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ABSTRACT

We examine hitting probability problems regarding the behavior of simple linear stochastic
differential equations with exponential boundaries, related to problems arising in risk theory
and asset and liability models in pension funds.

The first model we examine, in Chapter 2, is an Ornstein-Uhlenbeck (OU) process
described by the Stochastic Differential Equation dX; = uX;dt + odW,; with Xy, = xg
given, where p > 0 and {W,} is standard Brownian motion. This model arises as a diffusion
approximation of risk theory models in which the free reserves earn interest. The question
posed then is that of determining the probability of hitting a lower deterministic boundary
curve vpe’ and/or an upper boundary curve uge® assuming that initially the free reserves
lie between these values, i.e. 0 < vy < g < ug and that § < u < a. Both the finite horizon
“ruin probability problem” of determining the probability of hitting the boundary within
a finite horizon, and the infinite horizon probability are examined. This problem may of
course be formulated in terms of a second order PDE with curved (exponential) boundaries
in the plane and solved numerically. (An alternative approach involving a time change
argument is also discussed briefly in Chapter 2.) The main thrust of the analysis however
involves Large Deviations techniques and in particular the Wentzell-Freidlin approach in
order to obtain logarithmic asymptotics for the probability of hitting either the lower or
the upper boundary. These low-noise asymptotics are valid when the variance o is small
and hence the event of hitting either boundary is rare. The exponential rate characterizing
this probability is obtained by solving a variational problem which also gives the “path
to ruin”. We begin with a careful and detailed analysis of the finite horizon problem of
hitting a lower boundary. The infinite horizon problem both for hitting the lower and the
upper exponential boundary is treated using the transversality conditions approach of the
calculus of variations. In addition, the OU process with a more general linear drift factor
is examined, namely, the process resulting from the SDE dX; = (uX; + r)dt + odW,; with
the upper exponential boundary uge® (with 0 < u < «).

We also consider, in the end of Chapter 2, the problem of two independent OU processes
arising from the SDE’s dX; = aX;dt + cdW,, dY; = pY;dt + bdV;, Xo = xq, Yy = yo given.
Also, {W;} and {V;} are independent standard Brownian motions. If a > f and zo > o
then, in the absence of noise, it would hold that X; > Y; for all ¢ > 0. We examine,
again using the Wentzell-Freidlin approach, the probability that the two processes meet.
The optimal paths followed by the two processes and the meeting time 7' is determined
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by solving a variational problem with trasversality conditions. Interestingly, the same
model when a correlation is assumed between the two Brownian motions exhibits more
complicated behavior if the correlation coefficient exceeds a certain threshold. This last
case is discussed in chapter 4.

In Chapter 3 a corresponding problem involving a Geometric Brownian motion described
by the SDE dX; = uX;dt + o X;dW; with Xy = x( is examined, together with an upper
and a lower exponential boundary. Again the Wentzell-Freidlin theory is used. In this case
however, an exact solution is also possible, and therefore we are able to obtain an idea of
the accuracy of the logarithmic asymptotics we propose. As expected, when the variance
constant o becomes smaller, the quality of the approximation improves. The case of two
correlated Geometric Brownian motions is also discussed. These models are inspired by
the Gerber and Shiu model of assets and liabilities in pension funds.

In Chapter 4, besides revisiting the problem of two Ornstein-Ulhenbeck processes in the
presence of correlation, we also examine briefly OU processes with time-varying variance
constant, arising from the SDE dX; = uX,;dt + o(t)dW;. The hitting problem we examine
has a lower exponential boundary and infinite horizon. The variational problem arising from
the Wentzell-Freidlin method is tractable. However the equation giving the optimal hitting
time may not have a unique solution. We solve an instance of this problem numerically in
order to illustrate the approach.



1. INTRODUCTION

1.1 Ruin problems with compounding assets

Consider the following collective risk model: Claims are i.i.d. random variables {Y;}, with
distribution F' on R*, and they occur according to an independent Poisson process with
points {7},} and rate \. We denote by N(t) := > ", 1(T; < t) the corresponding counting
process. Income from premiums comes at a constant rate ¢ and the initial value of the free
reserves is xg. We assume further that free reserves accrue interest at a fixed rate 5. If
we denote by Z; := Zi]i(lt) Y;, t > 0, the compound Poisson process describing the claim

process then the free reserves can be described by the stochastic differential equation

dXt = <5Xt + C) dt — dZt, XO = Xyp. (11)

Along the above lines, Harrison [8] considered the following generalization of the classical
model of collective risk theory. He assumed that the cumulative income of a firm is given by
a process X with X = {X(¢),t > 0} be a stochastic process with stationary independent
increments, finite variance and zop = 0. Then Y (¢) the assets of the firm at time ¢ can
be represented by a simple path-wise integral with respect to the income process X. He

Fig. 1.1: Left: A sample path of the risk model. Middle: The same model with rescaled axes.
Right: A sample path of the corresponding Ornstein-Uhlenbeck process driven by Brow-
nian motion.
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defined the corresponding assets process Y by
t
0

with y positive level of initial assets and [ positive interest rate. Harrison demonstrated
that the Riemann-Stieltjes integral on the rigth side of (1.2) exists and is finite for all
t > 0 and almost every sample path of Z. Thus the process is a small defined path-wise
functional of the income process.

Typically Z(t) may be a Lévy process with finite variation so that the stochastic in-
tegral in (1.2) may be defined pathwise. A model with Z(¢) being Brownian motion with
drift would be natural as a diffusion approximation of such a model and this leads to the
Ornstein-Uhlenbeck model we examine in detail in this thesis.

Models with compounding assets occur naturally in the study of pension funds as well
Gerber and Shiu [4] have studied such models involving a pair of Geometric Brownian
Motion processes with positive drift representing assets and liabilities over time and in
this context ruin problems become relevant. With the notable exception of the Geometric
Brownian Motion problems exact solutions are not possible and we will study these ruin
problems related to these systems using Large Deviations techniques.

1.2 An overview of Large Deviation Results

Let X be a complete, separable metric space and B the Borel o-field of its subsets. Let
also {u} be a family of probability measures on (X,B) and I : & — [0,00] a (lower
semicontinuous) function with values in the non-negative extended real numbers. Then,
roughly speaking we say that the family of measures satisfies a Large Deviation Principle
with rate function I if, as € — 0, elog ie(B) ~ —inf,ep I(x). (The precise statement will
be given presently.) Before giving the precise statement however we will state Cramér’s
theorem which will provide motivation for the definitions.

Theorem 1. (Cramér). Suppose that {X;} are i.i.d. random variables with finite mean
w and moment generating function M(0) := E[e*] (defined for all & € R for which the
expectation is finite). Then

1 1 &
lim —logP [ =) X, = —J 1.3
Jim —log (n ; > w) (x) (1.3)

where the rate function I is the Legendre-Fenchel transform of the cumulant function
A(0) :==log M(0) i.e.
I(z) = sup{fz — A(0)}. (1.4)

z€R
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Cramér’s theorem dates from the 1930’s and was a seminal result which provided the
impetus for the initial work in Large Deviations Theory. Lundberg’s exponent in the
classical risk theory model plays precisely the same role as the rate function in the above
theorem. For a comprehensive account of Risk Theory, both classical and modern, see [34].

Recall that a function f is lower semicontinuous at x iff, for every sequence {z,} such
that lim, ooz, = @, liminf, . f(x,) > I(z). A rate function I : X — [0, 0] is a lower
semicontinuous function on X which implies that the level sets U (y) := {x € X : I(z) < y}
are closed subsets of X. A good rate function is one for which all the level sets U (y) are
compact subsets of X'. The effective domain of the rate function I is the subset of X,
Dy :={x: I(x) < oo} for which the rate function is finite.

The fact that the rate function [/ is lower-semicontinuous has as a consequence that the
level sets of the form V(a) := {z : I(z) < a}, o € R are closed. A rate function [ is called
good if all level sets ¥(a) are compact. As usual, for any I' C X, ' denotes the closure and
['° the interior of T.

With the above definition one may give a precise statement of the Large Deviation
Principle (LDP):

Definition 2. The family of measures on {u.} satisfies an LDP with rate function I if for
allT € B,

— inf I(z) <lim iglf elog p1(T") < limsup elog . (I") < — inf I(z). (1.5)
e—

zel° e—0 zel

Recall that a function f : [0,7] — R is absolutely continuous if for all € > 0 there
exists 0 > 0 such that, forallm € N, 0 < 81 <1 < Sp <ty < --- < 8, < t, < T such
that Y, (t; — s;) < ¢ implies >~ | |f(t;) — f(s;)| < e. Clearly, an absolutely continuous
function is continuous but the converse is not true. The set of all real, absolutely continuous
functions on [0, 7] is denoted by AC[0, T.

A fundamental result in sample path Large Deviations theory is the following theorem
due to Schilder [32]. Suppose that {W(¢);t € [0,1]} is a Standard Brownian motion in R
and define a family of processes {W,(t);t € [0,1]} via W, (t)(t) := /e W(t) where € > 0.

Theorem 3 (Schilder). The family of measures {u.} induced by the family of processes
{We(t);t € [0,1]} satisfies an LDP with good rate function

1
. : /0 F(s)%ds if f € H,

+00 otherwise

where Hy is the Cameron-Martin space {f € AC[0,T], f(0) = 0, fol f?(s)ds < oo} of
absolutely continuous functions with square integrable derivatives.
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Wentzell-Freidlin theory generalizes this idea to Stochastic Differential Equations.

1.3 Wentzell-Freidlin theory

We begin with the following relatively simple problem. {Xf;t € [0,1]} is a family of
real-valued diffusion processes defined on the same probability space, (2, F,P) given by

X = W(XO)dt + /edW,, Xi=0, te€[0,1], €>0. (1.6)

The function b : R — R is assumed to be uniformly Lipschitz-continuous, i.e. [b(z) —b(y)| <
B|xz — y| for some B > 0 and all z,y € R. To simplify the exposition and the analysis to
follow, the initial condition is assumed to be zero and the volatility term does not depend
on the diffusion state. These restrictions will be later removed.

For each given ¢ > 0 the stochastic differential equation in (1.6) has a unique solution
which is a continuous function with probability 1 (see for instance [31, §5.2]). Let Cy|0, 1] :=
{f:[0,1] = R,s.t. f(0) =0, f continuous}. Then X; € Cy|0, 1] and for each ¢, it induces
a probability measure ¢ on Cy[0, 1].

Consider first the transformation I" : Cy[0, 1] — Cy[0, 1] defined via ¢ = I'(g) where
t
o(t) = g(t) +/ b(¢(s))ds for ¢t €[0,1] and g continuous with g(0) = 0. (1.7)
0

The existence and uniqueness of a function ¢ € Cy0, 1] satisfying (1.7) for a given function
g € ([0,1] follows from the corresponding theorems on ordinary differential equations,
given that b is uniformly Lipschitz continuous. Let p¢ denote the measure induced on
Co[0,1] by the Brownian motion {\/eW;;t € [0,1]} (where {W;} is Standard Brownian
Motion). The measure fic on Cy[0,1] can then be expressed as p, o I'"' where I'"! is
the inverse map: If B(Cy[0,1]) is the Borel o-field of sets of continuous functions and

A € B(Cy[0,1]) then T71(A) = {f € C,[0,1] : T(f) € A}.

We note that I' is an injective mapping: If g;, « = 1,2 are two different elements of
Co[0, 1] then since ¢; = I'(g;),

0at) — () = dult) — d(t) /0 (b(6a(5)) — b(61(5))) ds.

Since the left hand side in the above equation is not identically 0, then ¢ — ¢; cannot be
identically zero.

Also, T" is a continuous mapping. (The norm we use of course is the sup norm: || f| =
supyeo) |/ (¢)]). Then setting A(t) := |¢2(t) — ¢1(t)] and 7(t) = [g2(t) — g1(¢)| we have

At) = / <b<¢2<s>>—b<¢1<s>>>ds+gg<t>—gl<t>\SB / A(s)ds +r(t).
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Then, as a result of Grownwal’s inequality, if () <7,
A(t) < nePt

This establishes the continuity of the mapping [ and hence, appealing to Schilder’s theorem,
we conclude that the measures induced on C[0,7] by {Xf} satisfy a Large Deviations
Principle with good rate function

i) = /0 (2/(t) — b((t))" dt.

The precise arguments can be found in [3, §5.2] and [20] (chapter 2, theorem 2.25). For
applications in Risk Theory see Asmussen and Steffensen [1].

1.4 Exit time of a diffusion from a deterministic boundary

The typical problem we examine in this thesis involves a family of SDE’s parameterized by
€ > 0 which denotes the intensity of the noise factor

dX; = p(X;)dt + veo(X[)dW,, X§ =0 (1.8)
together with the ODE ensuing when the noise factor is set to zero,

2(t) = ple(t),  2(0) = o, (1.9)

and a second ODE,
u'(t) = v(u(t)), u(0) = up. (1.10)

We assume that v(z) > p(z) for all  and z¢ < wy. Therefore z(t) < wu(t) for all t > 0
which means that the zero noise solution of (1.8) is always below the solution of (1.10). Of
course, in the presence of noise, there is a positive probability that the solution of (1.8)
exceeds that of (1.10). To be more specific, let 7. = inf{t > 0: X; = u(t)} (with 7. = +00
when the set is empty). (We will suppose of course that the functions yu, o, and v satisfy
the usual Lipschitz continuity and rate of growth conditions to insure (strong) existence
and uniqueness of the solutions.)

The main object of this study is the evaluation of the finite and infinite horizon “ruin
probability” P(7, < oo) which, in general, is analytically intractable. Thus, with the
exception of the Geometric Brownian motion case, i.e. when m(x) = mz, o(z) = ox and
v(x) = va where explicit closed form expressions can be obtained, as is shown in chapter
3, we resort to logarithmic asymptotics obtained by large deviation arguments.

More specifically, we apply the Wentzell-Freidlin technique (see for instance [7] or [3])
to obtain the value of
Q= —lin%eloglP’(T6 < 00) . (1.11)
e—
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We will examine in detail the case of the Ornstein-Uhlenbeck process, corresponding to
drift p(z) = px and volatility o(x) = o with g > 0 as well as other linear SDE’s.



2. LOW NOISE ASYMPTOTICS FOR THE ORNSTEIN-UHLENBECK
PROCESS

In this chapter we examine an Ornstein-Uhlenbeck (OU) process with positive infinitesimal
drift and consider the probability of hitting an upper or a lower exponential boundary.
The problem is approached using the Wentzell-Freidlin theory for obtaining logarithmic
asymptotics both for the finite and the infinite horizon problem. An OU process with an
additional constant term in the drift is also examined. Interestingly, depending on the value
of the constant drift, the variational problem from which the rate function is obtained, may
not have a unique solution.

2.1 The Ornstein-Uhlenbeck SDE and the time to exit from a
deterministic boundary

Consider the Ornstein-Uhlenbeck Stochastic Differential Equation (SDE)
dX; = pXydt + cdWy, Xy = xg (2.1)

where 1 > 0. Note that its expectation increases exponentially with time according to
EX,; = zpe*, t > 0. Consider also the deterministic exponential function given by

V(t) = voe® where 0< B <p and 0<wy < xo. (2.2)
Let
p(zo, T) = P(Xy > V(t); 0<t<T) (2.3)

denote the probability that the process {X,} stays above the exponential boundary V().
In this model 1 —p(xg, T') may be thought of as a type of ruin probability. We are interested
in evaluating p(xg, T") and the limiting probability p(x¢) := limz_,o p(xg, T') for the process
given in (2.1) with boundary given by (2.2). Due to the Markovian property of {X;}, the
“non-ruin probability” defined in (2.3) satisfies the PDE

1
5o—“"fm +uxfo+fi =0, inD:={(z,t):0<t<T, z>uvee’} (2.4)
with boundary conditions f(voe®*,t) =0 for ¢ € [0, 7] and f(z,T) =1 for z > vy.
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We will not attempt to obtain an expression for the solution of (2.4) due to the difficulty
introduced by the shape of the domain D. One may obtain numerical results for the ruin
probability based on the above formulation. We will instead use Wentzell-Freidlin “low
noise asymptotics” [7] in order to obtain a large deviations estimate for the probability
that X; crosses the path of V(¢) for some ¢ € [0,7]. There has of course been significant
work on first-passage times in OU processes, in particular we mention L. Alili, P. Patie,
and J.L. Pedersen [49].

2.2 A time-change approach to the Ornstein-Uhlenbeck ruin problem

Consider the two sided problem
dX; = pXidt +odW,, Xg= 29

with an upper boundary given by the curve U(t) := uge® and a lower boundary given by
V(t) = voe’t. We assume that 0 < vy < 29 < ug and 0 < 3 < p < . We are interested
in the hitting time 7" = inf{t > 0 : Xy > U(T) or Xy < V(T)}. (Of course, if the set
is empty, the hitting time is equal to +oo corresponding to the case where the process
never exits from one of the two boundary curves.) The Ornstein-Uhlenbeck process has the
solution

t
Xy = xge“t—i—a/ M=) qw,
0

The condition
Vt) < Xy < U(t)

is equivalent to e MV (t) < e "X, < e MU(t) or
t
voe WA < 4o+ a/ e AW, < ugel® M, (2.5)
0

The stochastic integral £(t) := o fot e **dWy is a Gaussian process with independent inter-
vals and variance function

2

Var(£(t)) = o2 /Ot e 5 ds = g_,u (1—e2).

Note that the limit lim; ., Var(£(t)) = % is finite. Consider the time change function 7(t)
defined by

r(t) = g—u (1—e2),  tel0o00) (2.6)

The inverse function (which necessarily exists since Var({(t)) is an increasing function) is

1 2 2
{r) = —ﬂlog (1 - %) , TE {0, ;_u) (2.7)
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Applying this change of time to the double inequality (2.5) we obtain

—2ur) 5

1
——log(
1 2T 2p o2
—_B)L log(1—
voe P2 os(1-%) < $0+a/
0

1

2ut
e AW, < uge” @ log(1-25 ), TE [0, —

2

~ L joe(1—24T
However, W, := o fo 2 oe(1-F) e *"dW, is standard Brownian motion. (It can easily be
seen that it is a continuous martingale with quadratic variation function (W), = 7.) Thus

we have the equivalent problem

p—B a—p
) Sn - 2 T 2
wl (1= " <o+ W < w (1=2E2) T e o). (2.8)
o? 2

In general, the passage time — hitting probability problem associated with (2.8) must
be solved numerically. Of course the time change transformation may have computational
advantages. There is a great deal of work, both theoretical and applied, regarding passage
times and hitting probabilities of Brownian motion with curving boundaries. In the special
case where a« = 8 = p an exact solution exists. In general we have not been able to obtain
closed form expressions even with a single boundary even in the few cases where exact

solutions are known, such as for a parabolic boundary: When 8 = 0 then the time-changed

lower bound is vp4/1 — 2;‘—27 While this is a parabolic boundary, the results that have

obtained for this case, [37], [38], apply when it acts as an upper and not a lower boundary.
Therefore, the exact solution in this case is not known, to the best of our knowledge.

A two-boundary case: a« = 3 = p. In that case (2.8) becomes
~ 0’2

vo—xg < W, < ug— xg, TE{O,—).
24

The exact probability of never exiting either boundary, can be obtained from the well known
expression for the density of standard Brownian motion (starting at zero) with absorbing
boundaries at a, b, (a,b > 0). If p(x,t)dx =P (W, € (z,z +dx); —b< W, <a, 0<s<t),
then, (see [23, p.222])

=2 nrb\ _y, . x+b
1) = E " )
p(z,t) n:1a+b8m (a—i—b)e sin (mra—i—b)
1 n?n?
Where)\nzﬁm, n:1,2,....

Then

P(—b< W <a, for()gsgt):/ p(z,t)dz,

—b

UN)'
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Fig. 2.1: Time-change in an Ornstein-Uhlenbeck ruin problem.
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. 2
and in our case —b = vy — xg, @ = Ug — Tg, t = g—u Hence,

2
]P’(—b<WS<a,0§s§J—) (2.9)
24
- 4 (2k + 1?7202\ . (2k + 1)7(zo — vo)
- (2k + 1)m P 2(up — vp)? S up — v '
0 0 0)"H 0 0

2.3 The Wentzell-Freidlin Framework - Finite Horizon Problem

To express the problem discussed in the previous section in the Wentzell-Freidlin framework
we consider the family of processes { X[}

dX; = pX/dt++eodW, X§=mxg (2.10)
together with the deterministic process

z(t) = px(t), x(0)= .

Denote by C0,T] the set of continuous functions on [0,7], and by C,,[0,7] the set of
all continuous functions f : [0,7] — R with f(0) = xy. Consider the transformation
F:C[0,T] — C,,[0,T] defined by

f = F(g) with f(t) = /Otuf(s)ds + og(t), t€[0,T]. (2.11)

Let f;, denote the solution of (2.11) when the driving function is g;, i = 1,2. We may then
establish the continuity of the map F' by means of a Gronwall argument which shows that

1fi = foll < oe'|lgi — gal|.

Theorem 5.6.7 of [3, p. 214] applies and therefore the solution of (2.10) satisfies a Large
Deviation Principle with good rate function

T
! / () — nf ()20 %dt it f €M,
0

I(f.T) = { 2 (2.12)

+00 otherwise
where H, (T) == {f : [0,T] = R : f(t) = xo + fotgb(s)ds , t €10,T],¢ € L*[0,T]} is the

Cameron-Martin space of absolutely continuous functions with square integrable derivative
with initial value f(0) = .
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Theorem 4. In the above framework, if the lower boundary curve is V (t) = voe?,

lir%e log P ( min X7 —V(t) < O) = —Iy(T). (2.13)
e—

t€[0,T]
The rate s given by

(erﬂT — xoe“T) 2

21 T 1 if T <ty
Iy(T) = (2.14)
(et —zget)?
2u T if T >t
where 15, is the unique positive solution of the equation
(1 _ é) Bt 4 ée(ﬁ—u)t _ To (2.15)
H H Yo
Similarly, for the upper boundary curve U(t) = uge™,
lime logP <max X;—=U(t) > O> = —Iy(T) (2.16)
e—0 t€[0,T]
with )
(uoe®” — oer™)™ )
20 T 1 if T <ty
Iy(T) = (2.17)
2 (uoe™® — xoe”t%f T > o
1 o if T >ty
where t7; is the unique positive solution of the equation
@ pla—pyt _ (E _ 1) plurat _ Lo (2.18)
H H Up

Proof. Part 1. We begin by fixing ¢ > 0 and considering paths that start at zy at time 0
and end at V(t) := vpe? at time ¢: Consider the set

Heovi = {h [0,8] = R : h(s) = a0 + /0 d(u)du , s €[0,1], h(t) = V(t),é € L?[o,t]} .

Then, for n > 0,
lin(l)elog]P’ < sup | X5 —h(s)| < 7]) = —J.(%). (2.19)
e—

0<s<t

where J,(t) is the solution of the variational problem

J(t) =inf {J(z;t) : 2 € ,Hio,v(t)} (2.20)
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where

202

J(x;t) gives the rate function for a path that starts at z, and meets the lower boundary
at the point (£, voe) i.e. satisfies the boundary conditions

t
1
J(z;t) = / F(x, 2 u)du, and F(z,2',u) = — (' — ,u:c)Q. (2.21)
0

z(0) = o, z(t) = voe. (2.22)

The infimum in (2.20) is taken over all absolutely continuous functions on [0, t] with deriva-
tive in L?. The function z € H! )[O,t] that minimizes the integral defining the rate

z0,Vt
function is the solution of the Euler-Lagrange equation (e.g. see [26], [2])
[N R (2.23)
T du ' — .

and the boundary conditions (2.22). With the given form of F' in (2.21) the Euler-Lagrange
equation becomes
2" (u) = p*z(u) (2.24)

which has the general solution
x(u) = cre 4 coe™ M. (2.25)

The values of ¢, ¢y for which x satisfies the boundary conditions are given by the unique

solution of the system
1 1 C1 - i
ettt e—Ht o | T | weeft |

We obtain 5t . 5t .
voe”t — xpe H vpe’t — xoet
C1 = —e/‘t —ont s Cy = _—eﬂt p— (226)
Thus (2.25) with the constants ¢y, ¢o given by (2.26) give the optimal path
erﬁt (6/'“" — efiu'u) + I'O (eiu'(tfu) — eflj‘(tfu))
z(u) = ” —
ert — e
_ vl sinh(pu) + xo sinh(u(t — u)) (2.27)
sinh(ut) '
From (2.25)
2'(u) — pr(u) = —2ucee™
and, from this together with (2.21),
t
Ji(t) = 4u2c§/ ey = 2uc; (1—e ).
0
Taking into account the expression for ¢o we have
voePt — moet)”
J.(t) = 2u< s ") (2.28)

e2nt — 1
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There remains to show that there is no path xz(u) with piece-wise continuous derivative
which achieves a smaller value of the criterion, i.e. that the optimal solution does not
have corners. To this end we consider the Erdeman corner conditions ([2, §2.5]). The first
condition requires that F,. evaluated at the critical path be a continuous function of u. Since
F, = % (¢' — px) and z(u) is necessarily continuous, the first Erdeman condition implies
the continuity of x’(u) as well. Therefore, by virtue of the first Erdeman condition alone
we may conclude that the optimal solution cannot have discontinuities in its derivative.
For the sake of completeness we mention that the second Erdeman condition requires
that F' — 2'F,, evaluated at the critical path be also a continuous function of w. Since
F—1'Fy = —35 ((2/)* — p?z?) and because of the continuity of z(u), this second condition
by itself would allow the existence of corners at which the first derivative changes sign.

(Such corners are of course precluded by the first condition.)

The solution we have found corresponds to a global minimum. To see this (c.f. Theorem
3.16 [2, p.45]) it suffices to note that, setting F(z,2') := 55 (2’' — px)?, then F is convex
on R?. Indeed, we can show that, for any (z{, o) € R?,

F(x,2") > F(xo,xp) + Fe(xo, 2y) (2 — o) + For (20, 25) (2" — 7))

or
1 1
5 (& = )’ > o (& — po)” — o (& — pv) (& — o) + (& — po) (' = ).
This last inequality is equivalent to
1 1
5 (@' —pa)’ = =5 (ah — pao)” + (2! — puz) (af — i)
or

(¢ — pw)” + (= pag)” — 2(2 — p) (xfy — prg) > 0

which is clearly true.

Part 2. In the first part we obtained the fized time optimal solution under the boundary
conditions (2.22). These conditions need to be supplemented with the additional path
inequality constraint

x(u) > V(u) forall u € 0,t]. (2.29)

In this part however we will solve the optimization problem

I(T) :=inf{J(z,t):0<t<T,x € ?—l;oyv(t), i.e. x satisfies the conditions (2.22) }
with finite time horizon ¢ € [0, T}, ignoring the inequality path constraints (2.29). Clearly
I(T) = infte[ng] J*(t)

We will next establish that J.(t) is strictly convex and has a global minimum. From
(2.28)

Avgpe™ (zoett — vyelt
JL(t) = o Z/Et 0 5 ) {(1 _ é) eBrmt 4 ée(ﬁ—u)t _ro (2.30)
(e2t —1) H H Vo
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Define the function

such that

In view of the expression (2.30), J.(t) < 0 for 0 < t < t°, J.(t°) = 0 and J.(t) > 0O for

t > t°. Thus t° is a point of global minimum for J,. Given the definition of the function
¢1, t° is the unique solution of (2.15). Figure 2.2 illustrates the behavior of the function
Ji(1).

Rate Function

70

Fig. 2.2: The dotted black line denotes the function J,(¢). The dotted red line denotes the rate

75

80

(bl(t) — (1 _ g) e(B+m)t + ge(ﬁu)t’ t>0.

thus ¢; is an increasing function. Also, ¢1(0) = 1, and 2 > 1, hence there exists t* > 0

o(t0) = 20>,

Vo

Rate Function

function I(t). Here p = 2.5, 8= 1.0, xg =4, up = 1 and t° = 0.529.

21

(2.31)

Since 0 < 8 < p and 0 < vy < 79, Tge"t — vpe®* > 0 for all t > 0 and thus the sign of J/ ()
is that of ¢;(t) — 2. Note that ¢/ (t) = %ﬁe(ﬁﬂ‘)t [+ B(1 —e )] > 0 for all t > 0 and
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Then (erﬁT _ xoe“T)Q .
21 T it T<t
I(T) = i%fT Jo(t) = (2.33)
t bl o o
€[0,7] (erﬁt . xoeut )2 . ]
2/ T it T'>1

Part 3. We complete the proof by showing that the optimal rate given by (2.33) remains
valid even after taking into account the path constraint (2.29). Define

Jo(t) =inf {J(z;t) : 2 € Hio,v(t),x(u) > V(u) for u € [0,1].} (2.34)

In this part of the proof we will study the behavior of the optimal path z(u) of (2.27) for
all u > 0. Clearly z(u) > 0 for 0 < u < t. By examining the numerator of (2.27) we see
that, for u > t, x(u) > 0 iff

inh
sinh(p)

= sinh(p(u —t)) vy > 0.

g(u

We can easily see that ¢'(u) < 0 and hence g is strictly decreasing in (¢,00). Also,
lim, .4y g(u) = 400 and lim, ;o g(u) = e — i—ge_ﬁt. Therefore there are two cases de-
pending on whether the condition e#* — i—ge*ﬁt < 0 or equivalently

elt® o 10 (2.35)
Vo
or, alternatively,
1 i
t <t := —— log—. 2.36
' p+p U (2.36)

If condition (2.35) holds then there exists a unique uy € (¢, 00) for which g(up) = 0 and
therefore z(ug) = 0. The derivative of x at ug is

' (ug) = @ (cosh(pu) — zq cosh(u(u —t))).

However, by the definition of ug, it also holds that
voe”t sinh(pu) = xqsinh(u(u — t)).

From these last two equations, together with the inequality xq > vy we can easily show
that 2’(up) < 0. Thus in the interval [ug, 00), x(u) satisfies the ODE (2.24) with initial
conditions x(ug) = 0, 2'(up) < 0, and hence it must be negative in this whole interval.
From the above analysis we conclude that when ¢ is small enough to satisfy (2.35) then
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1=0.25
=0.5
t=0.75
=1
t=1.25
t=1.50

™~

Ss
N\
:

™

Fig. 2.3: Here p =1, 8 = 0.6, zg = 2, vg = 0.5. The hitting times range from ¢t = 0.25 to ¢t = 1.50.
Note that, for ¢ = 0.25, 0.50, and 0.75 the path z(u) eventually becomes negative, after
hitting once V(u), the dotted green line. In the rest of the cases the paths remain
positive and intersect the dotted green line twice.

in the interval [0,¢), x(u) > V(u) and hence the path inequalities constraints (2.29) are
satisfied.

On the other hand, if ¢ > ¢; then z(u) > 0 for all u > 0. Therefore, as a result of
(2.24), 2"(u) > 0 and the function z is strictly convex for x > 0. Figure 2.3 illustrates
both cases. For ¢t = 0.25, 0.5, and 0.75 (black, red, and green paths) the paths eventually
become negative and intersect the dotted green line (i.e. V(-)) once. In the rest of the
cases the paths remain positive and intersect the dotted green line twice.

Since the curve V(u) = vge® is also convex there can be two points of intersection at
most between them, or only one if the curve z(u) is tangent to vge”* at ¢. Thus if there are
two intersection points, due the convexity of the curves and the fact that z(0) = xg > vy =
V(0), if 2/(t) < V'(t) then ¢ is the first intersection point of the two curves, meaning that
the path constraint z(u) > V(u) is satisfied for all 0 < u < t. Conversely, if 2/(t) > V'(t),
then there exists 7(¢) in the interval (0, t) for which x(7(¢t)) = V(7(¢)) and z(u) < V(u) for
u € (7(t),t). In this latter case, the inequality path constraint (2.29) is not satisfied. Thus
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the optimal path of Part 1 also satisfies the constraint (2.29) iff

Z'(t) < V'(¢). (2.37)
From (2.27)
Bt ( okt —pty _
v el (et 4 eTH) — 2
() = u pra— . (2.38)
Therefore (2.37) can be written as
Bt (ot —uty _
voe”t (et + e™H) — 2xq st
= < wopet.
or, equivalently, as
B\ @ BY - o
1—= e +({14+=]e <2—. (2.39)
H K Yo

If this condition is satisfied then the optimal path of part I also satisfies the constraint
(2.29). Define the function

) = (1= D) ey (14 2) o

1t I

It is easy to see that ¢5(f) > 0 and ¢»(0) = 2. Hence, the equation ¢»(t) = 292 has a
unique, positive solution, say ts. Since the function ¢,(t) is increasing, if follows that

t<ty (2.40)

is equivalent to condition (2.39).

Thus, when (2.40) is satisfied, the path given by (2.27) minimizes the functional J(x,t)

in (2.21) under the boundary conditions (2.22) and the path inequality constraints (2.29).
Then

Jux(t) = Ju(t) when t < to. (2.41)

Figure 2.4 shows that for specific values of the parameters u, 3, zg, vg. For the values of
the parameters in Figure 2.4 ¢35 = %logS ~ 1.04. Hence in the figure in the left the path
x(u) is decreasing and eventually becomes negative. There is a single intersection between
the curves z(u) and V' (u). On the other hand in the figure in the middle (¢ = 2) and in the
right (¢ = 3) the path z(u) is strictly convex, as is V' (u), and thus the two curves intersect
in two points. For ¢ = 2 the path z(u) satisfies (2.39) and therefore (2.37) and (2.29) while
for ¢t = 3 it does not.
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Fig. 2.4: Three cases. Here p = 1, 8 = 1, zg = 4, vg = 0.5. In the figure on the left the
predetermined hitting time is ¢ = 1. The optimal path x(u), after meeting V' (u) at
t = 1, keeps decreasing monotonically and eventually becomes negative. In the figure in
the middle the predetermined hitting time is ¢t = 2 and it is the first of the two points of
intersection of the curves. The path is convex and x(u) > 0 for all u. In the figure on the
right the predetermined hitting time is ¢ = 3. The path is again convex and z(u) > 0.
Here, another hitting time occurs before the predetermined hitting time at ¢ = 3.

If (2.39) is not satisfied then t is the second point of intersection of x(u) with V(u).
With 7(¢) denoting the first point of intersection, so that 7(¢) < ¢, the optimal path is
given by

z(u) for 0<wu<7(t)

To(u) = { Vi) for 7(t) <u<t or, z,(u)=max(z(u),V(u)), 0 <u<t.

Figure 2.6 illustrates this situation. The corresponding optimal value of the criterion is

7(t) t
J**(t) = % (A (:ﬂ(u) — /,L.I'(u))Qdu + /rv(t) (uoﬂeﬁu _ MUOGIBU)QdU)

20, _ )2
= J(7(t)) + “0(5575) (e*" — e257(t)) when t > t5. (2.42)
where J* is the expression in (2.28).
Next we will show that
t° < to. (243)

Indeed, using the definition of ¢, and ¢°,

P2(1°) = (1 - é) e 4 (1 + é) Bt
H Jz

o T T
= Gi(t7) + P < 2 p 1 < 2 = gy(ty).
Vo Yo
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=3
t=4

=6

-

Fig. 2.5: Two cases. Here y =1, g = 0.4, xg = 4, vg = 0.5. The hitting times range from ¢ = 2
to t = 7. Note that, only for ¢ = 2 the path x(u) hits V(u), the thick green line, for the
second time at the hitting time, i.e. only for ¢ = 2 does the condition z’(t) < V’(¢) hold.

where we have used the fact that § — p < 0 and that o > vg. Then (2.43) follows from
the fact that ¢, is increasing.

Then, the rate function in (2.13), defined as
Iy(T) = inf {J(2;t) : 2 € Hy yoy,x(u) > V(u) for 0 <u<t, 0<t<T.} (2.44)

can be obtained as

Iy(T) = t?(lé,r%} Jux(1). (2.45)
If T <ty then J,.(t) = Ju(t) and hence Iy(T) = mineom Jo(t) = Jo(t° AT) due to the
fact that J, is strictly decreasing in (0,t° and strictly increasing in (¢°, 00).

If T > ¢, then we can write Iy(T) := min (minge (o) Jor(t), minge(e, 17 Jis (). For
every t € (t9,T] there exists 7(¢) < t for which, necessarily, 7(t) € (0,ts]. Since Ju(t) >
Jo(7(t)) for t > t, by virtue of (2.42), it follows that minge(, 77 Jus () > minge(o,) J(t).
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00 05 10 15 20 25 30 35

Fig. 2.6: The optimal solution for the problem with fixed time and path inequality constraint
xz(u) > V(u). The red dotted line is the optimal path. It consists of a portion of the
optimal path without constraints and then follows the constraint up to time ¢.

Therefore we conclude that Iy (7') is also given by (2.28). This concludes the proof of
the first part of Theorem 4. The proof of the second part, pertaining to the upper boundary
curve is similar and will be omitted. O]

2.3.1 The infinite horizon problem - lower bound

We now turn to the infinite horizon problem of obtaining a large deviations estimate for
the probability P(inf;>q X; —vpe® < 0) in the same context as that of the previous section.
It is of course possible to solve first the finite horizon problem P(info<;<r X; — veelt < 0) as
we saw in the previous section and then minimize this probability over 7. Instead of this
we will use the standard transversality conditions approach of the Calculus of Variations
in order to tackle in one step the infinite horizon problem. These are necessary conditions
for optimality in variational problems with variable end-points.

T
min/ F(x, 2 t)dt,
0
subject to the constraints x(0) = zo, x(t) > V(t), x(T)=V(T)

1
with F(z,2',t) = Py (2 — pz)?, V() =vee™, 0< vy < .
o
In the above, both the optimal path x and the horizon 7" are unknowns to be determined.
Our approach to dealing with the inequality path constraint, x(t) > V(t) for all ¢t € [0,T)
will be to initially ignore it and obtain an optimal hitting time 7" and an optimal path x,
minimizing the criterion fOT F(z,2,t)dt and satisfying the boundary conditions . (0) = xy,
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x.(T) = V(T'). We then show that this optimal path satisfies the constraint x.(t) > V(¢)
for0<t<T.

The necessary conditions for a minimum in the problem without the path inequality
constraint are

d

Euler-Lagrange Equation:  F), — EFx/ =0, (2.46)
Boundary Conditions: z(0) =xo, x(T)=V(T), (2.47)
Transversality Condition:  F + (V' —2')F, =0 at T. (2.48)

/

Taking into account that F, = —puo =2 (2/ — ux), Fp = 072 (2 —
the FEuler-Lagrange equation becomes

d -2 2
Fx—%Fz/:—a (" — pPz) =0
and thus
" — P = 0. (2.49)
This has the general solution
z(t) = CreM + Coe M. (2.50)

Taking into account the boundary conditions (2.47), we obtain

JI(O) = 01+CQ = Xy, (251)
(T) = O’ + Coe™ = e, (2.52)

Proof. The transversality condition (2.48):
oy (@/(7) — pr(T))* + (vofe™ — (1)) —5 ((T) — ua(T)) = 0
(2'(T) — px(T)) (=2 (T) — pa(T) + 20pB8e"") = 0. (2.53)

Taking into account (2.50), it follows that 2/(T') — pz(T) = —2uCse T and hence, if the
first factor of (2.53) were to vanish, this would imply that Cy = 0. This in turn implies,
in view of (2.50) and (2.51), that x(T") = xee’? = vpe”T which is impossible since zg > vy
and p > (. Hence (2.53) implies

A~ EC’le“T. (2.54)

B
From (2.47) and (2.54) we obtain

C1+CQ = X
Cl (1—%) GMT—I—CQB_MT =0
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whence it follows that

xoe HT Lo (% - 1) et

) C'2 =
(H _ 1) erT + e—HkT

Cy = (2.55)

B

(Note that, p > 8 implies that the denominator in the above expressions never vanishes.)
It remains to determine the time 7" where the two paths meet and this is obtained using
(2.54) and (2.55) which gives

K AT 4 ~(w-B)T _ TOH
——1)e" +e = —=. 2.56
(5 ) vo ( )
If o(t) == (% — 1) ettt 4 e=(=P then it is easy to see that 1(0) = £ < kL and

V() = (n—0) ((1 + %) etuth) e_(“_@t) > 0. Furthermore, ¥(t) — oo as t — oo.
Hence (2.56) has a unique solution 7" > 0.

The rate function then becomes

1 T 2 1 L e o pCs —2uT
Tﬂo ($—ILLZE) dt:rﬂ/o 4,&026 “dt:?(l—e M)
or 2 2uT
_ Tpu 1—eH
= <1 5 6_2#T>2. (2.57)
uw—_
Finally, the optimal path x, hitting the lower bound is given by
eIt | (% _ 1) oH(T—1)
z.(t) = wo (2.58)

e HT 4 (% — 1) erT

where T is the (unique) solution of equation (2.56).

Intuitively, the uniqueness of the solution of (2.56) makes sense. If T" is very small the
noise factor W; must exhibit an extremely unlikely behavior in order for the OU process to
drop to the level of the lower curve. So having more time available makes the rare event
of hitting the lower boundary more likely. But if T" is very large, because of the difference
in the rates of the two processes, again hitting the lower boundary becomes extremely
unlikely. In Chapter 4 we will study a linear SDE which the uniqueness of the solution
does not necessarily hold. Also, in some cases, in the infinite horizon problem, an infimum
may exist but no minimum. The rate function I is not "good” and compactness fails. In
practical terms, the more time available the more likely it is that the noise term will cause
the Stochastic Differential Equation to hit the deterministic boundary curve.
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Fig. 2.7: An Ornstein-Uhlenbeck process evolving between an upper and a lower exponential
bound.

It remains to show that the optimal path z, for the problem without the inequality
path constraint, satisfies these constraints as well, i.e. we will show that

z,(t) > vee®, 0<t<T. (2.59)

Observe from (2.58) that z.(t) > 0 for all ¢ € [0,7] and, since it satisfies (2.49), z(t) > 0
for all t € [0, T]. Therefore z, is a convex function of ¢ and so is V(t) = vpe”. Since the
two curves meet at T, they are either tangent to each other or they have exactly two points
of intersection. If the condition

2 (T) < VI(T) = voBe’” (2.60)

*

holds then T' is the first point where the path x,(¢) hits the curve V(¢) and the path x,
satisfies the inequality constraints as well and hence gives the solution to our problem.. (If
(2.60) holds as an equality then it is the only point where this happens.) From (2.58) we
see that (2.60) is equivalent to

o (2 5)
(5-1)er s eor

< woBelT. (2.61)

The above is also written as £53 <2 — %) < (% - 1) e AT 1 e=w=AT and using (2.56)
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Fig. 2.8: The black line is a typical path of an OU process with 4 = 1, 0 = 1 and starting point
xo = 2. The blue curve is the lower exponential bound vge®* with vg = 1 and 8 = 0.8.
The meeting 7" obtained by solving numerically (2.56) is equal to 1.0621. Finally the
red optimal (large deviation) path is obtained from (2.58)

this becomes ’;Txg, (2 — %) < % orl< % which holds by assumption. Thus (2.60) holds

as a strict inequality and (2.58) is indeed the optimal path. O

2.3.2 The infinite horizon problem with an upper bound

This problem is similar to the lower bound treated in the previous section. We will discuss
it very briefly. The optimization problem for the action functional now becomes

T
min/ F(x, o' t)dt, x(0) = x,
0

subject to the constraints x(0) = xo, «(t) <U(t) for 0 <t < T, and z(T)=U(T)

1
with F(z,2',t) = Py (' — px)?,  U(t) = ue™, 0 <z < up.
o
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The necessary conditions for the minimum are

d
Euler-Lagrange Equation:  F, — pr F, =0, (2.62)
Boundary Conditions: z(0) = xy, «(T) = U(T), (2.63)
Transversality Condition:  F+ (U' —2')Fy = 0 at T. (2.64)

Proof. Again we first obtain the optimal solution without taking into account the inequality
path constraint x(t) < U(t) for 0 < ¢ < T. The solution method is the same as in section
2.3.1. In particular, the Euler-Lagrange equation again gives

2"(t) = pPa(t) (2.65)
and the optimal path is again of the form
z(t) = CreM + Coe M. (2.66)
The transversality condition (2.64), together with (2.65), gives
ﬁ pT oT
Cie" = upe*. (2.67)
a

Together with the boundary conditions C} + Cy = x, C; e*T + Cy e #T| this gives

—uT E_ 1) erT
O = Toc o = Hla-De (2.68)

(£ —1) erT 4 enT’ (£ —1) erT +erT’

and the optimal hitting time is given by the unique solution of
(9 — 1) et _ Lole-mT L 10 g (2.69)
H 2 U
To establish that (2.69) has a unique solution define the function ¢ : [0,00) — R by
o(t) = (9 - 1) ettt _ Lofamppt 4 10 (2.70)
L
It holds that ¢(0) = 32 —1 < 0 and

P (t) = LTH tpta) (p+a(l—e?) >0 forallt>0.
«

Thus, ¢ is a strictly increasing function for which ¢(¢) — 400 when ¢ — oo. Hence the
equation ¢(t) = 0 has a unique solution, as claimed above. From (2.66) and (2.68), the

critical path is
e—mT—t) _ (1 — &) et (T—t)
e HT — (1 — g) et

x(t) = xo (2.71)
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Consider the function ¥(¢) ;== e ™ — (1 — £) e, t > 0. ¥(0) = £ > 0 and it is easy to see
that ¢ (t) is decreasing and goes to —oo as ¢ — oo. There is therefore a unique root ¢, of

the equation 1 (¢) = 0 which is given by t, = ﬁlogﬁ and 1(t) > 0 for t € [0,%y). We

next note that ¢(to) = e* ™ ( (% — 1)e?to — &)t e =32 > 0. This then shows, in view of

the properties of ¢ (defined in (2.70)) that 7' < t and therefore that both ¢(¢) > 0 and
(T —t) > 0 when ¢t € [0,7]. This establishes that z(t) defined in (2.71) is positive and,
because of (2.65) also convex for ¢ € [0,T].

Therefore there are precisely two intersection points between the optimal path x(t)
and the convex curve upe®. (Generally speaking there could be a single point of contact,
assuming the two curves to be tangent to each other, we will see however that this is not
the case.) It remains to show that

7' (T) > ugae™” (2.72)
Using (2.71), (2.67), and (2.68) the above inequality is equivalent to

2— i Lol
e HT — (1 - g) etT ” e HT — (1 — g) etT

Top

which in turn is equivalent to o > p which holds by assumption. Therefore the critical
path z(t) satisfies the inequality z(¢) < U(t) as well, for all ¢ € [0,7).

The corresponding value of the rate function is
xg,u 1—e 2T
2 2
7 (1 g e

and hence, on a practical note, the probability that the OU process reaches the upper
boundary satisfies approximately

(2.73)

log P(sup X; — uge® > 0) ~ —1I.
>0

The quality of this approximation improves as o becomes smaller. In fact the exact state-
ment would be

1 —e 2T

lim o2 log P(sup X; — upe™ > 0) = xau 5
c—0 t>0 (1 4+ 6—2MT>
n—a

Note in particular that the value of T' does not depend on o as is clear from (2.69). Equation
(2.73) gives the value of I in terms of 7" which is in terms determined by (2.69). Alternative
expressions for the rate I, using (2.69) are, of course, possible. For instance,

(a—p)T __ 2 2
_ M (uoe a:o) K9 H 20T (,2uT
I = O R B = 3l (1 — E) et (e —1). (2.74)

]
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In Figures 2.9, 2.10, we consider the OU process dX; = X; + dW,, with Xy = ¢, (with
the value of the parameters ;= 1, 0 = 1) and the lower and upper bounds v(t) = 0.5¢%5¢,
u(t) = 2e"3. (Thus a = 1.3, up = 2, 8 = 0.5 and vy = 0.5.) In Figure 2.8 the optimal
value of T' that corresponds to the solution of the optimization problems of sections 2.3.1
and 2.3.2 (equations (2.56) and (2.69)).

2.4 Ornstein-Uhlenbeck with a general linear drift

Here we consider the Ornstein-Uhlenbeck process with a more general drift. This is im-
portant since it arises as a diffusion approximation in the risk models with interest rates
considered in chapter 1. Consider the SDE

dX, = (uX; + r)dt + odW,, Xy = .

The upper limit is U(t) = uge®. We assume that ug > o and p < «. In the determin-
istic limit, when o — 0, the solution X satisfies the deterministic Differential Equation
LXO(t) = pX(t) + r which has the solution X°(t) = zoet + ~(e" —1). To ensure that
we remain in range of applicability of Large Deviation results we will need to ensure that
the deterministic solution remains strictly below the upper bound, U(t) for all ¢ > 0. Let

o(t) = uge™ — (xo + 1) et 4+ L (2.75)
M M
Then we must have
%I>1£ o(t) > 0. (2.76)

We will make the additional assumption that
r < up(o — p). (2.77)

This assumption ensures that (2.76) holds. Indeed, ¢(0) = uy — z9p > 0 and ¢'(t) =
ert [uoae(a’“)t — Tl — r] . Then,

ugael @Mt Topt — 1T > Ugx — Toft — T > Ugx — Toax — 1 > 0
and hence (2.76) holds.

The action functional is .
1
502 (' — pa —r)” du.
0

The Euler-Lagrange differential equation F}, — %Fz/ = ( reduces to

a" — pPx — pr = 0.
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Fig. 2.9:

05 1.0 1.5 20

Initial Value

The system under consideration is an OU process with ¢ = 1, ¢ = 1 and initial position
xo. The red line is the “optimal hitting time” for the upper curve uge® with ug = 2,
a = 1.3, i.e. the solution of (2.69). Note that this optimal time decreases to zero as z
increases to ug = 2. Respectively, the blue line is the corresponding ”optimal hitting
time” for the lower curve vpet, B = 0.5, vy = 0.5, i.e. the solution of (2.56). In this case
the optimal time increases as the distance of xy from v increases.
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Fig. 2.10: The OU process and the upper and lower curves are as in (2.9). The red line is a plot of
the optimal rate I for hitting the upper curve in the infinite horizon problem given by
(2.73). Correspondingly, the blue line gives the plot of the optimal rate for hitting the
lower curve, given by (2.57). The point of intersection of the two curves corresponds
to the initial condition xg for which the exponential rate for the probability of hitting
the upper curve is equal to that for the lower curve.
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Its general solution is

x(t) = Cret + Cye™M — £ (2.78)

The boundary conditions are
2o = Cy+Cy— % (2.79)
upe®l = CretT + Che M — £ (2.80)

The transversality condition that must be satisfied by a critical path meeting the curve
U(t) == upe™ at T is

F+U(T)-2(1)Fy =0 or (¢ —r—px)(—2' —r— pz+2upe®) =0
which, using (2.78), reduces to
Cy (uoaeo‘T — ,LLC’Ie“T) = 0. (2.81)

The above equation leads to the examination of two cases:

Case 1. Cy = 0. Using this value in (2.79), (2.80), and eliminating C; among them gives

uge®? — (xo + f) et 4 T 0. (2.82)
u p

This equation corresponds to the requirement ¢(7') = 0 for the function defined in (2.75)
which is impossible. Hence Cy; = 0 is impossible.

Case 2. upae®™ — uCre!’ = 0. This, together with (2.80) gives

U (1 - g) el = Che™T — - (2.83)
7 1
Using this, (2.79), (2.80), give
01 + 02 = Xy + Z (284)
i
Cre!T + Coe™ = e + . (2.85)
i

The above system has the solution

e T (xo + ﬂ) — <uoeaT + ﬁ)
Cl - - - ) C2 =

e HT — erT
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Using this, (2.83) reduces to

Uo (g _ 1) elatmT _ uoge(af“)T _ Dent + x9 + Z= 0. (2.86)
p z s .

Under Assumption (2.77) i.e. if the drift term 7 is either negative or, if positive, not too
large the above equation has a unique solution which determines 7T'.

Define

() = ug (% — 1) etlatn) _ ugge(a—u)t _ feut + zo + 2

Also limy_, o f(t) = +00.

() = (o + p)ug (% - 1) etletm uo%(a — p)ela Wt bt

11(0) =up(aw — p) — 1.

Under the assumption f’(0) > 0. We will show that the condition implies f’(t) > 0 for all
t>0.

efutf’(t) =:g(t) = (o + p)ug (% _ 1> et UO%(OK _ /L)e(afm)t oy

g(0) = f(0) = up(ax — ) — r > 0.
g(t) = %eat(a — wuo (a+p— (= 2p)e”*) >0 forall t > 0.

This implies the uniqueness of the solution of (2.86).

Then
_2(1’0 + ﬁ) + (UOGO‘T + ﬁ) (e“T + e_“T)

etT — e=nuT

Z(T) = (2.87)
The condition for this solution to satisfy the inequality constraints as well is

2'(T) > upae™”.

This is written as

T

(uoeaT + ﬁ) (@uT + efﬂT) — 2($0 + ﬁ) N
> qupe .

et — e—uT

0

This is equivalent to

(T 4 ) e~ (wg+ ) > uge” [(g B 1) "
I 1 a

%e‘“T] = £(e“T—1)—x0
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the last equation following from (2.86). Hence

r r
—e M 4 e @ > go 4 —.
1

This inequality however is true because it is equivalent to ¢(7") > 0 for the function ¢
defined in (2.75), which is true.

The optimal path is in this case

- (:L‘O + ﬁ) sinh(u(T —t)) + <uoeaT + ﬁ) sinh(ut) .
2(t) = sinh(uT) o

The optimal rate can be obtained from the fact that z’(t) — pz(t) — r = 2Cse* and hence

2

a—u)T T —uT

=1L T4026utdt - r <u06( e )_%)
o, 2 o2 1—e2uT

Note, of course, that when r — 0 the above reduces to the value of I given in (2.74).

2.5 A Ruin Problem Involving Two Independent OU Processes

Here we generalize the problem examined in the previous section. The lower (or upper)
deterministic exponential boundary now is also considered to be stochastic - in fact another,
independent, OU process. We may thus study the following pair of SDE’s

dX, = aXdt+ ocdW, Xo =19 (2.88)
dY, = BY,dt+bdB, Yy = (2.89)

where § < « and yo < xo. As a result of these inequalities, in the absence of noise,
(0 = b =0) we would have Y; < X, for all £. The presence of noise may cause the two
curves to meet however. Again, an exact analysis does not give results in closed form and
we obtain low noise logarithmic asymptotics in the Wentzell-Freidlin framework. Using
again Theorem 5.6.7 of [3, p. 214] we obtain a two dimensional version of (2.12) for the
action functional to be minimized:

g 171
I = / F(xwrla y7y/>dt7 F = —((L’/ - ax)Z + _(y/ - By>2 ) (290)
0

2 |o?
The boundary conditions z(0) = zg, y(0) = yo, and x(T") = y(7T).

We will again tackle the infinite horizon problem directly and solve the moving boundary
variational problem using the appropriate transversality conditions. Thus the first order
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necessary conditions for an extremum are

d
F,——Fy,=0 2.91
pr (2.91)
d
Fy— 2 Fy =0 (2.92)
2(T) = y(T) (2.93)
Fy+F,=0 atT, (2.94)
F—2'Fy—yF,=0 atT. (2.95)

We note that

o B
F,= —;(x' — ax), F, = 2

The Euler-Lagrange equations give

1
(y, - ﬂy)7 Fx’ - 2(1‘/ - Ofl‘), Fy' = _Z(y, - /By)
g

2" —a*r=0 and ¢ —pB*=0.
Thus,
z(t) = Cre® + Coe™™, y(t) = CsePt + Che™
with boundary conditions
Ci+Cy=1x9, C3+Ci=1yp and C1e®T 4+ Che 270 = C3e’T + Che T, (2.96)
Also

7' (T) = aCre®” — aCye™  2/(T) — ax(T) = —2aCee 7T, (2.97)
y'(T) = BC3e”" — pCye™T, o (T) = By(T) = —25Cye™"". (2.98)

The first transversality condition is F,» + F,y = 0 or

3 (T) — aa(T)) + S5/ (T) ~ By(T)) = 0 (299)
or 6

Cpe T = 0. (2.100)

« _
—2026 ol +
g

b
The second transversality condition:

P Fy +yFy = —ar)Fy+ (Y — By)Fy + axFy + ByF, = 2F + axF, + fyF,
Then

tFy+yFy—F = F+axF,+ pyF,

111 1 ox
= 3 ;(x’—ax)Qer—Q(y'—By)Q —|—§(9L’ —ax) + —(y — py)
1

= (& — o) +ax) + s — Fu) + ) = O
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The above, in view of (2.99), becomes
(#(T) — ax(T)) (2(T) + ax(T) — y/(T) — By(T)) =0.
If the first factor is zero then, in view of (2.99), we obtain
#'(T) —ax(T) =0, o(T)—py(T)=0.

In view of the fact that 2/(T) — az(T) = —2aCee T this translates into Cy = 0 and
similarly o/(T) — By(T) = —2C4e PT = 0 implies C; = 0. Hence z(t) = ze*T, y(t) =
yoe®T, and x(T) = y(T) implies that ze®” = yoe’” or e AT = ® Since a — > 0 and
yo/xo < 11t is impossible to find 7" > 0 which satisfies this last equation.

The alternative solution is
2/ (T) + ax(T) = v (T) + By(T). (2.101)

Note that
2 (T) + ax(T) = 2aCie™”, o/ (T) + By(T) = 28Cse”"

and hence (2.101) gives
aCre®” = BCsePT. (2.102)

Determination of the optimal path. Displays (2.96), (2.100), and (2.102) provide the fol-
lowing 5 equations to determine the 5 unknown quantities, C;, ¢ = 1,...,4, and T"
Ci+Cy=u1z0, C3+Cs=yo
CleaT + Cge*“T = Cg@ﬁT + 0467’321

b2
Cy=Ge0TC, Cy= =5 Ze PTG,
o
or
01 + CQ = X (2103)
2
a a—pB)T a b —(a—B)T _
Ee( ey - 5 o2t @Iy = o (2.104)
b2
Cre®T + Che=oT = %eaT Oy — % e TG, (2.105)
Oy = %e(o‘ﬁ)T Cy (2.106)
b2
C, = —% e (2.107)
o
From the above we may obtain the values of C;, © = 1,...,4 in terms of 7"
(1+35) 1)
C1 = xo ’ , Oy = 1 ’

(1+%f;—2> e—oT + (9—1> eoT

=
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and
e ey
B R e R (R T R CE
(2.109)
From these we obtain the following expression for the critical path
(1 + % b_22> 6oz(th) + <% _ 1) ea(Tft)
z(t) = xg - (2.110)
(1+%%> e~oT + (% - 1) eeT
(1 18 ob—_j) A1) 4 (8 1) BT
y(t) = wo (2.111)

(+2g) et (E-1)er

Of course, there remains the task to determine the optimal meeting time 7. From the
above, when t =T we have

_ ab® +o?)
oT) = (a — B)o2eoT + (Bo? + ab?)e—oT’
y(T) = B(V? + o?)

Yo (B — a)b?efT + (Bo? + ab?)eFT"
At the meeting time T', 2(T") = y(T') and therefore

oo [(8 — a)b?e’ + (Bo” + abz)e_’BT} = yof [(a — B)o?eT + (Bo* + oabQ)e_aT] (2.112)

Determination of the meeting time T'.  We will show that the above equation determines
uniquely 7T'. To this end, define the function

f(t) = (a—p) [yOBJQeO‘t + :1:004626’&] + (Bo? + ab?) [yoﬂe’at — xoae’m} , t>0.
It holds that

f0) = (a—p) [90502 + xoab2] + (Bo? + ab?) [yo S — x00]
afB(a® 4+ %) (yof — 20a) < 0

and also lim;_,, f(t) = +00. Furthermore
F(t) = (a—B)aB [yoo’e™ + zgb’e™] + (Bo® + ab®)aB [—yoe ™ + zoe ']

Clearly f'(t) > 0 for all ¢ > 0 since [—yoe ™ + zge ] = e [—yg + zoe*P!] > 0
because a > f and ¢ > ¥p.
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Determination of the rate I. Taking into account that 2/(t) — ax(t) = —2aCye™*" and
similarly y/(t) — By(t) = —28C4e P! the rate function becomes

1 2 2
1= [ aarcreeig s L / 48202y — O2 (1 gomy PO ooy

27 | 22 7 B
o (1 = e207) 12 (% _ 1) 20T e-2T) 2 (5 — 1)2 J267

(11—
[(1+38) s (3-1) o] [0+88) e+ (-0 T
or equivalently

ala — B)20%ad (e — 1) Byab? (e —1) (a — B)°
I = -+ ~. (2.113)
[(a — B)o2eT + (Bo? + ab?)e—T] [(ab? + Bo?) e PT + (B — ) b? efT]

In particular, when b = 0 and o = p then the lower OU process becomes a deterministic
lower bound and (2.113) reduces indeed to (2.57), as it should.

Again, as in the proof of Theorem 4 we will show that the solution obtained corresponds
to a global minimum using the fact that F': R* — R is Convex and appealing to Theorem
3.16 [2, p.45]. To establish the convexity of F'(z,2',y,y') := 202 (2 —ax)? + #(y’ — By)?
we note that, for any (zg, x), o, y4) € R?,

F(a,2',y,y )= F (0, 20,90, Yo) = Fy (=) +Fy (' —20)+F) (y=yo)+Fy (y'—yp) (2.114)

where F? is shorthand for F,(xo, zj, yo, yy) and similarly for the other three such quantities.
The above inequality is equivalent to

1 2 / 2 1 / 2 1 / 2
By (2’ — az) +2—62(I — Bx) —272(900—0@0) —@(%—51‘0)
a ]‘ / / /

>~ — aw) (@ = 20) + 5 (2 — o) (& — 25)

1
—b’% (%0 = Byo) (¥ = 50) + 75 (o = Byo) (4" = ¥0)-

Elementary algebraic manipulations can show the above inequality to be true and therefore
establish inequality (2.114) which implies the convexity of F.

We may thus summarize the above long derivation as follows.

Theorem 5. Consider the pair of Ornstein-Uhlenbeck SDE’s depending on a parameter
e>0

dXf = aXfdt+ eadW,,  X§= o,
dYS = BYSdt +/ebdB;,,  Y§ = .
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Assume that 0 < yp < xg and 0 < f < «a. Let T° := inf{t > 0 : X7 = Y} (with the
standard convention that T = 400 if the set is empty). Then

ll_r%elogP(T <oo) = -1
where I is given by (2.113). If this rare event occurs then the meeting path followed by the

two processes, is given by (2.110), (2.111), and the meeting time T is the unique solution
of (2.112).



3. GEOMETRIC BROWNIAN MOTION

In this chapter an analysis of the problems we examined for the Ornstein-Uhlenbeck process
is repeated for the Geometric Brownian motion. The techniques used and approach followed
are analogous to that of the previous chapter. The reason for treating the Geometric
Brownian motion in equal detail is, on one hand its great importance in applications but
also the fact that in this case an analytic solution for the types of ruin problems we consider
can be obtained. As a result, the accuracy and merit of the large deviation estimates we
obtain may be gauged. This is carried out in this chapter.

3.1 The Finite Horizon Problem

Suppose that {X;;¢ > 0} is a Geometric Brownian motion satisfying the Stochastic Differ-
ential Equation
dX; = uXdt + o Xy, dW, Xo =z w.p. L. (3.1)

As is well known this has the closed form solution
X, = zoelt—zo)to W, (3.2)

Let ug > xp and o > p. Then the event {X; > wpe® for some t < T} is an event
whose probability goes to 0 as ¢ — 0. Our goal is to obtain low variance Wentzell-
Freidlin asymptotics for this finite horizon hitting probability. For reasons of notational
compatibility we introduce the parameterized process

dX;{ = puXidt + /ea X;dW,, X5 =xo w.p. 1. (3.3)

Theorem 6. For the parameterized process { X[},

lim €log P ( sup (X; — upe™) > 0) = —I(T). (3.4)

0<t<T
The rate function I(T') is given by

I(T) :== min J,.(t) (3.5)

0<t<T
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where J,(t) is solution to the minimization problem
Jo(t) = min{J(z,t) : v €H, :l:(()) = o, x(t) = upe™, z(s) < uge™, s €[0,t)}. (3.6)
where H = {h:[0,t] = R: h(s 0) + Jy o , s €[0,t], ¢ € L*[0,t]} and J(z,t) is

the action functlonal

(1) = 1/; (M>2du - % /Ot (logz(w)) — w)du.  (3.7)

2 ox(u)

This theorem is of course a consequence of the Wentzell-Freidlin theory. The minimiz-
ing path x(t) can be easily obtained in this case either using the full machinery of the
Euler-Lagrange differential equations, or simply by observing that the functional J(x,t) is
minimized when (log )" is zero or equivalently when log z(s) = ¢ for s € [0,¢]. This in turn
implies that x(s) = Ke® with x(0) = 2y = K and x(t) = zoe® = upe™ whence we conclude
that the function that minimizes the action functional under the boundary conditions is

1
2(t) = zoe”  where c¢=a+ -log 4o, (3.8)
t ZTo
It is easy to see that the above path satisfies the constraint x(s) < upe®® for s € [0,¢). The

corresponding minimum action is then

t 1 2
J(t) = 5 <a—u+—log—)

20
. > (a—p)l (log 22"
— a—p)log 2t 1 (log 32
202 202 t 202
The value of ¢ that minimizes the above expression is
o log o0
min o — ILL
and the corresponding minimum is
2(o — p) log 22
o2 ‘
Thus the rate function is
2(a—p) log 20
Ao e i i < T
I(T) = (3.9)

2
% (a—u—i—%log%) if tpw=>T
and, based on Theorem 6 we conclude that
—logP ( sup (X; — uge™) > O) ~ I(T). (3.10)
0<t<T

The above approximation is satisfactory provided that o is sufficiently small. We assess
its quality in the next subsection taking advantage of the fact that an exact solution also
exists in this situation.
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3.2 The exact solution

Consider the GBM X, = zpe~ 27" 9We and the corresponding finite horizon hitting prob-
ability

pr =P ( sup (X, — upe®) > 0)

0<t<T
where, as before a > p and 0 < g < ug. Since the event (X; — upe®) > 0 is the same as
Xem — o > 0, we will determine, equivalently the probability

1
pT f— IP) ( Sup $06(H_%02_a)t+awt Z U/O) — ]:P) ( Sup (M o 50-2 o O{)t + JWt Z 1Og @)

0<t<T 0<t<T Zo
log <Z—g> —(p—a—30%)T
ovT

+ %(H’fa*%UQ)log("iO) log <Z_8> — (M — %O.Q)T
(A w0 ) @
0’\/_1

—1-d

(3.11)

Here, ®(z) := ffoo
exact formula for pr allows us to evaluate the accuracy of the approximation (3.10). Figure
3.2 shows again —o?log pr together with the Wentzell-Freidlin asymptotic result when
o — 0. One may see that approximation (3.10) may be considered satisfactory, provided

that o is small.

\/%TT e~ du, the standard normal distribution function. The above

3.3 The Infinite Horizon Problem

The exact value of the infinite horizon hitting probability can be obtained from (3.11) by
letting T" — oo. This gives

1i 2 ( 1 9 )1 Ug
11m = o — €X — — =0 —o)log — | .
Jm pr P Plslh—73 8

Returning to the parameterized version of the problem, concerning the family of processes
{Xf} defined in (3.3), the corresponding infinite horizon hitting probability is

€ 2 ( 1 2 )1 Ug
= exp| —(p— —e0” — a)log —
Pso p s Y 9 g 7o
and therefore
limelogpS, = —3(04 —p)lo l (3.12)
e—0 8P = 02 a & Zo ' '

This, as we will see, is the same as the result obtained from Wentzell-Freidlin theory.
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Theorem 7. For the parameterized process { X;},
li_r%elogIP’ (s;g%) (XF — uge™) > 0) = —I(0) (3.13)
where the rate function I(co) is the solution to the infinite horizon variational problem
inf {J(z,T) : = €H, x(s) < upe™,0 < s < T, 2(0) = zo, 2(T) = upe™ } (3.14)
where J(x,t) = 3 fo ( log z(u))" — u)Qdu and H is again the Cameron-Martin space of

absolutely contmuous functzons wzth square-integrable derivatives. In fact, the rate function
for the infinite horizon problem is

I(o0) =25 10g 22, (3.15)
2 Zo
the optimal time horizon is
log 22
T=—=, (3.16)
o —p
and the optimal path that achives the minimum is
o (t) = zpe® M, t€[0,T]. (3.17)

Figure 3.1 provides an illustration of the above result.

The optimization problem of Theorem 7 can of course be solved using the finite horizon
analysis as a basis. However we prefer to use standard techniques of the calculus of varia-
tions for infinite horizon problems with the final value of the path constrained to lie on a
prescribed curve using the transversality conditions

T
min/ F(x,2';t)dt,  with boundary conditions z(0) = g, and z(T) = u(T)
0

1 [ 2
with F(x,2',t) = — [ = — . 3.18
(0.0 = 55 (£ =) (3.18)
In the above u(t) = upe™ is a given boundary curve with o < up and z is a C'[0, 00)
function which minimizes the “action” integral given the boundary conditions in (3.18).
The conditions for a minimum is

d
Fy——F, = 1
7 0 (3.19)

z(0) =29 and z(T)=u(T) (3.20)
F+ W —2)Fy=0 atT. (3.21)
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target curve

large deviations path
extreme path

mean value

120
|

100
|

Typical Path

Fig. 3.1: Simulated sample path for « = 1,29 = 1,up = 2 and ¢ = 0.15. The red curve is the
exponential target curve uge®. The green curve is optimal path predicted by Large
Deviations theory and given by z*(t) = zge**~#*t. Both a typical path and an extreme
path of the Geometric Brownian motion are displayed. The extreme path was generated
by simulating a large number of paths (~ 10°) and selecting one that hit the target, i.e.
reached the red curve. As expected it follows closely the green curve. The smaller the
variance the smaller the probability of hitting the target and the closer the agreement

with the theoretical path.

The first equation is the Euler-Lagrange DE of the Calculus of Variations. Equation (3.21)
is known as the transversality condition resulting from the fact that the end time 7T is not
fixed but is itself to be chosen optimally, under the restriction that x(7") = u(7"). Then

Poow @2 po_ g gadp o o) 2 and the Euler-L
= G327 T gmads Yot = Sagm — pag, and by = oos — 2 5+l an e Luler-Lagrange

equation (3.19) becomes

or equivalently

l,/ ! , , / w/
—=— & (log2') —(logz) =0 < logz' —logr=c; & — =7

Hence
z(t) = zoe. (3.22)
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Fig. 3.2: Logarithm of Hitting Probability and Comparison with the Wentzell-Freidlin low vari-
ance limit
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The transversality condition (3.21) reduces to

(20 4) (20 e ) ) -

and taking into account (3.22) we obtain either p =+ or

V= 202 la=NT _ 2v=0
Zo
or
200 ela=NT — [+ . (3.23)
Lo

Equation (3.20) gives zge?” = uge®? and therefore

pla=nT _ To. (3.24)
Ug
From (3.23) and (3.24) we have
v =2a—p (3.25)

Once the variational problem for a fixed time horizon is solved we may then find the
value T of the “most likely meeting point” for the two curves by optimizing over T. Al-
ternatively we may use (and have done so) the transversality conditions approach of the
Calculus of Variations. The solution of the variational process that minimizes the action
functional I and satisfies the boundary conditions yields the optimal path is z; = zge2*—#?

and the rate function
a —_—
o2

o

o —p

log %
I=2 a0

a log@ and T' =
Lo

It is worth pointing out that, in this case, a closed form analytic expression can also be
. . . 1
obtained. The solution of the SDE is X} = zoeW =20 ) HVe W and one may show that

2
lim elog P (sup(Xte — uge®) > O) = ——(a—p)log o,
e—0 o

t>0 To

The exact solution agrees with the Wentzell-Freidlin asymptotic result. In Figure 3.1 the
extreme path was selected by simulating a large number of paths and picking the largest
among them.
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Fig. 3.3: Probability of hitting the upper boundary as a function of time horizon based on the
exact solution (3.11). Here 0 = 0.5, g = 1, up = 1.3, p = 1. The function is plotted for
a=1.1, 2,25, 3, 3.5.

06 4

00 4

Fig. 3.4: Probability of hitting the upper boundary as a function of time horizon based on the
exact solution (3.11). Here xp = 1, up = 1.3, p = 1 a = 1.1. The function is plotted for
0=02,05,1,2, 3.
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— u,=3
04 7 — u,=25

— Uy=2
03 u, =13

0.2

0.0 1

Fig. 3.5: Probability of hitting the upper boundary as a function of time horizon based on the
exact solution (3.11). Here g = 1, « = 1.1, u = 1 0 = 0.5. The function is plotted for
up = 1.3, 2, 2.5, 3, 3.5.

3.4 Two Correlated Geometric Brownian Motions

Suppose that W;, V;, are independent standard Brownian motions and p € [—1,1]. Set
By = pW; + /1 — p?V,. Then (W,, B;) are correlated Brownian motions with correlation
p. Consider now the processes

dXt = OéXtdt + UXtth, X(] = Zog,

dY, = pYidi +bY,dBy, Yo = yo,-
We will assume that o > 8 and xg > yo > 0. Thus, in the absence of noise one would have

X; > Y, for all £ > 0. In the presence of noise however the probability that X = Y7 for
some 1" > 0 is non-zero. The second equation can be written equivalently as

dY, = BY,dt + pbY,dW, + /1 — p2bY,dV;.

Heuristically, we have

dXt—OéXtdt
AW, = —t %
! O—Xt
and 1 dX X, dt
dV, = —— [ dY, — BY,dt — pbY,—L 17 )
t b, /—1—p2( : — BY; pOTy X, )

and thus we obtain the following action functional to be minimized:

1 (T (2 —az\® 1 y — By 2 —az\’
I=- — dt 3.26
2/0( v0 )*1—,02( w o ) (326)
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Fig. 3.6: —log Probability of hitting the upper boundary based on the exact solution (3.11). Here

xg = 1, ug = 1.3, p = 1. The upper graph was obtained for ¢ = 0.05 while the
lower for 0 = 0.5. The magenta dotted line gives the value of (the exponent of) the
Wentzell-Freidlin approximation.
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Fig. 3.7: —log Probability of hitting the upper boundary based on the exact solution (3.11). Here
xg =1, p = 1, @« = 1.3. The upper graph was obtained for ¢ = 0.05 while the lower
for 0 = 0.5. The magenta dotted line gives the value of (the exponent of) the Wentzell-

Freidlin approximation.
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Fig. 3.8: —log Probability of hitting the upper boundary based on the exact solution (3.11). Here
xg =1, ug = 1.3, p = 1, @ = 1.1. The magenta dotted line gives the value of (the
exponent of) the Wentzell-Freidlin approximation.
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This of course can be justified by appealing to the multidimensional version of (2.12) as we
have already seen. Set

) b)) e

The conditions for minimum are

d
F,— —F, = 3.28
o 0 (3.28)
d
Fy = 2 Fy =0 (3.29)
z(T) = y(T) (3.30)
Fy+F,=0 atT, (3.31)
F—a2dFy—yF,=0 atT. (3.32)

Rewrite (3.27) as

F:m [zﬂ <%’—0z>2—|—02 (‘%—B)z—Qpba (%—a) (%— )] . (3.33)

1 21 x Y
F,= 22 (T bo (L -
20202(1 — p?) a2 { (x a>+pa(y )]

1 2y/ 9 y/ I/
Fo= — — “_2(L_ bo (2 —
! 20%0%(1 — p?) y? { 7 (y AT

Then (3.28) becomes

£l (o) (g £ ()]
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which, since x > 0, gives
b*(logz)" — pbo(logy)” =0

Similarly (3.29) gives
o*(logy)" — pbo(logz)” =0

These equations together imply that (logx)” = (logy)” = 0 whence we obtain % = ¢, and
yg/ = ¢y for arbitrary ¢y, ¢o and hence

a(t) = woe™, y(t) = yoe". (3.34)

Condition (3.30) gives
zoeT = yoeT. (3.35)

Taking into account that % = ¢; and similarly % = ¢y, condition (3.31) gives

1
ToerT

1
yoe2T

[0 (1 — @) — pbo (c2 — B)] + [0%(ca — B) — pbo(c; — )] =0

Setting u; = ¢; — a, us = co — 3, we rewrite the above b*u; — pbous + o?uy — pbou;, = 0.
This gives

bpo—b
us = dup with A= -22 (3.36)
oo —pb
Finally, from (3.32),
bzu% + a2u§ — 2pbouius — 2¢4 [bzul — pbauﬂ — 2¢9 [a2u2 — pbaul} =0
or
—ui [b® + 0° N — 2pbo A] + 2uy [—ab® + Bpbo — A\Bo? + Aabop] = 0.
Besides the solution u; = 0 which means (¢; = «), we obtain
U = — 2 (ab® + aXo® — pbo(a + Aav))
YT 4+ 0202 — 2pboA '
The denominator can be written as
bo — b\ bo — b?
b+ 0\ —2pboh = b+ 0P (p;f_) — 2pb0p20—
0?2 — pbo o2 — pbo
V*(1—p") ¢ 4
= — b’ — 2pb 3.37
(o g 7 TV 50
The numerator is
b po—b b —b
ab® + alo® — pbo(a+Aa) = ab®+ ac®= re —pbo | a+ 2o
oo —pb o o—pb
ob?(1 — p?
- (a-p T (3.38)
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Fig. 3.9: Two independent Geometric Brownian Motions.
The above expression simplifies to
o(o — pb) b(po — b)
u; = 2(8 — « , Uy = 2(8 — « . 3.39
! (B )02 + 0% — 2pbo 2 (8 )02 + 0% — 2pbo ( )
From (3.33) and (3.39), together with the definition of u;, us,
1 2(8 — o)’
F = —————[b°u} +0%uj — 2pb = : 3.40
W21 ) [b*uf + o*uj — 2pbougus] N pn (3.40)
Thus, since
1 ZTo
T = log (—) ,
a—f Yo
the optimal rate is
oo i (3)
= (3.41)
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Exact analysis for two correlated Brownian motions

An exact analysis is again possible here. Suppose

Xte = moe(a_%ag)“_gswt Y;e = yoe<ﬂ_%bg)t+beBt

? Y

are two families of Geometric Brownian Motions, indexed by a positive parameter e. We
will assume that o, = o+/€ and, similarly, b, = by/e. Assuming that a > 8 and z¢ > yo
and that {W,}, {B;} are standard Brownian motions with correlation p as in section 3.4,
we are interested in obtaining an expression for the probability

P(T. < o0) where T, = inf{t > 0: Y, > X;}. (3.42)

The condition Y,* > X is equivalent to
Yo
0

1
(Oé - B+ é(bf —03)) t+ oW, —b.B; <log=—.
a

Set log 2 = —u, 7 1= a— B+ s(b2—0?) and b, := /o2 + b2 — 2pb.o.. If {W,} is standard
Brownian motion, then (3.42) becomes

P(T. <o0) = P (%gg(%t +0.W,) < —u> . (3.43)

Since a > [, when e is sufficiently small, 7. > 0 regardless of the values of ¢ and b.
Therefore (see [23]) (3.43) becomes

yo 2(a—B)+(2—02)
0 ag+bgf2pbeae .

—uXe log
= €

P(T. <o0) = e ¢

It therefore follows that

: Yo .. 2(a—p)+ (B2 —0a2) Yo  2(a—B)
limelogP(7T, < o0) = log = lim = log =— .
R (Te < o0) 8 Zo ] (62 4+ b2 — 2pb.o.) o8 g 02 4 b2 — 2pbo

This result of course agrees with (3.41).



4. MODELS EXHIBITING MORE COMPLEX BEHAVIOR

Here we discuss a number of models examining more complex behavior. First we revisit the
problem of two OU processes with ordered drift constants and initial conditions. However
we now assume that the driving brownian motions are not independent. This introduces
additional difficulties in the solution of the optimization problem. More importantly, how-
ever the existence of the solution requires an additional condition involving the correlation
coefficient between the two brownian motions, p. If p is too close to 1 then the two pro-
cesses will move essentially in unison and, roughly speaking, the lower process will never
be able to catch up with the upper process.

In section 4.2 we study an OU process with variance that has a general time varying
form and, perhaps surprisingly, we are able to obtain a solution essentially in closed form.

Finally, in section 4.3 we examine the same type of problem in connection to the SDE
dX; = rdt + o X dW; as well as the general linear SDE dX; = (r + uX;)dt + (b + 0 X;)dW,.
While these seem similar to the models already examined in the previous chapters, their
behavior is more complex and the exact solution of the resulting variational problems is
more challenging. In particular, depending on the value of the parameters we may not have
uniqueness of the solution or, in the infinite horizon case a solution may not exist.

4.1 Two Correlated OU Processes

Suppose that W;, V;, are independent standard Brownian motions and p € [—1,1]. Set
By = pW; + /1 — p?V,. Then (W, B;) are correlated Brownian motions with correlation
p. Consider now the processes

dXt = OéXtdt + Uth,

dY; = pBYidt + bdB;.

The second equation can be written equivalently as

dY; = BYidt + pbdW, + /1 — p2bdV;
Using the same heuristic derivation as the one that led to (3.26) we have
dXt — OéXtdt

g

th =
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and 1 dX, X, dt
AV, = — (dYt — BY,dt — pb;C”) ‘
by/1 — p? o
We thus obtain the following action functional to be minimized
1 (T /2 —az\® 1 Yy — By 7 =z’
I == — dt 4.1
A (5) (5 ) =
The conditions for minimum are
d
F,——F,=0 4.2
o (4.2)
d
Fy_EFy’:O (4.3)
2(T) = y(T) (4.4)
Fo+Fy,=0 atT, (4.5)
F—ad'Fy—yF,=0 atT. (4.6)
An alternative expression for F' is
1 2 £2 2 2 ) .
= 0= )0 D12+ 0%g* = 2pbo fg], [i=2a"—ax, g:=y —By.
Omitting the factor m we have
2 g 2 b
2 o 2 b
Fp=2b [f - p—g} . Fy=20"\g—p=f
b o
d o d b
—FI/:2b2|:/— _/:| —F/:22 I _/'
7 Fr=ry9| Ztv=20"19—p_f
Set
o b
p(t) = f(t) = ppa(t),  at) = g(t) = p_f(t).
Then the Euler-Lagrange equations become
d /
F, — %Fxx =0 or p'(t)+ap(t)=0
d
Fy— = Fy =0 or ¢(t)+Bq(t) =0
The condition F + Fyy = 0 at T" becomes
bQ
Fp(T) +0%(T) =0 or q(T) = p(T). (4.7)
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By the definition of f and g, f(T') = 2/(T) — ax(T) or 2'(T) = f(T) + ax(T) and similarly
y'(T) = g(T) + By(T). Thus (all expressions are evaluated at T') taking into account that
r=y

&' Fy+y Fy = 2(f+ax)b*p+2(g+By)o’q = 26°p (f + ax — g — Bx) =20’ (f — g + x(a — B))

0'2 g g
F = Vf+0°¢* —2pbofg = b (f2 + 359 —pyf - pgfg)

o o o b

= V'f (f — pgg) + bog (gg — pf) = Vf (f — pgg) +0%g (9 — p;f)

= U fp+o’gq = b’ fp—b'gp = b’p(f — g).
Thus F — o' Fa' — y'F, = 0 becomes

V’p(f —g) =20’ (f — g+ x(a = B))
or
p(f —g+2zx(a—3))=0.

From the above we obtain two sets of conditions: The first is

p(T) =q(T) =0 or equivalently f (T)—p%g(T) =0, g(T)—pgf (T) =0, or f(T)=g(T)

or

(1) — ax(T) =0, y(T)—By(T)=0. (4.8)
The second is
f=9+2x(a=p) =0, or 2'(T)—ax(T) =y (T)+ By(T) +2(T)(a = B) +y(T)(a—B) =0
(we have used again z(T") = y(7")). One possible way of expressing this is

o' (T) + ax(T) = y'(T) + By(T). (4.9)

The Euler-Lagrange equations give

at

p(t) = poe™,  q(t) = goe™ ™. (4.10)

Then
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whence
10 = = (o) + p7a)) (4.11)
1) = = (at)+ pp) (1.12)
9lt) = 15O +p p®)). :
Since f(t) = 2'(t) — ax(t) and g(t) = y'(t) — By(t),
t
z(t) = zpe™ +/ %) f(s)ds,
0
t
y(t) = yoe + / Mg (s)ds
0
Substituting we have
e (po “2aty , PT Qo _
t) = mpe™ +—— [~ (1—e )+ =5 (1 — e (@tO) 4.13
o) = et (P e BB ce),
_ b po -
) = yoe D () g2ty L 2P0 () o~(atB)t)) 4.14
y() Yo€ +1—P2(2/B( € )+0_a+6( e ) ( )
We need to determine the unknown quantities pg, qo, and the meeting time 7T'.
b\ 2
Fu+Fy=0at T gives: goe 7" = — (—) poe 7T (4.15)
o
F+2'Fy+yFy=0atT gives: f(T)—g(T)+2][az(T) — py(T)] = 0. (4.16)
From (4.11), (4.12),
1 701 o _ 1 _ b
A1) = § — (poe T+p5q<36 ﬁT), 9(T) = s (qoe ﬁTer;poe T) -
and )
f(T)—g(T) = bl = 2 (poe™ " (bo — pb?) + goe " (po® — bo)) .

From (4.13), (4.14),

az(T) = By(T) = azee™” — Byoe’ +

poapl- e—<a+ﬂ>T)

qo€

B 1 qoe_ﬁT 28T _ 1 + pbﬁpoeﬁT 1 — ¢~ (a+B)T
1 — p? 2 o o + /8
= zoael — yoBe’T
R 1 —aT (, 2aT BT / 2 2p0’ e(a+ﬁ)T -1 3 b 2 ~
“ 4 —-1) - A AT _ 1 BT _ - oT
a2 (poe (e ) — e (e )t oo 5 | awe Bl ) we

= zooe®l — yoBe’T
1

- o — 2 g o _

2(1 = p?)
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or

ax(T) — By(T) = wzoae™ — yoBe’”

1 —oT (.2 o (200, (4
g (e ) e (T ) =@ ) ))

Then (4.16) gives

b

+goeT (2’%’ (DT _ 1) _ (27— 1))

= —2(1 - p*) (woae™” — yofe’™)

b - o —« e
poe " (1 — p;) + qoe T (p— — 1) +poe T (2T — 1)

b 2
poe” " (—P— + €2°‘T) + goe T (P% + % (e(a+ﬁ)T — 1) — eQﬁT>
o

_pg + e2aT p% + 2;‘% (e(oc—l—ﬁ)T _ 1) — 28T :| |:p06—o<T :| B [ _2(1 _ pZ) (l’oOé@aT _ yoﬂeﬂT)

1 (5" we " |~ 0
(4.17)
_ 28T 9\ 20T 5, 9 (a+B)T
A e’ + <b> e 2pbe
ol 2 (0?2 2 T BT
et = =3 (5) (=0 (aac — gose™) (4.18)
2
we T = L= %) (woae” — yoSe’T) (4.19)

1 —aT —BT
o(T) = woeT + (poe (2T — 1) 4 P20 (plotDT 1)) . (4.20)

L—p*\ 2a b a+f

1 qoe” " pb poe T
T) = AT BT _ )+ 22 (AT 1)) (4.21
y() Yot +1_p2( 25 (6 )+O'CY—|—5(€ ) ( )

L G (A S A S
A 2a0 b a+p
moaeaT _ yoﬁeﬁT 2T _q pb <0_>2 elatB)T _ 1
23 o \b a+p

) . (4.23)
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(ajoeaT — yoefBT) A =

20T 1 2po e@tAT 1 28T — 1 2pb <a>2 ele+tAT _ 1)
b

ol BT o z Ze _ -
(zoare Yole )( <b> " + 2 Py 3 + . P

(a:oeo‘T — yOeBT) A +

2aT (a+B8)T __ 1 28T 1
ol ary [ 0)26 1 4poe e _ 0
(200e™ — yoBe™) ( (b o b a+B 3
2
(zoe®™ — yoe™) (GQBT + (%) et — 2p%e(a+5)T) +
2aT (a+B8)T _ 1 28T 1
ol sy [ g>2e 1 4poe e _ 0
(xoae Yolse ) < (b o + b a+p 15}
This gives
zooe®” [ D*(B — )T + 2pab6(a+5)T (a — B)B + ab® + Bo* — 4pbo ap
0 a+ a+
56 (%@ - BT + 20065 (5~ a)a+ al? + B0 — dpbo 2 )
= e o (o — P)e o — o° — 4pbo
Yo PO ot B 7o+ B

6cyT

a+ B

= yof3 (02(a — B)e™" + 2pab

e <b2(6 —a)e 4+ 2p0b (o —B)B + (ab2 + Bo? — 4pbo ap ) 6_6T>

a+ B
ehT

n B(ﬁ —a)a+ <ab2 + Bo? — 4pbaaof6) eaT)

«

To determine the value or values of T that satisfy the above equation we need to examine
the function f : (0,00) — R defined below and determine its roots:

b
FO) = ala =00 (<0 + e s ) el = 0)o* (<t a2y )

+ (ab2 + Bo? — 4pbaaof6> (zocre P — yoBe™). (4.24)

A moment’s examination reveals that the roots of the equation f(t) =t depend on three
parameters, namely yo/7o € (0,1), 3/a € (0,1), and 0%/b* € (0,00). In the sequel, to
simplify the problem we will examine the case b = o.
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The special case b= o

Let us first examine this special case which will enable us to reach some interesting con-
clusions regarding the effect of the correlation between the two processes. We will examine
the existence of solutions of f(t) = 0 where f is the function defined in (4.24). Here

) + Bet (—yo +2p0 j‘_ ﬁ))

+0? (oz +58— 4p%) (a:voe_ﬁt — Byoe™ ™) . (4.25)

We assume of course that xg > yo and o > [ and hence the term on the second line of
(4.25) is positive for all t > 0. Also,

f(0) = 2a85 (1 — p) (zo — o) > 0. (4.26)

The condition for lim ., f(t) = —o0 is —yo + 2pxo555 < 0 or equivalently

ft) = (a—p)o? (Oze’Bt (—Io + QPyoa T3

< Watp
Ty 2

(4.27)

Now set g(t) := e f'(t)(aB0?)~'. Then

g(t) = (a—p) (eﬁt (—36’0 + 2py0a f 5) + e <—Z/0 + QPonai ))

+ (oz + 8 — 4p%) (—zoe " + yoe= ),

Then we can see that g(0) = —2(1 — p) [roar — yoB] < 0. Define next the function h(t) :=
e~ g/(1) (0 — ).
)
a+f

h(t) = (a+B)e*™ (—950 + 2oy — 5) + 206l <—Z/0 + 2pg

—Zo (a+,@—4p&ofﬁ> )

Finally,
o

h(0) = 2z¢(a + 5) <042Taﬁp — 1) + 2yo 8 <p — E) < 0.
Also,

' (t)e=2P! 5 N a
_ _ 2 (a=B)t [ _ 2 0.
—Q(a—i—ﬁ) B\ —xo+ pyoa—i—ﬁ + ae Yo + Pl"oOhLB <

This last inequality is a consequence of (4.27). Thus, the last two inequalities imply that
h(t) < 0 for all t. This in turn implies that ¢'(¢) < 0 for all ¢ and, since g(0) < 0,
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.
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Fig. 4.1: Two correlated OU processes. The figure on the left plots f(t) defined in (4.25) for p
ranging from O (blue line) to 1 (red line). The values of the other parameters are o = 1,
xg =1, =0.2, yo = 0.5. In the figure on the right the roots of the equation f(¢) = 0 are
plotted as a function of p. Note that for p € [0,0.325] f has a single root (brown point).
At p ~ 0.325 a second root of f appears (green points). The equation f(t) = 0 has two
roots when p belongs to the (approximate) interval [0.325,0.7]. Finally, for p > 0.7 no
solutions exist.

that ¢g(t) < 0 for all t. Hence f(0) > 0, f is strictly decreasing and f(t) — —oo as
t — 0o. Therefore it follows that f(¢) = 0 has a single root, T, the meeting time, provided
that condition (4.27) holds. The need for condition (4.27) should not surprise us. If p
is sufficiently close to 1 then the two processes X; and Y; will move nearly in unison and
hence Y}, starting from below, will not be able to catch up with X;.

4.2 An Ornstein-Uhlenbeck Process with Time-Varying Variance

Here we examine a family of OU processes with time varying variance. It turns out that a
closed form solution of the variational problem arising from the Wentzell-Freidlin approach
to determining the hitting probability of a lower exponential boundary is possible.

Theorem 8. Consider the family of SDE’s
dX; = pXidt+o(t)dWy, X§ = xo.




4. Models Exhibiting More Complex Behavior 69

(We assume that o(t) > 0 for all t > 0.) Let also V(t) = vpe?t with 0 < vy < x¢ and
0<B<pand T =inf{t >0: X —vee’ <0}. Then

limelog P(T° < 00) = —1

e—0

where I is given in (4.44)

The proof as well as the determination of the optimal path is given below. We have the
optimization problem

T
min/ F(x, o' t)dt, x(0) =g, and x(T) = V(T)
0
1
with F(z,2',t) = 50(1&)_2 (' — pa)?, V() =vee®, vy < 0.

The conditions for a minimum is

d
F,——F, = 4.2
z(T) = V(T) (4.29)
F+ (V' —a)Fy =0 atT. (4.30)
Assume [ < p. In this case
F, = —po?(z' — px)
Fy = o022 — px)
d
%Fx/ = o 22" — px') — 20 (t)o(t) 3 (' — ux).

The Euler-Lagrange equation can be written as
—ao (2 — px) — o2 (2 — px) + 20077 (' — px) =0

or, equivalently,
" 2 20-, /
o —ptr = — (2" — px). (4.31)
o

In order to solve this equation we define the function
y(t) = e "a(t). (4.32)
Then

= (2/ — px)e M
y' = (2" =22+ pPx) e = (2 — pPr+ 2p0n — 2ua’) e
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Hence, from the above,
¥ —pur = yet
[E” . /~L2$ — y"e“t + 2#(1‘/ o MSL’) — y//eut + 2,uy'e“t

Substituting into (4.31) we obtain

/

20
//e,ut ) /ept _ == /eut
Y +2py p

or, setting z = v/,
2 +2(u— (logo))z=0.

This is a first order linear differential equation which can be easily solved to obtain

z(t) = Cre 2o (t)

and hence .
y(t) = C’l/ e 502(s)ds + Cs. (4.33)

Thus, from (4.32), O
z(t) = Cret /t e 502 (s)ds + Cyet. (4.34)

Differentiating we obtain O
7' (t) = Cype /Ot e 502(s)ds + Cre M a?(t) + Couet”. (4.35)

From the initial value of z(0) and the transversality condition we obtain

T
veefT = C’le“T/ e 2552 (s)ds + CoelT (4.37)
0

We also have the relationship F' + (V' — 2’)F,» = 0 (evaluated at time T") which gives

1 (2" — px)? (2" — p)
or /
T — px
g (2Bvoe” — 2’ —az) =0 (4.38)
Noting that
7' (t) — px(t) = Cre o> (t) (4.39)

(4.38) becomes

T
Cre T (261)066T - 201#6’”/ e g?(s)ds — Cre " o*(T) — 202M€”T) = 0. (4.40)
0
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Assuming that C # 0 and taking into account (4.37) the above equation becomes
2Bvpe’! = Cre " o*(T) + 2uve’”

which gives

C, = —Q(M#f))”o e tAT (4.41)

From equations (4.36), (4.37), we obtain
T
Ch / e~ 2552 (5)ds = voe P — 1
0

and thus, taking into account (4.41),

23 — T

—(502(;))00 /0 ole 5 ds = pyePMT — 1.
Thus T is determined by the solution of the equation

T 2 —2uT
T)e— 20
/ e ()ds = T (xoe(“ AT 1) . (4.42)
0 2(p—B) Yo

One can check that the above equation, when o is constant, reduces to (2.56).

From this last equation we determine 7. Having determined 7', the critical path is given
as

2y — t
x(t) = xoeﬂf—%ewmﬂw / o*(s)e~2*ds, te0,T] (4.43)
g 0

Finally the rate function is equal to

I = / (x_ﬂx __/ —2ut2
0 202(t)

_ (n- @;(o;?“” x (20 — voe#T) (4.44)

We illustrate the above derivation with a numerical example presented in Figure 4.3. Equa-
tion (4.42) is solved numerically, and of course when the time dependence of the variance
o?(t) is arbitrary there is no guarantee that it has a unique solution. Figure 4.2 illustrates
this point. The solid black curve plots the function

With the given form of the function o%(t) and the given values of the parameters (see Figure
4.2) there are three roots of this equation, namely 7" = 0.224 (red vertical line), 7' = 0.4194
(green vertical line), and 7' = 0.7639 (blue vertical line).
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T T T T T
00 05 10 15 20

Fig. 4.2: Here p = 1, B = 0.5, 79 = 1.8, v = 1, and 02(t) = 5 + 4.9cos(20t). There are three
candidates for the optimal solution T = 0.224 (red vertical line), 7" = 0.4194 (green
vertical line), and 7' = 0.7639 (blue vertical line).

1=0.4525 1=0.6767 1=0.9142
T=0.224 T=0.4194 T=0.7639

T T T T T
00 02 04 06 08

Fig. 4.3: Again, with p = 1, 8 = 0.5, 79 = 1.8, vg = 1, and o%(t) = 5 + 4.9 cos(20t) the three
candidates for the optimal solution. The red path corresponds to the minimum.

To each of these values of T' there corresponds a value of the action functional I = 0.4525,
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I = 0.6767, and I = 0.9142 respectively. Thus the value of T that corresponds to the
minimum is the first value 7' = 0.224. Figure (4.3) shows the three candidate optimal
paths. The red path corresponds to the minimum value of I. In this particular case, the
red path also satisfies the constraint z(t) > voe® for all t € [0,T). Note however that the
paths are not necessarily convex and that the simple arguments of Chapter 2 cannot be
applied in general here.

4.3 A Linear SDE

Here we examine the same type of problem in connection to the linear SDE which has a
more complex behavior and the exact solution of the resulting variational problem is more
challenging. Consider the linear SDE

dX; = rdt + o X, dW,, Xog=x9 w.p. 1.

Suppose that since
dX; — rdt

UXt

our objective is to find the function z : [0,7] — R which minimizes the functional

I(T) = 2%2 /OT (x - T)2dt (4.45)

under the constraints z(0) = xo, z(T) = z7 = upe’’. After we do this we will find
minge(o.r,) [(T). The corresponding Euler equation is

AW, =

d
F,——F;=0

dt

Since F,, = —(i’;;")z, F; = I'Q;T, and % b= I—:”Q — 2%};%, the Euler equation becomes
(x—r)* & (& —7) .
B + 2 &= 0
or equivalently
i —i* +r?=0. (4.46)

This is a second order DE which does not contain the independent variable, ¢, and thus we
may reduce its order by one if we treat t as the dependent variable and x as the independent.
t'(z) = 27! and

it 1,

t”(x)—ii—— L ddr_ L (g4 L
_dx‘fl—f_ (%)dedt_ (acll_x)Q dt dt ) dv i3

t
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whence we obtain ¢’ = —"3%. Substituting in (4.46) we have —xt'3t” — =2 +r?> =0 or
1 2
AR T, ) (4.47)
T T
Setting
y=t (4.48)

(4.47) becomes
2

1
Y 4~y — —y = 0. (4.49)
X x

This is a first order Bernoulli DE and thus can be linearized by means of the change of
variables

u=y > (4.50)
which gives u’ = —2y~*y and hence —4y*u’ + 1y — Ty = 0 or
2 272
W= Zut = =0, (4.51)
T T

This, at long last, is a linear first order DE which can be integrated if we multiply with the
. . 2 .
integrating factor e~/ 2% = ¢=2108% — =2 We thus obtain 2 2u' — 22 3u + 22273 = 0 or

(27 %) = —2rx~3
which can be integrated directly to give z72u = r?z=2 4+ C? or
u=1r?+ C%2°. (4.52)
Now we can start reversing this long process. From (4.50) we have

1

and from (4.48)
1 xC

1 o
= [ et = g () - K

whence z(t) = % sinh(C(t + K)). We may write

c
() = %sinh(C’t + K) (4.53)
with K > 0 as we will soon see.
Setting ¢ = 0 we obtain
2C = sinh(CK). (4.54)

r
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Set CK =w, CT =z, a= 7%, b= "% (Note that a < b.) Then (4.53), (4.54) become
za = sinhw (4.55)
zb = sinh(w + 2) (4.56)

and hence
z = sinh ™! (2b) — sinh™'(za).

Taking into account that sinh(z —y) = sinh  cosh y — cosh x sinh y and that cosh sinh™ z =

(14 22) we have
sinh z = 2b\/1 + (za)? — za\/1 + (zb)2. (4.57)

The above equation has a single positive solution z* to which there corresponds a unique
w* = sinh™*(2z*a). Thus the unknown constants are

z* w*
C=— K=—T. 4.58
T’ 2+ ( )
Substituting into (4.53) we have
rT t
t) = — sinh(z* = ). 4.59
x(t) Z*sm (zT+w) ( )

T T T T T T T T
0.0 05 10 15 20 25 3.0 35

Fig. 4.4: The heavy green line corresponds to the upper boundary 2-e%3t. The light blue lines are
optimal paths for various meeting times 7. The red line corresponds to the minimum
value of the action functional, as shown in Figure 4.4.
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76

0.65

0.60

0.55

0.50

045

040

035

Fig. 4.5: The value of the action functional for various values of T. T' = 1.7 corresponds to the

minimum.

The corresponding value of the rate functional is

I(T)

2
1 T (TCOSh (z*% —I—w*) —7") "

2 T o x 1 *
204 ), T sinh (z T tw )

*

z . w* 4 2" w*
5,27 (z — 2tanh —5 + 2tanh 7) .

2* /“’*Jrz* cosh(s) — 1 ? q 2* /w*“*
s S =
20%T sinh(s) 20%T [

tanh?(s)ds

(4.60)

(4.61)
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Linear SDE - Infinite Horizon Problem
We have the optimization problem

T
min / Fa,2', t)dt, (0) = x9, and 2(T) = R(T)
0

, , 1 (2 —7r\"
with F(x,2',t) = 557 . R(t) =wuy+at, zp < up.

The conditions for a minimum is

d

Fy— 2 Fy =0 (4.62)
(T) = R(T) (4.63)
F+ (R —2)F, =0 atT. (4.64)
In this case
(2 —r)?
R = -2
' —r
Fo = 27—
d x// (x/)Q m/r
—F, = 2— —4 2—.
dt 2 3 + 3

The Euler-Lagrange equation (4.62) becomes

d 2 / "
FJC/:—S((x)Q—x z) =0

F,— —
dt T

or equivalently
ri—i* +r* =0
Thus

() = %sinh(Ct +K). (4.65)

From transversality (4.63) we have
% sinh(C(T + K)) = ug + oT

and from (4.64)

(@ (T) —7r)(@(T)—r+2(a—2(T)))=0 (4.66)
The case 2/(T) = r implies r cosh(CT + K) = r whence it follows that CT + K = 0. This
however is inconsistent with (4.66). Hence

Z(T)=2a—r



4. Models Exhibiting More Complex Behavior 78

or
cosh(CT + K) = 2% 1.
r

Since o > 1 there exists a unique v > 0 such that

cosh(y) = 2% 1, and CT+ K = 1. (4.67)

We thus obtain the following system of three equations which will allow us to obtain
the three unknown constants C, K, T.

sinh(K) = €22, (4.68)
T

sinh(y) = C%JF%CT, (4.69)

CT+K = 7. (4.70)

K is obtained as the solution of

sinh(K) — Ry (Sinhy - gv) = 0. (4.71)
Uog T Uo r
and ¥
ro v =
C = —sinh(K T = ——. 4.72
L (k) - (472

Depending on the values of the parameters r, ug, xg and v = cosh_1(2% — 1), equation
(4.71) may have no positive solution or two positive solutions.

4.4 'The general linear SDE with constant coefficients

Consider the SDE

Arguing as before we have
dX; — (r+ pX)dt

b+UXt

1 [t —r— )\’
I(t) = - — | du. 4.74
®) 2/0( b+ox ) " (4.74)

th =

which gives
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10

,Jﬁ‘l A’fjﬂf{”\ a} | Al
i{i’ﬁl‘}hmj I"“:#l f I_‘“IJ*I.J ‘l !* )

[ 4}
th i
i

Fig. 4.6: Sample paths of dX; = rdt+o0X;dW;. The mean is EX; = xg+rt but the linear increase
in not evident due to high variability.

2
1 (z'—r—px
SetF:§< b+m“ ) . Then

!/ _ !/ _
Fx:xrux( u_xruxa)

b+ox “b+ox (b4 ox)?
oo Toronw
(b4 ox)?
d " — pa’ ¥ —r—pux
—Fy = ——F— =200 ——— .
du (b+ ox)? ot (b+ox)3

The Euler equation is F, — %le = 0 or equivalently
—p(2" —r—px)(b+ox) — (o' —r —px)*o— (2" — pa') (b+ox) + 202’ (' —r — px) = 0 (4.75)

Changing the roles between the independent variable, ¢, and the dependent variable, x we
have

and substituting into (4.75) we have

1 1 ? 1 1/1
— (P —r— ,ux) (b+ox)— (P —r— ,u:z:) o— (_tT?, — ,u;) (b+0x)+20? (P —r— ;m:) =0.



4. Models Exhibiting More Complex Behavior 80

Setting y = t’ we reduce the order of the differential equation by one and obtain

—pu(y? = (r+p2)y®) b+ o) — (1= (r+px)y) yo + (' + py?) (b+ o) +20y(1—y(r+px)) = 0.

which simplifies into
p o [l L2
+ + (ub—or =
4 b—i—amy (i U)b—i-axy
This last equation is a Bernoulli differential equation which can be integrated using the
transformation v = y~2. We then obtain

(4.76)

20 T+ px
I 2 — ub =0. 4.
U b—l—axu+ (or ’u)b—|—ax 0 (4.77)

In order to solve this linear differential equation we multiply with the integrating factor
(b+ ox)~? and obtain

T+ ux

(u(b+ ax)’z), = 2(ub — ar)m

which we integrate to obtain

-2 _ pb —ro —2_ M -1 2
w(b+ ox)™* = 2(ub — or) ( 52 (b+ox) ™ — ;(b—i— ox) ) +C
or
2 2l 2 2
u=1 —7(b+aac)+C' (b+ o) (4.78)
where
ub —ro

[ = .
o

Note that we assume the integration constant to be positive. By “completing the square”
we rewrite (4.78) as

2 2
N _ M
u=1 (1 0202>+(C(b—|—0m) UC) (4.79)
1

y:
\/12 (1 - Ug‘—;> +(Cb+ox) — £)°

and thus

which gives

t/\/ﬁ (1—05—22> —i—(C(b—i—Ux)—%)Z'

Assume that
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Then, setting
_ pl 2 _ g2 1w
S—C’(b—i—azv)—ﬁ, A= (1—0202),
we have ) it
P _ 4.80
CoJ /X242 (4.80)
which gives
1
t=o- sinh ™! % - K (4.81)
with K > 0. Thus
() = 2 sinh Co(t + K) + 1L 0 (4.82)
x(t) = = sin - —. )
Co ’ o2C? o

Note that when p =b=0, A = [ = r the above expression becomes

x(t) = % sinhoC(t + K)

which essentially agrees with our previous result.
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Fig. 4.7: The right hand side of (4.71) with multiple solutions.
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