c,a—c,b—c) (e—)\lf—)\ﬂ?)

N(x —c,a—

¢, b—c, A1, Ag).

(IT) Similarly from the relations (2.3.8) and (2.3.9) we conclude that

N(i[f, a, b> )\17 A2)

The following remarks will be useful.

N(zc™ ac™

o E(w,a,b) <€—>\1T—>\2U)

E(:ccfl,ac’l,bc’l) (e—Alf—Agcﬁ)

15 bcila )‘la AQC)

Remark 2.3.4 For a function V(x,a,b;n) which is C1(R3) and satisfy the scaling property

(2.3.14) we can see by differentiating with respect of ¢ that

T+ a +b

0 0 0
Ox Ja  0b

) V(ze ™t ac™t be™ln) = neV (ze

Lac ™t be tin

(2.3.18)
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Remark 2.3.5 For a function K(z,a,b,\) which is C*(R*) and satisfy the scaling property
(2.3.15) we have that
K(z,a,b, ¢™Y) = K(zc™ b ac™t be™t, ) (2.3.19)
and by differentiating with respect of ¢ we conclude that
0

0 0 0
- K -1 — K —1 —1 —1
)\8()\6—1) (LL‘,(Z,b,)\C ) (xa( +aa(ac_1)+b8(bc_l)) (LBC ,ac ,bC ,/\)
(2.3.20)

Remark 2.3.6 For a function M(z,a,b,\) which is C'(R*) and satisfy the scaling property
(2.3.16) we can see by differentiating with respect of ¢ that

9 4 9 —1 -1 5 -1 4y _
<m3($01)+aa(acl)+b8(bc1))M(xc jac™,beh ) =0 (2.3.21)

Remark 2.3.7 For a function N(z,a,b, A1, \2) which is C*(R®) and satisfy the scaling property
(2.3.17) we have that

N(z,a,b,A\1, oY) = N(ze ™t ac b, be™ A, Ao) (2.3.22)

and by differentiating with respect of ¢ we conclude that

0

)\2 8(/\20_1)

N(z,a,b, A1, Aac™ 1) (2.3.23)

B 0 0 0 111
B <xa( +aa(ac_1)+ba(bc_1)>N($C ,ac™,be™, Aty Az)

Next we consider the de Finetti model with two general reflecting barriers. We proceed by

following analogous arguments as above.

The associated de Finetti models with two general reflecting barriers for the processes ()A(i, a, B),

()?,5, B) are described for every time 0 < ¢ < co by

Z/It(_) = sup ()A(;—U§+)—ci> (2.3.24)
0<s<t

Ut = sup (b@—fs—u(‘)) (2.3.25)
0<s<t

Z = XU +u) (2.3.26)

_— oo o

U® = / e s qu™) (2.3.27)
0

U = / e 5 qul™) (2.3.28)
0
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Proceeding now with the de Finetti model with two general reflecting barriers in an analogous
manner as we did before in the de Finetti model with one general reflecting barrier, we first derive

the following useful lemma.

Lemma 2.3.8 For the de Finetti models with two general reflecting barriers corresponding to
the processes (X, a,b), (X, a, B) and (X,4a,b) it holds a.s. that:

(D

U 0<t <ol ={UM0<t <00t ={ctP;0<t < o0} (2.3.29)
(IT) -
U 0<t <oot ={UT0<t < oo} ={cU 0 <t < o0} (2.3.30)
(111)
U®) = U@ =cU® (2.3.31)
ve) = 0O =cUuO) (2.3.32)

Proof. For the process (X,a,b) as we have seen in the Proposition 2.2.2, the discounted
financing and the discounted dividends are given from the relations (2.2.5) and (2.2.4) respectively,

that is for every time ¢ > 0 it holds a.s.:

U = sup ( Xy — U - as)‘ (2.3.33)
0<s<t

Ut = sup (bs X, - u§—>) ) (2.3.34)
0<s<t

Because the dividends processes U, Z/FI ) and ZI(: ) and the financing processes U ), Z/Fj )
and Z/?(\j ) for the de Finetti models with two general reflecting barriers corresponding to the
processes (X, a,b), ()? ,a, B) and ()? ,a, B) respectively, are continuous processes, by using the
Proposition 1.3.10 in order to prove assertions (I) and (II) of the lemma it is enough to prove that
the dividends processes and the financing processes are modifications of each other. For this we

will consider a fixed time ¢ > 0.
(I) From the relations (2.3.33) and (2.3.34) we conclude that for fixed time ¢ > 0 it holds a.s.

Z/{t(_) = sup (Xs _us(+) - as>7
0<s<t B —
L{t(ﬂ = sup (bs — X —L{(f))
0<s<t
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Z/It( ) = sup (E—L@”—&)
0<s<t

U = (T
0<s<t

(2.3.35)

(2.3.36)

Because the process (U(H),U(-)) is unique we conclude from relations (2.3.35), (2.3.36)

and (2.3.24), (2.3.25) that for every time ¢ > 0

y® &

t - t

u> = u as.

(IT) From the relations (2.3.33), (2.3.34) we have that for every time ¢ > 0

th(_) = sup (Xs —Z/lfr) — as>_

0<s<t

Z/lt(+) = sup <bs — X, —L{(_))_

0<s<t

0*11/175(_) = sup (cilXS — 0*1U§+) - cilas)

0<s<t

0*1U§+) = sup <c*1bs —clX, — c*1U§_)>_

0<s<t

c_ll/{t(_) = sup ()?s — c_ll/{s(+) — (LNS)_
0<s<t

c_lut(ﬂ = sup (I;S — )?; — C_IL{S(_))i
0<s<t

-

(2.3.37)

(2.3.38)

Because the process (U, U(7)) is unique we conclude from the relations (2.3.37), (2.3.38)

and (2.3.24), (2.3.25) that for every time ¢ > 0

Tyt = ur
cill/lt(f) = th(f) a.s.

(IIT) Using the relations (2.3.29) and (2.3.30) we find that a.s. holds
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U = /oo e U = /OO e‘ésdu/s@) —U®
0 0

and

v = [Tt —e [T eral® - 08
0 0

Now we are ready to prove the scaling property for the de Finetti model with two general

reflecting barriers.

Proposition 2.3.9 (Scaling property for the de Finetti model with two general reflecting barri-

ers).

For the moments of the discounted dividends V() (x,a,b;n), the moments of the discounted
financing V(_)(x,a, b;n), the Laplace transform of the discounted dividends K) (z,a,b,\), the
Laplace transform of the discounted financing K(_)(:p,a, b,\) and the Laplace transform of the
joint distribution of the discounted dividends and the discounted financing L(x,a,b, A1, A2) it holds
that:

(I) For every real number ¢ € (—o0, 00)

V(i)(m, a,byn) = v (x —c,a—c,b—c;n) (2.3.39)
K&®) (z,a,b,\) = K(i)(:c —c,a—c,b—c, ) (2.3.40)
L(z,a,b, \1,\2) = L(z—c,a—c,b—c, A1, \) (2.3.41)

(II) For every real number ¢ > 0

VS (2, a,b;n) = VS (2t act, be ) (2.3.42)
K® (z,a,b,\) = K® (zet ac™t be™t, Ae) (2.3.43)
L(z,a,b,A\1,A2) = L(zc i ac™tbe™t e, o) (2.3.44)

Proof. The proposition is obvious if we take into account the relations (2.3.31), (2.3.32) and
we will only prove here the properties (2.3.41) and (2.3.44), while the other statements are proved

in a similar manner.
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(I) From relations (2.3.31) and (2.3.32) we conclude that:

L(z,0,b, A1, \g) = E@D) (MU0
E(x—c,a—c,b—c)(6—)\1(@—)\2&?))

= Lz—ca—c,b—c,A,\2)

(IT) Similarly from relations (2.3.31) and (2.3.32) we conclude that

_ (+)— (-)
L(z,a,b, A1, Ag) 1= E®®D)(e= MU =2U)y
E(mc*17ac*17bc*1) (e—)\lc/(]x(:)—/\zc(}?j))

= L(zc Y ac b bet e, o)

The following remarks will be useful.

Remark 2.3.10 For a function L(x,a,b, \1, A2) which is C1(R®) and satisfy the scaling property
(2.3.44) we have that

L(z,a,b, i, o) = L(ze™t ac™t be™, Ap, Xo) (2.3.45)
and by differentiating with respect of ¢ we conclude that

0
L e 2.3.4
()\1 8()\10_1) + )\2 8(>\2C—I)> (ZEa a, b7 )\IC 7)\26 ) ( 3 6)

= 9 0 9 -1 -1 -1
= (e * e * e ) Hee o

Remark 2.3.11 For a function K& (x,a,b,\) which is C1(R*) and satisfy the scaling property
(2.3.43) we have that

K(i)(l’, a,b,he™) = K(i)(:rc_l, ac” bl N) (2.3.47)

and by differentiating with respect of ¢ we conclude that

0
Y ge(d) -1
A@()\C*I)K (z,a,b,Ac ") (2.3.48)

- () (-1 , —1 3 —1
("8 g * Vapers) K a0

The scaling properties for the de Finetti models with general barriers which we establish in
this section in the Proposition 2.3.3 and Proposition 2.3.9 will be very useful because we will use
them in order to derive differential equations, the solution of which gives the quantities we are

interested in. These quantities are:
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(I) For the de Finetti model with one general reflecting barrier:

The moments of the discounted dividends, the Laplace transform of the discounted divi-
dends, the Laplace transform of the time of ruin and the Laplace transform of the joint
distribution of the time of ruin and the discounted dividends (see (2.1.20)-(2.1.23)).

(IT) For the de Finetti model with two general reflecting barriers:

The moments of the discounted dividends and the discounted financing, the Laplace trans-
form of the discounted dividends, the Laplace transform of the discounted financing and the
Laplace transform of the joint distribution of the discounted dividends and the discounted
financing (see (2.1.29)-(2.1.31)).

2.4 Boundary conditions.

We proceed in this section to find results that will help us later to find out the boundary conditions
of the differential equations we are going to derive. The general idea is to consider two stochastic
processes which we agree that they represent the evolution of the reserves of an insurance company
in two scenarios. In the first scenario we consider the “original” reserve process which will start
at some of the two boundaries and in the other scenario the reserve process will start a little
above of the upper barrier or a little below the lower barrier. The important point is that the two
stochastic processes are the same in the sense that they satisfy the same stochastic differential
equation except from the fact that they have different initial conditions. We will try to find what
relations might have the times of ruin, the dividends and the financing in the de Finetti models

with general barriers for these two processes.

Before proceed with the main task of this section we want to mention that as we will see in next
section, the quantities we are interesting for and which have been defined in (2.1.20)-(2.1.23) and
(2.1.29)-(2.1.31) in the context of de Finetti models with general barriers, satisfy some differential
equations. In the proposition that follows we derive relations that will be used in the derivation

of boundary conditions for the differential equations.

We proceed now with the proposition by taking into account the following simplifying notation

remark.

Remark 2.4.1 For this section only, because in the two scenarios that we assume only the process
X alters it’s initial state, we drop the dependence from a and b. For example instead of writing

E@ab) we simply write E* or instead of writing U(z, a,b) we write U(z).

Proposition 2.4.2 (Boundary conditions). Consider functions f,g : RT x Rt — R, with
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f,g € CHRT x RT) such that

E° (;Uf(U,T)) < o0

= <8U(+)9(U(+)’U())> s
E° <a[}9(_)g(U(+),U(_))> < o0

where T is the time of ruin and U is the discounted dividends in the de Finetti model with one
general reflecting barrier and U™ is the discounted dividends and U™ is the discounted financing

in the de Finetti model with two gemeral reflecting barriers. Then the following hold

(1)

B (f(U,T)) - E'(f(U,T) )
lim ( . ) = (an(U,T)> (2.4.1)
(11)
EO (f(U? T)) = f(oa 0) (2.4.2)
(III)
b+e ) N - go +) =)
;LI%E W™, 0 ))E I CheLY ))—Eb<a£+)g(U(+),U(’)) (2.4.3)
(1V)
—e ) =)y - go + =)
iﬂ%E (U, U ))5 E(gUu™,ut))) 0(8Ua()g(U(+)’U(_))) (2.4.4)
Proof.

(I) We assume the de Finetti model with one general reflecting barrier and we consider two
processes which we agree to represent the evolution of the reserves of an insurance company
in two scenarios. The first scenario is that the insurance company starts with initial capital
b+ ¢ and the second scenario is that the insurance company starts with initial capital b. In
other words these stochastic processes are similar except that the first process has initial
state b+ ¢ and the second process has initial state b. The first stochastic reserve process will
give immediately amount ¢ on dividends and from there and on the two reserve processes will
evolve in the same way (they become indistinguishable) and will give the same dividends.

In mathematical language the above is expressed as

Z/{t(b + 8) =€+ Z/{t(b) (245)
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From the previous relation (2.4.5) we easily conclude that:
Ub+e)=c+U(b) (2.4.6)

By taking expectations on the random variable f(U,T') and using the above relation (2.4.6)

we conclude
E"(f(U.T)) - E°(f(U,T)) = E(f(U(b+¢),T))—E(f(U1),T))
= E(f(e+U(®),T) - E(f(U®),T))
and taking limits as € tends to zero we have

o EYE(H(U.T) - BYS(U,T))
e—0 3
E(f(e+U@®),T)) - E(fU®),T))

= lim
e—0 9
_ ]3(;13[1)(10(@%U(b)aT)i—(f(U(b)vT))):>

o P U.T) = EY(J(U.1))

e—0 IS

_ E(av(?(b) (U(b),T))
= E <£J (U,T)>

(IT) We assume the de Finetti model with one general reflecting barrier and that the reserves

process has it’s initial state at 0. Then the ruin is immediate and of course the dividends
are zero, that is it holds that:
E°(f(U,T)) = £(0,0) (24.7)

(III) We assume the de Finetti model with two general reflecting barriers and let two processes
which represent the reserves of an insurance company in the two scenarios and which are
similar except that the first has initial state b + ¢ and the second has initial state b. The
first will give immediately amount € on dividends and from there and on the two processes

will be financing by the same amount and will give the same dividends, that is

UPb+e) = e+uUD ) (2.4.8)

U (b+e) = U (b) (2.4.9)
from which we conclude that:

UPb+e) = e+UD () (2.4.10)

U (b+e) = UT(b) (2.4.11)
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By taking expectations on the random variable g(U), U(-)) we have that:
EY(gU),u)) - EX(g(UD, U)))

= E(gUM(b+e),UD(b+e)) — E@gUM (b),U) (b)) =
= E(gle + U (1), U b)) — E(gUD (b), U (b))

Dividing by € and taking limits as ¢ tends to zero we have:

lim Eb+€(g(U(+)7 U(_))) — Eb(g(U(+)7 U(_)))

e—0 )

i Blae £ U 0), U 0) — E(gUH (6), U 1)
e—0 15
_F (hr% (g(e + U(+)(b),U(*)(b))) _ (g(U(+>(b),U()(b)))> .
i B g(U, U)) — EY(g(U), UTY))
e—0 B
-t (azﬂi)(b)gw(+ ) U(_)(b))>
_ g (8(?(+)g(U(+)’U(_))>

(IV) We assume the de Finetti model with two general reflecting barriers and let two stochastic
processes which represent the reserves of an insurance company in the two scenarios and
which are similar except that the first has initial state —¢ and the second has initial state
0. Then the first will be financing immediately by amount € and from there and on the two

processes will be financing by the same amount and will give the same dividends, that is

U () = —e+u(0) (2.4.12)

U (=) = uo) (2.4.13)
from which we conclude that:

U (=) = —e+UDN0) (2.4.14)

UM (—e) = UD(0) (2.4.15)

By taking expectations on the random variable g(U(+), U(*)) and using the above relations
(2.4.14) and (2.4.15) we conclude that

E~ (g™, u))) = E°(g(u™, u)))
= E(g(UM(—e), U (~e))) — E(g(U™M(0),U)(0)))
= E(g(U™M(0),—e+U(0)))) — E(g(U(0),U)(0)))
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Dividing by € and taking limits as € tends to zero we have:

E=(g(U®),U0)) - EgU, U))

lim
e—0 €
i EGU(0), e £ UD(0)) ~ E(gUH)0), U (0)
e—0 c
_ & (111%9(U(+)(0)’ e+ UON0))) — g(UD(0) U(—>(0))> _
€= €
L B (gUD,U0) = BOg(U), U0)))
e—0 c

2.5 Expressions for the generator.

In this section we will find expressions for the generator operator when it is applied to some

particular functions. These expressions will be useful in Section 2.6.

First we will find expressions for the generator operator when it is applied to the quantities
we are interesting in and have defined in the context of de Finetti models with general barriers
(see (2.1.20)-(2.1.23) and (2.1.29)-(2.1.31)).

Second we will find expressions for the generator operator when it is applied to functions which
belong to some special functions spaces which we will define in the Definitions 2.5.10-2.5.13 and
2.5.18-2.5.20.

Studying the de Finetti models with general barriers it turns out that we need to define some

auxiliary processes.

Definition 2.5.1 We define for 0 <t < oo the processes:

Ve = b —ay (2.5.1)
hy = %—1 = (by — at)_1 (2.5.2)
Ve = (Xi—a)hy (2.5.3)
Zy = () (2.5.4)
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Remark 2.5.2 For reasons of simplicity and when there is no possibility of confusion we adopt
the convention to write p,,, p, and p, instead of p,(x), p,(a) and u,(b) and o, o4 and oy instead

of 04(x), o4(a) and op(b) respectively.

Definition 2.5.3 We define

o2, = o2, (x,a) =02 —2p,,0.04+ 0> (2.5.5)
on = og(x,b) =05 = 2pp0.04 + 0 (2.5.6)
o2 = o%(a,b) = 0F — 2p0a0p + 0F (2.5.7)
Definition 2.5.4 We define

= 0(z,a,b) = (b—a)p,(z) + (x = b)ug(a) + (a — ) (D) (2.5.8)

¢ = p(@,a,0) = (b—2)(b—a)oi,(z,a) + (z — a)(z — b)og,(a,b) +
+(a —z)(a — b)o?,(z,b) (2.5.9)

¢ = &(x,a,b):= (a+b—2x)0% (a,b) —

—(a —b)(02,(x,a) — 0% (z,b)) (2.5.10)

However before proceed with the main task of this section we will make the following remark
about the generators of the auxiliary processes v, Y and Z. This remark will be useful later in

this section.
Remark 2.5.5 (1) By an application of the It6 rule (see Theorem 1.3.22) one can see that the
process v = {7;;0 <t < oo} has dynamics:
dy; = (i — pig)dt + (0pdBY — 04dB2) (2.5.11)
or written in a matrixz style form:
B}
dyy = (jp — pg)dt + ( —oa oy ) .(ng) (2.5.12)
¢

and we easily conclude that the generator A, of the process v is given by:

o 1, 0?
AvZ(Mrua)a +50 ibav (2.5.13)

for a function f € C3(R) or for a function f € CZ(R).
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(1) Also by an application of the Ito rule (see Theorem 1.3.22) one can see that the process
Y ={Y;;0 <t < oo} has dynamics

Ay = {ht(:u’a: - :u’a) + (Xt - at)(_hgoj’b - Ma) + hgagb) - (2514)
_ht2 (Urabpa:b — 020aPrq — TaObPap T 0—3)}dt +
hi(0pdBE — 6,dBY) — (X; — a;)hi(0pdBY — 0,dBY)

or written in a matriz style form:

dYe = {hi(py — pa) + (Xi — @) (=7 (1, — o) + Biosy) — (2.5.15)
—h%(axabpxb — 020afzq — TaTbPah + 03)}5# +
dB}
( oxht 04(Xy —a)h? —oghy  —op( Xy — ag)h? ) .| daB}
By

and we easily conclude that the generator A, of the process Y is given by

U <9(:c,a,b) f(wvaab)) 0 1¢(w,a,b) 0 (2.5.16)

(b—a)? 2(b—a)?

dy 2 (b—a)t 9y?
for a function f € CZ(R) or for a function f € CZ(R).

(III) Finally again by an application of the Ité rule (see Theorem 1.3.22) one can see that the
process Z = {Z;;0 <t < oo} has dynamics:

dyy Ky — B
dz, = = dt + 2.5.17
= ()= () o)

opdBY — 0,dBY
+ €T a\ o 2 b a

or written in a matriz style form:

d _
Az, = Te )= T e ) gy (2.5.18)
4y, 1y (£, V)
dB?F
o o 70 dBy
oxht 0a(Xy —ar)h? — oahy —op(Xy —a)h? )’ ¢

dB?
with

py(6V0) = halpg — o) + (Xe — ar) (=hi (1, — pg) + hiony) —

_hf(axabp:pb — 020aPza — Ta0bPab T UZ) (2.5.19)
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and we easily conclude that the generator A, of the process Z is given by
o 1 ;2 0?

AZ - (Mb_lua)airy_‘_ 9 aba 2

&(z,a,b) 0?

2(b— a)? 0ydy

(9(3:,@,6) (=, a, b)) 9 1<p(a: a,b) 62
(b—a)2 20b—a)3) 0y 2 (b—a)* 8y?

+ (2.5.20)

for a function f € C3(R) or for a function f € CZ(R).
Also we will need the following definition.

Definition 2.5.6 For the de Finetti model with one general reflecting barrier and time t smaller
than the time of ruin T, that is t < T we define the discounted dividends U(t) from time t to the

time of ruin T to be given by:
T
U(t) == / e~ 2% dU, (2.5.21)
t

Similarly for the de Finetti model with two general reflecting barriers we define the discounted

dividends UF)(t) and the discounted financing U)(t) starting from the time t to be given by:
UMb () = / e %yt (2.5.22)
t
US@) = / e %y (2.5.23)
t

Finally before we proceed to derive the main results of this section we make the following

useful remark.

Remark 2.5.7 (I) For the de Finetti model with one general reflecting barrier it holds that:

(2.5.24)

0,U" — ety (t), fort<T
0, fort>T

withn=1,2,3,...

Indeed by considering a sequence of partitions {t]'}men ken of [0,00) such that:
0t << <P <o

with

lim supt}' = oo
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and

|| ;= sup [t7, — 2| — 0 asm — oo
. k+1 k

we can approrimate the discounted dividends U by:

T
U —/0 6_68d2/[s = lim 6_5t;n1{t?<T}Aut;n

|[7m || =0

where 17 is the indicator function. Applying the right shift operator to the above relation

we conclude:

9,5 Un = ( hm Z 6_6t2n 1{t;f'L+t<T} AUt;(n+t)n —

[lm |[—0
_ enat(uwhrﬁlo Z o0t 1)1 (et} AU )"
B enétUn(t)7 f07~ t < T
0, fort>1T

Also it is easy to see that:

T—1 t<T
0,1 = Jort < (2.5.25)
0 fort>1T
(II) For the de Finetti model with two general reflecting barriers it holds that:
0U ) = et (U (t))" (2.5.26)

withn =1,2,3,...and time t > 0.

Indeed working similarly as in (1) we have that

gt(U(i))n — 4 (/ e—ésdué(i)>
0

— (eét / €5sdus(i)> — en& (U(i) (t))n
t

Now we are ready to derive the main results. We start with the De Finetti model with one
general reflecting barrier in the section 2.5.1 and we continue with the de Finetti model with two

general reflecting barriers in the section 2.5.2.

2.5.1 Generator expressions for the one Reflecting barrier case.

We start this subsection by proving a useful proposition, concerning the generator operator applied
to a regular function of the discounted dividends and the time of ruin in the context of de Finetti

model with one general reflecting barrier.
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Proposition 2.5.8 Let f(x,a,b) := E@%) (g(U,T)) with g(-) € C}(R?). Then it holds that:
Ao f(z,a,b) = B@®P) <§t (U (t),T — t)\t_()) (2.5.27)

Proof. Using the relations (2.5.24),(2.5.25) of the Remark (2.5.7) we have that:

(z,a,b) _
A(z,a,b)f(x, a, b) — hmE (f(Xta Qg bt)) f(:Ea a, b) —

t—0 t
. E@ab) (EXuadd) (g(U, T))) — BE@aY (g(U,T))
— 2% 13 B
_ B EC D6 (U, 1) = B, 1)) _

t—0
_ i B (g(0:U, 0,7 ))—E(”b)( w.1) _

t—0 t

X ra e‘StUt ,T—t - U7T

) va 0,0) —g(U,T
Hin Bl <1{T<t}g( ) tg( )>

; +

9(0’0) _g(U7T)>
t

_geU ), T —t)—g(U,T
= E(I,a,b) <1{T20}}£%g( ( ) ) g( ))

et <1{T<o}}mé

where we have explicitly used the Markov property of the diffusion process (X, a, b) (see Theorem
1.3.28).

Because the process (X, a, b) is continuous we have that
>0 as.

(that is the process X does not jump to the process a to be ruined and neither the reverse) and
so the above relation becomes:

5t o
At.an f(z,a,b) = E@®D (hmg(6 u@),T-¢) g(U’T)> —

t—0 t

A S(asa0) = B9 ( S g(eU(0). 7~ 0o

Next we will use Proposition 2.5.8 in order to find relations with regards to the generator
operator applied to the quantities we are interested in, that is for the Laplace transform of the
discounted dividends K(z,a,b, A), the Laplace transform of the time of ruin M(z,a,b,A) and
the Laplace transform of the joint distribution of the time of ruin and the discounted dividends
N(z,a,b, A1, \2), as they have defined at (2.1.20)—(2.1.22).
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The following proposition clarifies the action of the operator on the aforementioned quantities.

Proposition 2.5.9 (Relations with regards to the generator operator applied to the quantities
(2.1.20)-(2.1.23) in the de Finetti model with one general reflecting barrier). It holds that:

(i)
A.apy N(z,a,b,A1,A2) = AMiN(x,a,b, A1, A2) + 5>\2£\N(l‘»a7 b, A1, A2) (2.5.28)
2
where A1, Ag > 0.
(11)
Aapn K(x,a,b,\) = )\688)\[((33, a,b, \) (2.5.29)
where A > 0.
(I11)
Aapy M(x,a,b,\) = A\M (z,a,b, \) (2.5.30)
where A > 0.

Proof. The claims (I),(1I) and (11I) follow immediately by applying Proposition 2.5.8 to the
functions: ¢1(U,T) = e M7=V with Ay, Ay > 0, g2(U,T) = e NV with A > 0 and g3(U,T) =
e~ with A > 0 respectively. m

We turn our attention now to some special function spaces.

Definition 2.5.10

SV = {f € CER®) | f satisfy the scaling properties (2.3.10), (2.5.14)}

Definition 2.5.11

SK .— {fe CZ(RY) | f satisfy the scaling properties (2.3.11), (2.3.15)}

Definition 2.5.12

SM .— {f € CE(RY) | f satisfy the scaling properties (2.3.12), (2.3’.16)}

Definition 2.5.13

SN = {f € CE(R®) | f satisfy the scaling properties (2.3.13), (2.3.17)}
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Next we find a set of expressions with regard of the generator operator applied to functions

which belong to the above function spaces.

Lemma 2.5.14 It holds that

(1)
Atawy N(z,a,b, A1, Aa(b—a) ™) = A,N((z — a)(b—a)1,0,1, A1, Aa)
(11)
AwanV(z,a,b) = A~V (y,0,1)
(111)
A K(z,0,0,(b—a)"'A) = A,K((z —a)(b—a)~1,0,1,A)
(1V)

Aterany M(z,a,b, ) = AyM((z — a)(b—a)~1,0,1, )

Proof. The proof constitutes of two steps.

Step 1

(2.5.31)

(2.5.32)

(2.5.33)

(2.5.34)

We apply the scaling property (see Proposition 2.3.3) to the functions V() € SV, K(-) € S¥,

M(:) € S™ and N(-) € SN and we easily conclude that:

N(Xtvaubt,)\l?ht)\z) = N((Xt_at)hhoyl))‘lv)@)

V(Xh ag, bt) V(Xt — Q¢, 07 bt - at) = fytf}((Xt - at)htv 07 1)

I?(Xtaatvbbht)\) — Kv((Xt _at)thvla)\)

M(Xy,a,bi,N) = M(Xt_atvovbt_atv)‘):M((Xt_at)htaoyl’)‘)

Step 2

(2.5.35)

(2.5.36)
(2.5.37)

(2.5.38)

We prove the relations (2.5.31)-(2.5.34) between the generator A,q of the process (X, a,b)

and the generators A, of the process Y and A, of the process Z.
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(I) It holds that:

A(Zaa7b)]f\7(x7 a, b7 )\17 )‘Q(b - a)_l)
E(N(Xy,at,bi, M, Aa(b— a)™1) — Nz, a,b, A1, da(b—a) ™)

= lim
t—0 t

_ i EOV((X = ag) (b — @) 71,0, 1, M1, 29)) = N((z —a)(b—a)1,0,1, M1, ho)
t—0 t

= AN((z—a)b—a)"',0,1,A1, ) =

Atamy N(z,a,b, M1, Ao(b— a) ™) = A,N((x — a)(b—a)~1,0,1, A1, Ag)

(II)
Aoon T (z.ab) = %E]%E(f/(xt, ag, btt)) —V(z,a,b)
_ %%E(%V(E,O,li)—7‘7(%0,1)
= AAV(y,0,1) =
Awan V(z,a,b) = A4V (y,0,1)
(I11)
Awan K(z,a,b, (b —a)"'\)
_ hmE(f((Xt, as, b, (b—a)"IN) — K(z,a,b, (b—a)~1\)
t—0 t
i EE(X —a) (b —a) 1 0,1,0) - K((z —a)(b—a)"",0,1,})
t—0
= AK(z—a)b—a)"',0,1,)) = t
Atam K (z,a,b, (b —a)"'\) = A, K((z — a)(b—a)~,0,1, )
Iv)

A(z,a,b)M(x, a,b, \)
E(]/\Z(Xtv A, bta A)) — ]/\Z($7 a, ba )‘)

= lim

t—0 t
B hmE(M((Xt —ag)(by — a;)"1,0,1,0)) — M((z — a)(b—a)"1,0,1,\)
o t—0 t

= AM((z—a)b—a),0,1,\) =

Aty M(z,a,b,A) = AyM((x — a)(b—a)~",0,1, )
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Proposition 2.5.15 (Relations with regard of the generator operator A.an of the process (X, a,b)
when it is applied to functions which belong to the functions spaces SV, %, SM and SN (see De-
finition 2.5.10-Definition 2.5.13)).

Let functions V() € SV, K(-) € S5, M(-) € SM and N(-) € SN. It holds that

(1)
A(m,a,b)ﬁ(m, a,b, A1, A2) = (2.5.39)
_ <p(m,a,b)i2~ 0($7a7b) N g(w‘vaa b) 2’\/
- 2(b—a)2 8$2N($,a,b,)\1,/\2)+ b—a 2(1)—0,)2 8xN(xaa7ba >\17)\2)
(11)
Ao K (,a,b, ) (2.5.40)
o (P(x7a7b)i2~ 9(x7a>b) o {(.T,CL, b) g’v
 2(b—a)? 8:U2K(m’ a0, A) + b—a 2(b—a)? 8;1:K($’ a5,2)
(111)
Ateawy M (2, a,b,\) (2.5.41)
o(,0,0) B ~ 05,0, E@ab) 0 ~
2(b—a)? GxQM(x’ 52+ b—a 2(b—a)? 8$M($’ a5,3)
(1V)
A(x,a,b)V(a:, a,byn) = Mb(bz:’za(a)f/(x,a, b;n) + (2.5.42)
0(x,a,b) 0 - . o(z,a,b) 9? ~ .
ﬁ%‘/(l’, a, b, n) + W@V(az, a, b, TL)

Proof. The general idea of the proof is to apply Remark 2.5.5 and Lemma 2.5.14 in order to
find the expressions (2.5.39)-(2.5.42).

(I) By relation (2.5.31) in Lemma 2.5.14 we have that:

Ateamy N (@, 0,0, A1, \g(b— a) ™) = A,N((z — a)(b—a)",0,1, A1, \3) (2.5.43)

By relation (2.5.16) in Remark 2.5.5 we have that:
AyN((x —a)(b—a)1,0,1, A1, \3) = (2.5.44)
9(337@7 b) 5(27,(1, b) J ~ -1
- —N((x —a)(b— 1,1, A5
<(b—a)2 2(b—a)3 ) Ox ((z—a)(b—a)™,0,1,A1,25) +
1@(:1:, a,b) 9% ~

2 byt 2 (@ —a)b—a) 0.1 AL )
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and after some calculations relation (2.5.44) can be written as

AN ((@ = a)(b—a)™,0,1, 1, 5) =

(9(90, a,b)  &(z,a,b) ) ﬁﬁ(x, a,b, A1, A5(b—a)™") +

(b—a) 2(b—a)?) Ox
1o(z,a,b) 0% ~ wn =1
5@@]\7(1}@,57 AL, A3 (b—a)™)

By the relation (2.5.43) the above expression (2.5.45) is equivalent to

A(I,a»b)ﬁ(x7 a, b7 )\17 )‘E(b - a)_l) =
_ (b(z,a,b)  &(z,a,b0)\ 9 &
N (b—a)  2(b—a)?
Lo(,a,b) & (b )L
2 (b—a)2 amgN(xvaab,)‘laAZ(b (I) )

and setting Ao := \5(b — a)~! we conclude the result.

5N (@ a0, A0, 25(0 —a)™h) +

(IT) As in (I) by setting Ay =0 and A2 = A.
(ITI) Asin (I) by setting A\; = X and Ag = 0.
(IV) By relation (2.5.32) in Lemma 2.5.14 we have that:
AoV (z,a,b;n) = AAV(y,0,1;n)

By relation (2.5.20) in Remark 2.5.5 we have that:

AAV(y,0,5n) = (1, — o)V (y,0,1;n)
0(z,a,b) &(z,a,b)\ O ~
— 1.
# (Sl - S0tD) L 0.t +
1o(z,a,b) 0% ~ &(z,a,b) 0 ~
2B T Ty,0,15n) + 220 Z Py, 0,1
2 (b—a)3 6y2 (yv ) an)"i' 2(b—a)2 8y (ya ) 771)
and simplifying we get
AZ'yV(y, O? 1? n) = (:ub - :ua)f/(yv 07 17 n)
O(x,a,b) 0 ~ Lo(z,a,b) 0 ~
————V(y,0,1, ————=—V(y,0,1;
Using relation (2.5.47) and simplifying relation (2.5.49) can be written as
A(z,a,b)‘N/(m,a, b;n) = MZ:'%IN/(:B,&, b;n)
0(z,a,b) 0 ~ 1p(z,a,b) 0% ~
———==V b; -V b;

This concludes the proof. m

(2.5.45)

(2.5.46)

(2.5.47)

(2.5.48)

(2.5.49)

(2.5.50)

In the next subsection we consider the de Finetti model with two general reflecting barriers

and with the same logic as in this subsection we find analogous results.
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2.5.2 Generator expressions for the two general reflecting barriers case.

We start this subsection by proving a proposition about the generator operator applied to a
regular function of the discounted dividends and the discounting financing in the context of de

Finetti model with two general reflecting barriers.

Proposition 2.5.16 Let f(z,a,b) := E@®) (LU U))) with h € C}(R?). Then it holds that:
At f(z,a,b) = @) <§th(e&U<+> (t), eétU<—>(t))|t:0> (2.5.51)

Proof. Using relation (2.5.26) in Remark 2.5.7 and the Markov property of the diffusion
process (X,a,b) (see Theorem 1.3.28) we have that:

Ag.ap f(,a,b)
E@ad) (£(X, ar, b)) — f(x,a,b)

= i t -

(:c,a,b) (Xtvatvbt) (+) (7) — (x,a,b) (+) (7)
_ P“%E (E (h(U ,Ut>>> E@e (U, UO))
_ g B EEDOnU D, U R)) - B (U™, U))
- t—0 t -
i B @ESD (00,0 ), 0,0 D)\ Fy)) — ECD (U D, UO))
o t—0 t o
_ i BCDECD (WU (), VO (1)1 F)) — ECO (U, UD)
o t—0 t -
_ i BOP (U (), SO (1)) - SN (U™, U))
- t -

Str(+) Sty(=)(¢)) — ) )
_ plean <nmh<€ U @), U @) - U, U )>:»
t—0 t
Atcan F(o.0,8) = B9 (S0 (0), #0010

Next we will use Proposition 2.5.16 in order to find relations with regards to the generator
operator applied to functions we are interesting in, that is for the Laplace transforms of the
discounted dividends K*)(z, a, b, \) and the discounted financing K(~)(z, a, b, \) and the Laplace
transform of the joint distribution of the discounted dividends and the discounted financing
L(z,a,b, A1, \2), as they were defined at (2.1.29)-(2.1.30).

We conclude the following proposition



2.5.2 Generator expressions for the two general reflecting barriers case. 66

Proposition 2.5.17 (Relations with regard of the generator operator applied to the quantities
(2.1.29)-(2.1.31) in the de Finetti model with two general reflecting barriers). It holds that

(1)
0 0
A(m,a,b)L(.’E, a, b, )\1, )\2) =0 )\17[4(.’1?, a, b, )\1, )\2) + )\27[4(33, a, b, )\1, )\2) (2.5.52)
8/\1 8)\2

where A1, Ag > 0.

(1)

Aoy K& (2,0,0,\) = Ad%K(i) (z,a,b,\) (2.5.53)

where A > 0.

Proof. The claims (I) and (II) follow immediately by applying Proposition 2.5.16 to the
functions: (I) hy(UD),UC)) = e MU =2UT) with Ay Xy > 0 and (1) ho(UD,UC)) =
e A with A > 0 and ha(UH),U)) .= e with A>0. m

We turn our attention now to some special function spaces.
Definition 2.5.18
SVE = {f € C}(R®) : f satisfies the scaling properties (2.5.39),(2.5.42)}

Definition 2.5.19

SE®) = {f € C}(R?) : f satisfies the scaling properties (2.5.40),(2.5.43)}

Definition 2.5.20

St = {f € CZ(R®) : f satisfies the scaling properties (2.3.41), (2.3.44)}

Next we find a set of expressions with regard of the generator operator applied to functions

which belong to the above function spaces.

Lemma 2.5.21 It holds that

(1)
Aamy L(x, 0,0, M1 (b — a) "5 Aa(b—a) ™) = A, L((z — a)(b—a) "1, 0,1, A1, A2)  (2.5.54)
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(11)
Aan VE (2, a,b) = A~V H) (3,0,1) (2.5.55)

(11I)
Aamy KE (2,0,0,(b— a)"'N) = Ay KD ((z —a)(b—a)1,0,1,\) (2.5.56)

Proof. The proof constitutes of two steps.
Step 1

We apply the scaling property (see Proposition 2.3.9) to the functions VE)(.) € Sv(i),
K®()e SE® and L(-) € SF and we easily conclude that

L(Xt,at,bt,ht)\l,htAg) = L((Xt — at)ht,O, 1,)\1,)\2) (2557)
VE (X, an,b) = 7,V (X — ag)hy,0,1) (2.5.58)
IN((i)(Xt,at,bt,ht)\) = I?(:t)((Xt - at)ht,(),l,)\) (2559)

Step 2

We prove the relations (2.5.54)-(2.5.56) between the generator A(..a of the process (X, a,b)
and the generators A, of the process Y and A, of the process Z.

()
A(z,a,b)z(l', a, b, )‘1)\2([) - a)_lv )\Q(b - a)_l)
_ hmE(Z(Xty ar, by, Mda(b—a) !, da(b—a) ")) = L(z,a,b, \iAa(b — @)1, Aa(b— a)~1)
B t—0 t
B hmE(INJ((Xt —a)(by — ar)1,0,1, M1, A2)) — L((z — a)(b— a)~1,0,1, A1, A2)
o t—0 t
= A, L((x—a)(b—a)710,1, 1, h) =
Age.amy L(@, a, b, \Mda(b—a) ™ da(b—a) ™) = A,L((z — a)(b— a)™1,0,1, A1, Ao)
(IT)

A(z,a,b) ‘7(:‘:) (.CL', a, b) =
= i EVOX 0y, b)) — V(@ a,b)
t—0 t
E(y, V& (V,0,1)) =/ V&H(y,0,1)
t

= lim
t—0

= Az’y?(i) (ya Oa 1) =
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A(z,a,b)f/(i) (z,a,b) = Az’yf/(i) (y,0,1)

(I11)
A(z,a,b)k(i) (37, a, b, (b — a)71>\)
B hmE(f((i) (X, az, b, (b—a)"IA) — K& (2, a,b, (b —a) "1\
- t—0 t
o E(K®((X; —a))(b —a))™1,0,1,0) = K& ((z —a)(b—a)~1,0,1,\)
2% t
= A KD ((z—a)(b—a)""0,1,\) =
Atramy K® (20,0, (b — a)7'N) = A,y KD (2 — a)(b—a)"1,0,1,\)
]

Proposition 2.5.22 (Relations with regard to the generator operator A, of the process (X, a,b)
when it is applied to functions which belong to the functions spaces Sv(i),SK(i) and S (see De-
finition 2.5.18-Definition 2.5.20)).

Let functions VE)(.) € SV, K®()e SE® and L(:) € SL. It holds that

(1)
Aan L(z,a,b, A1, Aa) = (2.5.60)
@(maa?b)iz'v 0(1[‘,(1,()) o £($7aab) £~
20 —a)2 8x2L($7 a,b,\1,A2) + T 26— a)? axL(x, a,b,\1, \2)
(1)
2
~ () _ plza,b) 07 =
A(:c,a,b)K (SU, a, b, )\) 72(1) — a)2 8;1;2 (w, a, b, A) + (2561)
0(z,a,b)  &(x,a,b)\ O ~(4
- 9K
+( b—a 2(b—a)?) Ox (z,a,6,%)
(I11)
Az.ap) S (z,a,b;n) (2.5.62)
_ Ha(b) — pg(a) V) (2, a,bim) +
b _ a ) b )
~ 2 ~
Oz, a,b) 9 VE (2, a,b;n) + plz,ab) a—V(i)(m,a,b; n)

b—a Ox 2(b — a)? 022
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Proof. The general idea of the proof is to apply Remark 2.5.5 and Lemma 2.5.21 in order to
find the expressions (2.5.60)-(2.5.62).

(I) By relation (2.5.54) in Lemma 2.5.21 we have that

Aty L(x, a, b, X5(b— a) "1 A5(b— a) ™) = A, L((z — a)(b—a) "1, 0,1,A5,A3)  (2.5.63)

By relation (2.5.16) in Remark 2.5.5 we have that:

A L((z = a)(b—a)™1,0,1, X, Ap) = (2:5.64)
(G257~ 56258) g0 013 +
1¢(z,a,b) 0% ~ _ -

After some calculations relation (2.5.64) can be written as

AyL((z = a)(b—a)71,0,1,A5,\3) = (2.5.65)

<0(w, a,b)  &(z,a,b) > Qf(as, a,b, \1(b—a) ", A5(b—a)"h) +

(b—a) 2(b—a)?) 0x
lo@,ab) 9 + N L
2(b—a)2 arzL(xaa:b?)‘l(b a’) a)‘2(b CL) )

By relation (2.5.63) the expression (2.5.65) is equivalent to

Ay L, 0,5, 0 (b = a) ™ X5 (b— @) ™1) = (2.5.66)
_ (b(z,a,b)  &(z,a,b0)\ O+ L B
= (B o) a0 - +

1%0(1‘,0,,17) 82~ *(L —1 y*x/p —1

3 b—ap a2 oAb —a) a0 -0

and setting A\; := Ai(b—a)~!, Ay := A5(b — a)~! we conclude the result.

(IT) Asin (I) by considering \; = A and A2 = 0.
(III) By relation (2.5.55) in Lemma 2.5.21 we have that

Apapy V) (z,a,b;n) = Az'y?(i) (y,0,1;n) (2.5.67)
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By relation (2.5.20) in Remark 2.5.5 we have that:

AAVE(y,0,10) = (1 — 1)V E (5,0, 15m) + (2.5.68)
(z,a,b)  &(z,a,b)\ 0 5 .
(T 20—y ) gy 0t ¢
1p(z,a, )
(b— )3 y?

2
25((%_@03)2 By VE(y,0,1;n)

7 p )(y,0,1;n) +

and using relation (2.5.67) and simplifying relation (2.5.68) can be written as

A(m,a,mv(i)(x,a,b; n) = NZ_Z“V( )(x,a,b; n) + (2.5.69)
0(z,a,b) 0 ~ . 1o(z,a,b) 0% ~ 4

This concludes the proof. m

Proposition 2.5.22 is the last result for this section. We have now in our disposal all the
necessary ingredients in order to derive the final result, which are the differential equations. We
proceed now with the next section in which we will combine the results of the previous sections

and conclude the final results.

2.6 Partial differential equations for the Laplace transforms and

the moments.

As we mention in the previous section we are now in position to conclude the final results about
the de Finetti model with general barriers. We will do that in this section and we start first with

the de Finetti model with one general reflecting barrier.

2.6.1 PDEs for the de Finetti model with one general reflecting barrier.

In this subsection we provide propositions concerning the Laplace transform of the joint distribu-
tion of the time of ruin and the discounted dividends N (z, a, b, A1, A2), the Laplace transform of the
discounted dividends K (x,a,b, \), the Laplace transform of the time of ruin M (z,a,b, \) and the
moments of the discounted dividends V' (x, a,b;n), as they have been defined at (2.1.20)-(2.1.23).
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Proposition 2.6.1 (The Laplace transform of the joint distribution of the time of ruin and the
discounted dividends). Let the function N(z,a,b, A1, 2) € CZ(R5) satisfy the scaling properties
(2.3.13),(2.3.17). If the function N(x,a,b, A1, \2) solves the PDE

m;;N(:r,a, b, A\, \2) + (9(;,_(1;1)) - 5((:’_(1;(;)2> %N(w,a, b, A\, \2)
= MN(z,a,b, A1, 2) + 5)\288)\2N(x, a,b, A1, \2) (2.6.1)
with boundary conditions:
N(a,a,b,A\1,\2) = 1 (2.6.2)
;EN(m,a,b,)\l,/\g)\w:b = —XoN(b,a,b,\1,\2) (2.6.3)
then
N(z,a,b, A1, Ag) = E@®b) (= MT—A2U)y, (2.6.4)

Proof. First we observe that because the function N(xz,a,b, A1, A2) is in CZ(R®) and satisfy
the scaling properties (2.3.13),(2.3.17) then by the relation (2.5.39) we must have

Lz,anyN(x,a,b,\1,\2) (2.6.5)

= A(z,u,b)N(Jf, a, b7 )\17 >\2)
o(z,a,b) 0? 0(xz,a,b) &(x,a,b)\ 0
= ——F5—N b, A1, A — —N b, A1, A
2(b — a)2 02 (,a,b, A1, A2) + T 2b—a)? ) s (z,a,b, A1, A2)
By relation (2.6.5) and the fact that the function N(z,a,b, A1, \2) solves the PDE (2.6.1) we

conclude

ﬁ(z,a,b)N(ZE, a, b, )\1, )\2) = >\1N(93, a, b, )\1, )\2) + 5)\2%]\7(1} a, b, )\1, )\2) (2.6.6)
2

Applying the It6 formula to the process
oM NT)=D2Usar 77 ( ¢S 7, 0 o =ONT) g 0 o =SEAT) g A )\2)
taking expectations and using the condition (2.6.3) we have
E(@.a.b) (e—/\l(t/\T)—AzUt,\TN (e—d(t/\T)ZtAT’ et g, 1 e~ AL >\2>)

= N(z,a,b, 1, A2) +
tAT
—i—E(x’a’b) /e_Als_MUS (Lizap) — A1—
0

0 0 0
—§e %8 —ds —4s —6s
de <X86(e_552) +a58(e—55a) + b38(6—55b)>> N (e Zs, e ag, e bs,)\17)\2> ds) +

tAT
+)\2E(x,a,b) (/ eftssef)qsf)\zUsN (eiéSZS, 6768(18, e*(SSbS7 )\1, )\2> du5> _
0

tAT
_)\QE(x,a,b) </ ef)qsf)\zUsN (efﬁsZS’ 67650,5, efésbs’ A, Ag) dUS> (267)
0
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By taking into account that by the relation (2.1.18) we have that
dU; = e~ %%d, (2.6.8)
and also considering the relation (2.3.23) the above expression (2.6.7) becomes

E@.ab) ( o MAT)=D2Usnr 7y ( o —S(AT) Zinrs o—0(AT) GAT, o—0(NT) binr AL )\2))

= N(l‘,a,b,Al,)\Q)-F
tAT

+E($,a,b) /e—/\1s—)\2U5 ((E(z?mb) . )\1) N(es—ésZS’ 6_65(18, 6_5Sb5, )\17 )\2)_
0

_§Age 03 N (ZS, g, be, A1, )\26_68)> ds>

Using the relation (2.3.22) we conclude
E(@.a.b) ( oM (AT)=X2Usnr 7y ( e 7 o @ =OUAT) g o o =OUAT) g 3 )\2>)
= N(:B, a, b, A, )\2) +

cpeen ([ et (£ aage L Y N (2 g, b A e ) d
(z,a,b) 1 2€ a(}\26_55) sy sy Ugy AL, A2€ S
0

__0
0 ()\26_65)

Applying the PDE (2.6.6) with Ape ™% instead of Ay the above simplifies to
E@ad) (e_h(tAT)_AQUMTN (ez:/\ST(t/\T)Zt/\T,6_5(t/\T)at/\Tae_é(t/\T)bt/\Ty)\la)Q)) = N(z,a,b, A1, A2)

Taking limit as ¢ — oo (using the dominated convergence theorem as by hypotheses we have that
N(z,a,b,A1,\2) € CZ(R®)) and taking into account that

T:=inf{t>0:2 =a}
and the condition (2.6.2) we conclude:

N(:E’ a, ba )\17 )\2) = E(a:,a,b) (G_AlT_)‘QU)

Working as for the proof of Proposition 2.6.1, setting first Ay = 0 and Ao = A\ and second
A1 = A and Ay = 0 the following two propositions can be proved.

Proposition 2.6.2 (Laplace transform of the discounted dividends). Let the function K (x,a,b, \)
€ C2(R*) satisfy the scaling properties (2.5.11), (2.5.15). If the function K(z,a,b,\) solves the
PDE

90(337 a, b)ﬁ e(xaavb) _ S(ZIJ,CL, b) g
2(b—a)? 8$2K(w7 a5,A) + b—a 2(b—a)? 81:K(x’ a:5,)

0
= )\55K($,a,b, A) (2.6.9)



2.6.1 PDEs for the de Finetti model with one general reflecting barrier.73

with boundary conditions:

K(a,a,b,\) = 1 (2.6.10)
;K(az,a,b,)\)|x:b = AK(ba,b,N) (2.6.11)
A
then
K(z,a,b,\) = E@ab) (5”) (2.6.12)

Proposition 2.6.3 (Laplace transform of the time of ruin). Let the function M(xz,a,b,\) €
CbQ(R4) satisfy the scaling properties (2.8.12), (2.3.16). If the function M (x,a,b, \) solves the
ODE

¢(z,a,b) 9* 0(z,a,b) &(x,a,b)\ O
2(b—a)? 81‘2M($’ a5, A) + b—a 2(b—a)? &BM(m, a5, 4)
= AM(z,a,b,\) (2.6.13)

with boundary conditions:

M(a,a,b,\) = 1 (2.6.14)
0
%M(x,a,b,)\ﬂm:b =0 (2.6.15)
then
M(z,a,b, ) = E@ab) (e*AT) (2.6.16)

The next proposition concerns with the moments of the discounted dividends.

Proposition 2.6.4 (Moments of the discounted dividends). Let the functions V(x,a,b;n) , n €
N belonging to CZ(R3) satisfy the scaling properties (2.3.10),(2.5.14). If the functions V (z,a,b;n)
, n € N solve the ODFEs

p(z,a,b) 0% oy O@ab) 0 .
20— a)? 8:U2V($’ a,b;n) + — 6ij(:zc,a, bin) +
+ <Mb(b) — Ma(a’) _ n5> V($7a’ b, n)
b—a
— 0 (2.6.17)

with boundary conditions:

V(a,a,b;n) = 0, n=1,2,... (2.6.18)
;CV(x,a, b1y = 1 (2.6.19)
;V(x, a,b;n)|,—p = nV(bya,b;n—1), n=23,... (2.6.20)

T

then
V(z,a,b;n) = E@)(UM) (2.6.21)



2.6.1 PDEs for the de Finetti model with one general reflecting barrier.74

Proof. First we observe that because V (z,a,b;n) € CZ(R3) and satisfies the scaling properties
(2.3.10), (2.3.14) then by the (2.5.42) we must have

LwanV(z,a,b;in) (2.6.22)
= AganV(z,a,b;n)

iy (D) — 14(a)
‘ b—a v

o(z,a,b) 9?

0(x,a,b) 0 0%
2(b—a)? 0x?

b: —
(m7a’7 ’n)+ b_a ax

V(z,a,b;n) + V(z,a,b;n)

By relation (2.6.22) and the fact that the function V (z, a, b; n) solves the ODE (2.6.17) we conclude
that
(L@apy —nd) V(z,a,b;n) =0 (2.6.23)

We consider the time instants h and t with ¢ > h. Applying the It6 formula to the process

e—”5((t_h)AT)V (Zt/\T7 AT DenTs n)

taking conditional expectations and using the fact that the process V(Zy, ap, bp; n) is Fj measur-

able we have:
B (67n5((t*h)/\T)V (Zt/\T; QAT bt/\T; TL) ’fh>

tAT
= V(Zn,an,bp;n) + E ((/ e ) (Lisamy —18) V (Zs, as, bs;n) d5> |fh> -
h

tAT 8
B <</ e 6= Ly (7 byin) dus> |fh>
h 0z

Using relation (2.6.23) and condition (2.6.18) the above becomes

tAT
V (Zn,an,bp;n) = E <(/ e—"5<5—h>8av (Zs, as,bg;n) du) |;Eh> (2.6.24)
h z

Next we apply relation (2.6.24) with n = 1, taking into account that by relation (2.5.21) we have
dU(t) = —e~tdU; (2.6.25)

and also considering relation (2.6.19) and taking the limit as ¢ — oo (using the monotone conver-

gence theorem) we conclude that
E (eéhU(h)U’h) —V (Zn, an, bp; 1) < 00 (2.6.26)
We will use the method of induction. Suppose that for n — 1 we have
E (e<”—1>5hU”—1(h)|fh) — V(Zn, an, by — 1) < 00 (2.6.27)

Next by applying the relation (2.6.24) for n and taking into account the relations (2.6.20), (2.6.27),
the fact that {s < T'} € Fs (because T is a stopping time) and interchange expectation and integral
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(using the Fubini theorem) because
AT
E </ e o(s=h)y, (Zs,as,bs;n — 1) dL{5|Fh)
h
< supV (Zs,as,bs;n — 1) Y ) (U(h)|Fr) < o0
we conclude

tAT
|4 (Zha ap, by; ’I’L) = nkE </ e—né(s—h)v (ZS7 as,bs;m — 1) dus|7:h>
h
t
— nE </h 1{S<T}e—n6(s—h)E (e(n—1)5sUn—1(5)|fs) dusu:h)
t
= nE </ e MGl g (1{s<T}€(n_1)5sUn_1(5)|f8) du5|‘7:h>
h
t
= n/ e M6—h) g (E (1{S<T}€(n_1)6sUn_1(S)dus|fs) ‘Fh))
h

t
_ n/ e—né(s—h)E (1{S<T}6(n_1)6sUn_1(S)du5|fh)
h
t
= nkE €n6h/l{S<T}658Un1(8)d1/{5’.7:h
h

tAT
= —F <e”5h/ nU"_l(s)dU(s)|fh)
h
Therefore
tAT
V (Zn,ap,by;n) = —E <e”5h / nU”l(s)dU(s)\}“h) (2.6.28)
h
Taking the limit in relation (2.6.28) as t — oo (using the monotone convergence theorem) we have
T
V (Zp,ap,bp;n) = —F (e”éh/ nU”_l(s)dU(s)|fh)
h
= —E (MU (s)[])1Fn)

Therefore
V(Zn, an, bp;n) = E(""U™(h)|F) (2.6.29)

Finally by taking A = 0 in the relation (2.6.29) we conclude the relation (2.6.21). m

Next adopting the same logic we conclude analogous results for the De Finetti model with two

general reflecting barriers.

2.6.2 PDEs for the de Finetti model with two general reflecting barriers

In this subsection we provide propositions concerning the moments of the discounted dividends

V) (z,a,b;n) and the discounted financing V() (x, a,b;n), the Laplace transform of the dis-
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counted dividends K(+)(x, a,b, ) and the discounted financing K(_)(x,a, b, A) and the Laplace
transform of the joint distribution of the discounted dividends and the discounted financing
L(z,a,b, A1, \2), as they have been defined at (2.1.29)—(2.1.31).

Proposition 2.6.5 (Laplace transform of the joint distribution of the discounted divi-
dends and the discounted financing). Let the function L(x,a,b, A1, 2) € CZ(R®) satisfy the
scaling properties (2.3.41),(2.3.44) and also

L(z,a,b,0,0) =1 (2.6.30)

for any (x,a,b) € R3. If the function L(z,a,b, A\, \2) solves the PDE:

SO(‘T’C% b) 82 0(.’17,(1,[)) S(ZL',CL, b) 0
5 5L b, A1, A — —L b, A1, A
2(b —a)? 022 (0,0 A1, da) + b—a 2(b—a)?) Oz (70,0, A1, 2)
0 0
= 0| ML b, A1, A A=—0L b, A1, A 2.6.31
<18)\1 ($7a7 s Ay 2)+ 28)\2 (m7a7 s Ay 2)) ( )
with boundary conditions:
0
%L(:c,a, b, )\1,/\2)‘;5:@ = AQL(G,, a, b, )\1,)\2) (2.6.32)
0
%L((E,a,b,)\l,)\gﬂx:b = —AlL(b,a,b,/\l,)\g) (2633)
then
L(z,a,b, A1, Ag) = E@aD) (e= AU =20, (2.6.34)

Proof. First we observe that because function L(z,a,b, A1, A2) is in CZ(R®) and satisfy the
scaling properties (2.3.41), (2.3.44) then by relation (2.5.60) we must have

L(z,a0) L(,a,b, A1, A2) (2.6.35)
= A(z,a,b)L($7 a, b7 )\17 >\2)

_ ¢zab) & 0(z,0,b)  &(w,a,)\ &

By the relation (2.6.35) and the fact that the function L(z,a,b, A1, \2) solves the PDE (2.6.31)

we conclude
0
Ac(z,a,b)L(:E, a, b, )\1, )\2) = )\1L(1‘, a, b, )\1, )\2) + 5)\2ﬁL(w, a, b, )\1, )\2) (2.6.36)
2
We fix a number n € N. Applying the It6 formula to the process

U Ly _ _ _
e~ MU —22Uina (e A A P OIS W /\2)
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taking expectations and using the conditions (2.6.32), (2.6.33) we have:

_ (+) _ (=) _ _ _
E(w,a,b) (6 MUinn )\QUt/\nL(e 4(tAn) Zinn, € 6(t/\n)at/\n’ e J(tAn)bt/\n’ A, )\2))

= L(m, a,b, A\, )\2) +

(z,a,b) U o)
+E o e 1Hs 2% (E(:L',a,b)_
0

ds —is —ds ds
—de <Zs (2 + ag = 4 by © 55b)>> L (e Zs, e Pag, e %bg, A1, )\2) ds) +

b 0 e U ) b P b
+A B0 < / e e MU R T (e 7 e a0 Sbs,Al,Az)du§+)> -
0

tAn +) =)
O\ E@ad) </ e MUl L<e‘5szs,e—58as,e—55bs,Al,Az)dU§+)> *
0
tAn +) -)
A EEab) </ e el el L(e‘észs,e“*as,e“*bs,Al,Az)dusf—)> -
0
tAn
) )
— M\ E@a:b) </ e_’\lUs+ —A2Us L(e_65Z3,6_58a5,e_55b5, )\1,)\2)dUS(_)> (2.6.37)
0

Taking into account that by relations (2.1.26) and (2.1.27) we have that

dU15(+) — e—(Stdut(“‘)
W) = et

and also relation (2.3.46), expression (2.6.37) becomes

_ (+) _ (=) _ _ _
E(x,a,b) (6 MUy, /\2Ut/\nL(e 6(1&/\n)Zt/\n7 e 5(t/\n)at/\n7 e 6(t/\n)bt/\n, A, AQ))

= L(:C, a,b, A\, )\2) +

(z,a,b) tn AU i) —Js —ds —Ids
+ E\% e "Ys 2Us (ﬁ(z,a,b)L(eS Zs, e Pag, e °bg, A1, A2)

0
) <)\1€_65 a

A —ds
A2 S e )

) L(Zs, as, bs, )\16_65, )\26_55)> ds)
(2.6.38)

8(/\16—55)

Applying relation (2.3.45) to expression (2.6.38) we conclude

) () _ _ —
E(z,a,b) (6 AMUgay >\2Ut/\nL(€ 6(t/\n)Zt/\n7 e 6(t/\n)at/\n7 e 6(t/\n)bt/\n7 M, )\2)>

= L(ZE, a, ba )\17 )‘2) +

tAn
- 0
ple.ab) / U207 (o sy s _
+ e L(z,a.0) 1€ 8()\1«3*58)
0
550 _5s . —0s
—6)\26 8()\26_63)) L(Zs,as,bs,)qe ,)\26 )d5>

(2.6.39)
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Applying the PDE (2.6.6) with A;e~%® instead of A\; and Aye %% instead of Ay the above expression
(2.6.39) simplifies to

E(x’&b) (e_)\lUt(;LT)l_)\ZUt(/;)lL (e_é(t/\n) Zt/\nv 6_6(t/\n)a‘t/\n7 6_5(t/\n) bt/\m >\17 >\2>> = L(:L.7 a, b? )\17 )‘2)
(2.6.40)
Applying relation (2.3.45) in expression (2.6.40) we have

(+) (=)
L(l’, a, ba >\17 )‘2) = E($,d,b) (e_)‘lUt/Tn_AQUt/\nL (Zt/\n7 Qtan, bt/\n7 >\16_6(t/\n)7 >\2€_5(t/\n))) (2641)

Taking limit as ¢ — oo (using the dominated convergence theorem as by hypotheses we have that
L(x,a,b,A1,\2) € CZ(R®)) the relation (2.6.41) becomes

L(z,a,b, A1, Ag) = E(@ad) (efxlUﬁLAzUé‘) L(Zn, an, by, 0, 0)) (2.6.42)
Taking into account the condition (2.6.30) the above expression (2.6.42) simplifies to
L(z, a,b, A1, Ag) = E@D) (e—*lUT(L”—Wr(T)) (2.6.43)
Finally taking limit as n — oo we conclude:

L(w,a,b, M1, Ap) = @) (=000

Working as for the proof of Proposition 2.6.5, setting first Ay = 0, Ay = A and second \; = A,

A2 = 0 the following proposition can be proved.

Proposition 2.6.6 (Laplace transforms of the discounted dividends and the discounted financ-
ing). Let the functions K™Y (x,a,b,\) and K (z,a,b,\) belonging to CZ(R*) which satisfy the
scaling properties (2.3.40), (2.3.43). If the functions K™ (z,a,b,\) and K()(z,a,b,\) solves
the PDEs :

cp(:L',a,b)ai2 (+) 0(z,a,b)  &(x,a,b)\ O (4
2(b— a)? 8:E2K (@,0,6,2) + b—a 2(b — a)? (%UK (@,2,6,4)
0

- 2 &
Aéa)\K (z,a,b,\) (2.6.44)

with boundary conditions:

d

a—xK(H(:c,a,b,A)\x:a =0 (2.6.45)
;K(+)(x,a,b,)\)|m:b = —AK®)(b,a,b,)) (2.6.46)
xr

o

%K( Nz, a,b,\)|pmpy = O (2.6.47)
8K<*>(x,a,b,A)\I:a = MK (a,a,b,)\) (2.6.48)

oz
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then

KW (z,a,b,)) = E@ad) (e*AU ”)) (2.6.49)

K (z,a,b,)) = E®b) (e_’\UH> (2.6.50)

The next proposition concerns with the moments of the discounted dividends and the dis-

counted financing.

Proposition 2.6.7 (Moments of the discounted dividends and the discounted financing). Let
the functions V) (z,a,b;n) and V) (z,a,b;n) , n € N belonging to CZ(R3) satisfy the scaling
properties (2.3.39), (2.3.42). If the functions V() (z,a,b;n) and V(_)(a:,a, b;n) solve the ODEs

(P(.'B,CL, b) 872 (+) . 0(.’13,(1, b)g (1) .
72(1)—(1)28352‘/ (m,a,b,n)—l—ib_a 8azv (z,a,b;n) +
+ /’Lb(b) — ,LLa(CL) - nd V(i) (.YJ,CL, b, n)
b—a
-0 (2.6.51)
with boundary conditions:
0 ()
%V (z,a,b;n)|g=¢ = 0, n=1,2,... (2.6.52)
aaxvm (z,a,0;1)|pmp = 1 (2.6.53)
;xv(*) (x,a,b;n)|p=p = nV(H(b, a,b;n—1), n=2.3,... (2.6.54)
aiv”(x, a,b;n)|p—my = 0, n=12,... (2.6.55)
;EV()(:L’,CL, b;1)|pma = —1 (2.6.56)
9 () )
a—V (x,a,b;n)|3=¢ = nV'/(a,a,b;n—1), n=2,3,... (2.6.57)
x
then
V) (z,a,b;n) = BE@D) ((U<+>)”) (2.6.58)
V2, a,b;n) = E@(UEHM) (2.6.59)

Proof. We will prove the result only for the function V() (x,a,b;n) because the proof for the
function V(_)(a:, a,b;n) is similar. First we observe that because the function 1/'(+)(3:7 a,b;n) is
in CZ(R3) and satisfies the scaling properties (2.3.39),(2.3.42) then by relation (2.5.62) we must
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have

LoV (@, a,bim) (2.6.60)
= A(z a,b) V ($ a, b7 n)
10 = 10(@) ) gy 4 D080 Dy

b—a b—a Oz
cp z,a,b) 02

By the above relation (2.6.60) and the fact that the function V() (z,a,b;n) solves the ODE
(2.6.51) we conclude
(Liway —n6) V) (z,a,b;n) =0 (2.6.61)

We consider the time instants h and ¢ with ¢ > h. Applying the It6 formula to the process

e~ no(t=h)y/(+) (Zt,at, b n)

taking conditional expectations, taking into account the condition (2.6.52) and using the fact that

the process V*)(Zy,, an, by;n) is Fj, measurable we have:

E(e*”‘s(t*h)V(H(Zt at, be; n)| F; )
t
= V(+)(Zh7a/h7bh7 /e no S h) £(Lab _n(s) V(+)(Z87a57bs;n)d8 |fh -
h
t
/en5(sh)iv(Jr)(ZS,aS,bs;n)dus(Jr) ’fh (2662)
h

Using relation (2.6.61) expression (2.6.62) becomes :

t
V(Jr)(Zh,ah,bh;n) =F /6”5(5h)aV(Jr)(Zs,as,bs;n)dZ/{s(H | Fh, (2.6.63)

0z
h

Next we apply relation (2.6.63) with n = 1, taking into account that by the relation (2.5.22) we
have
AU (t) = —e Oty (2.6.64)

and also considering the relation (2.6.53) and taking the limit as ¢ — oo (using the monotone

convergence theorem) we conclude that
E(®h UM ()| F) = VI (Z, an, b; 1) < oo (2.6.65)
We will use the method of induction. Suppose that for n — 1 we have

E (=00 () ) = VO (Zn, an, brin — 1) < o0 (2.6.66)
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Next applying the relation (2.6.63) for n and taking into account the relations (2.6.54), (2.6.66)

and interchange expectation and integral (using the Fubini theorem) because

t
FE (/e”5<5h)V(+) (Zs, as,bs;m — 1) dus(+)fh)

h
< SHPV(+) (ZSa s, bg;m — 1) €n6hE((U(+) (h))|fh) <00

we conclude

VENZy, an, basn) = nE<

e—né(s—h)E(E(e(n—l)és(U(+)( ))n 1dL{ |_7—" )|fh)

e*”‘;(sfh)V(Zs, as,bs;m — l)dLISSJr)]:h)

Se— T —

e—0(s—h) p (e(n—1)65<U(+) (S))n—l |fs> dus(—l-) fh)

= n

e—né(s—h)E(e(n—l)és(U(-f—) (s))”‘ldu§+) | Fn)

= n

/
/

= nE <en5h / ¢35 (U ()" L+ fh)

h
= _E e [n@®(s)nlaut(s )fh)
[/
Therefore '
VI (Zy, ap,bp;n) = —F (enah/”(U(H( )" U (s )Fh)

h

Taking the limit in the above relation as ¢ — oo (using the monotone convergence theorem) we

have
VN Zy,an, bpsn) = ( M/n (U (s))tau (s )j:h)
h
= =B (MU )R >|fh)
Therefore

VO (Zn,an, by m) = B (MU (1)) F) (2.6.67)

Finally by taking h = 0 in the expression (2.6.67) we conclude the relation (2.6.58). ®
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With the end of the previous proposition we come to the end of this section and also at the
end of this chapter. We accomplish our goal which was to extend the classical de Finetti model
with constant barriers to the more general de Finetti model with general barriers. The PDEs of
this section can be used in order one to find expectations about the discounted dividends, the

discounted financing and the time of ruin in the context of de Finetti model with general barriers.

2.7 Conclusions.

We extended the de Finetti model in order to include cases with fluctuating barriers dividends
policies which are modelled as diffusions. We made the extension in an axiomatic manner by pos-
ing particular properties which were motivated by the classical de Finetti model. We showed that
the de Finetti models with general barriers are well defined that is there exist unique stochastic

processes that evolve according to the conditions dictated by our axioms.

We considered de Finetti models with one general barrier meaning that when the reserves of
the insurance company reach a "particular" level which depends upon a diffusion process then
the company goes bankrupt. We also considered de Finetti models with two general barriers, that
is when the reserves of the insurance company reach the level of the lower barrier, which also
depends upon a diffusion process, then the insurance company has the option to borrow money

and continue it’s function.

We derived differential equations with appropriate boundary conditions, the solution of which
gives the moments of the discounted dividends, the moments of the discounted financing, the
Laplace transform of the time of ruin, the Laplace transform of the joint distribution of the time
of ruin and the discounted dividends and the Laplace transform of the joint distribution of the

discounted dividends and the discounted financing.



Chapter 3

Applications on de Finetti models.

3.1 Introduction.

We will devote this chapter to particular applications of the formulas of chapter 2. More specifi-
cally we want to consider three particular cases for the reserve process of an insurance company
which are of great interest in the literature. These include the Ornstein-Uhlenbeck, the Geometric
Brownian Motion and the Brownian motion process. We choose to apply the formulas of this
section in an insurance model which follows a constant dividends barriers policy in order our

results to be comparable to the results available in the literature on dividends barriers policy.

3.2 Ornstein-Uhlenbeck process.

The Ornstein—Uhlenbeck process is a fundamental process that plays very important role in finan-
cial and insurance mathematics. For example if one wants to study risk models and to consider
also an investment of the reserves in the stock market then soon will find himself in the realm

of the Ornstein—Uhlenbeck process. As a consequence a lot of papers have been written on this

process. ( see for example the papers of Eie[55], Jacobsen[(6], Schobel[168], Barndor and Nielsen
[15], [16], Ward[183], Gillespie [77], NG [137], Aquilina [5], Cai [34], Alili [1], Going [79], Patie
[144], Shiga [170], Graversen [$3], Chojnowska [39], Nicolato [139], Lladser [124], Bishwal [24],
Simao [172])

In this subsection we suppose that the reserves X = {X; : ¢ > 0} of an insurance company

follow the Ornstein-Uhlenbeck (OU) process, with dynamics that are described by

83
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dX; = —aX;dt + odB; (321)

with initial capital Xy = x. If A is the generator of X then

2
Af(@) = —az (@) + 20> f(a)

for a function f(-) € Dy, (where Dy is the domain of the generator A (see Definition 1.3.29)).

The insurance company follows the de Finetti model with upper barrier the constant b, that
is for each time t > 0
by =10

and lower barrier the zero constant, that is for each time ¢ > 0

at:0

We consider first the de Finetti model with one general reflecting barrier (1RB) and we find
the expected value of discounted dividends, the Laplace transform of the discounted dividends
and the Laplace transform of time of ruin. Next we consider the de Finetti model with two
general reflecting barriers (2RB) and we find the expected discounted dividends and the expected
discounted financing, the Laplace transforms of the discounted dividends and the discounted
financing and the Laplace transform of the joint distribution of the discounted dividends and the

discounted financing.

The following special function will play an important role for the calculations of this section.

Definition 3.2.1 Definition of the function H (A1, A2, x) which is known as confluent hypergeo-
metric function of Kummer (first kind). The function H(A1, A, x) is defined by

H(A1, Az, @
1, A2 kzo 5h k'
where (A1)g, (A2)r are the rising factorials, that is

(M+E-1)

A WTh= o)

(A (A1 —1)!
A+ k—1)!

o)k = Bod k1)

(o — 1)
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3.2.1 Expected value of the discounted dividends. (OU-1RB)

By Proposition 2.6.4 the Expected value of the discounted dividends V() is given by the solution
of:

1, 02 9]
3 28302 (x) — aaz%V(:ﬁ) =6V (x) (3.2.2)
with boundary conditions:
V(o) = 0 (3.2.3)
0
B—IV(I)\x:b =1 (3.2.4)

Vi) = (3.2.5)

3.2.2 The Laplace transform of the discounted dividends.(OU-1RB)

By Proposition 2.6.2 the Laplace transform of the discounted dividends K (z, ) is given by the

solution of:

1 2 0? 0 0 B
922 (x,\) — afc%K(m, A) — Ad%K(m, A)=0 (3.2.6)
with boundary conditions:
K(O,\) =1 (3.2.7)
0
%K(m, Mlz=p = —AK(b,\) (3.2.8)

In order to solve (3.2.6) with boundary conditions (3.2.7), (3.2.8) we consider the moment of
the discounted dividends V' (x; k) which is given by

V(z;k) = E5(U"), k=1,2,3,... (3.2.9)

We have that
(3.2.10)

) x(77k
K(z,\) = 1+§: B
k=1 k=1
Substituting (3.2.10) to (3.2.6) and comparing the coefficients of (—\)¥ we have the differential

equations:

12W

922 (x; k) — axaam‘/(:c; k) — 5k:88$V(ﬂc; k)=0, k=1,2.3,... (3.2.11)



3.2.3 The Laplace transform of the time of ruin. (OU-1RB) 86

From condition K(0,\) =1 we have that
V(0;k) =0, k=12,3,...

and from the condition a%K(m, A)|z=p = —AK (b, A) we have that

0

and

9
SV (@) ey = KV (k- 1), k=23.4,...
a5V (@ k)= ( )

The solutions of (3.2.11) are of the form:
V(sk) = cBor(@),  k=1,2,3,...

where

1 6k 3 ax?
gk(m)—xH<2+2a72702>7 k=1,2,3,...

In order to find the ¢k (b) we have from (3.2.15), (3.2.13) and (3.2.14) that

1
a0 =g
and
or(0) (e06(@)lams) = ket 1(D)gcs 0
for k=2,3,4,.... So we find that

cx(b) = k! g1(b) -~ gr—1(b)
() (Zg1(@)]emb) - (Zgh1()amb) (2 gr(2)|oms)

and the k—th moment V' (z;k) of the discounted dividends U about the origin is

V(z; k) = E* U*) = k! g1(0) - gr—1(b)gr(x) ’
( ) ( ) (8%«91@)’1:13) (amgk 1(x)’x:b) (a%gk(m)]x:b)

k=1,2,3,..., and the Laplace transform K(z,\) of the discounted dividends U is

K(z,\) = () gl(b) "Gk 1(b)gk( )

3.2.3 The Laplace transform of the time of ruin. (OU-1RB)

(3.2.12)

(3.2.13)

(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)

(3.2.19)

By Proposition 2.6.3 the Laplace transform of time of ruin M (x, \) is given by the solution of:

1282

922 (z,A) — amg M(z,\) — AM(z,A) =0
x

ox

(3.2.20)
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with boundary conditions:

M(O,\) = 1 (3.2.21)
3}
—M(x,A)|p=p = 0 3.2.22
KETICRV I (32:22)
The solution of (3.2.20)-(3.2.22) is
M( A)—lﬂfila—mz—HLFA§CL—2 Fla,b,\ o) (3.2.23)
x’ - 2(172’ 0_2 z 2 a727 0_2 a’ ) 70- ce=

where

6ALH (1+%,%,ﬁ)

(3028 (3 + 30,3 %) +4ab? (34 52) H (34 5. 5% )

fla,b, A, 0) =

Remark 3.2.2 We found that the function V (z) := E*U is given by (3.2.5) and it is of the form

V(z) = g,(—(?), with g(z) = xH (% + %, %, %) . Let b* be the value of the barrier b which gives

the mazimum dividends. Then the optimal barrier b* can be found from the solution of equation
g"(b*) =0 (3.2.24)

The above equation is difficult to be solved analytically in general and has to be addressed using

numerical methods.

Remark 3.2.3 If the initial state is © = b* then it holds that

o _ 9%
V(b*) =
(&) g'(b%)
which implies
V') =0 (3.2.25)

Substituting (3.2.25) in (3.2.2) we find that
1 2 * *
57 0—ab*1 =36V (b*)=0
which leads to
_ab”
4]

That is (3.2.26) gives the mazimum value of the dividends when the initial state is x = b* .

V(b*) = (3.2.26)

Remark 3.2.4 The optimal barrier b* is independent from the initial state of the process and for

known values of the parameters can be calculated with numerical methods.



3.2.4 Expected discounted dividends and expected discounted financing.
(OU-2RB) 88

3.2.4 Expected discounted dividends and expected discounted financing. (OU-
2RB)

By Proposition 2.6.7 the expected discounted dividends V() (z) and expected discounted financ-
ing V(5)(z) are given by the solutions of:

1 5, 0% 0 () (&) (0
29 @V (x) — ax%v () =6V () =0 (3.2.27)

with boundary conditions:

0
%V(+)(x)|$:0 =0 (3.2.28)

0

ox

9
52V @le=0 = -1

0

oz

V(@) = 1

VO @) sy = 0

The solutions of (3.2.27) with boundary conditions (3.2.28) are

2 2
Vi (z) = ? H <5, L aa;) (3.2.29)
25bH (1+%,g,%) 22’2 o
() § 1 az? 1 6 3 aa?
V (x):H %757? Q(a7b70-75)_xH 54‘%,57? (3230)

where , ,
2 1 6 3 ab 1 ) 2 3 6 5 ab
30 H(§+%7§’%)+4a(§+%)bH(§+7 ia%)

a’ o

600 (1+ 2.3, %5 )

27 g2

3.2.5 The Laplace transforms of the discounted dividends and the discounted
financing. (OU-2RB)

By Proposition 2.6.6 the Laplace transform of the discounted dividends K (*) (x,\) is given by the

solution of:

L2 9 ph) 0 g O 1) (g2 —
59 5.2 (z, ) a:caxK (x,\) Aéa)\K (z,\) =0 (3.2.31)
with boundary conditions:
0
%KH)@,A)MZO =0 (3.2.32)

0
o KO @ Ny = —AED(0,)
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and the Laplace transform of the discounted financing K (_)(x, A) is given by the solution of:

12 9 1) —ael KO (a0 — 26-L KO (2 ) =
57 5.2 (x,\) axaxK (z, ) )\58)\K (x,\) =0 (3.2.33)

with boundary conditions:

0

7017<(*>(x,x)\m:b =0 (3.2.34)
d _
%K( Nz, M) om0 = AK)(0,)

In order to solve (3.2.31) with boundary conditions (3.2.32) let

V(@ k) = EY(UTHF),  k=1,2,3,... (3.2.35)
Then we have
K®(z,2) =1+ i (_)\)kEg”((U(”)k) =1+ i (_A)kV(JF)(x' k) (3.2.36)
’ k=1 & k=1 4 7 B

Substituting (3.2.36) to (3.2.31) and comparing the coefficients of (—\)* we have the differential

equations

1 5 0% ). O L) (g O 1) (g k) =
for k =1,2,3,.... From the condition %KH) (2, A)|z=0 = 0 we have that
0 v+
VO @i klo =0, k=123,... (3.2.38)

and from the condition C%K(JF) (2, \)]amp = —AKH) (b, )) it follows that

0
—VEN (1) pmp = 1 2.
507 @ Dl (3.2.39)
and 5
%V(“ (255 |lomp = KV (b —1), k=2,3,4,... (3.2.40)

The solutions of (3.2.37) are of the form

V(@5 k) = cpe(D)gr(z), k=1,2,3,... (3.2.41)

Sk 1 az?
R
9 () <2a’ 2’ o2 )
In order to find the ¢ (b) we have from (3.2.41), (3.2.39) and (3.2.40) that
1

S 91(@) o=

where

c(b) = (3.2.42)
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and 5
cx(b) <8$gk($)|xb> = kcp—1(b)gr—1(b) (3.2.43)

for k=2,3,4,... .So we find that

g1(b) -~ gr—1(b)

cu(b) = k! (3.2.44)
(%gl(x)\xzb) T (%gkfl(x)‘x:b) (%gk(w)\xzb)
and the k-th moment V() (x; k) of the discounted dividends U*) about the origin is
V(+)($,]€) — k! gl(b) *Gk— l(b)gk( ) - (3245)
(g1 (@)la=b) *+* (55 96-1(2)la=b) (Fro8(x)]z=0)
for k=1,2,3,.... The Laplace transform K(+)(a:, A) of the discounted dividends UM is
= b) - gr—1(b)gk(z)
KO (@ ) =14 (=A)F 9
2 (Zg1(2)|o=b) (= gk—1(2)]o=b) (g1 (2)]s=b)

In order to solve (3.2.33) with boundary conditions (3.2.34) we proceed in analogous manner.
Let

V(@i k) = EY(UTHF),  k=1,2,3,... (3.2.46)
Then we have
KOz, ) =1+ i (_A)kEm(( = i (2 k) (3.2.47)
) - k k! - k Lo
=1 =1

Substituting (3.2.47) to (3.2.33) and comparing the coefficients of (—\)* we have the differential

equations

120 9 ) (g O () (g ) =
57 52 5V 7 (w5 k) ama:UV (z; k) 5k6xv (r;k)=0 (3.2.48)
for k=1,2,3,.... From the condition
0
ax (IL', A)’$—b 0
we have that 5
VN1 k)pmp =0, k=1,2,3,... (3.2.49)

ox

and from the condition 5
— K (2, A) gm0 = —AK )
ox (x7 )| =0 (Oa )‘)

we obtain 5
%V(_)(x; 1)|pmo = —1 (3.2.50)
and
9 1) =)
VN @1k)gmo = bV (05 —1)  k=2,3,4,... (3.2.51)

ox



3.2.6 The Laplace transform of the joint distribution of the discounted
dividends and the discounted financing. (OU-2RB) 91

The solutions of (3.2.48) are of the form

VO (2 k) = cx(0)mp(z) k=1,2,3,...

where 5 ) 5 )
k1 ax 1 k 3 ax
=H|—,=,— | —z2H =+ —,=,— | S(a,b,k, ¢
mk(x) <2a727 0’2> T (2—1—2@’27 O'2> (aa i) 70)
and ,
66bk H (1+5—’“,§,%)
S(a,b,k,9,0) := 1, 0k 3 ab? 2? : 52 3, 0k 5 ab?
al al
302H (§+%’§a72>+4ab2 (§+5)H(§+g,5,72>

In order to find the ¢(0) we have from (3.2.52), (3.2.50) and (3.2.51) that
—1
a(0) = 5 ———
721(2)]2=0

and 5
ck(0) <&Emk($)|x_0> = —kcp—1(0)mg_1(0) for k=2,3,4,...
So we find that
m1(0) - - - my_1(0)

en(0) = (=1)FE!
k(0) = (=1) (Zmy(@)]o=0) - (Zmg_1(@)|o0) (L (z)]a=o)

and the k-th moment of U(~) about the origin is

V(s k) = (=1)FK!

(Zmi(@)|a=0) - (Zmu-1(2)|a=0) (Zmu(2)|2=0)

ko= 1,2,3,...
and the Laplace transform of U() is

KO (2, ))

- 1 S G my(0) - - - mp_1(0)my(x)
: kzl (g1 (@)le=0) -+ (F5m—1(2)]a=0) (Fzmn(2)|e=0)

(3.2.52)

(3.2.53)

(3.2.54)

(3.2.55)

(3.2.56)

(3.2.57)

(3.2.58)

3.2.6 The Laplace transform of the joint distribution of the discounted divi-

dends and the discounted financing. (OU-2RB)

By Proposition 2.6.5 the Laplace transform of the joint distribution of the discounted dividends

and the discounted financing is given by the solution of:

1,02 0
50 922 (x, A1, A2) — ax%N(:U,)\l,)\g)

0 0
= 9 ()xla)qN(x, A, )\2) + )\287)\2]\7(33, A, )\2)>

(3.2.59)



3.2.6 The Laplace transform of the joint distribution of the discounted
dividends and the discounted financing. (OU-2RB) 92

with boundary conditions:

gN(m,Al,)\g)h:o = )\QN(O,)\l,)\Q) (3.2.60)
0
%N(m,)\l,kg)’x:b = —/\1N(b, /\1,)\2) (3.2.61)

In order to solve (3.2.59) with boundary conditions (3.2.60), (3.2.61) let
Wi(z, A1, o) = E* ((—AlU(+) - AQUH)’f) (3.2.62)

k=1,2,3....

Then we have

s ET ((_)\1U(+) _ )\QU(—))k>

L Wie(, A, A
N(x,)\1,)\2)=1+§ u -1+ ’W
k=1 ' k=1 ‘

(3.2.63)

Substituting (3.2.63) to (3.2.59) it follows that

k!

L Wy (2, A1, X2) )\1,>\2 W (, A1, A2)
37 Z )y
k=1

- 2 & —1) *

o T ((=U®) (= \UE) = \U) k-1
i (=05 (=x )
k=1

) (i — 1)

> B (U (=MU™) - )\QU(_))k_l)>
k=1

which implies

!

B k!
k=1

_ 52 >\1U — XU 5§:Wk(x,)\1,)\2):>

1)! £ (k- 1)!

Z 202Wk (a; /\1,)\2) — aa:Wk(a: /\1,)\2) (5ka($, )\1,)\2)

o =0 (3.2.64)

and because (3.2.64) holds for every A;, A2 we conclude that

1 " ’
502W,€ (2,1, X2) — axWy(z, A1, Aa) — SkWi(z, A1, Aa) = 0 (3.2.65)
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k=1,2,3....

The solution of (3.2.65) is

ok 1 ax? 1 6k 3 ax?
%% = H(| —, =, — Hl-+— -, — 2.
]g(w,A17)\2) Ck1 (<2CL, 27 0_2 ) +Ck21' (2 + 2(17 27 0_2 ) (3 66)
k=1,2,3,....

From the condition %N(x, A1, A2)|z=0 = A2V (0, A1, A2) we have that :
W0, A1, Ag) = —1 (3.2.67)

W0, M1, X2) = —kWi_1(0, A1, o) (3.2.68)

and from the condition %N(w, A, A2) o= = =A1N (b, A1, \2) we have that :

Wb, A, Ag) = 1 (3.2.69)

Wi (b, A1, A2) = kWp_1(b, A1, A2) (3.2.70)

From the relations (3.2.66), (3.2.67), (3.2.69) we find that

§ 1 az? 1 6k 3 az?
Wl(ﬂj,)\l,)\g) —T(d,b,O’,(;)H - 5, > —xzH <2+2a,2,0_2> (3271)

where

g

302 (14+ H(%2,5,%5)) +2(a+ 0)p*H (33+2),5,%5)
7T (a,b,0,0) :=

65bH <1 +2 3 “”2)

20 o2

From the relations (3.2.66), (3.2.68), (3.2.70) we find that

Wk(x, )\1, )\2) (3.2.72)
1 0k 3 ax?

— —ka_l(O, )\1, )\2)$H (2 + %, 5, 0_2)
30’2Vk_1(b, )\1,)\2) H (5/{3 1 a:v2>

b, k) Wie_1(0, A1, A or - ar
£ Peh e koW, 2)+65bH(1+5k 3 ﬁ) 22 o2
2a’ 27 o

where

Dlab.o k.6) e (3028 (22,8, 95)) + 2(a + k)02 H (33 +2),5, 25
(a,b,0,k,0) := 6SbE (1+6k 3 ab2>

20’27 g2
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3.3 Geometric Brownian motion.

The Geometric Brownian motion is a fundamental process for stochastic analysis. Sooner or later
anyone who involves with Risk theory will come across to this process. For this reason we consider

as important the study of the properties of this process. Someone who is interesting in recent

developments relevant to this process might see for example the papers of: Graversen [32], Donati
[19], Dufresne [51], Ishiyama [102], Masamitsu [128], [129], Bhattacharya [22], Lefebvre [121], Carr
[37], Matsumoto [130], [I31], Marathe [127], Gushchin [34], Cai [35], Yor [190], Takatsuka [170].

In this subsection we suppose that the reserves X = {X; : ¢ > 0} of an insurance company

follow the Geometric Brownian motion (GBM) process, with dynamics that are described by

dXt = [LXtdt + O'XtdBt (331)
with Xog =2 > 0. If A is the generator of X then

d 1 02
Af(x) = uw%f(x‘) + 50%2@10(90)

for a function f(-) € Dy, (where Dy is the domain of the generator A (see Definition 1.3.29)).

The insurance company follows the de Finetti model with upper barrier the constant b, that
is for each time t > 0
by =b

and lower barrier the zero constant, that is for each time ¢ > 0

CLtZO

We consider first the de Finetti model with one general reflecting barrier (1RB) and we find the
expected value of the discounted dividends, the Laplace transform of the discounted dividends,
and the Laplace transform of the time of ruin. Next we consider the de Finetti model with two
general reflecting barriers (2RB) and we find the expected discounted dividends and the expected
discounted financing, the Laplace transforms of the discounted dividends and the discounted
financing, and the Laplace transform of the joint distribution of the discounted dividends and the
discounted financing (also see Gerber, H.U. and Shiu, E.S.W.([72])).

Before we start studying the case of one general reflecting barrier, we first define the quantities

o2 —2u+ /(02 — 2u) + 83ko?
Sk 1= a ‘/(202 Q) (3.3.2)

02— 21 — /(02 — 2u) + 85ko?
Ths = iV — Q) (3.3.3)
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for k =1,2,.... We observe that r;, 5 < 0 < sp.5.

3.3.1 Expected value of the discounted dividends. (GBM-1RB)

By Proposition 2.6.4 the expected value of the discounted dividends V' (z) is given by the solution
of

1 4 5 0 ) _
50 % 53 V(z)+ ,u,araq:V(x) =0V (x) (3.3.4)
with boundary conditions
Via) = 0, (3.3.5)
0
V(@) ey = 1. 3.
SV (@)t (33.6)
The solution of (3.3.4) is
g(x)
Viz) = 3.3.7
where
g(x) 1= 218 — g*LI LTk (3.3.8)

3.3.2 The Laplace transform of the discounted dividends. (GBM-1RB)

By Proposition 2.6.2 the Laplace transform of the discounted dividends K (z, ) is given by the

solution of

10%26—2K(;¢ A) + ng(J: A) — )\5£K(CL‘ A =0 (3.3.9)
2 w2 ’ e ’ ox T e
with boundary conditions
K(a,\) = 1 (3.3.10)
%K(ﬂ?,)\”x:b = —AK(b,\) (3.3.11)

Working as in section 3.2 we find that the k—th moment of the discounted dividends U, for
k=1,2,3,...
91(0) - - - gr—1(b)gr(x)
(L g1(@)]a=s) -+ (Zge-1()]s=b) (Z91(2)|z=)
and the Laplace transform of the discounted dividends K (x, \) is given by

V(x; k) = ES(U*) = k!

Kz, \) =1 > _\)k 91(b) - ge—1(b)gr(x) 3.3.12
(@) " kzl( ) (Zg1(2)|amb) (= gk—1(2)]s=b) (291 (2)]2=b) ( )

with
gk (x) 1= %8 — @87 TR0 gTh0 (3.3.13)
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3.3.3 The Laplace transform of the time of ruin. (GBM-1RB)

By Proposition 2.6.3 the Laplace transform of the time of ruin M (z, \) is given by the solution
of:

1, 5 02 0 B
50 ¢ 53 M(2,A) + pz o M(z, A) — AM(2,A) =0 (3.3.14)

with boundary conditions

M(a,)) = 1 (3.3.15)

3}
%M(ﬂf',)\”x:b = 0 (3.3.16)

The solution of (3.3.14) with boundary conditions (3.3.15), (3.3.16) is

s S1,A 1,81 \—T ‘s
TSI — ﬁb LATTLA 271,

M(z,\) = (3.3.17)

S1,) bsl,A_’”l,)\ aﬁ,)\
T1,\

asl,A —

Remark 3.3.1 (Maximum dividends barrier). Let b* be the value of the barrier b which gives the
mazximum dividends V(-). Then the b* can be found from the solution of equation g"(b*) =0, and

from the solution of this equation we found that the optimal value for the barrier is

1
D\ s53-13
b =a (W(T”)> e (3.3.18)

s1,6(s16 — 1)

3.3.4 Expected discounted dividends and expected discounted financing. (GBM-
2RB)

By Proposition 2.6.7 the expected discounted dividends V(“‘)(az) and expected discounted financ-
ing V(=) (z) are given by the solutions of:
Ly 26—2V(i)(:£) + mﬁvﬁt)(z) — VB (z) =0 (3.3.19)
2 Ox? Ox o

with boundary conditions

0

vy —

aQCV (%) |p=a 0 (3.3.20)
0

T%V(H(ZE)'”:I] = 1 (3.3.21)
0

Bl 74 C) - _

pd ()] 2—a 1 (3.3.22)
é’v(—)(mx:b - 0 (3.3.23)

ox
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The solutions of (3.3.19) with boundary conditions (3.3.20)-(3.3.23) are

b asSxS1.e asl,éxrl,a
() — B
1% (37) Ao boLs — g B0 ( 51,6 s (3324)
(=) o o b1, 1S1,8 B bs1,8 71,6
ViT(x) Q1.8 pS1s — S1,6pTL,8 ( 1.5 s (3.3.25)

3.3.5 The Laplace transforms of the discounted dividends and the discounted
financing. (GBM-2RB)

By Proposition 2.6.6 the Laplace transform of the discounted dividends K (+) (x, ) is given by the
solution of:

122a (+) ﬁ(+) _E(H —
30T 53 5K (J:,)\)—f—/L:J:&EK (z,\) Aéa)\K (x,\)=0 (3.3.26)

with boundary conditions:

d
—K) vmq = 3.2
ol (@A) |a= 0 (3.3.27)

O K Moy = —AKD(b, ) (3:3.28)

ox

and the Laplace transform of the discounted financing K (_)(a:, A) is given by the solution of

1(9#%[(( )z, \) + uaz%K(_)(m, A) — )\5%K(_)(l‘, A)=0 (3.3.29)
with boundary conditions
2K<—>(gc, Moz = 0 (3.3.30)
O0x
(%K(_)(:U, Nlz=a = MK (a,)) (3.3.31)

Working as in section 3.2.5 we find that the solutions of (3.3.26) with boundary conditions
(3.3.27), (3.3.28) and (3.3.29) with boundary conditions (3.3.30), (3.3.31) are:

e The k-th moment V() (z; k) of the discounted dividends U(+) about the origin is

V) (k) = ET(UHH)F) (3.3.32)
— R g1(b) - -+ gr—1(b)gr ()
(2591(@)]2=b) - (£ 951(@) 2=b) (9K ()| 2=b)

for k=1,2,3,...
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e The Laplace transform K)(z, \) of the discounted dividends U*) is

> b) - gr—1(0)gr(x)
KD @A) =1+3 (=\)* 91 (3.3.33)
; (201 (2)e=b) - (2205 1(2)]o=b) (Zk()]a=s)
where
gr(x) = a9 — Pk o sk6 kb g T (3.3.34)
Tk,5

e The k-th moment V() (z; k) of the discounted financing U(~) about the origin is

Vs k) = ET(UTHF) (3.3.35)

'(a%ml(x)\x:a) o (gm—1(2)]a=a) (Fmk(2)]2=a)
for k=1,2,3,...

e The Laplace transform K()(z, \) of the discounted financing U(~) is:

KO, = E° <e—AU(’)) (3.3.36)
mi(a)---my_1(a)mg(x)
= 1+) M
kzl szml( )|z:a) te (%mk—l(x)’x=a) (%mk(m)‘xza)
where
mg(x) = %% — %bskﬁ_rk*%”“v‘s (3.3.37)
Tk,

3.3.6 The Laplace transform of the joint distribution of the discounted divi-
dends and the discounted financing. (GBM-2RB)

By Proposition 2.6.5 the Laplace transform of the joint distribution of the discounted dividends
and the discounted financing L(x, A1, A2) is given by the solution of:

1 5 5 02 0
50’ x @L(flf, )\1,)\2) +,U/.'E%L(x,)\1,)\2) (3338)
0 0
= 0 <)\18)\ Lz, A1, A2) + )\287)\2“36’ A1, )\2)>

with boundary conditions:

B
Lz, A, M) ema = AsL(a, A1, A2) (3.3.39)

0

aL(l‘,)\l,)\gﬂx:b == *)\1L(b,>\1,)\2) (3340)
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Working as in section 3.2.6 we find that the solution is

. Wk
o 1 (-0 00 0)") . Wi, A1, As)

k=1 k=1
with )
Wi (2, A, Ag) = E® ((—AlU(+> - AQUH) > . k=1,2.3,... (3.3.42)
1 a'’b 4+ ab™é 515 a’t5b+ ab’ts s
Wi(x, A1, \2) = RTINS ( " A (3.3.43)
Wi (@, A1, Az) (3.3.44)
_ <abT’f75Wk1(a, A1, )\2) + ark’6ka,1(b, A, )\2) ks
Sk,6
ab® s Wi _1(a, A1, A2) + a®5bWy_1(b, A1, A2) s k
B T T ) s bk — gk e

Remark 3.3.2 Let b* the value of the barrier that gives the mazximum of the expected dividends
V(). Then from (3.3.24) we can find that the optimal value for the barrier is

1
— 1\ s
b =a (S”> pe (3.3.45)

7‘175 —1

Remark 3.3.3 If we consider the difference of the expected discounted dividends minus the ex-
pected discounted financing V™ (-) — V= (-) then if we denote by b** the barrier that mazimizes the

above difference, we can see that the b** can be found from the solution of the equation

(51,6 - 1)ar1,5bs1,5+1 _ (51,6 o 7‘175)ab81*‘5+m’6 _ (7“1,5 _ 1)a3175b7“1,5+1 —0. (3.3.46)

Remark 3.3.4 The barrier which equalizes profits and loses is given from the solution of equation

arl,ts:L-Sl,é asl,(Sle,(S brl,(SxSl,(; bsl,tsx,rl,&
b ( - =a — . (3.3.47)
S1,6 T1,6 S1,6 1,6

3.4 Brownian motion.

There is no need to mention the importance of Brownian motion in Stochastic Analysis. We
only want to mention here for someone who is interesting for recent developments relevant to this
process the papers of Graversen [31], Peskir [150], Promislow [151], Han [86], Kalashnikov [10&],
Huzak [96], Lifshits [123], DeBlassie [13], Bass [19], Palle [143], Uemura [179], Salminen [1(2],
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Najnudel [134], Hubalek [95], Wesolowski [184], Kager [107], Roslki [159], Taksar [177], Paulsen
[145], Bai [14], Ren [155], Cai [36], Yuen [191], Gaier [69], Norberg [110], Pergamenshchikov [119].

In this section we suppose that the reserves X = {X; : ¢t > 0} of an insurance company follow

the Brownian motion (BM) process, with dynamics that are described by

with Xo = z. If A is the generator of X; then
5, 1,02
Af@) = jraf(a) + 2o* 2 (@) (3.4.2)

for a function f(-) € Dy, (where Dy is the domain of the generator A (see Definition 1.3.29)).

The insurance company follows the de Finetti model with upper barrier the constant b, that

is by = b for all t > 0 and lower barrier the zero constant, that is a; = 0 for all ¢ > 0.

We consider first the de Finetti model with one general reflecting barrier (1RB) and we find
the expected value of the discounted dividends, the Laplace transform of the discounted dividends
and the Laplace transform of the time of ruin. Next we consider the de Finetti model with two
general reflecting barriers (2RB) and we find the expected discounted dividends and the expected
discounted financing, the Laplace transforms of the discounted dividends and the discounted
financing and the Laplace transform of the joint distribution of the discounted dividends and the

discounted financing.

We first define the following quantities

_ 2 28ko?
Mg = it yu + 2one (3.4.3)
o
—p — /% + 20ko?
s == (3.4.4)

o2

for k =1,2,.... We observe that
lks <0< mys

3.4.1 Expected value of the discounted dividends. (BM-1RB)

By Proposition 2.6.4 the expected value of the discounted dividends is given by the solution of

1, 02 0
with boundary conditions
V() = 0, (3.4.6)
2V(m)\x:b = 1. (3.4.7)

ox
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The solution of (3.4.5)-(3.4.7) is
1

— m1’5€

V(&) = i o (=€) (34

(also see Gerber, H.U. and Shiu, E.S.W.([71])).

3.4.2 The Laplace transform of the discounted dividends. (BM-1RB)

By Proposition 2.6.2 the Laplace transform of the discounted dividends is given by the solution
of

1, 0? 0 0 B
30 a—K(w )+ Por K(z,\) — Aé%[((x, A)=0 (3.4.9)
with boundary conditions
K0,A) =1 (3.4.10)
;K(x, Mlz=p = —AK(b,\) (3.4.11)
x

Working as in section 3.2.2 we find the k—th moment of U about the origin is

b b
V(w:k) = E*(U") = k- a18) - g1 O)gpl®) (3.4.12)
(%gl(xﬂx:b) (axgk 1(93)! )(%gk(@“”x:b)
k=1,2,3,...
and the Laplace transform of U is
K(z,\) = E° (e_)‘U) - (3.4.13)
S g1(b) - gr—1(b) g (z)
= 1+ (=MF
2 @) Forolos) Gl
where
gr(z) = alhs — M
for k=1,2,3,...

3.4.3 The Laplace transform of the time of ruin. (BM-1RB)

By Proposition 2.6.3 the Laplace transform of the time of ruin is given by the solution of:

1,0

9
39 5 M@ A) + g M(z,3) = AM(z,A) = 0 (3.4.14)
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with boundary conditions:

MO,)) = 1 (3.4.15)
0
oM@ A= =0 (3.4.16)
The solution of (3.4.14)-(3.4.16) is
M( )\) _ 1 m1,>\b l17>\x —l lly,\b mi AT (3 4 17)
T,\) = TRV R R TR mi e e et e 4.

(also see Gerber, H.U. and Shiu, E.S.W.([71])).

Remark 3.4.1 (Mazimum dividends barrier). Let b* be the value of the barrier b which gives the
mazximum value for the dividends V(-). Then the b* can be found from the solution of equation
g"(b*) =0, and from the solution of this equation we found that the optimal value for the barrier

18

-1
2log —12
b= " (3.4.18)
mis —l1s

3.4.4 Expected discounted dividends and expected discounted financing. (BM-
2RB)

By Proposition 2.6.7 the expected discounted dividends and the expected discounted financing

are given by the solutions of:
120
2 Ox?

with boundary conditions:

(z) — amaiv&)(x) —6VE(2) =0 (3.4.19)

0

%V(H (2)]g—o = 0 (3.4.20)

aiv(ﬂ(x)x:b =1 (3.4.21)

iv(>(:c)|x_o = -1 (3.4.22)

;I:V(_)(ﬂi)xb =0 (3.4.23)

The solutions of (3.4.19) with boundary conditions (3.4.20)-(3.4.23) are
Lz misw
VvV (z) = T _leml,sb <€l: — emli; ) (3.4.24)
VO (2) = e . e (3.4.25)

s (e(ll,a—m1,5)b _ 1) my 5(1 — e(mis—l.5)b)
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3.4.5 The Laplace transforms of the discounted dividends and the discounted
financing. (BM-2RB)

By Proposition 2.6.6 the Laplace transform of the discounted

d
%K(—H(x,)\)’m:o =0 (3.4.26)
iKW(m,A)\x:b = —AKD (b, \) (3.4.27)

and the Laplace transform of the discounted financing is given by the solution of:

;(;28‘; <—>(x,A)—axaiK<—>(x,A) m;; KO (@A) =0 (3.4.28)
with boundary conditions:
3K<—>(:c,x)\l:b =0 (3.4.29)
ox
(i:K(_)(x7)\)’m0 = AK)(0,)) (3.4.30)

Working as in section 3.2.5 we find the k-th moment of U(H) about the origin is

VO (@ik) = ET(U)) (3.4.31)
- k! gl(b) * gk— l(b)gk()
(91 @)a=b) -~ (g1 ]o=b) (90 ()]o=)

for k=1,2,3,...

The Laplace transform of U(t) is

K®(z,\) = E° ((UH)’“) (3.4.32)
- - Y g1(b) -+ - gr—1(b)gr(x)
+;( ) (Zg1(2)|omb) (= gk—1(2)|s=b) (291 (2)]s=b)
where
gi() = Mot — TR glis (3.4.33)
lks

The kth moment of U() about the origin is

V@i k) = ET(UC)HF (3.4.34)

for k=1,2,3,...
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The Laplace transform of U(7) is:

K@\ = E*(UT)r) = (3.4.35)
> m1(0) ce mk_l(())mk(:c)
= 1+ ) M
; (g (@)]a=o) -~ (g5mu—1(2)]a=0) (Zxmk(@)e=0)
where
my(x) == e™kIT — —Tk’é (M0 lk,s)blk s (3.4.36)
k,6

3.4.6 The Laplace transform of the joint distribution of the discounted divi-
dends and the discounted financing. (BM-2RB)

By Proposition 2.6.5 the Laplace transform of the joint distribution of the discounted dividends

and the discounted financing is given by the solution of:

1, 0? 0
50’ @N(.’I%Al,)\g) - ax%N(ﬂf,)\l,AQ) (3437)
0 0
= 0| Mz—N(x, A1, A Ao——N(xz, A1, A
( laAl (l’, 1, 2)+ 28)\2 (.’lf, 1, 2))
with boundary conditions
0
%N($,)\1,)\2)|$:0 = )\2N(0,>\1,)\2) (3.4.38)
0
%N(l‘, )\1, )\2)’1;:1) = —)\1N(b, )\1, )\2) (3.4.39)
With
Wiz, A1, Ag) = BT (=M U — \U )k (3.4.40)
k=1,2,3....
Working as in section 3.2.6 we find
2L ET ((=MUW) = \UO)F) o~ Wiz, A1, A2)
N(z, A, do) =1+ o =1+> — (3.4.41)
k=1 k=1
with ) .
_ 1 1+€m1’6l‘x 1+€ 1"sm T
W]. (:C, >\17 )\2) - ebl176 _ ebmly(g < l175 e ot — Tme e ) (3'4'42)
k (ebmk"ku_l(O, A, A2) + Wi_1(b, A1, )\2)) ks eMk.oT
Wi(z, A1, A2) = g r—T ( Pya— ) (3.4.43)

Remark 3.4.2 Let b* the value of the barrier that gives the maximum of the expected dividends
V(). Then from (3.4.24) we find that

—lis

. log s
b= e (3.4.44)
mis — 15
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Remark 3.4.3 If we consider the difference VT (-) =V ~(-) that is profits minus loses then if b**

1s the barrier that mazimizes the above difference, it can be found from the solution of equation

* % * % sk
m175€b mLe l175€b hs 4 (ll,d — ml,g)eb miste) = (3.4.45)

Remark 3.4.4 The barrier which equalizes profits and loses is given from the solution of equation

my seltst —my sl MaThT 1y semst 4y sebhat st — ) (3.4.46)

3.5 Conclusions.

We applied the formulas of chapter 2 in examples where the reserves process follows a Brownian

motion, a Geometric Brownian morion and an Orstein-Uhlenbeck process.

We considered the de Finetti model with one general reflecting barrier (1RB) and we found
the expected value of discounted dividends, the Laplace transform of the discounted dividends
and the Laplace transform of time of ruin. We also considered the de Finetti model with two
general reflecting barriers (2RB) and we found the expected discounted dividends and the expected
discounted financing, the Laplace transforms of the discounted dividends and the discounted
financing and the Laplace transform of the joint distribution of the discounted dividends and the

discounted financing.



Chapter 4

Aspects on Insurance companies

consortium.

4.1 Introduction.

In this chapter we deal with the situation of insurance companies cooperation. There are a
lot of reasons as to way insurance companies want to cooperate with each other. One basic
reason is to become more competitive to the general market. One way to achieve this is by
sharing administrative expenses and common features and thus reducing in this way their running
costs. Another way to become more competitive is by offering a lower premium via the tool
of reinsurance. Relevant towards this direction are the papers of Aase [1] , Borch [27], [28] ,
Zafiropoulos, Y.D. and M.A. Zazanis [192].

Our interest is to look at the issue from the perspective of a particular insurance company.
Obviously, a number of issues and questions arise and must be resolved by the insurance company
in this kind of situation. What criteria must be used by the insurance company in order to
collaborate with other insurance companies, choosing a set of companies among the total number
of available insurance companies? Certainly the criteria should maximize it’s prospects. Among
many other questions, there are two critical questions that must be answered. The first concerns
the probability to survive in a particular cooperation, that is not to go bankrupt and the second

concerns the future prospects of the capital of the company.

As the insurance company will become part of a dynamic and renewable cooperation how this
dynamic situation will influence its reserves as other companies depart from the cooperation

because bankruptcy and new companies entering the insurance shape?

106
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In this chapter we are interested in looking at two quantities which are very vital to all the
decisions of the company. These are the probability of survival in a particular cooperation and

with the shares that will be given to its shareholders during this cooperation.

In order to formulate our model we assume a complete probability space ({2, F, P) as given.
In addition we assume a given filtration {F; : ¢ > 0}. Let {(X¢,Y%);t > 0} be a two dimensional
diffusion with SDE given by:

dY, = p,(Yi)dt + o, (Y)dBY

where the drift coefficients 1, (-), 11,(-) and the volatility coefficients o, (-), oy (-) satisfy the condi-
tions (1.3.24), (1.3.25).

Each of the two components of the process {(B{, By );t > 0} is standard Brownian motion and

the correlation between them is given by:

Py dt = d B, BY],

We consider the process X = {X;;t > 0} as describing the reserves of the insurance company
in which we are interesting for. In a two dimensional representation we will consider it as the
horizontal movement and we will refer to this insurance company as the first insurer or as the
X-insurer. We want to include in our study a practice which is usual in the insurance which is
to be given dividends to the shareholders according to a strategy. In this chapter we consider
a constant barrier strategy, that is when the process X is above from level b then dividends are

paid to the shareholders. When the process reaches level 0 we will consider two cases:

(I) In the first case the company goes bankrupt and we will call this case as de Finetti model
with one reflecting barrier. We denote by {U;;t > 0} the dividends that are paid until ruin

occurs.

n the second case the company has the option to borrow money and continue 1t’s function

II) In th d h has th i b d i it’s f i
and we will call this case as de Finetti model with two reflecting barriers. We denote by
{Mt(_);t > 0} the financing of the company and {Z/{t(Jr); t > 0} the dividends that are paid.

We consider a process Z given by

Z = {Z;t>0}
- {X¢ — Ut >0} for the de Finetti with one reflecting barrier
' {X; — Z/lt(+) + Z/It(_);t >0} for the de Finetti with two reflecting barriers
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which represents the finances of the first insurer afterwards the abstraction of the dividends and

the possible addition of the financing.

For the de Finetti models it is well known that the dividends and financing processes {Uy;t > 0},
{th(Jr);t > 0}, {Z/lt(_);t > 0} respectively, are unique processes and also that have the following

properties

(i) The processes {U;;t > 0}, {Z/lt(+); t >0}, {L{t(_); t > 0} are nondecreasing.

(ii) It holds that
0<Z =X, — U +u) <

for the two reflecting barriers case and
Zy=X  —U <D
for the one reflecting barrier case, for every time ¢ > 0.

(iii) The processes {Z/lt(+); t >0} and {U;;t > 0} increase only when Z; = b, i.e.

t
/ 1(Zs < b)dU™H) =0
0

and

t
/ (2, < b)dUly = 0
0

for all time ¢ > 0.
(iv) The process {Z/It(_); t > 0} increases only when Z; = 0, i.e.
t
/ 1(Zs > 0)du! ™) =0
0

for all t > 0.

It is also well known that the dividends processes U, U*) are given by:

U = sup (Xs—b)VvO0
0<s<t
U = sup (Xs—b+u§‘))\/0

0<s<t
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and the financing process U by:

Z/{t(f) = sup (USEH — XS) VO
0<s<t

for time t > 0.

We would also like to consider another process {Y;;t > 0} as describing the reserves of an-
other insurance company. In a two dimensional representation we will consider it as the vertical
movement and we will refer to this insurance company as the second insurer or as the Y-insurer.
We don’t include dividend’s policy for this insurance company. In other words this portfolio is
described by the so called classical risk model with an absorbing barrier at 0 (we also call this

model as Lundberg model).

The process {(Z, Y;) ;¢ > 0} is considering as the “total” reserve process of the group or else
as the two members consortium of insurance companies. We are interested in the study of the
cooperation until the time of ruin of some of the two companies. In order to study the problem
we define two stopping times. The time of ruin for the first insurer (this has meaning only for the
de Finetti with one reflecting barrier case), which depends on the initial state x of the process Z
and is defined by

T? :=T%(z):=inf{t >0: Z, =0}

and the time of ruin for the second insurer, which depends on the initial state y of the process Y
and is defined by
TY :=TY(y) :=1inf{t >0:Y; =0}

We assume that the insurance companies cooperation fails at the random time

7= T(z,y) T*ANTY  for the de Finetti with one reflecting barrier
= T =
Y Ty for the de Finetti with two reflecting barriers
Assuming an interest-rate §, the total discounted dividends and total discounted financing

until some ruin occurs are given by

T
U = Ur:=U(zx,y) ::/ e~ %% dU, (4.1.1)
0
T
U = Uj(f) = UF) (z,y) ::/O e %yt (4.1.2)
T
v = U:(p_) = U (z,y) ::/0 ey~ (4.1.3)

Here the following notation remarks are in order.
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Remark 4.1.1 (de Finetti with one reflecting barrier). Consider a function f(U,T') of the dis-
counted dividends U = U(z,y) and the time of ruin T = T(x,y). The expected value E(f(U,T))
will depend on the initial state (x,y). In order to express this dependence we will use the notation
E@Y) | that is we define

EEY(f(U,T)) == E(f(U(z,y),T(x,y))) (4.1.4)
Remark 4.1.2 (de Finetti with two reflecting barriers). Consider a function g(U™) U T) of
the discounted dividends Ut) = U (), the discounted financing U) = U (z,y) and the

time of rwin T = T(x,y). The expected value E (g(U(+), U, T)) will depend on the initial state

(z,y). In order to express this dependence we will use the notation E@Y)  that is we define

B9 (g, U0, 1)) i= B (90D (@), U (2.9), T(w,y)) (4.15)
Next we define the quantities which are the subject of our study, which are

A The Moments of the discounted dividends and the discounted financing. (Two reflecting

barriers case).
V& (z,y;n) == B@Y <(U(i))"> (4.1.6)

e The Moments of the discounted dividends. (One reflecting barrier case).

V(z,y;n) :== E@V(U™) (4.1.7)

A The Laplace transforms of the discounted dividends and the discounted financing. (Two

reflecting barriers case).
K® (z,y,\) := E@Y (5“*’) (4.1.8)

e The Laplace transforms of the discounted dividends. (One reflecting barrier case).
K(z,y,)) = B@Y) (e*AU ) (4.1.9)
A The Laplace transform of the time of ruin .
M(z,y, \) == E@Y) (T (4.1.10)

A The Laplace transform of the joint distribution of the time of ruin, the discounted dividends

and the discounted financing. (Two reflecting barriers case).

N (2,9, A1, A2, Ag) i= E@Y) <e—A1T—A2U(“—A3U(’>) (4.1.11)
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e The Laplace transform of the joint distribution of the time of ruin and the discounted

dividends. (One reflecting barrier case).

N(@,y, M, Ag) 1= B (eI =00) (4.1.12)

For simplicity we write V#)(z,y) for V&) (z,y;1) and V(z,y) for V(z,y; 1).

In order to study the quantities (4.1.6)-(4.1.12) we define the processes

{(VE(X,,Y;):t >0}, {K®(X,,Y;,\);t >0},

{M (X4, Y, N);t >0} {N (X, Y, A1, A2, A3);t > 0}
{V(X¢,Y3);t > 0}, {K (X4, Y, A);t > 0},
{N(Xy,Y:, A1, A2); t > 0}

(4.1.13)

We will denote by A, the generator of the process {(X¢,Y;);t > 0}. It is well known that
the generator coincides with the differential operator L,y

o2(x) 82  og(y) & 92 d d

o A T s, ()= =z 4.1.14
Lz 5 52 T o a9 +oz(z)oy(y)p Y guay + (@) 5 +uy(y)ay ( )

for a function f(-) € CZ(R x R) and for drift coefficients su,(-), s, (-) and volatility coefficients
02(+),04(-) that satisfy the linear growth condition (1.3.24) and the Lipschitz continuity condition
(1.3.25).

Remark 4.1.3 When we want to consider the X -insurer alone, that is the case when there is no

cooperation between the X -insurer and the Y -insurer (1- dimensional case), we write the functions

in (4.1.6)-(4-1.12) as

VE (zin) = ET(U®H) (4.1.15)
V(z;n) = E*(U") (4.1.16)
KE @, \) = B () (4.1.17)
K(z,\) = E%(e ) (4.1.18)
M(z,)) = E"(e ) (4.1.19)
N(z, M, M, Ag) = E* (e—MT—AzU(”—WH) (4.1.20)
N(z, M\, X)) = ET (e*AlT*W) (4.1.21)

In the following sections let the function 6; : 2 — € denote the right shift operator defined
by 0:(w) := w(t + .) for all times ¢ > 0.

After the introduction, in which we set the background, we proceed with the next section in

which we will find expressions for the generator A, of the process {(X¢,Y;);t > 0}.
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4.2 Expressions for the generator.

In this section we prove two useful propositions. The first proposition concerns the action of the
generator operator to a regular function of the discounted dividends and the time of ruin for the
de Finetti model with one reflecting barrier. The second proposition concerns the action of the
generator operator to a regular function of the discounted dividends and the discounting financing

for the de Finetti model with two reflecting barriers.

In order to prove these propositions we will need the discounted dividends U(t), UH)(t) after
time ¢ and the discounted financing U()(¢) after time ¢, that is:

T
U(t) = / e~ %% dU, (4.2.1)
t
U@ = / e % dut) (4.2.2)
t
U@ = / e %y~ (4.2.3)
t

With similar arguments as in the proof of the Remark 2.5.7 also is proving the next remark.

Remark 4.2.1 1. It holds that

noétyrn
U™ (t t<T
g = | U Jor b (4.2.4)
0 for t>1T
withn =1,2,3,...
Also observe that:
T—1 t<T
0,7 = Jor t< (4.2.5)
0 for t>T
2. It holds that: -
ndt + n
U t t<T
g, (U = © (U@)" for t< (4.2.6)
0 for t>1T

withn=1,2,3,...
Proposition 4.2.2 Let f(z,y) := E@Y) (g(U,T)) with g € CL(R?). Then it holds that

A f(z,y) = E@Y (;g(e&U(t), T - t)|t:0> (4.2.7)
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Proof. We have

A f(2,9)

ECY(f(Xy, Y2)) — f(=,y)

lim

t—0 t

| EE(EE (G(U,T))) - B (g(U, T))

t—0 t

L EEV(EED (0,6(U,T)|F)) — B (g(U,T))

t—0 t

iy BV EEY (9(0:U,0,T)| 1)) — B (g(U,T))

t—0 t

i B (9(0:U,0,T)) — B9 (g(U, T))

t—0

, ST, T —t)— g(U,T

%%E(xvy) (1{T2t}9( (t) . ) —9( )) +
. " g(0,0) — g(U,T

g(U(t). T 1) — g(U.T)
o)

g(0,0) B g(U,T)>

+EEY) <1{T§0}P§% /

where we have explicitly used the Markov property of the diffusion process (X,Y’) (see Theorem

1.3.28).

Because the process (X,Y) is continuous we have that

T>0 a.s.

(that is the process X does not jump to 0 to be ruined and neither the process Y) and so the

above relation becomes:

A f(z,y) = E@Y) <nm

g(eétU(t),T—t) _g(U7 T)) —
t—0 t

0

A f(z,y) = E@Y) (8tg<e&U(t)’ T — t)|t—o>

We now proceed to prove the second proposition.

Proposition 4.2.3 Let f(z,y) := E@Y (WU, UD)) with h € C}(R?). Then it holds that:

0

A f(z,y) = E@Y) <h<e5fU<+> (1), eétU<—><t>>|t:o) (4.2.8)

ot
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Proof. We have

A (2, y)
E@Y(f(X1, V) — f(z,y)

= i t

i E@y)(EXY) (U U)))) — E@v)(R(UH), UO))
= 11m

t—0 t

g EEVEED 0 US, UD)|F)) — BCD (RO, U0)))
= 11m

t—0 t

iy EEVECD (00, 0,0 )| 7)) — BV (RO, UD))
= 11m

t—0

t
E@Y(h(0,U),0,U))) — E@ (LU U)))

= lim

t—0 t
Sty(+) _edtyy(=)y — . =)
= %II%E(%ZJ) (1{T2t} h(@ U, eU t) h(U U )) +

h(0,0) — R(UH), UE)
) (1%} (0,0) = h( )

WU, U ()) — h(UH), U())>
+
t

= B0 (1{Tzo}}i56

_ h(0,0) = KU, UC)
+EY) (1{Ts0}%£% S :

t

Because the process Y is continuous we have that
T>0 a.s.

(that is the process Y does not jump to 0 to be ruined ) and so the above relation becomes:

h(eP* U, U C)) — (U, U))
— (z,y) . 5 ,
A f(2,y) = E (}13% " =

Ay f(z,y) = E@Y) (gth(eétU(ﬂ (t)yedtU(_)(t))\tﬂ)

If we suppose that the quantities (4.1.6)-(4.1.12) for which we are interested in can be found
as a solution of some partial differential equations (PDE) then the above two propositions might

give us a suggestion about these PDEs.

In the next section we derive a very useful property, which we call "scaling property", and

which will help us to proceed with later calculations.
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4.3 Scaling property.

As in the section 2.3 we start this section by setting a question. Let us suppose that we have the
reserves process of an insurance company, X-insurer, which moves between two boundaries and
dividends are paid to the shareholders according to the de Finetti model and we also have another
insurance company, Y-insurer , which follows no dividend’s policy or in other words follows the
so called classical risk model. How the discounted dividends will be affected if we move up or
down, by the same amount, the reserve process and the two boundaries of the X-insurer and the
reserve process of the Y-insurer? How the discounted dividends will be affected if we consider

some multiple by the same amount of the above processes and boundaries?

Working as in the section 2.3 we conclude that the model with the two insurers corporation
satisfy analogous scaling properties as in chapter 2. The following propositions can be proved

along the same lines as proposition 2.3.3 and proposition 2.3.9.

Proposition 4.3.1 (Scaling property for the De Finetti model with one reflecting barrier). For
the moments of the discounted dividends V (z,y;n), the Laplace transform of the discounted div-
idends K(x,y,\), the Laplace transform of the time of ruin M (xz,y,\) and the Laplace transform
of the joint distribution of the time of ruin and the discounted dividends N (z,y, A1, \2) it holds
that:

(I) For each real number ¢ € (—o0, 00)

) = V&—-cy—cn) (4.3.1)
) = IC(CC—C,y—C,)\) ( )
M(z,y,A) = M(x—cy—c,A) (4.3.3)
) = N(z—c,y—c A, A2) ( )

(II) For each real number ¢ > 0

V(z,y;in) = V(e Ly ln) (4.3.5)
K(z,y,A) = Kze ' ye ™ Ae) (4.3.6)
M(z,y,N) = Mze ' ye ) (4.3.7)
N(z,y, 1, 00) = N(ze ™ ye™ A, Agc) (4.3.8)

Proposition 4.3.2 (Scaling property for the De Finetti model with two reflecting barriers).

For the moments of the discounted dividends V(+)(:1c,y; n), the moments of the discounted
financing V) (z,y;n), the Laplace transform of the discounted dividends KF)(z,y,\), the
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Laplace transform of the discounted financing K(_)(x,y,)\), the Laplace transform of the time
of ruin M(z,y,\) and the Laplace transform of the joint distribution of the time of ruin, the
discounted dividends and the discounted financing N(x,a,b, A1, A2) holds that:

(I) For every real number ¢ € (—00, 00)
V(i)(x yin) = VE (@ —cy—cn) (4.3.9)
Da,y, ) = KH@—cy—c)) (4.3.10)
M(z,y,A) = M(z—cy—cA) (4.3.11)
N(x,y, A1, 2,A3) = N(z—c,y—c,b—c, A\, A2, A3) (4.3.12)

(1) For every real number ¢ > 0

Dz, y;n) = VH (e yetn) (4.3.13)

IC(i)(:U A = K®(ze Ly o) (4.3.14)
M(z,y,A) = M(zc ye N (4.3.15)

N(z,y, M, 00, 03) = N(zehye™ A, eda, e)s) (4.3.16)

The following remarks will be useful.

Remark 4.3.3 For a function N(x,y, A1, \2) which is C1(R*) and satisfy the scaling property
(4.3.8) holds that
N(z,y, A1, o) = N(ze ™ ye™, A1, A2) (4.3.17)

and by differentiating with respect of ¢ we conclude that it holds

_ 0 0 _ _
N(z,y, A\, e t) = <m8(:cc—1) +y8(yc_1)> N(ze L ye ™t A, \2) (4.3.18)

A2 e )

Remark 4.3.4 For a function N(x,y, \1, A2, A3) which is C1(R®) and satisfy the scaling property
(4.3.16) holds that
N(Z‘, Y, >\1) )‘20717 )‘3671) = N(‘rcia ycilv )‘1’ >‘27 )‘3) (4319)

and by differentiating with respect of ¢ we conclude that it holds

0 b B »
<>\2 8()\2c*1) + A3 6()\361)> N(ma Y, A1, Aac T, Asc )
_ 9 o o
= (xﬁ(xc_l) +ya(yc_l)> N(J?C ,yc ,)\1,/\2,)\3) (4.3.20)

We proceed now with the next section in which we derive the moments of the discounted

dividends and the discounted financing as solutions of some partial differential equations.
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4.4 Moments of the discounted dividends and the discounted fi-

nancing.

We start this section with the following proposition which concerns with the moments of the
discounted dividends and discounted financing in the case in which the X-insurer follows the de

Finetti model with one reflecting barrier.

Proposition 4.4.1 (Moments of the discounted dividends). Let functions V(xz,y;n) , n € N
belonging to C¢(R?) which satisfy the scaling properties (4.5.1), (4.5.5). If the functions V (z,y;n)
solve the PDEs :

(Liayy —n)V(x,y;n) =0 (4.4.1)
with boundary conditions:
V(0,y;n) = 0 (4.4.2)
0
— iD=y = 1 4.4.
al‘V(:U’y? )|xfb ( 3)
%V(x,y; N)|e=p = nV(byy;n—1) for n=1,2,3,... (4.4.4)
V(z,0;n) = 0 (4.4.5)
V(z,00;n) = lim V(z,y;n) = V(z;n) (4.4.6)
y—00
then
V(z,y;n) = ECV(U™) (4.4.7)

Proof. We consider the time instants h and ¢ with ¢ > h. Applying the It6 formula to the
process

e =AY 7, Yinr; n)

taking conditional expectations and using the fact that the process V(Zj, Yy;n) is Fj, measurable

we have:

E (=0T (Zy, Yinrs n) F)
tAT 5
= V(@ Yiin) ~ B | [N vz, amaulF | +

h
tA\T

+E /e”‘;(Sh) (Liw,ap) — n0)V(Zs, Ys;n)ds|Fy,
h
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Using the relation (4.4.1) and taking limit as ¢ — oo (using the dominated convergence theorem
as by hypotheses we have that V(z,y;n) € CZ(R?)) the above becomes :

V(Zp,Yy;n) (4.4.8)
T

0
- B (e_”‘STV(ZT,YT;n)LFh) L E / e_”é(s_h)aV(Zs,K;;n)dL{Afh
h

We observe by taking into consideration the conditions (4.4.2), (4.4.5) that

E(e™™ "V (Zp, Yr;n)| Fr)
= E(e™"TV(Zr=, Yr=sn)HT? < TUYFy) + E(e™™TV(Zry, Yro; n) {T? > TY}|F)
= B(e™™TV(0,Yp=;n)1{T* < TV} F) + E(e ™" V(Zry, 0;0)1{T* > TV}|Fy)
=0
that is
E (e—”5TV(ZT, YT;n)|fh) =0 (4.4.9)
Applying the relation (4.4.9) into the expression (4.4.8) we conclude

T
V(Zy,Yn;n) = E /e"‘;(”);wzs,m; n)dUs| Fr, (4.4.10)
z
h

forn =1,2,3,... Next we apply the relation (4.4.10) with n = 1, taking into account that by the
relation (4.2.1) we have
dU(t) = —e ™%l (4.4.11)

and also considering the relation (4.4.3) we conclude
V(Zy, Yi; 1) = E("U(h)|Fp) (4.4.12)
We will use the method of induction. Suppose that for n — 1 we have

V(Zy, Yiin—1) = E (e(”’l)éhU"’l(h)\Fh> (4.4.13)
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Next applying the relation (4.4.10) for n and taking into account the relations (4.4.4) and (4.4.13)

we conclude

T
V(Zp,Yp;n) = nE /6_”5(5_}‘)V(Z5,Ys;n — 1)dUs|Fp
h
T
= nk /e_”‘s(s_h)E (e("_l)(SSU”_l(s)]fs) dUs| Fr,
h

e—nd(s—h)E(E<e(”_1)65Un_1(S)dus‘Fs)’j:h)

= n

—~—

h
T

_ n/end(sh)E(e(nl)ésUnl(s)dus‘fh)
h

()
[

h
= —BEMUM)ID)F) =

E ndh fésUn 1( )dus|fh

I
3

T
= B (e [ s)aus) i

V(Zy, Yisn) = E(e""U" (h)|F) (4.4.14)
By taking h = 0 in the relation (4.4.14) we conclude the relation (4.4.7).
Finally the condition (4.4.6) arises by taking into account that :
lim 7Y =00 a.s.
y—00

which, with the use of the monotone convergence theorem, implies that

lim V(z,y;n)
y—00
T*ATY n
= lim£F </ 665M5>
Yy—00 0
T* n
= FE (/ e5sdus> =V(z;n)
0

Next we will consider the case in which the z—insurer follows the de Finetti model with two

reflecting barriers.
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Proposition 4.4.2 (Moments of the discounted dividends and the discounted financing). Let
functions V) (z,y;n) and V) (z,y;n) , n € N belonging in C2(R?%) which satisfy the scal-
ing properties (4.3.9), (4.3.13). If the functions V) (z,y;n) and V) (x,y;n) solve the PDEs

(L) —nO)VE (2, 3m) =0 (4.4.15)
with boundary conditions:
0
%V(Jr)(x,y; M|amo = 0 (4.4.16)
0
B,y Dy = 1 4.4.1
aZL'V (ﬁay) )|$7b ( 7)
%V(H(aj,y;nﬂx:b = nV(+)(b,y; n—1) for n=1,2,3,... (4.4.18)
V) (z,0n) = 0 (4.4.19)
V) (2, 00;n) := lim V) (z,y;n) = V) (25 n) (4.4.20)
y—00
and
9 »i) ()
%V (z,y;n)|z=0 = —nV'(0,y;n) (4.4.21)
0
a.’BV ($7y7n)‘x7b 0 ( )
V) (z,0,n) = 0 (4.4.23)
V) (2, 00;n) = lim V) (z,y;n) = V) (25 n) (4.4.24)
y—00
then
Vi (@, yn) = E@V(UH)) (4.4.25)
VO (@ yim) = B (O (4.4.26)

Proof. We will prove the result only for the function V() (z,y;n) because the proof for the
function V(_)(x, y;n) is similar. We consider the time instants h and ¢ with ¢ > h. Applying the

It6 formula to the process
e—nd((t—h)/\Ty)V(-f—) (Zt, Yy n)

taking conditional expectations, taking into account the condition (4.4.16) and using the fact that

the process V(+)(Zh, Yn;n) is Fj, measurable we have:

E(e_ms((t—h)/\Ty)V(+) (Zt, Yisn)|Fn)

tATY
= V(Z,, Yyin) - E / en5<8h>§v<+>(zs,n;n)du§+>\fh +
z
h
tA\TY
+E / e (L — nd)V I (Z,, Yisn)ds|F, (4.4.27)

h
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Using the relation (4.4.15) and taking limit as t — oo (using the dominated convergence theorem
as by hypotheses we have that V() (z,y;n) € CZ(R?)) the above expression (4.4.27) becomes

VN (Zy, Yiin) = E(e TV (Zpy, Yru;n)| Fr) + (4.4.28)
TV
+E /e—”5<8—h>§v<+>(zs, Yy n)dUH | F,
z
h

We observe by taking into consideration the condition (4.4.19) that
E(e ™"V (Zpy, Yruin)|Fr) = E(e ™"V (Zry, 0,0) | Fr) = 0 (4.4.29)

Applying the relation (4.4.29) into the expression (4.4.28) we conclude
TY
0
V) (Zy, Yiin) = B / e MM =Y (Z, Voin)dUy| F, (4.4.30)

0z
h

for n =1,2,3,... Next we apply the relation (4.4.30) with n = 1, taking into account that by the

relation (4.2.2) we have
AU (t) = —e Otqu™ (4.4.31)

and also considering the relation (4.4.17) we conclude
VENZ, Y 1) = E("U) (h)|F) (4.4.32)
We will use the method of induction. Suppose that for n — 1 we have
VENZy, Yiin — 1) = E(e DU ()" F,) (4.4.33)

Next applying the relation (4.4.30) for n and taking into account the relations (4.4.18) and (4.4.33),
(4.4.31) we conclude

TY

V(+)(Zh, Yyin) = nE /e—né(s—h)v(-i-)(zs, Yyin — 1)d?/l§+)!fh
h
TV
-k / e B (U (5)) | F) AUl |
h
TY
— n/en5(sh)E(E(e(n1)5S(U(+)(8))n1dus(+) ’fs) |fh)
h
TV

— / eI B9 () (5))Lay (D | )
h
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TY

= nkE e"(sh/e_‘ss(U(H(s))”_ldl/ls(+)|.7-'h
h
T

Y
= -FE e"ah/n(U(ﬂ(s))"_ldU(+)(s)\.7:h
h
= —E(E"M(UD )" F)Fr) =
VEN(Zy, Yiin) = BN (U (R)"F) (4.4.34)
By taking h = 0 in the relation (4.4.34) we conclude the relation (4.4.25).
Finally the condition (4.4.20) arises by taking into account that :
lim 7Y =00 as.
y—00

which, with the use of the monotone convergence theorem, implies that

TY
lim V) (z,y;n) = lim E (/ e_‘sst/IS>
0

Yy—oo Yy—oo

= E(/ 6_55M5> = V) (z;n)
0

n

Remark 4.4.3 The functions V(x;n), V) (z;n) and V) (z;n) can be founded from the PDEs
(4-4-1) and (4.4.15) respectively by taking u,(y) = 0 and oy(y) = 0, and boundary conditions only

the (4.4.2),(4.4.4) and (4.4.16),(4.4.18) and (4.4.21), (4.4.22) respectively that is regarding the
second insurer still during time.

Remark 4.4.4 The uniqueness and existence of solutions of the PDEs (4.4.1) and (4.4.15) sub-
ject for example to mized boundary conditions (4.4.2)-(4.4.6), (4.4.16)-(4.4.20) and (4.4.21)-
(4.4.24) respectively depends upon the coefficients of the differential operator L.y . For the case

of constant coefficients one can consult for example W. Boyce and R. Diprima [70] and L.C.
Evans [57].

Next we consider an example in which we apply the Proposition 4.4.1.

Example 1 Let us suppose the two dimensional diffusion {(X,Y;);t > 0} which has dynamics
that are described by:

dX; = pydt+oydB?

dYy

[L2dt + O'QdBf
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The correlation between the Brownian motions B*, BY them is given by:
pdt := d[B*, BY],

We assume X to represent the reserves of an X-insurance company which follows a dividends
policy with one reflecting barrier and Y the reserves of an Y -insurance company which follows
no dividends policy. We want to find the expected value of the discounted dividends for the

X -insurance company.

By Proposition 4.4.1 the expected value of the discounted dividends is given by the solution of

0'2 O'2
Elvm(x, y) + EZVyy(xa Y) + 0102pVay (2, y) + 111 Ve (2, y) + p2Vy(2,y) = 0V(z,y)  (4.4.35)

with boundary conditions (4.4.2)-(4.4.6). We assume the transform:

V(z,s) = /eSyV(x, y)dy (4.4.36)
0
Applying (4.4.36) to (4.4.35) we have:
1— — 1 —
Ve, 5)0% + (1 + 390109) Vel 5) + (25203 T sy — 6) V(z,s) =0 (1.4.37)
and the boundary conditions (4.4.2),(4.4.4) become:
V(0,s) = 0 (4.4.38)
— 1
Ve(bv) = B (4.4.39)
The solution of (4.4.37)-(4.4.89) is :
Viz,s) = 2exp <<A(S) i 23(5)) (b— x)> (4.4.40)
207
(e (s
x A(s)b s
(A(s) +2B(s)) + (A(s) — 2B(s)) exp (252) *
where :
A(s) = 2\/(p2 —1) 020252 + 201 (ppyo2 — peo1) s + (13 + 200%) (4.4.41)
B(s) = spoioa+ (4.4.42)
Remark 4.4.5 From the relation (4.4.40) we see that :
limsV(x, s) = ! ("% —e"?) (4.4.43)

5—0 roer2b — pqerd
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where

—pu +/pi + 2007

rn = 2
01

ry — —p — VB + 2007
= 2
01

a result which we already have found before and which is what was expected as:

limsV(x,s) = lim V(z,y) = V(z)

s—0 Yy—00

by the condition (4.4.6).

4.5 The Laplace transform of the joint distribution of the time of

ruin, the discounted dividends and the discounted financing.

We consider first the case in which the X-insurer follows the de Finetti model with one reflecting

barrier.

Proposition 4.5.1 (The Laplace transform of the joint distribution of the time of ruin and the
discounted dividends). Let function N(x,y,A1,\2) € CZ(R*Y) which satisfy the scaling properties
(4.3.4), (4.3.8). If the function N(x,y,\1,A2) solves the PDE

0
LN (z,y, A1, A2) = MN (2,9, A1, A2) + 6)‘287)\2-/\/-(:6’3/’ A1, A2) (4.5.1)

with boundary conditions:

N(O, 5,0, %) = 1 (4.5.2)
0
%N(l‘,y,)\l, A)le=b = —XeN(z,y,A1,A2) (4.5.3)
N(l’, 0, )\1, )\2) = 1 (4.5.4)
N(z,00,A1,A2) = ylirrolo/\/(x, Y, A1, A2) = N (2, A1, \2) (4.5.5)
then
N (2,9, A1, Ao) = E@) (e*AlT*W) (4.5.6)

Proof. Applying the It6 formula to the process

e—)\l(t/\T)—/\zUt/\T_/\/’(e_(s(t/\T) YAV e_é(t/\T)}/t/\T7 A1, )\2)
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taking expectations and using the condition (4.5.3) we have:

E (e—/\l (t/\T)—)QUt/\TN(e_é(t/\T) ZinT,s e_é(t/\T)th/\T, A1, )\2))

= N(z,y, 1, A2) +
AT
+FE /e_Als_AzUs ([,(z,y) — A=
0

o 0
e <Xsa (2 T o) )) N 200 AZ)dS) !

tAT
B A RIS

0
tA\T

—\FE / e MU \(e798 7, €795V, Ay, Ag)dU,
0

Taking into account that by the relation (4.1.1) we have
dU; = et (4.5.7)
and also considering the relation (4.3.18) we conclude

E(ef)\l(t/\T)f)\QUtAT./\/'(e*(S(t/\T) Zt/\T7 eia(t/\T)Y;/\T, )\17 AQ))

= N(z,y, 1,A2) +

tAT

+E / NN (Lo = AN (67 Zo, €7Y5, A, D)
0

—0he % ———— N (Z, Y5, Ape™%%) ) d 4.5.
2€ a(A26765)N( y , AQ€ )) 8) ( 58)

Applying the relation (4.3.17) in the above expression (4.5.8) we conclude

E(B_)\l(t/\T)_)\zUt/\TN(e_(;(t/\T) Zt/\T; 6—5(15/\'1—')}/}//\T7 )\1’ )\2)) (459)
= N(x7y7 )‘17 AQ) +
tAT 9
—A15—XoUs —0s —Js
+E /e 18742 <£(z,y> — A1 —d0Age M) N(Zs, Y5, A1, Aoe™*%)ds

Applying the PDE (4.5.1) with Aoe~%% instead of Ay the above expression (4.5.9) simplifies to
E(e_)\l(t/\T)_)\QUtATN(e_(S(t/\T) Zt/\Tv 6_5(t/\T)}/;f/\T7 )‘1a )‘2)) = N(ZU, Y, )‘17 )‘2) (4510)

Taking limit as ¢ — oo (using the dominated convergence theorem as by hypotheses we have that
N(z,y, M1, X2) € CZ(RY)) and taking into account the conditions (4.5.2), (4.5.4) we conclude:

N(z,y, 1, 2) = FE <e—)\1T—)\2U)
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Finally the condition (4.5.5) arises by taking into account that

Im7Y =00 a.s.
y—00

which implies that
IimT = limT*ATY =T% a.s.

Yy—oo Yy—oo

and with the use of the bounded convergence theorem we conclude

lim N (z,y, A1, A2)
y—00

= lim E(e-MT22V)

Yy—00

= E(€7A1T27A2U> = N((IZ, A1, )\2)

We consider next the case in which the X-insurer follows the de Finetti model with two

reflecting barriers.

Proposition 4.5.2 (Laplace transform of the joint distribution of the time of ruin, the discounted
dividends and the discounted financing). Consider the function N(z,y, A1, A2, A2) € CZ(R®) which
satisfy the scaling properties (4.3.12), (4.8.16). If the function N(xz,y, A1, A2, A\3) solves the PDE

0
L(Zvy)N(xaya)\h)\27)\3) - A1~/\/’(‘T7y7>\17)\27A3) +5)‘27N($7y7)‘17)‘27)‘3) +

0o
0
+5)\38—>\3/\/(m,y, )\1,)\2,)\3) (4.5.11)
with boundary conditions
0
aN(x,y,M,)\z,)\s)!x:o = AN(0,y, A1, A2, A3) (4.5.12)
0
%N(ﬂf,yv A A2, A3) o= = — AN (b, y, A1, A2, A3) (4.5.13)
N(.%',O,)\l,)\Q,)\:g) = 1 (4.5.14)
N(:L‘, oo, )\1, )\2, )\3) = ylLIIOlO./\/’(ZL', Y, )\1, )\2, )\3) (4.5.15)
=0
then
N (2,9, A1, Ao, Ag) 1= E@) (e MT—2U0 =20, (4.5.16)

Proof. Applying the It6 formula to the process

_ v)_ +) _ (=) _ 1 _ :
€ M(EATY) )\QU“\Ty )\BUt/\TyN(e a(t/\Ty)Zt/\Tyae 5(t/\Ty)}/t/\Ty;>\17)\25)\3)
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taking expectations and using the conditions (4.5.12), (4.5.13) we have:
E <€7M(MTy)7A2Ut(:%y7A3Ut(;7)“yN(€75(tATy)Zt/\Ty7 e T, A, g, )\3))

= N(z,y, 1, A2, A3) +

tATY
+) (=)
+F /6)‘18)‘2U5+ —AsUs (Lww —N1—
0
0 0
—5e % | X, Y, =057 e %Yy, A, Ao, A3)d
‘ ( 3(6*5sz)+ 3(653y)>)N(6 ' Az As)ds |+

tATY
(+) (=)
—l—)\gE / efzssefAlsf)\zUs —A3Us N(efSSZS’ 6755}/8’ )\17 )\2’ Ag)dZA” _

0

0

tATY
_ _ _ (+)_ () _ _ _
/ e 586 A1s—AUs; A3Us N(e 65Z5,€ 65}/87 Al,)\Q,)\:&)dZ/{s( ) o

0
tATY

W5 / e MU XU £r(o=bs 7 =By \ 1A, Ag)dU) (4.5.17)

0

tAn
“\E (/e)\ls)\gUs(Jr)AgUs()N(eésZ& e—ésYS, A1, g, Ag)dU§+) +
+A3E (

Taking into account that by the relations (4.1.2) and (4.1.3) we have that

it = e tay
dU(_) —_ e—(Stdut(—)

and also the considering relation (4.3.20), the expression (4.5.17) becomes

_ _ +) _ (=) _ _
E(e NN =2l =AUy N (=N Zy g e 6(t/\Ty)Y;t/\Tya)\la)\2a>\3)>

= N(z,y, 1, A2, A\3) +

tATY
(+) (=)
+E / (e—)\ls—>\2Us+ —A3Us ((/C(z,y) _ )\1)/\/’(68—5SZS’6—55}/S’ )\1,)\2’ )\3)_

0

0 0
—(5 <)\26_6Sa()\2€_55) + )\36_688()\36_55>> N(ZS, }/3, )\1, )\26_68, )\36_5S)> dS)

(4.5.18)
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Applying the relation (4.3.19) in the expression (4.5.18) we conclude

E(e_)‘l(t/\Ty) >‘2Ut(;rz)"y )‘3U(ATy./\/( ol t/\Ty)Zt Ty, € 6(t/\Ty)Y;t/\Ty,)\1,/\27)\3))

= N(.’L‘,y, )\17)‘2a)\3) +

tA\TY
(+) (=)
r / e (L ) — A
0
—ds 9 —ds 9 —Is —Js
-9 )\26 m +)\36 W N(ZS,Y;,Al,)\Qe ,Age )dS

(4.5.19)

Applying the PDE (4.5.11) with Age %% instead of Ay and Aze~% instead of A3 the above expression
(4.5.19) simplifies to

E (e_Al(t/\Ty)_)QUt(/Tj)“y )\BU(AT?J_/\/'( —4(tAn) Zintw, e—é(t/\n)n/\Ty’ )\1’ )\2’ )\3))
= N(ﬂ?,y,)\l,AQ,)\g) (4.5.20)

Taking limit as ¢ — oo (using the dominated convergence theorem as by hypotheses we have that
N(z,y, M, A2, A3) € CZ(R?)) the relation (4.5.20) becomes

N(@, 9y, M1, Mo, As) = E (e—MT?’—AzUﬁ—MU‘ PN (€T Zpy, e T Yiu, A1, A, )\3)) (4.5.21)
Taking into account the condition (4.5.14) we conclude:
N(z,y, M. A2, A3) = E (e*MTyWU%)**BUﬁ)) (4.5.22)
Finally the condition (4.5.15) arises by taking into account that
lim7Y =00 a.s.

Yy—oo

which, with the use of the bounded convergence theorem, implies that

lim N(z,y, A1, Az, A3) = lim E( TV AUSH - AgU;g,)) _0

Yy—00 Yy—oo

Next we turn our attention to the Laplace transform of the discounted dividends and the

discounted financing.

4.6 The Laplace transform of the discounted dividends and the

discounted financing.

Following the proof of Proposition 4.5.1 with Ay = 0 and Ay = A we may also prove the next

proposition.
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Proposition 4.6.1 (Laplace transform of the discounted dividends-1 reflecting barrier). Consider
the function K(z,y,\) € CZ(R3) which satisfy the scaling properties (4.5.2), (4.5.6). If the
function K(z,y,\) solve the PDE :

E(x,y)K:(HT, Y, A) = )\(588AK:(.%" Y, )‘) (461)

with boundary conditions
KO,y,A) = 1 (4.6.2)
D Ky Nl = M) (46.3)
K(z,0,\) = 1 (4.6.4)
K(z,00,A) = lim K(z,y,\) = K(z, ) (4.6.5)

y—00
then

K(z,y,\) = E@Y) (V) (4.6.6)

Following the proof of Proposition 4.5.2 first with A\; = 0, A2 = A\, A3 = 0 and second with

A1 =0, A2 =0, A3 = A we may also prove the next proposition.

Proposition 4.6.2 (Laplace transforms of the discounted dividends and the discounted financing-
2 reflecting barriers). Consider the functions K (x,y,\) and K (x,y, \) belonging inCZ(R?)
which satisfy the scaling properties (4.3.10), (4.3.14). If the functions K ) (z,y, \) and K (z,y, \)
solves the PDFEs

0
Ly K (z,y,\) = AéﬁlC(i) (z,y,A) (4.6.7)
with boundary conditions:
0 ()
%IC (,y,N)|e=0 = 0 (4.6.8)
0
%K:(Jr) (2?, Y, A)’z=b = _)‘,C(Jr) (b7 Y, A) (469)
KH(z,0,0) = 1 (4.6.10)
KW (z,00,0) = lim K (z,y,0) = K (z,)) (4.6.11)
y—00
and
9 ) =)
%IC (,y,N)|a=0 = IC7(0,y,\) (4.6.12)
0
KO(z,0,0) = 1 (4.6.14)
KO (z,00,0) = lim K (2, 9,0) = K (x, ) (4.6.15)

Yy—oo



4.7 The Laplace transform of time of ruin. 130

then

KD(z,y,)) = BE9(EAT) (4.6.16)
KO (z,y,\) = BE@E9 () (4.6.17)

We continue with the next section in which we find the Laplace transform of the time of ruin.

4.7 The Laplace transform of time of ruin.

Following the proof of Proposition 4.5.1 with \; = A and Ay = 0 we may also prove the next

proposition.

Proposition 4.7.1 (Laplace transform of the time of ruin-1 reflecting barrier). Consider the
function M (z,y, \) € CZ(R®) which satisfy the scaling properties (4.5.3), (4.5.7). If the function
M (z,y,\) solves the PDE :

[’(Ivy)M(x)y7 )‘) = )‘M($7y’ )\) (471)

with boundary conditions:
M(0,y,A) = 1 (4.7.2)

0
%M(x,y, Mg=p = 0 (4.7.3)
M(z,0,\) = 1 (4.7.4)
M(z,00,A) = lim M(z,y,\) = M(x,\) (4.7.5)

y—00
then

M(z,y,\) = E@Y) (AT (4.7.6)

Following the proof of Proposition 4.5.2 with A\; = A, Ao = 0 and A3 = 0 we may also prove

the next proposition.

Proposition 4.7.2 (Laplace transform of the time of ruin-2 reflecting barriers). Consider the
function M (z,y, \) € CZ(R3) which satisfy the scaling properties (4.3.11 ),(4.3.15). If the function
M(x,y,\) solves the PDE :

LayM(z,y,\) = AM(x,y, \) (4.7.7)
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with boundary conditions:

0

%M(x,y,)\ﬂx:o = 0 (4.7.8)

0

%M(az,y,A)]z:b = 0 (4.7.9)
M(z,0,)) = 1 (4.7.10)
M(z,00,A) = lim M(z,y,\) =0 (4.7.11)

y—0o0
then

M(z,y,\) = BE@Y) (=T (4.7.12)

4.8 Survival probability for one of the two insurers.

We are interested in the probability of survival of one of the two insurers, that is for the probability

P(TY < T%). To this direction we prove the next proposition.

Proposition 4.8.1 Consider the function P(z,y) € CE(R' x RY). If the function P(z,y) solves
the PDE :

LayPx,y) =0 (4.8.1)
with boundary conditions
PO,y) = 0 (4.8.2)
P(z,0) = 1 (4.8.3)
0
—P e=p = 0 4.84
=P (.o (1.84)
lim P(z,y) = 0 (4.8.5)
y—00
then
P(z,y) = P(TY <T%) (4.8.6)

Proof. Applying the 1t6 formula to the process P(Ziap=ary, Yinr=aTv), taking expectations
and using the condition (4.8.4) we have:
tATZNTY
E(P(Zinr=ntv, Yinr=atv)) = P(,9y) + E / Ly P(Zs, Ys)ds
0
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By the conditions (4.8.1), (4.8.2), (4.8.3) and taking limit as ¢ — oo (using the dominated con-
vergence theorem as by hypotheses we have that P(z,y) € CZ(R* x R1)) the above becomes

P(z,y) = E@P(Zr=prv, Yrop1v))
= E(P(Zr=,Yr=-){T* <TY}) + E(P(Zpy, Yrv)1{T* > T"})
= E(P(0,Yp:)1{T* < TY}) + E(P(Zrv,0)1{T* > T¥})
= E(0-1{T7 <TY})+ E(1-1{T* > T})
so that
P(z,y) = P(TY <T%)

It is also obvious that it must hold the condition (4.8.5) which arises from :

lim 7Y = 00 a.s.
y—00

Next we consider an example of Proposition 4.8.1.

Example 2 We consider the two dimensional diffusion {(X;,Y;);t > 0} of the example 1, with
X to represent the reserves of the X-insurance company which follows a dividends policy with
one reflecting barrier and Y the reserves of the Y-insurance company which follows no dividends
policy. We want to find the probability of survival of the X-insurance company. We will consider

two cases: (1) There are no correlations (p =0) and (II) There are correlations (p #0).
(I) Case with p = 0.

By (4.8.1) the probability of survival of the X-insurer is given by the solution of the PDE

2 2
g
! 5 Pra + Pyy + 1 Py + poPy =0 (4.8.7)

subject to the boundary conditions:

PO,y) = 0 (4.8.8)
P(z,0) = 1 (4.8.9)
0
%P@:y)’m:b 0 (4.8.10)
lim P(z,y) = 0 (4.8.11)
y—oo

We consider a solution of the form P(x,y) = u(z)w(y). Substituting into (4.8.7) we have

o? o2
5 U (T)0(y) + (@) wyy (y) + prva(@)w(y) + pyu(@)w,(y) = 0.
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Dividing through with u(z)w(y) we obtain, after separating variables,

02 Uy (T Ug (T o2 Wyy Wy
Ty e AR ey (4:842)

The general solution of

2
07 Uz (T) Uy ()
71 -\
2 u(z) i u(z)
s then
u(z) = c1 exp (a: (—,ul — /3 + 2/\0%> 01_2> + coexp (a; (—,ul + /2 + 2)«7%) 01_2>
2
where c1, cy arbitrary constants. We observe that if A > —2‘%12 then the only solution is the trivial
1

zero solution. So in order to have non-trivial solutions we must consider:

N%
A< ——= 4.8.13

and then the solution becomes
u(z) = sin(zp; (X)) exp(—ap /07)

with

©;(N\) = 0;2\/(—1)%? —2X\o?, i=1,2.
In view of the condition u'(b) = 0 we also have

atp1(A) cos (bpy (A)) — g sin (bpy (V) = 0 =

2
A
tan (b, () = 2121 (4.8.14)
Hy
Consider the equation
2
tan (by) = 217 (4.8.15)
Hy

This is a transcendental equation and can be solved numerically. Let {v,;n € Z}, be the set of its
solutions. We consider only strictly positive solutions since from (4.8.13) we conclude p;(-) > 0.
Also holds that

O<rvi<vg<---

Asymptotically the solutions can be approrimated by

41
v, & (” b2)7r
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From the set of solutions we obtain the eigenvalues A\, via

N1
n =

20%
form=1,2,3,...

We now turn to the second equation obtained from (4.8.12), namely

_igwyy(y) _ wy(y) _
2 w(y) " w(y)

Its general solution is

w(y) = crexp (y (—uz — /K3 - 2An0§) 022>
+co exp <y <—u2 + /13— 2)\na§) 02_2)

Because of condition (4.8.11) the solution is
w(y) = c1exp (y <—M2 — 13- 2An0§> 02_2)

Thus (4.8.7) has solutions of the form

P(z,y) = cnsin(zvy) exp(—zp107 %) exp(—y (1905 + 02(An)))

Using the relationship

- V204 4 112) 02
<P2()\n) — 0-22 N% + (”1—21)2
07

and the principle of superposition the solution becomes:

e}
P(z,y) = chsin(:pun)exp(—x,u10f2) (4.8.16)
n=1
I/20'4+ 2) 52
xexp | —y u2052+052\/u%+( . 102H1) 2
1

Finally we will find the coefficients ¢, so that the solution satisfies the condition (4.8.9). The

eigenfunctions u,(x) are orthogonal with respect to the weight function

2 _
q(w) = —pe2rTi
01
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and thus, from the requirement P(x,0) = 1 we have

ch sin(xvy,) exp(—zpgoy?) = 1. (4.8.17)

n=1

From the relation (4.8.17) we find that the coefficients ¢, are given by

fé) sin(zvy)exp(rpg oy ?)de

Cp —

fob sin?(zv,, )dx
which gives
bu21
vnot +e 1 (sin (bvy) py — cos (bvy) vpol) of
Cn =
b (2bvy
2 (1 ) ) (viol + 1)

and by taking into account the relation (4.8.14) we conclude

vnod

b 2bvn
5 (1)) (v20t + )

Cn = n=123,....

(II) Case with p # 0.

By (4.8.1) the probability of survival of the X-insurer is given by the solution of the PDE:

2 2
g g
5 Pra + Py + p0102Pay + iy Pa+ (12 Py = 0 (4.8.18)

Subject to the boundary conditions:

P0,y) = 0 (4.8.19)
P(z,0) = 1 (4.8.20)
%P(xay”x:b =0 (4.8.21)
ylln;oP(x,y) =0 (4.8.22)

Using the transformation:

s = T

01
t = ——y
po2

and the conditions (4.8.19) and (4.8.22) we find a solution of the form:

P(z,y) (4.8.23)

zpy 2
o7 P o1
— ce 7T sin (zp1(A)) exp <_(1—p2)02 (ﬁ—ym) R(py, 01, po, 02, p, )\))
1



4.8 Survival probability for one of the two insurers. 136

where

R(/J’h 01, Ko, 02, P, )‘)

2
o1 . 01
= | e — szgn(p)\/<u1 - uzm) =2\ (1 = p?)aip2

po2
In order the solution to satisfy the condition (4.8.21) we must have:

1— 2 n 2
tan(bvy) = (L= ¢") vnoio (4.8.24)

2
[1102 = PhaT1 — p\/(uzal — piyo2)” = 2X(1 = p?) ato

form=1,2,3,....

The transcendental equation (4.8.24) can be solved numerically and for large values of n we

observe that

1—p?)vpoio 1— p?
/\lim ( P) n0102 _ 2p
—— 2
* o2 — ppgor — p\/(uchl — ppyo2)” = 2X (1 = p?) oto P
that is for large values of n the v, can be approximated by the solution of tan(bv,) = 1_52

which gives

1 1— p2
vy, = — | arctan — +nm
b p

2 4 2
_Vpo1t
2
201

and the eigenvalues vi

An =
Thus the solution of (4.8.24) if of the form:

P(z,y) = cysin(zv,)exp(—zpo7?)

1 — M2 0y 2A(p~2 — 1)0?
X exp _(x_yM>122mQ 1 — sign(p) |1— 2= Dot
po2) (p~2 —1)og (/h—ﬂz&)

pPo2

By the principle of superposition the solution becomes:

P(z,y) = Z cn sin(zvy,) exp(—zpi 07 2)

n=1

2X(p~2 — 1)o}

2
(1 = 122 )

Unfortunately we are not able to repeat the last step as we did on the previous pde (case with

o1 > (Ml _HZI;T;)

xexp | — (a: —y— 1) 1 — sign(p) |1—

p =0) and find the coefficients ¢y, in order the solution to satisfy the condition (4.8.20), because
we can not find a weight function such that the eigenfunctions u,(z) to be orthogonal with respect

to the weight function.



4.9 Some Variations and Extensions. 137

4.9 Some Variations and Extensions.

In this section we want to mention some possibilities for variations and extensions of the model

we have proposed.
(I) Dividends also for the second insurer.

We can assume a model in which the second insurer (Y-insurer) gives also dividends if his
reserves go beyond an upper level, but he is ruined if his reserves reaches the zero level, that is he
is following one reflecting barrier policy. We can again consider for the first insurer (X-insurer)
dividends policies in two cases: (a) To follow one reflecting barrier policy and (b) To follow two

reflecting barriers policy. We start by considering the first case.
(a) One reflecting barrier case.

Let Up,Us to be the total discounted dividends for the first and the second insurer. With

analogous manner as in the previous sections one can conclude the following propositions:
e Expected value of the discounted dividends.

Proposition 4.9.1 Letn € N and functions Vi(z,y;n) and Va(z,y;n) belonging in CZ(R?) which
satisfy the scaling properties (4.3.1), (4.3.5). If the functions Vi(z,y;n), i = 1,2 solve the PDEs

(L —nd)Vi(z,y;n) =0, i=1,2

with boundary conditions

Vi(0,y;n) = 0, n=1,2,3,...

0

9, 1@y Dlo—py =1

0

%Vl(ﬂf,y;n”x:bl = nVl(bl,%”—l)a 77,22,3,...
Vi(z,0;n) = 0, n=1,2,3,...

0

a—yvl(m,y;n)\y:b2 = 0, n=1,2,3,...



4.9 Some Variations and Extensions. 138

and
Vo(z,0;n) = 0, n=1,2,3,...
0
@VQ(xay; 1>‘y=b2 =1
0
@Vg(m,y;n)\y:bQ = nW(z,bys;mn—1) , n=23,...
Vo(0,y;m) = 0, n=1,2,3,...
0
%Vg(x,y; n)|g=p, = 0, n=1,2,3,...
then

Vi(z,y;n) = BV (U]
1=1,2 and n € N.

The total expected discounted dividends for the insurance as a total (that is considering the two

insurers establishing one company) are:
V(z,y) =Vi(z,y) + Va(z,y)

where Vi(z,y) := Vi(z,y;1), i =1,2.
e The Laplace transform of the discounted dividends.

Proposition 4.9.2 Consider the functions K1(z,y,\) and Ka(z,y,\) belonging in CZ(R3) which
satisfy the scaling properties (4.3.2), (4.3.6). If the functions K;(z,y,\) , i = 1,2 solve the PDEs

[‘(fﬂ-,y)lc’i(xaya)‘) = )\6%’(:2(1“71/7)‘) ’ 1= 172

with boundary conditions
’Cl (Oa Y, >\) = 1

0

%K:1<$7y7 A)’x:bl = _)‘Icl(blay7 )‘)
’Cl (:B, 0, )\) = 1

0
@K1($,y,A)’y:b2 =0

and
’CQ(.%',O, )\) = 1

0

%KQ(xayuAﬂy:bz = _)‘]C2<xab2))\)
K2(0,y,A) = 1

0
K@y Ve = 0
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then
il \) = B ()

i=1,2.
e The Laplace transform of time of ruin.

Proposition 4.9.3 Consider the function M(z,y,\) € CZ(R3) which satisfies the scaling prop-
erties (4.3.3),(4.53.7). If the function M(x,y,\) solves the PDE :

A(ﬂ%y)M(iva Y, )‘) =M ($7 Y, >‘)
with boundary conditions

M(0,y,A) = 1
0
%M(x7ya)‘)‘x=bl =0
M(z,0,\) = 1

0
@M(x7yaA)‘y=b2 =0

then
M(z,y,)) = EED (&)

e The Laplace transform of the joint distribution of the time of ruin and the discounted
dividends.

Proposition 4.9.4 Consider the functions N1(z,y, A, A2) and No(x,y, A1, A2) belonging in CZ(R?)
which satisfy the scaling properties (4.3.4), (4.3.8). If the functions Ni(x,y, A\1,\2) , i = 1,2 solve
the PDFEs :

0 .
E(;c,y)./\/;;<2?, Y, Ala )\2) = AIN’i(xagh )\17 AQ) + 6)\287)\2-/\[1(5673/7 Al? )\2) ; V= 17 2

with boundary conditions

Nl(oayva)\Q) =1

0

%Nl(l])gh )‘17>\2)‘$:b1 - —>\2N1($,y, )‘17)‘2)
Nl(w,o,/\l,)\g) = 1

0

@Nl (337 Y, Ala )\2)’y:b2 =0
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and
NQ(xvova)\Q) = 1
0
gy 2@ AL Rl = —AaNR(@, 9, A, M)
No(0,y, A1, 02) = 1
0
%N2($7y7 )\17 AQ)‘x:bl = 0
then
Ni(z, 9, Ay Ao) i= B (e~ MT=22Ui)
1=1,2

e Survival Probability.

Proposition 4.9.5 Consider the function P(z,y) € CZ(R' x RY). If the function P(z,y) solves

the PDE :
LiwyP(z,y) =0
with boundary conditions
PO,y) = 0
P(z,0) = 1
0
%P(xay)|$:b1 =0
0
%P(m,y)’y:b2 =0

then
P(z,y) = P(T* <T%)

(b) Two reflecting barriers case.

Let U1(+), 2(+) to be the total discounted dividends for the first and the second insurer and
U to be the total discounted financing for the first insurer. With arguments similar to
the previous sections one can conclude the following proposition.
Proposition 4.9.6 Letn € N and functions V1(+) (z,y;m), Vl(_)(:z:, y;m) and V2(+) (z,y;m) belong-
ing in CZ(R?) which satisfy the scaling properties (4.5.9),(4.3.13). If the functions V1(+)(w, y;n),
Vl(f)(q:,y; n) and V2(+) (z,y;n) solve the PDEs :

(‘C(m,y) - né)]}{i) (.’E, Y; n) =0
(L) — n5)V2(+) (x,y;m) = 0
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with boundary conditions

VI(0,4m) = 0, n=1,2,3,...
0
%V1(+) (xu Y; 1)|C£=b1 =1
0
B?Vfﬂ(m,y;n)lxzbl = WP b,yn—1) , n=
V{+)($,O;n) = 0, n=1,23,...
0
aiyvﬁ_)(:my;n)‘y:lm = 0, n=123,...
O O @y mlems = —aVO (0,530 - 1)
8ac 1 PR r= 1 Y
0 (-
avf @, y;m) oy = 0
V(f)(x,();n) =0
0 (-
a*ny @, y;n)|ompy = O
n = 1,2,3,...
and
W (z,00n) = 0, n=1,2,3,...
0
@Véﬂ(w,y;l)lyzbz =1
0
@V§+)($7y;n)|y:b2 = V{2, byn—1) , n=
V2(+)(0,y;n) =0, n=1,23,...
0
%Véﬂ(x,y;nﬂx:bl =0, n=12,3,...
then
Vi @yin) = B (@)
Vi @, yin) = ECD (@)
W (z,ym) = ECD(Of))

(IT) General Barriers.

One can consider general barriers policies and try to study the model in this set up.

(ITI) n dimensions.

2,3,...

2,3,...
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It is interesting to extend the above models in n-dimensions. For example let us consider
a model with n-insurers all of which give dividends and they follow the one reflecting barrier

dividends policy. We are interested in the total expected discounted dividends until ruin occurs.

Let U; to be the total discounted dividends for the ¢ = 1,...,n insurer. Working as in the

previous sections one can conclude the following proposition.

Proposition 4.9.7 Let functions V;(z1,22,...,%,) , i =1,2...,n belonging in CZ(R™) which

satisfy the scaling properties

(1)

Vi(z1,22,...,2n) = Vi(x1 —c,x2 —¢y...,xp — €)
for each real number ¢ € (—o0,00) and i =1,2...,n.
(1)
Vi(z1,22,...2n) = cVi(c_lxl, c g, ... ,c_la:n)
for each real number ¢ >0 andi=1,2... n.

If the functions Vi(z1,22,...,oy) , i =1,2...,n solve the PDEs :

(‘C(th,__@n) — 5)]}1'(1‘1,.%'2, .. xn) =0 s 7, = 1,2, NN

with boundary conditions

Vi(xl,xg,...,xj_l,O,a:jH...,xn) =0 ,i,j:1,2,...,n
0 .
ax'Vi(fﬂlﬁza-u7$i—1,$i,$i+1---,fﬂn)’mi:bi =1 ,3+=12,...,n.
i
0 e
%Vi(wl,ﬂa,--.,mj_l,xj,$j+1...7$n)’1-j:bj =0 ’ 17&.77 Z7j:1727"'7n
J

then
Vi(x1,Ta,...xy) = E(“’”""’xn)(Ui) ,1=1,2....n

The total expected discounted dividends for the insurance as a total (that is considering the n

insurers establishing one company) are:

V(x1,x9,...2y) = Zvi($1,$2, ce )
i=1
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4.10 Conclusions.

In this chapter we worked on the situation of insurance companies cooperation. We examined
the issue from the perspective of a particular insurance company. We were interested to look
at parameters which are vital to the decisions of the company. Among these parameters very
important role we consider to play the probability of survival in a particular cooperation and
the shares that will be given to the shareholders during this cooperation. We found differential

equations with appropriate boundary conditions the solution of which will give:

The moments of the discounted dividends and the discounted financing.

The Laplace transform of the joint distribution of the time of ruin and the discounted
dividends.

The Laplace transform of the discounted dividends.

The Laplace transform of the time of ruin.

The Survival probability for one of the two insurers.

We also mentioned possible ways to extend the above considerations to various other models.



Chapter 5

Applications on Insurance companies

consortium.

5.1 Introduction.

In this chapter we apply the formulas of chapter 4 in the case of two insurance companies cooper-
ation. We consider a process X = {Xy;t > 0} as describing the reserves of an insurance company
and we will refer to this insurance company as the first insurer or as the X-insurer. We would
also like to consider another process {Y;;¢ > 0} as describing the reserves of another insurance

company and we will refer to this insurance company as the second insurer or as the Y-insurer.

When the insurance company (first insurer or second insurer) follows dividends policy according
to the de Finetti model we will refer to this insurance as de Finetti model. When the insurance

company follows no dividends policy we will refer to this insurance as Lundberg model.
We consider two insurance companies in cooperation and we study two models.

(D
The de Finetti - Lundberg model. (5.1.1)

(IT)
The de Finetti - de Finetti model. (5.1.2)

That is, in the case (I) we consider that the first insurer follows the de Finetti model and the
second insurer follows the Lundberg model and in the case (II) we consider that the first insurer

follows the de Finetti model and the second insurer follows the de Finetti model.
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In section 5.4 we study the situation in which an insurer, say X, has to choose to collaborate
with one out of n other insurers, say Y;, ¢ = 1,...,n. We concern with the problem of how the
X-insurer can make the best choice in terms of maximizing his survival probability or in terms of
maximizing his expected discounted dividends. We provide a method on how he can construct a

policy, that is to rank his available choices from the best choice to the worst choice.

5.2 One Reflecting barrier.

In this section we study the models (5.1.1)-(5.1.2) considering that if an insurance company (first
insurer or second insurer) follows the de Finetti model then it follows a dividends policy with a

constant upper reflecting barrier and a constant lower absorbing barrier which is the zero constant.

5.2.1 Survival Probability for the de Finetti - de Finetti model.

By Proposition 4.9.5 in order to find the survival probability for the first insurer (X-insurer) in
a de Finetti - de Finetti model we have to solve the pde:
2 2

g g
5 Pea(@,y) + 5Py (2,9) + i Pe(,y) + o Py(,y) = 0 (5.2.1)

Subject to the boundary conditions:

PO,y) = 0 (5.2.2)
P(z,0) = 1 (5.2.3)
P = 0 (5.24)
S P@ ) = 0 (5.2.5)

By (5.A.31)-(5.A.33), (5.A.1)-(5.A.5) and the principle of superposition the solution is:

> _ /2 2\ 2
P(z,y) = Zexp (:2'[“) sin (x o nUl)
n=0 1

2
07

y (—uz — 15— 2An0%> Y (—u2 + V15— 2/\na%)
X Cn €XP " + dy exp >
2 2

where )\, are calculated by the solution of (5.A.3) with b replaced by b; and for large values are
approximated by (5.A.4). By the condition (5.2.5) we have:

0
@P(xa y)|$:b2 =0=
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2bo/ 13 — 2\ 0%
dn<\/m—u2>exp< 2 :u20-2 2>—Cn<ﬂ2+\/m> =0
2

(5.2.6)

Finally by the condition (5.2.3) and taking into account that the eigenfunctions w,(x) are

orthogonal with respect to the weight function

we have P(x,0) =1

0 _ /2 _ 2\, 2
Z(cn+dn)exp< x51>sin (m ad 01) =1
n=0

which gives

cn+d, = —

cn+d, = —

2 (V —,u% - 2)‘710% (1 - Al(/h?Ulv b, )\n)) + AQ(Ml?O—lv b, )\n))

= 2.
o A3(M150-17b) )\n) (5 7)
where
b by/— 2 — 21,02
Al(ulvo—lab> >\n) = exp <M21> cos ( H1 5 Ul)
01 o1
b [ b/t —2)\,02
01 o7

no2 9%b\/— 1% — 2Ano?
Az(pg, 01,0, 20) 1 = 2bA, — AnTi sin [ 2 Mlz An07
V=hi = 2An0t o2
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5.2.2 Expected Discounted Dividends in the case of the De Finetti -Lundberg
model.

By Proposition 4.4.1 in order to find the Expected Discounted Dividends for the first insurer

(X-insurer) in a de Finetti - Lundberg model we have to solve the pde

2

2
(o (o2
?lvm(x, y) + %Vyy(x, Y) + i Va(z,y) + o Vy(z,y) = 6V(z,y) (5.2.8)

subject to the boundary conditions:

V(0,y) = 0 (5.2.9)
0
%V(m,y)\x:bl = 1 (5.2.10)
V(z,0) = 0 (5.2.11)
V(z,00) = limV(z,y)=V(z) (5.2.12)
y—o0
e Step 1.
We consider the ODE )
%Vm(m) + oy Valz) = 6V(2) (5.2.13)
with boundary conditions:
V0) = 0 (5.2.14)
0
oV @l = 1 (5.2.15)

The solution of (5.2.13)—(5.2.15) is

(b—x) (ul + i+ 250%) F1(z; 1y, 01,0,1,6)
V(x) = exp 5 —
01 TZ(b;M1701>O7176)

(5.2.16)
where 71 (x; 1q,01,0,1,6) and 72(b; g, 01,0, 1,9) are given by (5.A.10) and (5.A.11) respectively.
e Step 2.

Now it is enough to solve the pde (5.2.8) with boundary conditions:

0,y9) = 0 (5.2.17)
D)y = 0 (5218)
V(z,0) = —V(z) (5.2.19)
V(z,00) : = limV(z,y)=0 (5.2.20)

Yy—oo
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y (5.A.31)-(5.A.33), (5.A.1)-(5.A.5), (5.2.20) and the principle of superposition the solution

is:

2
01

_ 2_2 2
- $ v (2o (75

Y (‘Mz - \/Hz —2(A\, — 5)‘7%)

2
03

X exp

where the eigenvalues \,, are given by (5.A.3), (5.A.4). Finally we will find the coefficients ¢, in
order the solution to satisfy the condition (5.2.19). We have:

~

V(z,0) = —V(z)=
x T/ —p2 — 2\ 07
ch exXp < Ml) ( ”10% 22 1) = —V(z)=

b

/V(a:) exp (%) sin (m : _”%2_2%0%) dx

o1

b 2
J (o ()
1
0

Thus the solution of the initial problem (5.2.8)-(5.2.12) is

Cp =

V(z,y) = lj(x,y) +V(z) =

_ 2_2 2
- $ o (28 (L 75)

Y (_Hz - \/H2 —2(A\, — 5)‘7%>

X exp 5 + V()

Remark 5.2.1 The quantity V(z,y) —V (x) can be interpreted as losses on dividends for the first
insurer (X-insurer) due to the presence of the second insurer (Y -insurer or Lundberg), that is
the X -insurer could have earned V(x) — V(x,y) more dividends if he has not cooperated with the

Y -insurer.
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5.2.3 Expected Discounted Dividends for the de Finetti - de Finetti model.

By Proposition 4.9.1 in order to find the Expected Discounted Dividends for the first insurer

(X-insurer) in a de Finetti - de Finetti model we have to solve the PDE:

0_2 0_2
évlm(% y) + ﬁvlyy(x?y) + i V1z (@, ) + pViy(@, y) = $Vi(z,y) (5.2.21)

subject to the boundary conditions:

Vi(0,y) = 0 (5.2.22)
d
s @ YW lems = 1 (5.2.23)
Vi(z,0) = 0 (5.2.24)
d
V(@ Y)ly=p, = 0 (5.2.25)

Jy

By (5.A.31)-(5.A.33), (5.A.1)-(5.A.5), (5.A.7)-(5.A.9), (5.2.21) and the principle of superposi-

tion the solution is:

% (JI ) = iex <b1 _ iU) <M1 + M% * 2)\710%) 771<1‘;M1a0-17)‘n7070)
1 ’y N n=0 p O‘% ?Z(bl)l’tl?Ul?)\n)O) O)
_ _ 2 _ 2 _ 2
X exp < yéh) sin (y\/ H3 2()‘” 5)“2)
05 05

where 71 (z; 1,01, An, 0,0) and 72(b1; gy, 01, An, 0,0) are given by (5.A.10) and (5.A.11) respec-
tively and the eigenvalues )\, are calculated by the solution of (5.A.3) (with b replaced by ba, 1,
by 9, 01 by 02) and for large values of n are approximated by (5.A.4).

Working similarly we can find that the expected discounted dividends for the second insurer

(Y-insurer) are

Vo(z,y) = iexp (b2 — y) (u2 + V1 +2Ana%) P (Y3 1,72, 0, 0,0)
a n=0 U% T2 b; tg, 02, An, 0, 0)
_ 2 _9 — 5
X exp < xéul> sin (3:\/ M1 2()\n 5)01>
01 o1

where 71 (y; pg, 02, An, 0,0) and 72(ba; g, 02, Ap, 0,0) are given by (5.A.10) and (5.A.11) respec-
tively and the eigenvalues A, are calculated by the solution of (5.A.3) (with b replaced by by )

and for large values of n are approximated by (5.A.4).
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5.2.4 Moments of the Discounted Dividends in the case of the de Finetti -
Lundberg model.

By Proposition 4.4.1 in order to find the Expected Discounted Dividends for the first insurer
(X-insurer) in a de Finetti - Lundberg model we have to solve the PDE:

o2 o3
jvm(:v, y; k) + nyy(m’ yik) + pn Va(z,ys k) + poVy(, y;s k) = kéV(z, y; k) (5.2.26)
subject to the boundary conditions:
V(0,y:k) = 0 (5.2.27)
0
ap @ Yik)le= = KV(byik 1) (5.2.28)
V(z,0;k) = 0 (5.2.29)
V(z,00;k) : = lim V(x,y;k) = V(x;k) (5.2.30)
y—00
e Step 1.
We consider the ODE
2
%Vm(x; k) + g Vel k) = b6V (2 k) (5.2.31)
with boundary conditions
V(O;k) = 0 (5.2.32)
0
%V(x; E)lo=s = kV(bjk—1) (5.2.33)

The solution of (5.2.31)-(5.2.33) is

(b—x) (/1'1 + i+ %50?) F1(z; g, 01,0, k, )
2

o T2(b; y,01,0,k,9)

V(z; k) = exp EV(b;k —1)

where 71 (x; 1y, 01,0, k,0) and 72(b; 11, 01,0, k,0) are given by (5.A.10) and (5.A.11) respectively.
e Step 2.

In this step we will solve the pde (5.2.26) with boundary conditions
W(,y;k) = 0 (5.2.34)
;:L"W(x’ Y k)|z=p = kf?(b, y;k—1) (5.2.35)
W(x,00;k) : = ylingoW(x, y; k) =0 (5.2.36)
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By (5.A.31)-(5.A.33) and (5.2.34)- (5.2.36 ) we consider a solution of the form:

W(z,y; k)
S z (= = 1 +2030,)
= ckm, _eXp 2 +
n=0 91
T —p + 2 4 202)% — by — 2-2(\;, —kd)o3
121 2% 01 en Y\ —H2 1253 kn b
+exp 5 exp 3
0'1 g

2

where Ap,, are the separation of variables constants. Now because of the condition (5.2.35) we
take
kn = Me—1n 0

and so we have

9 .
—W(z,y; k) |g=p = kV(b,y;k — 1) =

ox
which after some algebra leads to
. by/—p2—2X,0?
sin (Mzz nal)
1
2
Chn = KCh—1n= o1

A(b) H1,01, )‘k—l,nv 6)

where
K(bv Ml?a—la)‘kfl,nad)
b\/u% + 20‘%()%_1 n T 5)
:= 2cosh : 2 4 202\ 5) —
cos p \/M1+ 0t (Ak—1,n +0)
_ b\/u% + 202 (Moot +0)
—2sinh 5 1y
03
e Step 3.

Now it is enough to solve the pde (5.2.26) with boundary conditions

~

V(O,y:k) = 0 (5.2.37)
O ~
5g @Ykl = 0 (5.2.38)
V(z,0;k) = —=V(x;k) —W(x,0;k) (5.2.39)
ﬁ(w,oo;k) = limﬁ(w,y;k):() (5.2.40)
y—oo
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By (5.A.31)-(5.A.33) , (5.A.1)-(5.A.5) , (5.2.37), (5.2.40) and the principle of superposition the

solution is

—,u% — 2)\;{7710%

ac s k chnexp<_ Ml) ’ =
( Mo — \/Nz )‘kn_ 5)0'%)

X exp

where the eigenvalues ), are calculated by the solution of (5.A.3) and for large values of n are
approximated by (5.A.4). Finally we will find the coefficients ¢y, in order the solution to satisfy
the condition (5.2.39). We have

V(z,0:k) = —V(z:k) —W(z,0;k) =
xy)—p? — 2/\k7n02
Z Ck,n €XP ( a:,ul) 102 ! = Vi (x;k) - W (2,0;k) =
1

71

b
/ x) + W(x,0; k))exp( >sm <xw> dx
of
0

Ckn = —

2
o1

b
2
/ (sin <I Vor 2, "01>> dx
0

Thus the solution of the initial problem (5.2.26)-(5.2.30) is
V(w,ysk) = V(w,y: k) + Wia,y; k) +V(w;k)

5.2.5 Moments of the Discounted Dividends for the de Finetti - de Finetti
model.

By Proposition 4.9.1 in order to find the Expected Discounted Moments for the first insurer
(X-insurer) in a de Finetti - de Finetti model we have to solve the PDE

0’2 0’2
5 Vi (2,4 K) + Vi (2,53 6) + 0 Via (@, 55 5) + Vi (@, 53 k) = koVi(@,y:k) - (5.2.41)

subject to the boundary conditions

Vi(0,5:k) = 0 (5.2.42)
0
%W(w,y;k)la::bl = kVi(b,y;k—1) (5.2.43)
Vi(z,00k) = 0 (5.2.44)
0
a—yvl(a:,y;kﬂy:bQ =0 (5.2.45)
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By (5.A.31)-(5.A.33) and (5.2.42)- (5.2.44) the solution is:

Vl(xa Y; k)
00 —yis\ . y\/—u% — 2N\ — k)03
= Z Chn X €XP 5 | sin 5 X
=0 & P
v (= = 1 + 20300 z (/13 + 2030 — )
X | —exp 3 + exp 3
01 01

where the eigenvalues A, are calculated by the solution of (5.A.3) (with b replaced by by , 1 by
iy, 01 by o2) and for large values of n are approximated by (5.A.4). By the condition (5.2.43)
and using (5.A.6) we have

0
7]}1(3:) Y; k)|$:b1 - k?V1 (bla Y; k — 1)

oz
which give
by Yo(b1; tt1,01, Ak, -
Cln €XP <— /;1> 2t 3 n) _ kek—1,n71(b1; 1501, Ap—1,n)
01 01
or
b1u1> Y1(b1; 41,01, Ab—10) o
Chyn = kCp—1, exp( — o
" b 0_% 72(1)1;/"617017Ak,n) !
where
N by <—M1 —\/ui+ 20%/\1671,71)
Y1(b1s p1,01, Ag—1n) © = —exp o2 +
1
by (/1 + 208 10— i)
+exp 2 (5.2.46)
1

_ bly / u% + 20%)\]{;’71
Yo(bi; pt1,01, A\gn) : = 2cosh 5 \ 13 4203 N e —

01

) bu/ﬂ% + 20’%)%,”
—2sinh 5 1y (5.2.47)

07

Similar by the Proposition 4.9.1 in order to find the Expected Discounted Moments for the

second insurer (Y-insurer) in a de Finetti - de Finetti model we have to solve the pde:

0'2 0'2
?11)23::10(337 yi k) + ?21}2313/(537 Yi k) + iy Vor (2,45 k) + poVoy (x, 5 k) = kdVo(x,y3 k) (5.2.48)

subject to the boundary conditions:
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Vo(z,0;k) = 0 (5.2.49)
aang(:U,y;k)|yb2 = kVa(z,bo; k—1) (5.2.50)
Vo(0,y;k) = 0 (5.2.51)
ng(x,y; E)lo=p, = O (5.2.52)

ox

Working as before we find that the discounted moments for the second insurer (Y-insurer) in

a de Finetti - de Finetti model are given by

Vo(z,y; k)

2 2
) —p7 — 2(Agn — kO)o
0 \/ 1 1

= T
= D ctmexp(—gt s 2
"0 01 01
y (—uz — /15 + QU%Ak,n) y (—ug +\/ 13+ 2U%Ak,n)

X | —exp 3 + exp 3
o’ 02

with

bapig \ V1(b2; fhg; 02, Ae—1n) o
him = Klk1n exp( o3 ) T2(b2; iz, 02 M) 2
where 7, (b2; ftg, 02, Ag—1.5,) and Yo(ba; tig, 02, Ak, ) are given by (5.2.46),(5.2.47) respectively and
the eigenvalues Ay, are calculated by the solution of (5.A.3) (with b replaced by b; ) and for large
values of n are approximated by (5.A.4).

5.2.6 The Laplace Transform of the discounted dividends.

The Laplace transform of the discounted dividends can be found from:

00 )\k:
k=0

5.2.7 The Laplace transform of the time of ruin for the De Finetti - Lundeberg
model.

By Proposition 4.7.1 in order to find the Laplace transform of the time of ruin in a de Finetti -

Lundberg model we have to solve the pde:

0.2

2
g
?lMxx(I7 y7 )\) + ;Myy(l‘) y7 )‘) + ,U’lMCE(x7 y7 >‘) + MZMy(wv y: >‘) = AM (33, y7 >‘) (5253)



5.2.7 The Laplace transform of the time of ruin for the De Finetti -
Lundeberg model. 155

subject to the boundary conditions

M@O,y,)) = 1 (5.2.54)
0
M(z,0,)) = 1 (5.2.56)
M(z,00,A) = lim M(z,y,\) = M(x, ) (5.2.57)
y—00
e Step 1.
We consider the ODE
2
%Mm(@», A) 4 Mo (2, ) = AM(z, \) (5.2.58)
with boundary conditions
M@O,N) = 1 (5.2.59)
0
— Alzzp = 2.
5 M2 M)z 0 (5.2.60)
The solution of (5.2.58)-(5.2.60) is
V2 o2
exp <—%) <\/m+ 1 tanh <(b ) g’%ﬁz)‘ 1>>
M(z,\) = — (5.2.61)
Vi3 4+ 2X0? — py tanh (W)
1
e Step 2.
Now it is enough to solve the pde (5.2.53) with boundary conditions
M(0,y,\) = 0 (5.2.62)
9 —
— Mlz=p = 2.
890/\/1(:1:,3/, ) a=b 0 (5.2.63)
M(z,0,\) = 1—M(z,\) (5.2.64)
M(z,00,A) = lim M(z,y,\) =0 (5.2.65)
Yy—00
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y (5.A.31)-(5.A.33), (5.A.1)-(5.A.5), (5.2.65) and the principle of superposition the solution

is:

M(a.y. )
x /—pd — 250
_ chexp( Ml) ( ,“102 1)
1

v~ — Vi =200~ No3)

2
03

X exp

and the eigenvalues A\ are calculated by the solution of (5.A.3) (with b replaced by b; ) and for
large values of n are approximated by (5.A.4). Finally we will find the coefficients ¢, in order the
solution to satisfy the condition (5.2.64). We have

M(z,0,\) = 1—M(z,\) =

\/ﬁ
ch exp < m,ul) <$ ML= 2001 ) 1—M(z,\) =

2
01

b
2 * 2
/(1 — M(z,\)) exp (w?) sin (W) dx
0

b
2
/ <sin <$ Y _“%2_2/\"U%>> dx
0

o1

Thus the solution of the initial problem (5.2.8)-(5.2.12) is

M(z,y,\) = M\(x,y,)\) + M(z,\) =

/— 2 _9\F 2
Mz, y, A chexp< x:“’l) <33 M1 2>‘n‘71>

y (—#2 — ViE =205, = N)o3)

X exp 5 + M(z, \)
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5.2.8 The Laplace transform of the time of ruin for the de Finetti - de Finetti
model.

By Proposition 4.9.3 in order to find the Laplace transform of the time of ruin in a de Finetti
- de Finetti model we have to solve the pde:

0'2 0'2
EIMM(J:, Y, \) + 72/\/1%(:1:, Y, A) + g Mo (2,9, ) + paMy(z,y, \) = AM(z,y,A)  (5.2.66)

subject to the boundary conditions

MO,y,\) = 1 (5.2.67)
%M(x,y,)\ﬂx:bl =0 (5.2.68)
M(z,0,)) = 1 (5.2.69)
gM(l’,yg)\)‘y:bz =0 (5.2.70)

Iy
It is enough to solve the pde (5.2.66) with boundary conditions

—

M(0,y,A) = 0 (
o —~
%M(x7y7>‘>‘x=bl = 0 (
M(z,0,)) = 1—M(z,\) (5.2.73
i (

%M(x>yaA)|y:b2 =0

where M (x, \) is the solution of (5.2.58)-(5.2.60) and is given by (5.2.61). By (5.A.31)-(5.A.33),
(5.A.1)-(5.A.5), (5.2.74) and the principle of superposition the solution is:

M(z,y,A)
ks - DY L
= chexp< xé”)sin z ’u12 n71
n=0 71 91
2 —205 (A5 + A —2b
X exp (_\/M o3 ( n+2)(y 2)+2JM2>
03

(\/Mg 202 (AL £ N) (1 + E) + (—1 + é) M2>

X
po + /15 — 203 (A, + A)

where

~ o~ 2(y—»b 3 —205 (A5 + A
B := B(yﬂl’LQ?O-vaQ?)‘a)\:L) = exXp ( (y 2) \/Iu20'2 02( n+ )>
2
and the eigenvalues \; are calculated by the solution of (5.A.3) (with b replaced by b; ) and for
large values of n are approximated by (5.A.4). Finally we will find the coefficients ¢, in order

the solution to satisfy the condition (5.2.73). We have:

—

M(z,0,\) =1—- M(z,\) =
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ad — _ 2_2 * _2
ch exp < xéﬁ) sin L M 5 A0t Ay, 02,02, \,\5) =1 — M(z,\) =
n=0 01 o]
b
_ 2 *0_2
/(1 — M(z, X)) exp (%) sin <I“Clr%2)‘”1> da
Cn = 0
b
A N AN
A(M% 02, b2, )\, A;:)/ <Sin <(172nl>> dx
1
0
where
T ™ 2b 2 _ 952 (\* \
I = D(pg,02,b2, A, A7) := exp< 2/ 113 2‘72( nt ))
03
A A \/M§—20§(/\;’;+)\)(1+f)+<1_f>ﬂ2
A = Ay, 02,b2, A \5) =

po + V1 — 205 (A, + )
Thus the solution of our original problem (5.2.8)-(5.2.12) is

M(z,y, ) = M(z,y,\) + M(z, )

Next we proceed with the two reflecting barriers case.

5.3 Two Reflecting barriers.

In this section we study the models (5.1.1)-(5.1.2) considering that if an insurance company (first
insurer or second insurer) follows the de Finetti model then it follows a dividends policy with a

constant upper reflecting barrier and a constant lower reflecting barrier which is the zero constant.

5.3.1 Expected Discounted Dividends and Financing for the de Finetti - Lund-
berg model.

e Discounted Dividends.

By Proposition 4.4.2 in order to find the expected discounting dividends for the first insurer

(X-insurer) in a de Finetti - Lundberg model we have to solve the pde:

0'2 O'2
SV (@.9) + 2V (.9) + m VD (@, y) + VP () = 0V (2,y) (5:3.1)
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subject to the boundary conditions:

Ly eyl =

o 0 (5.3.2)
0
%V(+)(«T7y)|x:bl = 1 (5.3.3)
V(2,00 = 0 (5.3.4)
V) (z,00) = lim VP (z,y) = VP (2) (5.3.5)
Y—00
e Step 1.
We consider the ODE )
TV (@) + mViD(@) = V(@) (5.3.6)
with boundary conditions
9,
%V(+)($)|x:0 = 0 (5.3.7)
0
ZyH) o= 1 3
V) @) (53.8)

The solution of (5.3.6)-(5.3.8) is
exp (%) <\/u% + 2007 cosh <$M§;FM> + sinh (““i—g%a%> /L1>
(5.3.9)

B (g) = !
4 (x) N by/ 2 +2602
26 sinh (V )
71
e Step 2.

Now it is enough to solve the pde (5.3.1) with boundary conditions

a —

%V(Jr)(m,yﬂm:o = 0 (5.3.10)

6 —

Iy L, = 3.11

57 (@ )l 0 (5.3.11)
V(2,00 = -V (z) (5.3.12)
VP (z,00) = lim VO(z,5) =0 (5.3.13)

Yy—00

By (5.A.31)—(5.A.33), (5.A.12)—(5.A.15), (5.3.13) and the principle of superposition the solution

is

] Yyl —p _\/M2_2()\n_6)02
V(+)(m,y) = Zc%—"—)exp( ( ’ 2 5 2> X

03

oo () (= (F) g ()
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where by (5.A.14) we have
n’n?o} + b3

An = —
" 2[)20'%

+4

Finally we will find the coefficients c,(f) in order the solution to satisfy the condition (5.3.12). We
have

VN (2,0) = VP (z) =
(o Ty nwL by . (nrx - .
>k (<2 ) (e (752 2y (755)) = 00—

Thus the solution of the initial problem (5.3.1)-(5.3.5) is

—

VP (z,y) =V (z,y) + VP (z) =

] y\— _\/N2_2()‘n_6)02
V(+)(:E,y) = chf)exp ( 2 2 5 2> X
03

Ty nwT bu; . (nmx +)
xexp( 0%)<COS< 2 )+mm%51n( 2 ))+V (z)

e Discounted Financing.

By Proposition 4.4.2 in order to find the expected discounted financing for the first insurer

(X-insurer) in a de Finetti - Lundberg model we have to solve the PDE

ot o2 _ _ _
SV @) + 2V (@) + V) (@) + V7 () = 0V () (5.3.14)
subject to the boundary conditions

d
oV @Y= = -1 (5.3.15)
o
(=) = 3.1
57 (@ Y)la=b 0 (5.3.16)
V) (z,0) = 0 (5.3.17)

V), 00) == lim V) (z,9) = V) () (5.3.18)
y—00
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e Step 1.

We consider the ODE )

TV @) + V(@) = v (@) (5.3.19)
with boundary conditions
0 . ,_
%V( J@)|e=0 = —1 (5.3.20)
0 . ,_
5.V @le=p = 0 (5.3.21)

The solution of (5.3.19)-(5.3.21) is

2 2
) x (/] + 2007 — 1y
V(_)(IL‘) _ 77/11(357#1701757 Oa 176) exp ( ( 1 1 ) (5322)

¢2(M1,0‘1,b,0,1,6) O-%

where ¥, (x; p1,01,0,0,1,0) and ¢y(p;,01,0,0,1,6) are given by (5.A.24) and (5.A.25) respec-
tively.

Step 2.

Now it is enough to solve the pde (5.3.14) with boundary conditions

a —
%V(*)(:B,y)u:o = 0 (5.3.23)
a —
_— (7) _ = . 24
V) (z,0) = -V () (5.3.25)
VO (z,00) = lim VO (z,5) =0 (5.3.26)
y—00

By (5.A.31)—(5.A.33), (5.A.12)—(5.A.15), (5.3.26) and the principle of superposition the solution

is:

V)(z,y) = icﬁl—)exp (y< 5

03

b
X exp (—Z?) (COS (TLZ:C) + n:;% sin (m;x))

M2\/M%2()\n5)‘7%>) y

where by (5.A.14) we have:
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Finally we will find the coefficients cgf) in order the solution to satisfy the condition (5.3.25).

We have

ZC €xp <—L%1) <cos (m;m) + nbﬁ;% sin (m;x)) = V@)=

—
=
|
X
=
/N
WYE

11> (COS( £) + ez sin (T)> dx

b
2
bu
/ cos —i— M;Q sin (T)) dx
0

Thus the solution of the initial problem (5.3.14)-(5.3.18) is

—

V) (z,y) = VO (z,y) + VI (z) =

> ( — V5 =2 —5>‘72>

= )a:y Z ) exp 5

03
_Tpy nwT bu, . (nrmzx -)
X exp ( 2 ) (cos ( 2 ) + — sin ( 2 )) + V7 (2)

5.3.2 Expected Discounted Dividends and Financing for the De Finetti -de
Finetti model.

e Discounted Dividends.

By Proposition 4.9.6 in order to find the expected discounted dividends for the first insurer
(X-insurer) in a de Finetti - de Finetti model we have to solve the PDE

%Lﬁ( y) + 2V1(sz(x7y)+M1Vfi)(x,y)+M2V1(;)(w7y)=5Vf+)(m,y) (5.3.27)

subject to the boundary conditions

d

gV{H(x,y)lx:o =0 (5.3.28)

0

o V@) ey, = 1 (5.3.29)
VP (2,00 = 0 (5.3.30)

d

VI @,y ety = 0 (5.3.31)

Jy
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By (5.A.31)-(5.A.33), (5.A.16)—(5.A.18), (5.A.1)-(5.A.5), (5.3.27) and the principle of superposi-

tion the solution is

W CC Ml?o-lv)‘nvo O) (bl_x):ul
V
wY ; bla,ulvo-l))"fho O) P O-%
- —p3+ 2\, — )03
XeXp( gg‘?)sm <y\/ u2+02( )02)
2 2

where w1 (z; py,01, An,0,0) and wa(by; gy, 01, An,0,0) are given by (5.A.19) and (5.A.20) respec-
tively.

The eigenvalues )\, are calculated by the solution of (5.A.3) (with b replaced by by , 1y by po
, 01 by o2) and for large values of n are approximated by (5.A.4).

Similarly in order to find the discounting dividends for the second insurer (Y-insurer), by the

Proposition 4.9.6 we must solve the PDE

v(+) ) o VD () = s 5 339
2(E(E( ) 2 ny(l‘ y)+lu1 2z (x7y)+iu2 2y ($,y) — 2 ($7y) ( s )
subject to the boundary conditions
0
e (@, y)lem0 = 0 (5.3.33)
0
9 V@)l = 0 (5.3.34)
V(2,00 = 0 (5.3.35)
0
gy @l = 1 (5.3.36)

By (5.A.31)-(5.A.33), (5.A.12)—(5.A.15), (5.A.7)-(5.A.9) and the principle of superposition the

solution is:

> T nwx bipy . (nmx
V2(+)(a;,y) = Zexp <—U%1> <cos< b >+ mrall sm< b >)
n=0

(y — b2) <M2 +/15 =2\ —9) J%) 71(y, pg, 02, A, 0)
Xoexp = o2 To(fi, 72, b2, Ansy )

where 71 (y; pg, 02, An, 1,9) and 72(ba; g, 02, A\n, 1,0) are given by (5.A.10) and (5.A.11) respec-
tively and by (5.A.14) we have

n’n?o} + b2l

Ap = —
2b20%

+4

e Discounted Financing.
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By Proposition 4.9.6 in order to find the expected discounted financing for the first insurer
(X-insurer) in a de Finetti - de Finetti model we have to solve the PDE:

D)+ V) + iV @) + mVly @) = v @) (5.3.37)
subject to the boundary conditions
9 1,(-)
— = = -1 0.
SV @ 9)lemo (5339)
0 (-
%Vf '@,y = 0 (5.3.39)
V(2,00 = 0 (5.3.40)
0 (-
@Vf (@, )ly=p, = 0 (5.3.41)
By (5.A.31)-(5.A.33), (5.A.21)-(5.A.23), (5.A.1)-(5.A.5) and the principle of superposition the
solution is:
Yha YV =13 + 2\, — 6)03
Vl Z exp ( > ( o2 X
X ex x( ///1+2>\n0'%_ﬂ1> d}l(m;p’laa—labl))\naoao)
P O-% 1/}2(#‘170-1’[91’)‘717070)

where ¥, (x; py,01,b1, An, 0,0) and 15(uq, 01, b1, An,0,0) are given by (5.A.24) and (5.A.25) re-
spectively. The eigenvalues )\, are calculated by the solution of (5.A.3) (with b replaced by bs ,
tq by pie , 01 by o2) and for large values of n are approximated by (5.A.4).

5.3.3 Moments of the Discounted Dividends and Financing for the de Finetti
- Lundberg model.

e Discounted Dividends.
By Proposition 4.4.2 in order to find the moments of the discounted dividends for the first
insurer (X-insurer) in a de Finetti - Lundberg model we have to solve the PDE

2 2
TV (s k) + VG @5 k) + V) (@, k) + VD (@, 5 k) = RV @,y k) (5.3.42)

subject to the boundary conditions

0

a—xwﬂ(x,y;k)yx:o = 0 (5.3.43)
;xv(ﬂ(a:,y;k)\w:b = VD b,y k—1) (5.3.44)
V) (z,0,k) = 0 (5.3.45)
V) (z,00ik) = lim V) (z,y;k) = V) (k) (5.3.46)
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e Step 1.
We consider the ODE
2
%vgg;)(x; k) + puy VP (2 k) = koY (23 k) (5.3.47)
with boundary conditions:
0
) (g p— 3.4
axv (x; k)|z=0 0 (5.3.48)
;;wﬂ (k) |ompy = KV (b;k—1) (5.3.49)

The solution of (5.3.47)—(5.3.49) is

(b—=x) (Ml + Vi + 21‘550%) r1(x; py,01,0,k,0)
2

o1 7o(b; uqy,01,0,k,9)

V) (2: k) = exp

V) (b k — 1)
where 71(x; uy,01,0,k,9) and 72(b; piy, 01,0, k, 0) are given by (5.A.10) and (5.A.11) respectively.

e Step 2.

In this step we will solve the pde (5.3.42) with boundary conditions

0
amW(H(ﬂs, Yik)amo = O (5.3.50)
a —
2 W@k = KV, ysk — 1) (5.3.51)
W (z,00:k) = lim W (z,y:k) =0 (5.3.52)
y—00
By (5.A.31)-(5.A.33) and (5.3.50)- (5.3.52) we consider a solution of the form
Wz, y; k)
2 < 2
= * ~ - Y\ —Ho2 = 4/H2 — 2( kn — k5>02
= chig)a(m,,ul, 01, ) €XD < £1> exp < \/ 5 )
n=0 71 72

where

[_ .2 x 2
T/ =y — 27}, 07
a(w, py,01,A,) = sin

2 * 2 2 * 2
—H — 2M k001 Tyf =B = 2M k001

+ cos 5
H1 91
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and A}, are the constants of the separation of variables. Now because of the condition (5.3.51)
we take
)\2771 = )‘kfl,n + 6

and so we have

aaVV(” (2,5 k) omy = KV (b3 & — 1) =
a

2 5
Zexp (—%) (M1 + 6) sin (b\/ i 2(A§_1,n+a)al>

*(+) i
c
o M1
) XP (—%) (nm cos (”gb) 0?4 bsin (21° ) ft1)
= ke, 3 =
’ nmoi
(4 (+) (=1)"bpa
ck'n ) = kck 1n b\/— 2—2(A -‘1—5)0’2
2nmo 3 (Ak—1,n + 0) sin < - S 1)
1
e Step 3.
Now it is enough to solve the pde (5.3.42) with boundary conditions
8 —
%V(Jf) (x,y;k)|lz=0 = O (5.3.53)
a —
%V(‘*‘)(x,y; E)z=p = O (5.3.54)
VO (2,0k) = VO (ask) = WD (z,0; k) (5.3.55)
V/(:)(:L‘,OO;IC) : = lim V/(:)(a:,y;k) =0 (5.3.56)

Yy—oo

By (5.A.31)-(5.A.33), (5.A.12)-(5.A.15), (5.3.53), (5.3.56) and the principle of superposition

the solution is

VOt = 3 dlen i 2o )

03

b
com () (s () g (5))

1

where the eigenvalues Ay ,, are given by (5.A.14). Finally we will find the coefficients cgjn) in order

the solution to satisfy the condition (5.3.55). We have

—_—

V) (2,0:k) = =V (25 k) — W (z,0; k)
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which leads to

chn exp ( 55#1) ( (mgx) + bulz sin <n7;x)> = -V (2;k) — W (2,0; k)

or

)+ W(+)(;g 0;k)) exp <i—“§1> (cos (T) + ni’r‘; sin (”—T)) dx

1

o\c_

(+) _

Ckn

b
2
bu
/ cos —i-m; sin (T)) dz
0

Thus the solution of the initial problem (5.3.42)-(5.3.46) is

—

V) @,y k) = VO (2,5 k) + W (2,9 k) + V) (23 k)

e Discounted Financing.

By Proposition 4.4.2 in order to find the moments of the discounted financing for the first

insurer (X-insurer) in a de Finetti - Lundberg model we have to solve the PDE

2 2
TV @y k) + 2V @,y k) + V) @,y k) + V) (@, ysk) = kYO (@, k)

2
subject to the boundary conditions

0
=) ey = —kYPE) k1
8$V (‘Tvya )|I—0 V (O’y; )
0
N (_) . e
a.’BV ($7y7 k)|1’:b 0

V) (z,00k) = 0

VO (2,00k) = lim VO (z, k) = VO (a1 k)
y—00
e Step 1.

We consider the ODE
2
TV (@i k) 4 Vi) (s k) = kv (s k)
with boundary conditions

0

%V(i)(fc;k)‘x:b =0

0

5V @ kb= = VO Ok -1)

(5.3.57)

(5.3.58)

(5.3.59)

(5.3.60)
(5.3.61)

(5.3.62)

(5.3.63)

(5.3.64)
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The solution of (5.3.62)-(5.3.64) is

x ( pi + 2kdof — u1> by (3 g, 01, 0,0, K, 6)

ye) T k) = ex
( ) P 0-% ¢2(M1,01;b> O>k75)

V) 0,k —1)

where ¥, (z; puy,01,0,0,k,0) and v9(pq,01,0,0,k,9) are given by (5.A.24) and (5.A.25) respec-
tively.

e Step 2.

In this step we will solve the PDE (5.3.57) with boundary conditions

iWHWMMHOZ VOO, 53k — 1) (5.3.65)
O WO @y k)lasy = 0 (5.3.66)
8[1: )’ Tr=
W (z,00k) = lim W) (z,y:k) =0 (5.3.67)
y—oo

y (5.A.31)-(5.A.33) and (5.3.50)- (5.3.52) we consider a solution of the form
W (2, y; k)
(-) —Tpy Yy (_M2 - \/M% —2(Mgm — ké)a%)
Z ck’ exp | —5— | eXp 3
o1 72
~ T/ —pi = 2X} 0% xy/—pf = 205,07

X | © cos + sin
2 2
07 07

where

by/—H3—2X; .03

\/m Ly tan (103“)
O :=0(u;,01,b, )\Z,n) = b\/ﬁ
N —Hi— ,na

1y + \/_M%_—Mtan <1,%>kl>

and Ay ,, are the separation of variables constants. Now because of the condition (5.3.65) we take

ko = M1 + 0

and so we have

WO, K)o = RO 0,5k~ 1)
which leads to

“1+\/ 17— 2(Me— 1n+6)altan<b\/ 120010 19)F )

oq

(M1 +0) tan <b\/ —u1—2<Ak_1,n+a>al)

2
o1

) = ke
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e Step 3.

Now it is enough to solve the PDE (5.3.57) with boundary conditions

a —

%v(ﬂ(m,y;k)uzo = 0 (5.3.68)

6 —

Bl PIC) . _ = 3.

A (z,y; k)| z=b 0 (5.3.69)
VE (2, 0:k) = =V (ak) =W (x,0;k) (5.3.70)
]ﬂj)(:):,oo;k:) = lim ]ﬂj)(x,y;k) =0 (5.3.71)

y—00

By (5.A.31)-(5.A.33), (5.A.12)—(5.A.15), (5.3.68), (5.3.71) and the principle of superposition
the solution is

— © y =2 = /13 = 2(\kn — k003
V) (z,y3 k) = Z Cl(c, ) exp ( \/ -2 )
n=0 2

b
o () (s () g (5))

where the eigenvalues Ay, ,, are given by (5.A.14). Finally we will find the coefficients cé_n) in order
the solution to satisfy the condition (5.3.70). We have

—_

V) (2,05 k) = =V (@3 k) = W (2,05 k)

which gives

or

(V(—)(x) 4 I/V(_)(x7 0; kz)) exp (%) (cos ("—Z‘r) + nl;f;% sin (%)) dx

o— ..

b

2
/ (cos (22) + n?;% sin (%)) dx
0
Thus the solution of the initial problem (5.3.57)-(5.3.61) is

—

VO @,y k) = VO (2,55 k) + W (2,5 k) + VO (23 k)
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5.3.4 Moments of the Discounted Dividends and Financing for the de Finetti
- de Finetti model.

e Discounted Moment of Dividends.

By Proposition 4.9.6 in order to find the moments of the discounted dividends for the first

insurer (X-insurer) in a de Finetti - de Finetti model we have to solve the pde:

O'2 0'2
TV @,y k) + 2V @y k) + V) (k) + Vi) @,y k) = kv (oysk) - (5.3.72)

subject to the boundary conditions

0

%vﬁ)(x,y;k)ymzo =0 (5.3.73)

9 () (+)

%Vl (@, y;k)|o=b, = EkV;"(b1,y;k—1) (5.3.74)
Vi (2, 0:k) = 0 (5.3.75)

0

a—nyH(QJ,y;kﬂy:bQ =0 (5.3.76)

By (5.A.31)-(5.A.33), (5.A.1)-(5.A.5), (5.3.27) and the principle of superposition the solution

is

[e's) 2 2
+ + —Ypa\ y\/—,u2 + 20 — kd)oy
V§ )(x, yi k) = ngzo Cl(c,n) exp ( o2 > sin p

/.2 2
o (”1 Ty 201)"“") q(@; 1,01, Aen)

X exp =
1 Hy 4/ 3 + 20 Ak n
where
21‘@ / M% + 20%)\]97”
Q(‘r;l’LhUlvAk,n) = -1 —|—eXp 2 My

01

2
07

214 /p% + 20%)\;%
+\/,u% + 20’%)\;@771 1+ exp
and the eigenvalues A, are calculated by the solution of (5.A.3) (with b replaced by bs , p1; by
o, 01 by o2) and for large values of n are approximated by (5.A.4). By the condition (5.3.74)
and using (5.A.6) we have

0
%Vf_) (.TJ, Y; k)’z:bl = k‘V{Jr)(bl, Yy k — 1)
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which leads to

2 2
) g _bl (“1 VM +201)"“‘1’”)

c = exp
k.n k—1,n O'%

~ o+ B3+ 20N,
XE(b1; f1, 01, Me—1,m, Men)
Myt 4/ 3 + 208\ 1,n

where

(b1 11,01, Me—1.m> M)
q(b1; 1,01, Me—1,m)

b1 py+v/ 13 +202 0 0 /124202
2exp <— 1(u1 u12 T )> <—1~I—exp <2b1 MlJrz%lAk’")) Akn

91 91

Similarly in order to find the discounted dividends for the second insurer (Y-insurer) we would
like to solve the PDE

T 0) + ZVE )+ iV ) + ) (@) = 9V ) (5.3.77)
subject to the boundary conditions
g @,y k) gmo = O (5.3.78)
aﬁ @,y k) oy, = O (5.3.79)
Vi (z,0:k) = 0 (5.3.80)
aa VD @y )y, = WV (2, ba3k — 1) (5:3.81)

By (5.A.31)—(5.A.33), (5.A.12)—(5.A.15) and the principle of superposition the solution is

o
B n Tl nTx bu, . [nrmzx
= Cpn €XP <_a%> (cos ( b ) + mra% Sin ( b )) X

0
( y (—ho — /13 + 203000 y (—po+ /13 + 203000

exp 5 + exp 3
03 03

where by (5.A.14) we have
n’n?o} + b2 ud
Aen —_—

n= T 2b20% — ko
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By condition (5.3.81) we have

0
7V2(+)($, Y; k)‘yzbz = kv2(+)(xa b?; k— 1)

Jy
from which follows that
b :f , O 7b 7)‘ n N
c](:n) exp <_ 252) 2 (412 22 2, Ak, ) _ kc,(j_)l nTl(M2>U2ab27)\k71,n)
' 03 03 '

or ~

b T ba, Ae—1.m

8- i o () )

b} Yo(pg, 02,02, A.p)

where

Y1(pa, 09, b2, Ae—1.0)

bo (2 — /13 + 203N 1) by (a2 + \ /13 + 2080 1,0)

= —exp 5 + exp 5
03 03

TZ(NQ? g2, b27 Ak‘,n)

ba/ ,LL% + 20’%)%7” b2/ /L% + 20’%)%7”
= 2cosh \/,u% + 2(7%)\;97” — 2sinh

2 2 25
03 03

e Discounted Financing.

By Proposition 4.9.6 in order to find the moments of the discounted financing for the first

insurer (X-insurer) in a de Finetti - de Finetti model we have to solve the PDE

"fv{mi (2, y; k) + "fv{y; (2,3 k) + i Vi, (2,3 k) + iV, (@, K) = KOV (2,3 k) (5.3.82)
subject to the boundary conditions

ivm,y;mzo =~V 0,k - 1) (5.3.83)

%V(_)(x,y;k)\z:bl =0 (5.3.84)

VI (2, 0:k) = 0 (5.3.85)

;yvl(‘)(a;,y;k)\x:bz =0 (5.3.86)

By (5.A.31)—(5.A.33), (5.A.1)—(5.A.5) and the principle of superposition the solution is

0 2 2
B B s\ . y\/fuz +2(Agp — k)05
Vl( )(:L“,y; k) = nE:U Cl(c,n exp < 2 2) sin - X

2 2 =
x ( 12+ 202Ny — m) (s iy, 01, b1, )
2
01 py A2+ 203N
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where

~ 2 (b1 — )/ pd + 202 Nk,

C(‘/E;/‘Lbalabl))‘k‘,n) = 1 — €Xp 0_2 My +
1

2 (b1 — ) \/pf +20f A
/12 + 202N | 1+ exp 2
1
and the eigenvalues Ay, are calculated by the solution of (5.A.3) (with b replaced by by, 11 by
iy, 01 by o2) and for large values of n are approximated by (5.A.4). By the condition (5.3.83)

and using (5.A.6) we have

0 . (— _
%Vf )@,y k) om0 = — V(0,5 — 1)

hence we obtain

5 (1 ~exp (% WH)) N _
() _ )

o1 _ C(O’ /1’170-17b17)\k—1,n) —

Ck,n 2 9 Ck—l,n 5 9
fi1 /BT 207 Ak fry /11 + 201 k-1

2 2 ~
(=) — k?C(_) 1 * M + 201>\k’n C(O? H1,01, b17 Ak*l,TL)
kn —  "k—1n 3 -
p 4 A/ 3+ 203 N k—1.0 2 (1 — exp (@)) Akn

c
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5.4 Policy Making.

We start this section with a question. We suppose that an insurer, say X, has to choose to
collaborate with one out of n other insurers, say Y;, ¢ = 1, ...,n. How the X-insurer can make the
best choice in terms of maximizing his survival probability or in terms of mazximizing his expected
discounted dividends? He wants to be able to conclude that the cooperation with, say the Yj-
insurer, is the cooperation that gives him the maximum expected discounted dividends from all
the other cooperations. Also if the best cooperation is not possible then he wants to be able
to move to the next best cooperation, for example he wants to be in position to conclude that
the cooperation, say with the Yg-insurer gives him the maximum expected discounted dividends
excluding the Yj-insurer. How he can construct a policy, that is to rank his available choices from

the best choice to the worst choice?

The results we find in the previous sections can be used in order to answer these questions and

help an insurance company to construct a policy.

Definition 5.4.1 Let us suppose that we have a X-insurer who has to choose to collaborate with
one out of n other insurers Y;,i = 1,...,n. We will call best policy for the X-insurer with respect

of his survival probability, and denote it by n*(X), the vector
)= (Yo Yo - Y Yo - Yo )
with the property
P(z,ys) = P(z,yi))  for i<j, 4,j=12,..,n

where P(:v,y(,-)) is the survival probability for the X-insurer when he collaborates with the Y (-

insurer.

We will call best policy for the X-insurer with respect of his expected discounted dividends,
and denote it by 7V (X), the vector

WV(X) = ( }/(1)’ }/(2)’ .. YV(Z) Y(i—l—l) Y(n) )
with the property
Vi(z,ym) = Viw,yy) . for i<j, i,j=12..,n

where V (z, Y(i)) is the expected discounted dividends for the X-insurer when he collaborates with

the Y (;)-insurer.
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In order to proceed with the analysis of how to construct a policy, it is preferable in this
section to show the dependency of all the parameters of the problem and thus we write the

survival probability P(x,y) as

P(z,y) = P((2, iy, 023 D), (Y by 0y)

and the expected discounted dividends V (z,y) as

Vi(z,y) = V((z, iy, 025 b), (ynuya Uy))

We think that it would be better to present the method of constructing a policy for an insurance

company with the aid of an example.

Example 3 Let us consider an insurer which we call X-insurer which follows a dividends policy
with one reflecting barrier at b = 8 and one absorbing barrier at 0. He has initial capital z =5
and his reserves are described by a diffusion process with drift coefficient p, = 1 and volatility

coefficient o, = 3.

Suppose that the X-insurer has to choose to collaborate with one out of ten other insurance
companies, each one of them follows the Lundberg model with initial capital, drift and volatility

coefficients as in the following table

Y-insurer | y | p, | oy | P((5,1,3;8), (y, 1y, 04)) | V((5,1,3;8), (Y, 1y, 04))
1 211 |2 | 0.826795 8.67359
2 212 |5 | 0.690554 4.0308
3 311 |7 |0.797428 2.74389
4 111 |4 | o8y 2.06148
5 418 | 4 | 0.206494 10.1494
6 218 |6 | 0695488 3.96526
7 512 | 4 | 0245622 9.70484
8 312 | 4 | 043425 7.80096
9 214 |8 | 0165838 10.6374
10 2183 |6 | 0598884 5.16358

How to choose the best company to collaborate in terms of maximizing his survival probability

and in terms of maximizing his expected discounted dividends ¢

In order to find the best choice in terms of maximizing the survival probability we will make

use of the results of the example 2 in section 4.8. We make the calculations and present the
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results, that is the respective survival probabilities, in the fifth column of the above table. We
conclude that the best choice for the X-insurer in terms of maximizing his survival probability s
to collaborate with the Y-insurer numbered with 4. If this is not possible then his next best choice
is the Y-insurer numbered with 3. In this way the X-insurer has ordered the possible collaborations
according to the maximization of his survival probability and thus he has constructed his policy

for choosing the best partner, which is

7TP(X):(Y4, Y3, Ys, Yo, Yio, Yz, Yi, Y7, Yj, Yg)

In the following figures (Figure 3.1-Figure 3.6) we plot the survival probability as a function

of one or two of the parameters y, j1,, and o, while having all the other parameters fized.

0e s
04l /

02t /

sy

Figure 3.1: Survival Probability P((5,1,3;8),(2,1,0,))
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Figure 3.2: Survival Probability P((5,1,3;8), (2, ty,3))
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Figure 3.3: Survival Probability P((5,1,3;8), (y,1,2))
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Figure 3.5: Survival Probability P((5,1,3;8), (y,2,0y))
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Figure 3.6: Survival Probability P((5,1,3;8), (, i, 3))

Next in order to find the best choice for the X-insurer in terms of maximizing his expected
discounted dividends we consider the section 5.2.2. We make the calculations and present the
results, that is the respective expected discounted dividends, in the sizth column of the above
table. We conclude that the best choice for the X-insurer in terms of maximizing his expected
discounted dividends is to collaborate with the Y-insurer numbered with 9. If this is not possible
then his next best choice is the Y-insurer numbered with 5. In this way the X-insurer has ordered
the possible collaborations according to the maximization of his expected discounted dividends

and thus he has constructed his policy for choosing the best partner, which is
(X)= (Y, V5, Vi, Vi, Y, Vi, Y3, Ye Vi Vi)

In the following figures (Figure 8.7-Figure 3.12) we plot the expected discounted dividends as

a function of one or two of the parameters y, j1,, and o, while having all the other parameters
fized.
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Figure 3.7: Expected Discounted Dividends V'((5,1,3;8), (2,1,0y))
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Figure 3.8: Expected Discounted Dividends V' ((5,1,3;8), (2, 4, 3))
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12} o
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Figure 3.9: Expected Discounted Dividends V' ((5,1,3;8), (v, 1,2))

Figure 3.10: Expected Discounted Dividends V'((5,1,3;8), (2, i1, 7))
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Figure 3.11: Expected Discounted Dividends V((5,1,3;8), (y,2,0y))

Figure 3.12: Expected Discounted Dividends V'((5,1,3;8), (y, 11, 3))
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From the above example we observe that the policy of an insurance company who wants to
maximize the survival probability is different from the policy of maximizing the expected dis-
counted dividends. We see that in this example the policy of maximizing the survival probability

is the opposite from the policy of maximizing the expected discounted dividends.

5.5 Conclusions.

We applied the formulas of chapter 4 in the case of two insurance companies cooperation. We

considered two models:

e The de Finetti - Lundberg model.

e The de Finetti - de Finetti model.

We found the moments of the discounted dividends and the discounted financing and the
Laplace transform of the time of ruin. We also found the survival probability for the first insurer

(X-insurer) in a de Finetti - de Finetti model.

We showed how an insurance company can use the formulas of chapter 4 for policy making

purposes.
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5.A Appendix of chapter 5.

In applying the formulas we found it is needed to be solved particular types of differential equa-
tions. For this reason we summarize first some results on some particular types of differential

equations and boundary conditions in order to reference to them later.

e ODE-1.
The ode : )
o
T Qe (@) + 1 Qulw) O — k0 Q) =0 (5.A.1)
with boundary conditions:
QO) = 0 (5.A.2)
Q.(b) = 0

has general solution :

x (—,ul — V2 £20 — k&)a%)

Q(x;ulvala)\ab) = C(C1€xp o2 +
1
x <\/u% +2(\, — kd)of — u1>
+co exp 3
o1

Because of the boundary condition Q(0) = 0 the solution becomes :

—x . v/ — 12 F 2\ — kd)o?
Q(m;m,al,)\)—exp( 051>Sm< \/ AT (2k ) 1>

1 01

In order the above solution to be in the real numbers without to be trivial it must hold that

i
F (Ax — k) > 207
By the condition @, (b) = 0 we have
— 29 _ 2 — 29 — 2
tan (b\/ M F (2)\k: kd) 01> _ VT /E)\k: k) oy (5.A.3)

The above transcendental equation can be solved numerically and for large values of n the
eigenvalues are can be approximated by
(2n + 1)27207 + 4b%p2
8b20?

F (Mo — k0) ~ (5.A.4)
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So the general solution of (5.A.1) is

s _ by/—p2 F2(Ngyn — k) 02
Q(z; py,01,A,b) = ch,n exp < xé“) sin \/ ! 5 ! (5.A.5)
n=0 o1 o1
Remark 5.A.1 From (5.A.3) we see that ¥ ki, ks € R it holds that:
Mern — k10 = Mgy — k26 (5.A.6)
e ODE-2.
The ODE )
o
?lRm(x) + pyRo(x) F (A — kO)R(z) = 0 (5.A.7)
with boundary conditions
R(O) = 0 (5.A.8)
Ry (b) = f(b)
has solution
R(z;pq,01,A,b) (5.A.9)
C e (b—=x) (/‘1"’\/#%:‘:2()‘19_]{35) J%) ?1(a:;u1701,/\k,k,5)f<b)
P 0—% FQ(b;Mlao—la)\kakué)
where
2 24+ 2(\, — kd) o?
P (@5 iy, 00, M K 8) 1= (—1 Fexp(ZV 0.( : )"1>> o (5.A.10)
1
2b/ 12 + 2 (N, — k6) 0
Falbs i on Mo £,8) = ([ £ 2 (A — ko) o (1 texp ( 22 )“1)) T
1
2 242 — 2
+ (1 — exp ( b/ (;\k #9) Ul)) ey (5.A.11)
01
e ODE-3.
The ODE

T (@) + 1 Fola) F (v — K8)P(z) = 0 (5.A.12)
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with boundary conditions

F(0) =0 (5.A.13)
has general solution
F({E7 H1,01, )\)
= exp (%) <ccos (x\/w> 4 dsin <x\/w>>
01 1 2

By the condition F;(0) = 0 we have

F(x;/j“lvo-h)H b)

2
771

" sin (m\/ —p2F2(Ap—kd)o? )

— \/_2—_02
= cexp <:E51> cos <x “HFQS\'“ k)os +

o
01 1

V=12 F2(\g — kd)o?

By the condition F;(b) =0 we have Fy(b) = 0 which implies

2 exp (_ b—*%) (A — kd)esi <b _“ﬁ?(;\k W) %>
1 n o
=0

o1

\/—,U,% F 2()% — k‘(S)O’%

Y _ 2
w (b\/ 12 F 20\ k5)01> 0

or

2
07

whence we obtain

n2r2at 4 b2
A — ko) = ——L 1 5.A.14
F On—k0) = T (5.A.14)
and by the principle of superposition the solution becomes
. B > Tl nmwx bu, . /nmx
F(zypy,01,\,0) = nzz;)cn exp <_a%> <cos ( 2 ) + - sin ( 2 )> (5.A.15)
e ODE-4.
of
?Gm(m) + 1 Gy(x) F (M — k6)G(z) =0 (5.A.16)
with boundary conditions
G.(0) = 0 (5.A.17)



5.A Appendix of chapter 5. 187

has solution

(b - x)l‘bl @1(»”5;#1,01,)%757 k, 5)
; Ak, b, k,0) = —~ b 5.A.18
G(xnul)o-la ks Uy vy ) exp< O'% W2(b;/1/170-1;)\k;k;,5) f( ) ( )
where
242\, —kd)o?
&1(5 1, 01, A, b, ki, 8) 1= \/u? +2 (M — kd) 02 cosh (“’V“l (2’“ )"1> +
01
2 _ 2
+sinh <x\/”1 2 (3’“ #9) al) 1 (5.A.19)
o1
b/ £2 (N, — kd) 03
&Q(b; /Ll,dl,)\k,k,é) = 2<)\k — kd) sinh ( \/Ml (2k )01> (5.A.20)
o1
e ODE-5.
o
?Hm(:v) + p Hy(x) F (Mg — kO)H(x) =0 (5.A.21)
with boundary conditions
H,(0) = —£(0) (5.A.22)
H,(b) = 0
has solution
H(z;py,01, N\, b, K, 0) (5.A.23)
24+ 2(\p —kd)o? — ; b, \g, k,0
= exp|a \//J’1 ( k 5 )Ul H1 ¢1($7M1a017 s Nky vy )f(O)
01 Yo(p1,01,b, Ans ki, )
where
1/}1(33; H1,01, b, Ak, ks 5) = M% + N1\/M% +2 ()‘k? - ]C(S) U% - (5A24‘)
242\, —kd)o?
- (1 + exp(2(b — z) Vi ( Qk )01> (k6 — \p) o2
01
242\, —kd)o?
Yoy, 01,0, A0, k,0) 1 = (1 —eXP(Qb\/M1 (f )01)> X
01
X (kd — Ag) <u1 + \//L% +2 (N — k) J%) (5.A.25)

e ODE-6.
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—Jaz () + pyJz(x) F (A — k0)J(z) =0 (5.A.26)

with boundary conditions

J(0) = f(0) (5.A.27)

has solution

ot <o () YRR 0 paay
where
Q1(; py, 01, b, A, 6, k) (5.A.29)
= \/,u% + 2(\, — kd)o? + py tanh <(b —o)Vid ifo\k — kd)a%)
1
Q2(p11, 01,0, A, 6, k) (5.A.30)
= \/,u% + 2(\, — kd)o? — iy tanh (b\/,u% £ 25)2% — ké)a%)
1
e PDE-1

We consider the PDE
2 2

g g
jPM(:c, y) + nyy(w, y) + mPo(z,y) + poPy(x,y) = k6 P(z,y) (5.A.31)

We consider a solution of the form P(x,y) = u(z)w(y). Substituting into (5.A.31) we have

o? o2
éum(m)w(y) + fu(x)wyy(y) + pug()w(y) + pou(z)wy(y) = ké =
(ﬁum(x) ‘L%wyy(y) Uy () wy(y)
2 u(x) 2 w(y) = u(x) T+l w(y) ko =
cﬁum(m) ue(r) _O;%wyy(y) _ wy(y)
2 u(x) K u(m) =)\ = 5 w(y) Mo w(y) + ké
and we conclude the ODE’s ) @) @
07 Ugy (T Uz ()
ijyy(y) i wy(y) kS — My (5.A.33)

Ha =
2 w(y) w(y)
Now we are ready to proceed and we will start with the one reflecting barrier case and continue

with the two reflecting barriers case.



Chapter 6

Conclusions and Further Research

In this thesis we extended the de Finetti model in order to include barriers dividends policies
with barriers that are diffusions. We made the extension in axiomatic manner by posing par-
ticular properties which was motivated by the classical de Finetti model. We showed that the
de Finetti models with general barriers are well defined that is they are exists and are unique,
or to say it in other words that there are exist unique stochastic processes that evolve accord-
ing to our conditions. When we say unique stochastic processes we mean up to the degree of

indistinguishability.

We considered de Finetti models with one general barrier meaning that when the reserves of
the insurance company reach a "particular" level which depends upon a diffusion process then
the company goes bankrupt. We also considered de Finetti models with two general barriers, that
is when the reserves of the insurance company reach the level of the lower barrier, which also
depends upon a diffusion process, then the insurance company has the option to borrow money

and continue its operation.

We derived differential equations with appropriate boundary conditions, the solution of which
gives the quantities for which we are interesting. More specifically we found differential equations
with appropriate boundary conditions, the solution of which gives the moments of the discounted
dividends, the discounted financing, the Laplace transform of the time of ruin, the Laplace trans-
form of the joint distribution of the time of ruin and the discounted dividends and the Laplace

transform of the joint distribution of the discounted dividends and the discounted financing.

We applied the formulas in special cases and more specifically in cases where the reserves
process follows a Brownian motion, a Geometric Brownian motion and an Orstein-Uhlenbeck

process.

189
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Next we worked on another important issue, which is the situation of insurance companies
cooperation. We considered this issue from the perspective of a particular insurance company.
We were interesting to look at parameters which are vital to the decisions of the company. Among
these parameters very important role we consider to play the probability of survival in a particular
cooperation and the shares that will be given to the shareholders during this cooperation. We

found differential equations with appropriate boundary conditions the solution of which will give:

The moments of the discounted dividends and the discounted financing.

The Laplace transform of the joint distribution of the time of ruin and the discounted
dividends.

The Laplace transform of the discounted dividends.

The Laplace transform of the time of ruin.

The Survival probability for one of the two insurers.

We applied the formulas we found in two models:

(I) The de Finetti - Lundberg model.

(IT) The de Finetti - de Finetti model.

We showed how an insurance company can use the above results for policy making purposes.

We also mentioned possible ways to extend the above considerations to various other models.

An interesting point for future research is to consider a de Finetti model with barriers that
are continuous diffusions and reserve process which is Levy process. Also one could consider
barriers that are semimartingales and an intermediate step to this direction is to consider first
Levy processes as barriers. Another possibility is the inclusion of more economic aspects into the

model as for example the case of investing the reserves in the stock market.

Also point for further research is the consideration of insurance companies cooperation in
more general context, for example considering an insurer which follows the de Finetti model with

general barriers. One could then try to extend the model in n-dimensions.
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