Chapter 1

Introduction

Statistical process control (SPC) is the collection of methods for recognizing special
causes and bringing a process into a state of control and reducing variation about a
target value. Statistical process control is a sector of statistics dealing with the effort
of improving quality constantly. It uses many tools in order to achieve this goal. The
first of them were introduced in 1920’s (Shewhart charts). SPC is extensively used in
industry to keep manufacturing processes under control. The need of monitoring specific
processes led to its great development and improvement. Its tools are used in various
fields of science such as industry, medicine, environment, economics, text analyses and
informatics.

The most valuable tool of SPC is control charts. These charts give a graphical ap-
pearance of the process giving the ability to any manager with or without the knowledge
of statistics to immediately understand if the process is under control or not. The wide
use and popularity of control charts is a result of many reasons. First of all their proven
ability to improve productivity, because the reduction of scrap and rework results in an
increase of productivity, increase in production capacity measured in the number of good
parts per hour and decrease in cost. Their effective prevention of defect items is also
valuable. The use of control charts helps to keep the process under control. Finally,

the diagnostic information of control charts is significant as it allows for changes in the



process by experienced operators or engineers.

The research in the area of control charts is active for over eight decades now. Al-
though someone would expect that there would be a decreasing interest in this area after
all these years, we observe exactly the opposite. There is an increasing interest for this
tool since it has proved its value in practice. Most of the deficiencies of control charts are
under investigation and at the same time new problems need a solution in the quality field
by the use of control charts. This thesis aims to investigate some of the characteristics
of control charts and tries to give solutions to quality problems.

The outline of the thesis is the following. In Chapter 2, a review of the most known
univariate and multivariate control charts is presented. The control charts presented
are the Shewhart type for variables and attributes in both univariate and multivariate
cases and the Cumulative Sum (CUSUM) and Exponentially Weighted Moving Average
(EWMA) charts again for the univariate and multivariate cases. The main properties of
these charts are also given. Chapter 3 deals with the estimation effect on control charts.
A detailed review of the current status of the subject is given in the univariate and
multivariate cases. Some new results on the estimation effect of the univariate control
charts for dispersion are also presented. Chapter 4 considers the issue of non-normality in-
control charts. The effect of non-normality on the univariate and multivariate Shewhart
and EWMA control charts is presented. Additionally, new results are given in the case
of the EWMA control charts for process dispersion under the presence of non-normality.
Chapter 5 investigates the problem of interpreting a signal on a multivariate control chart.
Several researchers have dealt with this problem and their results are presented. A new
proposal for a chart that addresses this problem is given that is proved to have promising
results. Measurement error effect on control charts is the subject of Chapter 6. The
presence of measurement error is a factor that may affect the performance of a control
chart. The different considerations of authors in the context of Shewhart control charts
are outlined. The effect of such a problem in the EWMA case is examined thoroughly

under the assumption of a specific model. Finally, in Chapter 7 some final thoughts



and discussion for possible future research issues and generalizations are given for the

different subjects that have been addressed in this thesis.






Chapter 2

Univariate and Multivariate Control

Charts

2.1 Introduction

Control charts are one of the main tools of statistical process control. The literature
on control charts is huge. In this chapter we try to present the main univariate and
multivariate control charts along with their basic properties. We have to emphasize
that the control charts presented in this chapter and their properties are by no means a
detailed review of all charts.

In Section 2.2, we present the main characteristics of a control chart and a discussion
of its evaluation using the most known measures. Univariate Shewhart Control Charts for
data in subgroups and individual data for the mean and the variance are given in Section
2.3 for both variables and attributes. Cumulative Sum (CUSUM) charts for the mean
and variance and their properties are described in Section 2.4. Exponentially Weighted
Moving Average (EWMA) Control Charts are summarized in Section 2.5. Section 2.6
presents the multivariate Shewhart control charts for the process mean and dispersion for
variables and attributes. Finally, Section 2.7 gives the multivariate CUSUM and EWMA

control charts.



2.2 The fundamental characteristics of a control chart

When we have a production process there is usually a target value. We want our
process to achieve this target for every product. However, in every process there is
an inherent random variability. Therefore, no matter how good we design the whole
procedure or how accurate our engines are, we expect to be close to the target value but
not always on this value. The existence of this variability affects our process.

There are two different “versions” of this variability. The common cause (chance
cause) variability is the natural variability every process experiences. Its existence is due
to randomness as we can find purely random variability from one product to another.
A process that operates with only common cause variability is said to be in-control.
The special cause (assignable cause) variability is a result of factors that are not purely
random. These factors cause heterogeneity in the process and as a result they affect it,
leading to low quality product. A process that operates in the presence of special causes
of variability is said to be out-of-control. This type of variability can be detected with
control charts giving us the ability to remove its effect and therefore reduce the overall
variability. As a result, removing special causes leads to an improvement of the quality
of the product.

Common cause variability is the remainder of the variability after every component
of special cause has been removed. In order to remove common cause variability we have
to alter the process itself. However, a goal in today’s industrial and technological world
must be the continuous quality improvement. Under this perspective we have to stress
that today’s common cause can be a tomorrow’s special cause. As the inspection process
improves and the target for quality is constant we may be able to identify as special
cause, a up to now identified common cause.

Special causes of variability can be divided in two different groups; transient special
causes and persistent special causes. Transient special causes are those causes that affect
a process for a short time until their reappearance in a future point in time. Persistent

special causes are those causes that when they occur they stay in the process until they



are detected and removed.

A control chart is a graphical representation of a characteristic of the process under
investigation. It is used as the main tool to identify special causes of variability in a
process. On the horizontal axis we have the number of the sample drawn from the process
or the time that the sample was inspected. On the vertical axis we have the value of the
characteristic measured for each sample or for the time of the horizontal axis. A straight
line connects the successive points indicating the level of the characteristic in time or in
successive samples. There are also three usually straight lines that stand for the upper
control limit (UCL) the center line (CL) and the lower control limit (LCL). An example

of a control chart is given in Figure 2.1.

Figure 2.1. A typical control chart
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We assume that a process operates under control when the line connecting the se-
quence of points does not cross UCL or LCL. When a point is plotted outside these limits
we assume that the process is in an out-of-control state and corrective actions must be
taken in order to remove the assignable cause that led to this problem. The values of

UCL and LCL are chosen usually in such a way that when the process is in-control the



probability of a point plotting outside these limits is very small. However, there are some
cases that even when all the points plot inside the control limits we characterize the pro-
cess as being in an out-of-control state. Such cases are for example when we see a series
of nine successive points plotting all above (below) the center line or when we see six
successive points in a row steadily increasing or decreasing. We have to state here that
the removal of any cause is not the objective of a control chart. A control chart simply
indicates that an assignable cause may exist. It is the management’s or the operator’s
job to act in order to get rid of the problem, if it exists.

In the literature, two distinct phases of control charting practice have been discussed
(see, e.g. Woodall (2000)). In Phase I, charts are used for retrospectively testing whether
the process was in-control when the first subgroups were being drawn. In this phase, the
charts are used as aids to the practitioner, in bringing a process into a state of statistical
control. Once this is accomplished, the control chart is used to define what is meant by
statistical control. This is referred as the retrospective use of control charts. In general,
there is a lot more going on in this phase than just charting some data. During this
phase the practitioner is studying the process very intensively. The data collected are

“were the data collected from an

then analyzed in an attempt to answer the question
in-control process?”.

In Phase II, control charts are used for testing whether the process remains in-control
when future subgroups are drawn. In this phase, the charts are used for monitoring the
process for any change from an in-control state. At each sampling stage, the practitioner
asks the question “has the state of process changed?”. The meaning of in-control, in this
phase, is usually determined by the values of the process parameters e.g., the mean and
standard deviation for univariate continuously distributed variables. The values of the
parameters are either given to the practitioner or they are estimated from the historical
data known to be under control from Phase I. Note that in this phase the data is not taken

as being from an in-control process unless the data provide evidence against no change

in the process. Using these data to define what is meant by the process being in-control



might lead to use an out-of-control process to define a state of statistical in-control.
Woodall (2000) states that much work, process understanding and process improvement
is often required in the transition from Phase I to Phase II.

In a control chart we have two objectives. Firstly, when a process is in-control, we
want our chart to signal (false alarm) infrequently. In statistical terms we want the chart
to operate with the planned probability of the statistic computed to plot outside the
control limits if we are in-control. Secondly, when a process is out-of-control, we want
the chart to signal as soon as possible. In statistical terms we want the probability of the
statistic computed to plot in-control if we are out-of-control to be as small as possible.
Different measures for evaluating the performance of a chart, concerning the previous
two objectives, have been proposed. The most known measure is the average run length
(ARL), which is based on the run length (RL) distribution. The number of observations
(individual data), or samples (data in subgroups), needed for a control chart to signal is
a run length or alternatively one observation of the RL distribution. The mean of the RL
distribution is the ARL, which is actually the average number of observations needed for
a control chart to signal. Page (1954) defined the average run length as follows: When
the quality remains constant the average run length of a process inspection scheme is
the expected number of articles sampled before action is taken. Ewan and Kemp (1960)
gave a somewhat different definition; When the quality remains constant the average run
length of an inspection scheme is the expected number of samples obtained before action
is taken. Usually, along with the ARL, the standard deviation of the run length (SDRL)
is computed. Alternatively, the ARL is expressed as the average number of observations
to signal (ANOS). A measure similar to the ARL is the average time to signal (ATS),
which is the average time needed for a control chart to signal and it is actually a product
of the ARL and the sampling interval used in the case of fixed sampling.

From the preceding discussion we see that all these measures are related to the ARL.
However the sole use of the ARL has been criticized (see, e.g. Barnard (1959), Bissell
(1969), Woodall (1983) and Gan (1993b, 1994)).The disadvantage of the ARL is the



skewness of the run length distribution in the out-of-control case and in non-normality
and as a result the misleading conclusions one can draw based on the ARL. An alternative
measure is the median run length (MRL), which is more credible since it is less affected
by the skewness (see, e.g. Gan (1993b, 1994)).

A typical method of comparing control charts is based on the calculation of their
average run length (ARL) (Woodall (1985)). Assume that independent random samples
of size n are drawn successively from a process that measure the quality of a character-
istic. Assume also that the sample means 71, To, ... are normally distributed with known
variance o2 /n. Consider as the objective of the control chart to keep the in-control mean
equal to the target value y,. If E(T;) = p,t = 1,2, ... the parameter 6 = /n|u — | /o
denotes the shift in the mean measured in units of the standard error of the sample mean.
We assume that any shift in the mean away from the target value occurs prior to the
implementation of the control chart.

Let Mgy, M; denote the in-control and out-of-control regions respectively. The in-
control region M, contains all values of # that correspond to acceptable shifts. Although
“acceptable shifts” is an oxymoron, there is a meaningful explanation. When the shift in
a process is very slight the attempt to adjust the process can lead to over-correction and
introduce extra variability into the process. Duncan (1974) and Wetherill (1977) observe
that low ARL values for small deviations from the target value is a drawback when some
slack in the process is acceptable. The out-of-control region M; contains all values of
for which a control procedure should give an out-of-control signal.

A control chart has an ARL value of at least Lg, when 6 € M, and at most L;, when
0 € M,. Consider two procedures A, B that are to be compared. If the ARL profile of
A is above that of B for # € M, and below that of B for # € M, then procedure A is

considered to be uniformly better than procedure B.
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2.3 Univariate Shewhart Control Charts

The most known control charts are the Shewhart type control charts. They owe their
name to Walter Shewhart who established them in his pioneering work in 1931. They
are used to detect transient special causes in a process. This property is the result of
the fact that Shewhart Control Charts are memoryless. In the following we present the

Shewhart control charts for variables and attributes.

2.3.1 Control charts for the mean for data in subgroups

Assume that we have a variable that is normally distributed with mean i and standard
deviation 0. We assume that p and o are both known. Let x1, 25, ..., z, be a sample of n
independent and identically distributed observations drawn from our production process.
Then the average of this sample T is distributed as a normal variable with mean p and

standard deviation o/y/n. Therefore, we can use as control limits for each sample

UCL = p+ Zojpo/\/n
LCL = p—Zypo/v/n (2.1)

where UCL and LCL are the upper and lower control limits respectively, Z,/, is the
inverse of the normal cumulative distribution function for probability «/2 and « is the
probability that an in-control sample will plot outside these limits. If all the points
(samples) plot inside the control limits we claim that we have an in-control process. This
plot is a Phase II Shewhart chart for the mean.

However, in real world we usually do not know the values of ;1 and 0. Consequently,
we have to estimate them. Therefore, the control limits in such a case will not be

fixed numbers, but rather random variables. The control limits in this case for Phase 1
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Shewhart chart for the mean are

UCL = fi+ke/vn
ICL = f—-ks/\Vn

where 1 and & are the estimates for the mean and the standard deviation, respectively
and k is a constant used to specify the width of the control limits usually taken to be
equal to 3. If a point plots above UCT or below LOL we have an indication that this
point (sample) is from an out-of-control process. Let Ty, Ta, ..., T, be the sample means
from samples each with n observations. Then, an estimate for the mean is i = 7, the
average of all the sample means. If the process is in-control this estimator is normally
distributed with mean z and variance 0/(mn). For the standard deviation three different
estimators have been proposed. The first one is based on the range. Let Ry, Rs, ..., Ry,
denote the range for each of the m samples and R the average of these ranges. Then, a
control charts’ unbiased estimator is given by R/dy. The estimated control limits for the

X chart are given by

UCL = T+ kR/(dyv/n)
ILCL = T—kR/(dy/n) (2.2)

where dy is the mean of the random variable R/o and is a function of the sample size
n. Details on the derivation of dy along with its values for different sample sizes can be
found in textbooks, see e.g. Montgomery (2001).

A second version of the estimated control limits for the mean is based on a different
unbiased estimator for the standard deviation. Let Si,.5,...,5,, denote the standard

deviation for each of the m samples and S = L3 S; their average. An unbiased
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estimator for o is S/cy (see e.g. Ryan(2000)) where

“ (n - 1)1/2 r <<Fn(ﬁ/12>)/2>

and I'(-) stands for the gamma function, where the gamma function is defined as

['(2) :/ v* e dx, z > 0.
0

The control limits will be

UCL = T+ kS/(cav/n)
ICL = T—kS/(cav/n) (2.3)

A third version for such type of limits is based on U = /L 3" | 52, where U /cy,, is

an unbiased estimator of o and

_ V2r((m(n—1) +1)/2)
m(n — D(m(n —1)/2

4.m

The control limits using this estimator will be

UCL = T+ kU/(camy/n)
ICL = T—kU/(camy/n)

It can be proved for the three different unbiased estimators that Var (U/ c4,m) <
Var (S/cs) < Var (R/dz) (Derman and Ross (1995)). Therefore, a preferable estimator
for o is U/C4,m-

Yang and Hillier (1970) proposed a somewhat different Phase I control charts. The
control limits for the statistic plotted at time i are not functions of the ith sample. One

or more of the other m — 1 samples are used to estimate j, and o¢. If 1i;) and ;) are
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the estimators for the mean and standard deviation respectively when only the ¢ sample

is removed the control limits will be

UCL = fig +ko@/vn

Champ and Chou (2003) compared the performance of the two Phase I control charts
the one using the m samples and the other using m — 1 samples and concluded that the
one using all samples gives better results.

The ARL for Shewhart charts is given by
ARL =1/ Pr(a point plots outside the control limits). (2.4)

It has to be stressed though that this relationship holds in the case of known parameters.
If the parameters are unknown and as a result they have to be estimated a different
relationship holds. This matter is studied in detail in chapter 3.

Several authors have dealt with the Shewhart chart for the mean and have proposed
improvements or modifications. For instance see Champ and Woodall (1987), Reynolds

et al. (1988) and Quesenberry (1995a).

2.3.2 Control charts for the variability for data in subgroups

Assume that we have again a variable from a stable process that is normally dis-
tributed with mean p and standard deviation o comprising m samples of size n each.
We assume that o is known. In this process we want to keep the variability in-control.
Then, it can be proved that the mean and standard deviation of the range of a sample
from this process are E(R) = dyo and SD(R) = d3o where dy and dz are functions of
the sample size n. Computation of dy and d3 and values for different sample sizes can be

found in textbooks, see e.g. Montgomery (2001). Then the Phase II control limits for
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the variability using the range will be

UCL = dQO'—f—,l’u‘ng'
LCL = dQO'—/{?ng' (25)

The value of k is selected in the same way as in the chart for the mean. The most
common value is 3. However, the selection in this case is actually approximating the
0.9973 probability limits for the mean when a = 0.0027.

The usual design of the R-chart involves control limits that have equal tail probabil-
ities (see, e.g. (2.5)). However, in such a case it is possible to have an interval (oy,03)
with 01 < 09 and for each ¢ in this interval ARL(0) > ARL(0q), where ARL(0y) is the
in control ARL. Such a chart is called a biased R chart. Champ (2001) showed how to
design an ARL unbiased R control chart.

Another way to compute Phase II control limits for the variability is through the
standard deviation. It can be proved that F(S) = c¢40 and SD(S) = 01/1 — 3. Then

the control limits will be

UCL = <C4+3 1—031)0

LCL = <c4 —34/1— c?l) o (2.6)
Usually, we do not know the value of ¢ and therefore we have to estimate it from past
data. As in the case of the mean let Ry, Rs, ..., R,, denote the range for each of the m

samples and R the average of these ranges. An estimate based on the range as already

mentioned is
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Then, the Phase I control limits are

UCL = (1+3—d3>R

do
ICL = O—y%R. (2.7)
do

A different estimate used is
_ 1 <&
o

N2
where m is the number of past samples used, S? = ﬁ 2?21 (X ;= Xi> is the unbiased

estimator of o2

and n is the sample size. However, we know that S is not an unbiased
estimator of o. It has been proved, as already mentioned, that an unbiased estimate of
o is S/c, and that the standard deviation of S equals 01/1 — ¢Z. The upper and lower

control limits of the chart known as the Phase I S chart are

= 3 o\ o
UCL = (1+cj/1 Q)S
/\_ 3 2\ o
ICL = (1 cﬁ/l %)S (2.8)

Approaches making use of these limits are known as the three sigma approaches based
on the normal approximation proposed by Shewhart in the early thirties. However, it is
easy to prove that this approximation is not satisfactory since as is known

(n—1)5?

0_2 ~ Xz—l (29)

Although this approximation is not accurate, it is usually used as a first check (see e.g.
Ryan (2000), Klein (2000), Lowry, Champ and Woodall (1995)).

A modification of the control limits (2.6) and (2.8) based on property (2.9) uses
probability limits in place of the three sigma limits (see e.g. Ryan(2000)). If the value

16



of the standard deviation o is known the Phase II control limits are

X2
UCL = oy)>222 (2.10)

ICL = o X8.001

In these limits, if the process variability operates in-control, the probability that the
standard deviation of future subgroups will fall between them is 0.998, which is approx-
imately equal to the 0.9973, the probability assumed when using the 3 sigma ones. If
the true standard deviation is not known we use its unbiased estimate S/cs. The Phase

I limits then become

—_— G 2
UCL = C% X990 (2.11)

n—1
ﬁ _ E X%.om
e\l mn—1"

Yang and Hillier (1970) proposed different Phase I control limits using the same
way of thinking as in the case of the mean by excluding sample ¢ from the calculation.
Champ and Chou (2003) compared the performance of these different Phase I limits and
concluded that the standard limits and the ones proposed by Yang and Hillier can be
designed to be equivalent.

The ARL of the control charts for the variability of data in subgroups is given by
the relationship (2.4) as this relationship is valid for all Shewhart charts with known
parameters. More details on Shewhart charts for variability and related work can be

found in Lowry, Champ and Woodall (1995), Klein (2000) and Sim(2000).

2.3.3 Control charts for individual data

Let X;,i = 1, ..,n represent independent and identically distributed observations from

a N(u,0?) process. If the parameters u and o2 are known, the Phase IT X chart control
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limits are

UCL = p+30
LCL = pu—30

Usually, these parameters are not known and they have to be estimated. In this case,
the variability is usually controlled using moving ranges. Nevertheless, Nelson (1982),
Roes et al. (1993) and Rigdon et al. (1994) have recommended either against the use of
the moving range chart or its use together with the classical X chart. Moreover, Sullivan
and Woodall (1996a) showed that a moving range control chart does not contribute
significantly to the identification of out-of-control situations. For these reasons we do
not present it here. Therefore, the use of the X control chart for monitoring both the
process mean and standard deviation is recommended. The Phase I control limits of the

X control chart are

UCL = X+36
ICL = X—35

where X is an unbiased estimate of the mean of the process and & is an estimate of
the standard deviation o of the process. Usually, the estimate of the standard deviation
used is M R/dy where M R denotes the average of the moving ranges and ds is the usual
function of the sample size n used to make the estimator unbiased. However, Cryer
and Ryan (1990) showed that a preferable estimate of o is s/cy where ¢4 is defined
the same way as in the case of rational subgroups and s is the standard deviation of
the observations. Sullivan and Woodall (1996a) proposed a Phase I control chart for
independent observations that uses the log-likelihood function and is used to detect shifts
in both the mean and the variance. This chart is shown to have better performance in
comparison to the X chart or the combined X and MR chart. Moreover, it performs

well for detecting sustained shifts in the distribution but not that well for outliers.
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2.3.4 Control Charts for Attributes

When an item is produced or purchased it is inspected in order to identify if it
satisfies a number of specifications. An item that does not satisfies those specifications
is called a defective or a non-conforming item. These defectives lead to rework or they
are characterized as scrap or second quality product. In any case we have a loss of
money or working time or both. In order to avoid such products, control charts for the
characteristics (attributes) have been developed (see, e.g. Woodall (1997), Ryan (2000)
and Montgomery (2001)).

Assume that we have a random sample of n units and we inspect them for possible
nonconforming items. The fraction nonconforming is defined as the ratio of the number
of nonconforming items in a population to the total number of items in that population.
Suppose the production is operating in a stable manner, such that the probability that
any unit will not conform to specifications is p, and that successive units are produced
independently. If d is the number of units of products that are nonconforming, then d

has a binomial distribution with parameters n and p, that is
n _
P(d=1z)= ( )pgc(l —p)" " =0,1,2,...,n
x

where E(d) = np and V(d) = np(1 — p).
The sample fraction nonconforming is defined as the ratio of the number of noncon-

forming items in a sample to the total number of items in that sample that is

_d
p=-
n

where F(p) = p and V(p) = p(1 — p)/n.
If the true fraction nonconforming p in the production process is known or is a stan-

dard value specified by management, then the Phase II control limits for the p chart are
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defined as

UCL = p+3

LCL = p—3

where the charting statistic is p;, for sample 1.
If the true fraction nonconforming p is not known, then it must be estimated from
observed data. The usual procedure is to select m preliminary samples, each of size n.

Then the average of these m individual sample fractions nonconforming is

and the Phase I control limits are defined as

UCL = p+3vB(1-p)/n
LCL = p-3VP1-D)/n

where the charting statistic is again p;, for sample 1.

For a constant sample size it is also possible to plot on a control chart the number of
nonconforming units, rather than the fraction nonconforming. This chart is called the np
control chart. If the true fraction nonconforming p in the production process is known or
is a standard value specified by management, then the Phase II control limits are defined

as

UCL = np+3ynp(l—p)
LCL = np—3+y/np(l—p)

where the charting statistic is np;, for each sample.
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If the true fraction nonconforming p in the production process is not known, then the
average of the m preliminary individual sample fractions nonconforming p is used and

the Phase I control limits are defined as

UCL = np+3vnp(l —p)
LCL = np—3ynp(l—p)

where the charting statistic is np;, for each sample. If we have a signal on a p chart
we will have also one in an np chart because of the relation between the two charted
statistics. Therefore, we may say that these charts are equivalent for a constant sample
size.

Borror and Champ (2001) proposed Phase I charts for p and np charts based on the
recommendation of Yang and Hillier (1970). Borror and Champ (2001) compared the
false alarm rate performance of the standard and the new charts and concluded that the
new chart has a higher false alarm rate. Additionally, the performance of the standard
Phase I charts is not satisfactory. Therefore the practitioner should use such charts
carefully, keeping in mind the possibility of larger number of false alarms than what
should be expected from the design of the charts.

If we count the number of defects or nonconformities in a sampling unit then we
can plot them in a control chart. This chart is used to control the total number of
non-conformities in a unit. In such a chart we usually assume that the number of non-
conformities in sample of constant size follows a Poisson distribution. If x is the number

of nonconformities and ¢>0 is the parameter of the Poisson distribution, then

Pz)=——2=0,12..

If the true value of ¢ in the production process is known or is a standard value specified
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by management, then the Phase II control limits are defined as

UCL = c+3yc
LCL = c¢—3ye

where the charting statistic is ¢; the number of nonconformities in sample 7.
If the true value of ¢ in the production process is not known, then the Phase I control

limits are defined as

UCL = c+3V¢
LCOL = ©—3V7

where € is the average number of nonconformities in a preliminary sample of inspection
units and it is used as an estimate of c¢. The charting statistic in this case is ¢;, the
number of nonconformities in sample 7, again.

If we want to develop a control chart for a sample of n sampling units or for a
sampling unit that is n times larger than the standard sampling unit, we may set up
a control chart based on the average number of nonconformities per inspection unit.
Specifically, let uw = ¢/n, then since ¢ is distributed as a Poisson random variable the

Phase II control limits for this chart are

UCL = u+3

LCL = u—-3

in the case that u is known or is a standard value specified by management. If the true
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value of u is not known then the Phase I control limits will be

UCL = u+3

ICL = u—3

where @ is the average number of nonconformities per inspection unit from a preliminary
sample and it is used as an estimate of .

If Y; is the number of conforming items between the (i — 1)th and the ith noncon-
forming item from a stable process with the in-control probability of a nonconforming
item be py then this process is a sequence of independent Bernoulli trials with the same
probability pg. Therefore, Y;+1 is a geometric random variable with parameter py. Then,

the Phase II control limits for this chart are

UCL n(a/2) 1
In(1 — po)
LCL = In(l-a/2)
In(1 — po)
If po is unknown the Phase I control limits are
— In (a/2)

I = Y5y
UCL = 0= ~N/m)
— In(1-—«/2)
LCL = ————~

¢ In(1 — N/m)

where pg = N/m, N is the number of nonconforming items in a total of m items sampled.
In all the above control limits we can not accept a negative value. For this reason if

the lower control limit is negative we set it equal to zero.
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2.4 Cumulative Sum (CUSUM) Control Chart

CUSUM control charts were introduced by Page in 1954. They are used to identify
persistent causes in a variable instead of Shewhart charts. This ability is attributed to the
fact that they have a memory as they are based on successive sums of the observations
minus a constant. Generally, we can say that CUSUM charts are able to detect small to
moderate shifts whereas Shewhart charts are able to detect large shifts.

Let x1, o, ...z, be n independent and identically distributed observations drawn from

our production process and p is the process mean target. Then, we define as the Phase

II CUSUM control chart, the function

n

Si=> (Xi—p)

=1

plotted against the observation number. In the case of subgrouped data instead of each
observation we have the corresponding sample mean.
A more usual way of calculating the CUSUM for an upward shift in mean is by the

formulas

St o= 0

S = max(0,87, + (Xi — p) — k)

)

where k is a constant called reference value. The CUSUM chart gives a signal if S;* > h
where h is a value we choose to give the desired in-control ARL called decision interval.

The corresponding CUSUM scheme for detecting downward shifts is

Sy =0

S; = min(0, 57, + (Xi — ) + k)

)

and it signals if S;7 < —h. There is a certain way to compute the values of £ and £,
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which is related to the distribution of X;’s. Hawkins and Olwell’s (1998) textbook is an
excellent reference on this subject. We have to state here that in the case of standard
normal data with £k = 3 and h = 0 we end up with the classic Shewhart X chart for the
mean. Moreover, in the case of subgrouped data we modify the preceding schemes and
in place of each observation X; we have the sample mean.

Koning and Does (2000) presented Phase I CUSUM control charts using recursive
residuals. They showed that their chart has a better performance than the Likelihood
Ratio chart of Sullivan and Woodall (1996a) and Q chart of Quesenberry (1995a).

In the following subsections for CUSUM charts we focus in the case of continuous dis-
tributed variables. The case of discrete distributed observations has been also examined

see e.g., Lucas (1985), Gan (1993a) and Hawkins and Olwell (1998).

2.4.1 Optimality of the CUSUM

Assume that x1,xs,.. are independent and identically distributed random variables
that are observed sequentially. Let xy,zs, .., 2,1 have (in-control) distribution func-
tion Fy and x,,, Zy41, .. have (out-of-control) distribution function F; # Fy. The two
distributions are known but the time of change m is assumed unknown.

Many schemes can detect such a change (e.g. Shewhart charts). These schemes are
classified by the expected time until the process signals while it remains in-control (false
alarm rate). Among all procedures with the same false alarm rates, the optimal procedure
is the one that detects changes quicker. Or we could say that among all procedures with
the same in-control expected number of samples until signal, the optimal procedure has
the smallest expected time until it signals a change when the process shifts to the out-
of-control state.

Moustakides (1986) proved that the CUSUM scheme was optimal in the above sense.
Specifically, among all tests with the same in-control expected number of samples until
signal, the CUSUM had the smallest out-of-control expected number of samples.

The optimality of the CUSUM is for detecting a shift to a single specific out-of-control
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distribution. The CUSUM that is optimal for detecting one particular shift is not optimal
for detecting a different shift. For a different shift a different CUSUM will be optimal.
However, while a CUSUM for detecting a shift of one standard deviation is optimal only
for this shift, it performs nearly as well as the optimal CUSUM for all shifts that are not

too far from one standard deviation.

2.4.2 Average Run Length (ARL)

Two different methods for the computation of the ARL have been developed; the
integral equation method and the Markov chain approach. Page (1954) used integral
equations for the computation of the ARL. Let the distribution function of a single score
x be F(z) and let L(z) be the ARL of the one sided case. L(0) stands for the ARL with

an initial value of zero. Then, for 0 < z < h

L(z) =1+ L(0)F(—2) + /0 f(x — 2)L(x)dz

We may explain the above integral equation with the following description: the ex-
pected run length of a test which is now at z equals 1 (the next observation) plus the
probability that the next observation will return the CUSUM to zero multiplied by the
expected run length from z = 0 plus the integral over the probabilities that the CUSUM
lands somewhere between zero and h multiplied by the respective expected run lengths
from the new value of the CUSUM. Van Dobben de Bruyn (1968) gives a discussion on
the derivation of this equation. Additionally, Wetherill (1977) gave an almost identi-
cal relationship but from a somewhat different way of thinking. Others that have dealt
with the same problem are Ewan and Kemp (1960) and recently Champ, Rigdon and
Scharnagl (2001) that give a general method for obtaining integral equations used in the
evaluation of many control charts.

The Markov Chain approach begins by approximating the problem of obtaining the

average run length (ARL) and then obtains an exact solution to the approximate prob-
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lem. The integral equation approach begins with the exact problem and finds an approx-
imate solution to it. Champ and Rigdon (1991) compared integral and Markov chain
approaches. They propose the integral equation as a preferable method when an integral
equation can be found. On the other hand, there are situations, where only the Markov
chain approach seems appropriate.

Brook and Evans (1972) were the first to propose the new method for computing the
ARL based on a Markov chain. This method applies to both discrete and continuous
variables. In the case of continuous variables let Z be the quality characteristic we
want in-control, which is continuously distributed. Consider the one-sided case where we
accumulate the deviations of Z from a reference value k£ and this procedure stops if we
reach the upper decision boundary h or if the cumulative sum equals zero. A Markov
process with continuous state space can represent this scheme.

Suppose that the Markov chain has t + 1 states labeled Ey, E1,...E; where E; is the
absorbing state. The probability that the chain remains in the same state at the next
step should correspond to the case where the cumulative sum does not change in value
by more than a small amount say 0.5w, meaning that the next value of Z does not differ
from the reference value k by more than 0.5w. The value of w determines the width of
the grouping interval that is used to discretize the probability distribution of Z. This
value must be carefully chosen because properties like average run length and percentage
points are highly affected by the width of the decision interval. In order to avoid unwilling
behavior a further restriction is the following; the probability of a jump from F; to the
absorbing state E; should be equal to the probability that the cumulative sum for (Z — k)
jumps beyond the point i from a position in (0, ) which corresponds approximately to
the state E;. Therefore

w=2h/(2t — 1) (2.12)
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The transition probabilities for the Markov chain are for ¢ = 0,1,...,¢ — 1 as follows

Py = pr(E; — Ey) =pr(Z — k < —iw + 0.5w)
Py = pr(Ei— Ej)=pr((j—)w—05w<Z—k<(j—i)w+05w),1<j<t-1

Py = pr(E; — E) =pr((t —i)w—0.5w < Z — k)

Also, pr(Ey — E;) = pr(Z — k > h) for any w that satisfies relation (2.12). Let
pr = prirw — 05w < Z —k < rw+ 0.5w) and F, = pr(Z — k < rw + 0.5w) then the

transition probability matrix P has the following form

F p p .. Dj e D1 1—=F
Fi po p1 o pjo1 . P2 1—F o
P=| F, pi poi . Djmi o Di1—i 1—Fq
Fiy pot p3t - Dj—@-1) - Do 1 — Fo
0 0 0o .. 0 0 1

A relation that holds is (I —R)p®) = sRu'®), s=2,3,... where R is the matrix
obtained from the transition probability matrix P by deleting the last row and column
(those referring to the absorbing state E;), I is the identity matrix and u(®) is the vector
of the sth factorial moments for the random variables X, X, ..., X;_1. For s=1 the
equation becomes (I — R)pu = 1, where the vector 1 has each of its ¢ elements equal
to unity. The first element of the vector p gives the average run length for a CUSUM
chart starting from zero and in general the ith element gives the mean of the run-length
distribution when starting from state FE;, i=0,1,...,t-1. We have to state here that
the above procedure, suitably modified (Brook and Evans (1972)), can be used for the
computation of the ARL of discrete distributed observations also.

The two different computations of the ARL presented are for a one-sided scheme. In
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the case that we have a two-sided scheme Van Dobben de Bruyn (1968) showed that

11 N 1
ARL  ARL* ARL™’

where ARL™ is the ARL of an upward scheme and ARL™ is the ARL of a downward
scheme.

The evaluation of CUSUM charts is usually done by the computation of the ARL.
Two reasons for this are, firstly, that the computation of the run length distribution is
difficult in most situations (see Page (1954), Ewan and Kemp (1960), Brook and Evans
(1972), Woodall (1983,1984), Waldman (1986)) and secondly that the in-control run
length distribution is approximately geometric, therefore it can be characterized by the
ARL. On the contrary, the in-control run length distribution of a CUSUM chart is highly
skewed and accordingly conjectures on the ARL can be misleading because the form of
the run length distribution changes with a shift in the mean. Therefore the ARL is not
a sufficient measure for the performance of the chart. Barnard (1959) and Bissell (1969)
have criticized the use of the ARL only and they have proposed instead the simultaneous
use of percentage points.

On the other hand, the median run length (MRL) is a quantity that we can rely
on because it is more meaningful and more readily understood (see Gan (1994)). For
example when the out-of-control MRL is 50, this means that half of all the run lengths

are less than 50.

2.4.3 Fast Initial Response (FIR)

Lucas and Crosier (1982) extended the calculation of the average run length by using
a head start value Sy different than zero. The calculation of the ARL for several head
start values showed that for a moderate value the in-control ARL has a small percentage
decrease while the out-of-control ARL has a large percentage decrease. Therefore we

may design a FIR CUSUM, with an almost equivalent in-control ARL and a smaller
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out-of-control ARL than a standard CUSUM, by increasing h (decision interval) slightly
to compensate for the small decrease in ARL caused by the head start.

Lucas and Crosier (1982) recommended a head-start of Sp=h/2. This recommenda-
tion is a result of the fact that a CUSUM scheme is a sequence of Wald tests (Page
(1954)) with null hypothesis that the mean is zero and alternative hypothesis that the
mean is 2k.

The ARL computation of one-sided schemes is easily done using the proposed pro-
cedures of section 2.4.2. However, in the case of a two-sided FIR CUSUM scheme the
computation is modified (Yashchin (1985)). Let H™ and —H~ denote the head starts
of an upward and a downward CUSUM scheme, respectively. Also, let A*(s) and A~ (s)
denote the ARL of an upward and a downward CUSUM scheme with head starts s and
—s, respectively. Then, the ARL of a two-sided FIR CUSUM is

AT(HT)A=(0) + A~ (H7)AT(0) — A+(O)A‘(0)'

ARL = A7(0) + A (0)

This result holds if the following condition is satisfied
k*+ k™ >max (HY + H- —min(h",h7), |h* —h7|)

where kT, k= and h*,h™ are the upward and downward reference values and decision
intervals, respectively. This condition ensures that if the upward CUSUM signals the

downward CUSUM will be at zero and vice-versa.

2.4.4 CUSUM control chart for process variability

A method for keeping in-control the process dispersion was developed by Chang and
Gan (1995). Assume that the process mean is in-control and let s?, s2, ... be successive

sample variances observed from a process based on a sample of size n. The upper and
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lower CUSUM charts are obtained through the plotting of
CH =max(0,C" +yi — k)

and

C; =max(0,C_, + vy + k)

(2

against i respectively, for i = 1,2, ..., where k/;, k; are constants, y; = log(s?), Cy = u
for 0 < u < h™ and C; = v for —h~ < v < 0. The upper CUSUM chart is used to
detect increases in the variance and there is an out-of-control signal at the first ¢ for
which C;" > h™. The lower CUSUM chart is used to detect decreases in the variance
and there is an out-of-control signal at the first ¢ for which C;” < —h~. In practice, we
usually have to estimate the in-control variance because it is not known and this is done
by taking samples from a process, which is assumed to be in-control.

The probability density function of log(s?), when the measures of the quality charac-

teristic are independent, identically and normally distributed, is

_explay — exp (y) /0]
f(y) - F (Cl) Ba

,—00 < Yy < 00

where a=(n — 1)/2, 8 = 206%/(n — 1) and I'(a) is the gamma function. Let H(u) be the
ARL function of an upper CUSUM chart given that Cj” = u where 0 < u < h*. Then,
an approach similar to Page (1954) for the computation of the ARL is the following

ht

H(u) =1+ H(0)Pr (log (s°) < kf —u) + i flz+ kL —w)H(z)dz.

In practice, most of the processes are out-of-control at the beginning and a FIR CUSUM
is recommended for a faster detection of this situation. As we have already said Lucas
and Crosier (1982) have recommended using h/2 as the head start value for monitoring
normal means. The distribution of log(s?) is approximately normal, so h™/2 and —h~ /2

are recommended here as head start values for the upper and lower CUSUM charts.
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In order to design a CUSUM chart we have to determine the values of h and k.
Chang and Gan (1995) provided tables for various values of sample sizes and for the
out-of-control standard deviation which we want to detect quickly.

A CUSUM chart based on a larger sample size will be more sensitive than a CUSUM
chart based on a smaller sample size for detecting changes in ¢. For the two-sided case,
the two one-sided CUSUM charts that are optimal for detecting a specific shift in either
direction can be run simultaneously so as to detect changes in standard deviation in both
directions.

The CUSUM chart described here is based on the assumption that the measures
of the quality characteristic are independent, identically and normally distributed. For
non-normally distributed observations the ARL values are different and especially for
distributions with a tail larger than the normal one, the ARL tends to be small, so the
false alarm rate is higher. When observations are positively serially correlated, then the
CUSUM is less effective in detecting increases in o, because the sample variance decreases
as the serial correlation increases.

For other CUSUM charts developed for monitoring process variance see Yashchin

(1994) and Srivastava (1997).

2.5 Exponentially Weighted Moving Average (EWMA)
Control Chart

The EWMA chart was introduced by Roberts (1959) and it is used as the CUSUM
chart to detect persistent shifts in a variable. Its ability is to signal faster than the
Shewhart charts for small and moderate shifts but not that fast for large shifts. Generally,
we can say that its performance is similar to the performance of the CUSUM chart.

In the following subsections we present the EWMA chart for continuous variables.
The case of discrete variables has been studied by Gan (1990), Borror et al. (1998),
Quesenberry (1995b) and Quesenberry (1995c).
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2.5.1 EWMA Control Chart for the mean

Let the mean p and standard deviation o of a process to be known. The EWMA

chart for individual observations is defined as
Z@' = )\371 + (]. — )\)Zl',h ZO = U

where z; is the observation at time ¢ = 1, 2,...; A is a smoothing parameter that takes
values between 0 and 1 and Z;is the initial value. When the value of ) is close to 0, the
EWMA chart can detect small to moderate shifts in the process mean, when A is close
to unity the EWMA can detect large shifts in the process mean and when A\ = 1 it is
actually the X chart. As a starting value, instead of the in-control process mean, we can

use the target value. The control limits of this chart are

ek s “L%\Kﬁ) -2

LOL = p-— L%\/<%) [1 —(1- A)ﬂ, (2.13)

where L is a constant used to specify the width of the control limits, x is the mean of

the process and ﬁ\/ (525) [1 -(1- )\)Qz} the standard deviation of Z; when the process
is in-control. In case the EWMA chart is used for some time, instead of control limits

(2.13), we may use their limiting values

o A
L = L— —_—
ve e vn <2—A)

LCL = M—L% (%) (2.14)

since lim (”—2 (25) [1 —(1- )\)%D = ﬁ (see e.g., Lucas and Saccucci (1990)). In

i—oo \

this case, =1/A/(2 — A) is the asymptotic standard deviation of Z;. In the case of sub-
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grouped data instead of a single observation we have the sample mean of the observations
at time 7. The control limits are correspondingly modified.

The main features of the EWMA chart are the same as the ones for the CUSUM
except of the optimality. The computation of its run length distribution and the ARL
can be done by the exact way using integral equations (Crowder(1987)). The ARL L(u)
of a two-sided EWMA chart for the mean given that the EWMA starts at u is computed
through the relation

s =13 [ (R Ly

h

where y;’s are assumed to be independent, identically distributed observations with prob-
ability density function f(-), h is the upper control limit and —h the lower control
limit. This can be explained as follows; if for the first observation y;, we have that
|(1 — Au) + Ay1| > h then we have a signal. On the other hand, if this relation does not
hold, the run length continues to move from (1 — Au) 4+ Ay; and L((1 — Au) + Ayy) stands
for the additional run length.

The approximation method of the Markov chain is the other alternative (Lucas and

Saccucci (1990)). The ARL in this case is computed by
ARL=(I-R)™'1,

where I is the identity matrix, 1 is a vector of unities and R is a submatrix of the

transition probability matrix P, where

R (I-R)1
o” 1

If p;i, is the probability that the control statistic goes from state j to state & then
pik =Pr A {(Sk —0) = (1 = N)S;} < Vi < ANH{(Sk+0) — (1 — N)S;}]
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where Sy, is the midpoint of the kth interval, j = —m, ..., m and m is the number of states
we will use. The larger the number of states the more accurate the computation will be.

The median run length and the fast initial response are properties that have been
implemented and in the context of EWMA charts (see Lucas and Saccucci (1990) and
Gan (1993b)). For further discussion of the EWMA charts and other modifications see
Robinson and Ho (1978), Hunter (1986), Saccucci and Lucas (1990), Domangue and
Patch (1991), Ingolfson and Sachs (1993), Steiner (1999).

2.5.2 EWMA control chart for process variability

Several publications dealing with the subject of keeping in-control the process variance
using an EWMA chart have appeared in the literature like Wortham and Ringer (1971),
Wortham (1972), Sweet (1986), Ng and Case (1989), Domangue and Patch (1991), Crow-
der and Hamilton (1992), Hamilton and Crowder (1992), MacGregor and Harris (1993),
Acosta-Mejia and Pignatiello (2000). In this subsection we present schemes for sample
size larger than unity. The schemes for n = 1 are investigated in Chapter 4.

The EWMA chart of squared deviations from target (EWMAg) was proposed by
Wortham and Ringer (1971) for detecting a shift in the process standard deviation. The
statistic of this chart is given by

Si = )\(332 — ,uo)2 + (1 - )\)Si—la SO = O'g,

where )\ is a smoothing parameter that takes values between 0 and 1 and Sy is the initial
estimated value of the mean squared error. It can be proved (MacGregor and Harris
(1993)) that under normality the quantity S;/c? is approximately distributed as x?(v)/v
where the degrees of freedom v depend on the parameter A, the correlation of the x;’s
and the degrees of freedom associated with the initial value. If we assume that the
process mean is on target and the variance is o3 then the control limits of S; are the /2

and 1 — /2 percentiles of o2x?(v)/v distribution. In case of independent and normally
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distributed observations we may plot +/.S; and the corresponding control limits are

2
v
UCL = o lea/2()
v
2
v
LOL — - Xa/2()
v

However, the above statistic has the property to respond both to changes in mean
and in variance. Therefore, a statistic that would plot out of the control limits only in
the case of variance shifts is desirable. Sweet (1986) proposed the use of an estimate
of the process mean in each step in time. Specifically, let 1; denote an estimate of the

process mean at time 7. Then
Si = /\(ZQ — M1)2 + (1 — )\>Si—17 SO = O'g.

A usually used estimate for the mean is the EWMA statistic for the mean (Z;). MacGre-
gor and Harris (1993) computed control limits for this statistic which is usually addressed
as the Exponentially Weighted Moving Variance (EWMYV).

Crowder and Hamilton (1992) proposed a different control chart based on In (7).

The scheme is

Ci = max{(l — )\) Cifl + )\yi,ln (O’g)} s

where Cy = In (02), A is the usual constant taking values between 0 and 1 and y; = In (3?).
This statistic can be used to identify only upward shifts in the variance. The UCL of

this chart in case of independent observations is given by

UCLzK\/<2fA> {n31+(n_21)2+3(n4—1)3 B 15(711(i 1)5}’

where K is a constant chosen together with A so as to achieve the desired ARL. If L(u)
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is the ARL of this chart with u the starting value then

L(u) = 1+ L(O)F (@) 3 /O Yy (M) Liy)dy,

where F'(z) and f(z) are the cumulative distribution function and the probability distri-

bution function of the log-gamma distribution respectively.

2.6 Multivariate Shewhart Control Charts

Multivariate Shewhart Control Charts are analogous to the univariate ones but they
involve in the computations several variables instead of one. The Phase I and II charts
discussion does not change in this case. Sparks (1992), Wierda (1994), Lowry and Mont-
gomery (1995), Fuchs and Kenett (1998), Ryan (2000) and other statisticians and engi-
neers agree with the definition of the Phases given in Section 2.2. However, Alt (1985)
gives a somewhat different definition for the two distinct phases of control charting prac-
tice. In the following the definition of Section 2.2 is followed.

A crucial matter in Multivariate Shewhart Control Charts is the sample size n of each
rational subgroup. As Lowry and Montgomery (1995) suggest, the appropriate use of a
test statistic (X2 or T?) can be broken into four categories: 1) Phase I and n = 1, working
with individual observations; 2) Phase I and n > 1, working with rational subgroups;
3) Phase II and n = 1, working with individual observations; 4) Phase I and n > 1,
working with rational subgroups.

Mason and Young (2002) recently published a textbook for the implementation of
multivariate statistical process control in the case of Shewhart charts that discusses in

detail several subjects.
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2.6.1 Control Charts for the Process Mean (n > 1)

Assume that the vector x follows a p-dimensional normal distribution, denoted as
Ny(pg, Xo), and that there are m samples of size n > 1 available from the process. A

control chart can be based on the sequence of the following statistic
D22 = n(il—’ﬂo)tzal(il—ﬁo),

where X; is the vector of the sample means of the ith rational subgroup, ¥ and Z, are
the appropriate vector of means and the appropriate variance-covariance matrix in either
Phase I or Phase II, respectively. The superscript ¢ is used to define the transpose of
a matrix. The D? statistic represents the Mahalanobis distance of any point from the
target ¥g. Thus, if the value of the test statistic D? plots above the control limit (L),
the chart signals a potential out-of-control process. Generally, control charts have both
upper (L,) and lower control limits (L;). However, in this case only an upper control
limit is meaningful, because extreme values of the D? statistic correspond to a point far
away from the target 9, whereas small or zero values of the D? statistic correspond to
points close to the target 9.

If 9 = Xy, Zo = S, n > 1 and X; is the mean of the ith observation then the
D?/cy(p, m, n) statistic follows an F' distribution with p and (mn —m —p+1) degrees of
freedom. Here co(p,m,n) = [p(m —1)(n —1)] (mn —m — p+1)"", the parameter X is
the overall sample mean vector and S is the pooled sample variance-covariance matrix.
Consequently, a multivariate Shewhart control chart for the process mean, with unknown

parameters, has the following control limit

Lu = CO(p> m, n)Fl—a,p,mn—m—p+1-

This control chart is called a Phase I T2-chart. We must note that, for a Phase I T2-chart
the statement “if the process is in-control the probability of at least one of the D?’s being

outside the control limits is ¢” does not hold. It does not hold because in this Phase the
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D?'s are not independent (this is valid only for i = 1). In practical problems T?-chart
is typically recommended for the preliminary analysis of multivariate observations in
process monitoring applications. Nedumaran and Pignatiello (2000) consider the issue of
constructing retrospective T2 control chart limits so as to control the overall probability
of a false alarm at a specified value. Furthermore, Mason et. al. (2001) use the T?-chart
for monitoring batch processes in both Phase I and Phase II operations.

If 9 =Xy, Zo =S, n > 1 and X; is the mean of a future observation then the
D?/cy(p,m, n) statistic follows an F' Distribution with p and (mn —m — p + 1) degrees
of freedom, where ¢;(p,m,n) = [p(m + 1)(n —1)] (mn —m — p+1)"". Thus, a multi-
variate Shewhart control chart for the process mean, with unknown parameters, has the

following control limit

Lu =0 (p> m, n)Fl—a,p,mn—m—p—‘rl-

This control chart is called a Phase II T2-Chart.

If 99 = py, Zo = o, n > 1 and X; is the mean of the ith observation then the D?
statistic follows a X?2-distribution with p degrees of freedom. Therefore, a multivariate
Shewhart control chart for the process mean, with known mean vector p, and known

variance-covariance matrix X, has the upper control limit L, = X?2 This control

pl—a
chart is called a Phase II X?2-Chart.

The in-control ARL of the multivariate Shewhart chart, when p, and ¥, are known,
can be calculated as ARLy = 1/a where « is the probability that D? exceeds L,. Fur-
thermore, the out-of-control ARL; of the multivariate Shewhart chart depends on the

mean vector and variance-covariance matrix only through the noncentrality parameter

)\2<IJ’1)7
A (pey) = gy — o) B0 (g — o) = nd' 5518,

where g, = p, + 0 is a specific out-of-control mean vector. Hence, it is possible to
consider the ARL; as a function of A\(p,), the square root of A*(y,), and construct an

ARL; curve by using the equation ARL; =1/ (1 — [3), where [ is the probability of the
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event “Procedure fails to diagnose an out-of-control situation”. We have to note that
the result that the ARL depends only on the noncentrality parameter is based on the
assumptions that 3y is the known variance-covariance matrix and that random sampling
is being done independently from a multivariate normal distribution.

The theory presented up to now considers the case of a pre-defined and fixed sample
of size n. Jolayemi (1995) presented a power function model for determining sample sizes
for the operation of a multivariate process control chart. Moreover, Aparisi (1996), gives

a procedure for the construction of a control chart with adaptive sample sizes.

2.6.2 Control Charts for the Process Mean (n = 1)

For charts constructed using individual observations (n = 1), the test statistic for the

ith individual observation has the form
D? = (X,L'—’ﬁo)t Zal (Xl—’ﬂo) s

where x; is the ith observation, i = 1,2, ...,m following N, (g, Xo), Yo and Z, are the
appropriate vector of means and the variance-covariance matrix in either Phase I or Phase
II, respectively.

If 99 = X, Zo = S,, and x; is the ith individual observation then the D?/dy(m)
statistic follows a Beta distribution with p/2 and (m — p — 1) degrees of freedom, where
do(m) = (m —1)>m~'. Thus, a multivariate Shewhart control chart for the process

mean, with unknown parameters, has the following control limit (Tracy et al. (1992))

L,= dO (m)Blfa/2,p/2,(mfp71)/27

where X,, is the overall sample mean and S,,, is the sample variance-covariance matrix.
This control chart is called a Phase I T2-Chart. Alternative estimators of the variance-
covariance matrix has been proposed by Sullivan and Woodall (1996b) and Chou et al.
(1999).
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If 99 = X, Zo = S,, and x; is a future individual observation then the D?/d;(m, p)
statistic follows an F distribution with p and (m—p) degrees of freedom, where d;(m, p) =
p(m+1)(m — 1) [m(m — p)]". Therefore, a multivariate Shewhart control chart for the
process mean, with unknown parameters, has the following control limits (Tracy et al.
(1992))

L, =dy(m,p)Fi_apm—p-

This control chart is called a Phase IT T?-Chart.

If 99 = pg, Zo = Xo and x; is the ith observation then the D? statistic follows a
X?2-distribution with p degrees of freedom (Seber (1984)). Consequently, a multivariate
Shewhart control chart for the process mean, with known mean vector p, and known

variance-covariance matrix ¥, has upper control limit L, = X; 1—o- This control chart

is called a Phase IT X2-Chart.

2.6.3 Control Charts for Process Dispersion

In the following, multivariate control charts for controlling process dispersion are pre-
sented. In the previous two subsections, it was assumed that process dispersion remained
constant and equal to 3. This assumption, is generally not true, and must be validated
in practice. Process variability is summarized in the p X p variance-covariance matrix
3. which contains p x (p 4+ 1)/2 parameters. There are two single-number quantities for
measuring the overall variability of a set of multivariate data. The first one is the deter-
minant of the variance-covariance matrix, |S|, which is called the generalized variance.
The square root of this quantity is proportional to the area or volume generated by a set
of data. The second one is the trace of the variance-covariance matrix, trS, the sum of the
variances of the variables. In this subsection, two different control charts for the process
dispersion are presented since different statistics can be used to describe variability.

Assume that the vector x follows a N,(p, Xo), and that there are m samples of size

n > 1 available from the process. The first multivariate chart for the process dispersion
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can be based on the sequence of the following statistic
Wi =—pn+pnlnn —nln [|A] |20|_1} + trace (35" A;)

for the ith sample, i = 1,2,...,m, where A; = (n — 1)S;. The W; statistic follows an
asymptotic X?-distribution with p x (p+1)/2 degrees of freedom. Hence, a multivariate
Shewhart control chart for process dispersion, with known mean vector g, and known

variance-covariance matrix 3, has the upper control limit L, = X?

plp+1)/2,1—a Therefore,

if the value of the test statistic W; plots above L,, the chart signals a potential out-of-
control process. This control chart is called a Phase IT W chart.

The second chart is based on the sample generalized variance |S|, where S is the p X p
sample variance-covariance matrix. One approach in developing an |S|-Chart is to utilize
its distributional properties. Alt (1985) and Alt and Smith (1988) state that if there are

two quality characteristics, then
[Q(n —1) |S|1/2} 13072 is distributed as a X2, _,.
Thus, the control limits for an |S|-Chart are

Lo = [1Zol (Xsnap)’] 20— 1]
L= |1l (X3usar)’] 20 = 1) 2,

where L, is the upper control limit and L; is the lower control limit.

In a recent paper by Aparisi et al. (2001), the distribution of the |S|-Chart is studied
and suitable control limits are obtained for the case when there are more than two
variables. Aparisi et al. (2001) propose the design of the |S| Chart with adaptive sample
size to control process defined by two quality characteristics. Alt (1985) proposes a second

approach in developing an |S|-Chart by using only the first two moments of |S| and the
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property that most of the probability distribution of |S| is contained in the interval

E[IS|] £ 3V IS])

Additionally, Alt and Smith (1988) propose a modification, the |S|"/? Chart. Further-
more, Alt (1985) gives a proper unbiased estimator for ||, in order to define a Phase I
control chart for controlling the process dispersion.

Although |S| is a widely used measure of multivariate variability, it is a relative
simplistic scalar representation of a complex multivariate structure. Therefore, it can be
misleading in some cases. Lowry and Montgomery (1995) present three sample covariance
matrices for bivariate data that all have the same generalized variance and yet have
distinctly different correlations. As a result, it is often desirable to provide more than
the single number |S| as a summary of S. The use of univariate dispersion charts as

supplementary to a control chart for |S| is proposed by Alt (1985).

2.6.4 Multiattributes Control Charts

Patel (1973) was the first to deal with methods of quality control, when the p-
dimensional observations are coming from a multivariate binomial or multivariate Poisson
population. Specifically, Patel proposed a X? chart using an approximation to normal-
ity. Lu et al. (1998) developed a multivariate attribute control chart, called the MNP
chart. The name of this chart stems from the fact that it is a straightforward extension
of the univariate np chart. Let p = (p1,p2,...,pp) be the fraction nonconforming vec-
tor, Py = [5ij]p><p the correlation matrix and ¢ = (C4, Cy, ..., C}) the vector of counts of

nonconforming units. Define

P
C;

L= ,
; \VDi

which is the weighted sum of the nonconforming units of all the quality characteristics in
the sample. Since the nonconformance of a quality characteristic in one dimension may

be more serious than in another dimension we want to take into account that information
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in the calculations. Montgomery (2001) suggested a statistic that uses this information.
Let d = (dy,ds, ..., d,) denote the vector of the numbers of demerits, which indicates
the severity of nonconformance in quality characteristics. Then the above statistic L can

be extended as follows

" 4,0,
Lp :Z N

=1

For Lp Lu et al. (1998) proposed the following multivariate attribute chart

UCL — nzdj\/p_j+3\n Zd?(l—pj)+22<didj6ij (1 =pi)(1 —pj))

Lj=1 1<j

LCL = nZdj\/p—j—g\n S B(1—p) +2) (did;dij /(1= pi)(1—p;))]|.

Li=1 i<j

Given the values of the parameters, the control limits can be computed and the MNP
chart can then be established using the above equation. If the real values are unknown,
then they must be estimated. Furthermore, Lu et al. (1998) introduced a formula that
can be used to calculate the appropriate sample size n of each rational subgroup and
gave a procedure for the interpretation of an out-of-control signal.

Jolayemi (1999) proposed a multivariate attribute control chart (MACC), which is
based on an approximation of the convolution of independent binomial variables and on
an extension of the univariate np chart. When a process is monitored with respect to
many independent attributes X, Xs, ..., X,,, each of which follows a binomial distribu-
tion, the distribution of the sum or the convolution of the number of defective items found
in a sample of size n from the process, with respect to all m attributes, is well approxi-
mated by a binomial distribution with parameters mn and p, (the mean of py, pa, ..., p,).

Therefore, instead of plotting m different np charts we use a single one using the preceding
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approximation. The control limits of this chart are

UCL = nmpy+ ky/nmpy(l — D)

LCL = nmp, — ky/nmpy(1 —By),

where k (usually k£ = 3) is the constant that determines the width of the control limits
and pg;, i= 1, 2,..., m is the expected fraction defective produced with respect to attribute
X; when the process is in-control.

Therefore, a corrective action will be taken whenever the sum of the numbers of
defective items found in a sample of size n, with respect to p attributes, exceeds an
acceptance number c,, where ¢, is the largest integer less than or equal to the upper limit.
The acceptance number ¢, and the sample size n are given by the following equations

Cp

S mp-p)m = B

i=0
D MBI =) = 1—a,
i=0

where p; is the mean of py;, for ¢ = 1,2,...,p, p1; is the expected fraction defective

produced with respect to attribute X; when the process is out-of-control. The design of
the MACC presupposes to solve the above equations with specified o and [ values, to
find the proper acceptance number ¢, and the sample size n. Finally, Jolayemi (1999)

gives a proper statistical procedure for the interpretation of an out-of-control signal.

2.7 Multivariate CUSUM and EWMA Control Charts

Multivariate Shewhart control charts use the information only from the current sam-
ple and they are relative insensitive to small and moderate shifts in the mean vector.
Multivariate Cumulative Sum (CUSUM) and Exponentially Weighted Moving Average
(EWMA) control charts are developed to overcome this problem.
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The multivariate CUSUM and EWMA charts presented in the following subsections
are Phase II control charts. Sullivan and Woodall (1998), recommend the use of multivari-

ate CUSUM and EWMA charts for the preliminary analysis of multivariate observations.

2.7.1 CUSUM Type Control Charts

The multivariate CUSUM control charts are distinguished in two major categories.
In the first case, the direction of the shift (or shifts) is considered to be known whereas in
the second the direction of the shift is considered to be unknown (directionally invariant
schemes).

We first present the CUSUM control charts for which we assume that the direction of
the shift (or shifts) is known. Woodall and Ncube (1985) described how a p-dimensional
multivariate normal process, can be monitored by using p two or one-sided univariate
CUSUM charts for the p original variables or using p two or one sided univariate CUSUM
charts for the p principal components. This multiple univariate CUSUM scheme is called
the MCUSUM. The MCUSUM gives an out-of-control signal whenever any of the univari-
ate CUSUM charts gives an out-of-control signal. The ARL performance in a multivariate
process, is studied in the cases of independent and dependent quality characteristics.

Healy (1987) uses the fact that CUSUM charts can be viewed as a series of sequential
probability ratio tests, in order to develop a multivariate CUSUM chart. Let x; be the
ith observation, which comes from a N, (p, 3¢) with an in-control p x 1 mean vector p,
and a known p X p common variance-covariance matrix 3y. Denote p; an out-of-control
p % 1 vector of means. The CUSUM for detecting a shift in p, towards p; may be written
as

Gi = max [(G_; + a'(x; — py) — 0.5A(py)) , 0],

where A\(p) is the square root of the noncentrality parameter and a® = A/A\(u,) and
A= [(ty — p)'Sg"]. This CUSUM scheme signals when G} > H. For detecting a shift

in the mean of a multivariate normal random variable, the CUSUM procedure reduces to
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a univariate normal procedure. That is, all the available theory for calculating ARL, H,
G} for a univariate normal CUSUM can also be used for multivariate normal CUSUM.
A similar procedure is proposed for controlling the process dispersion. The CUSUM

for detecting a change in the variance-covariance matrix may be written as
G =max [(G; + D} — K) ,0] ,
where 3; = C%, (C is a real constant), K = plog C (C/(C — 1)) and
D} = (Xz’_lio>t 251 (xi—H) -

This CUSUM scheme signals when G? > H. We could not find in the literature any
proposal for an analogous charting procedure in the case that the mean vector and the
variance-covariance matrix have to be estimated.

Hawkins (1991) introduced CUSUMs for regression adjusted variables based on the
idea that the most common situation in practice is that departures from control have
some known structure. In particular, it is assumed that the mean shifts with magnitude
0 in only one variable.

Consider the multiple regression of X, the jth variable of x on all other variables
of x. Let Z; be the regression residual when the jth variable is regressed on all other
variables, rescaled to unit variance. This may be used to test the hypothesis that there
is not a shift in the y; against the alternative that there is. The regression residual Z; is
given by

Z = [diag( )] /25 7 (x — py)

whose null distribution is N (0, 1) . Hawkins (1991, 1993) proposes to chart each Z; using
a CUSUM procedure because in general it is not known which of the p variables is out-of-

control. For studying the p individual charts simultaneously, Hawkins (1991) proposed
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the following control charts

MCZ = max(L;

7/7.]7

p
—L,;;) and ZNO = Z(Lj_] + L)%

Jj=1

where
szfj = max (0, Lz‘+—1,j + Z;; — k) and L;; = min (0, Liy;+2Zi;+ k)

and Lafj = Ly;1=1,2,...,m. MCZ is the MCUSUM statistic introduced by Woodall and
Ncube (1985) applied to the CUSUM for Z. ZNO is the squared Euclidean norm of the
resultant vectors of the CUSUM for upward and downward shifts in mean. The CUSUMs
LT, L~ test for shifts in location in the upward and downward directions, respectively.
The plot of these CUSUMs on a common chart gives a powerful CUSUM control chart
for location. An out-of-control signal occurs when any of these four CUSUMs exceeds the
decision interval h. The values of h and k are selected as in any other CUSUM because
this chart consists of separate random variables each following the N (0, 1) distribution.
An out-of-control signal is indicated when M C'Z and ZNO exceed a threshold value set
to fix the in-control ARL. Hauck et al. (1999) applied multivariate statistical process
monitoring and diagnosis with grouped regression-adjusted variables.

In the sequel, we present the directionally invariant CUSUM schemes. Crosier (1988)
proposes two multivariate CUSUM schemes. The first CUSUM proposed by Crosier
(1988) is a CUSUM of the scalars D;, the square root of D? statistic, and is given by

G? = max [(G?_l + D, — K) ,0}

where G3 > 0 and K > 0. This scheme signals when G? > H, which is determined
using the Markov chain approach. Crosier (1988) notes that a search for the optimal K

produced a sequence that closely resemble the square root of the number of variables.
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A similar CUSUM is proposed by Pignatiello and Runger (1990) defined as
G} = max [0,G}_; + D} — k]

with G4 = 0, and k chosen to be 0.5\*(u;) + p, where p is the number of the variables.
The process is out-of-control if G exceeds an upper control limit H, which is determined
using the Markov chain approach.

Crosier (1988) and Pignatiello and Runger (1990) found that ordinary one sided
univariate CUSUMs based on successive values of D? or D; statistic, respectively, do not
have good ARL properties.

The second CUSUM proposed by Crosier (1988) is a CUSUM of vectors. A vector-
valued scheme can be derived by replacing the scalar quantities of a univariate CUSUM

scheme by vectors and is given by

G? = [gﬁﬁalgi} 1/2,

where

(gii1+xi —po)(1—KCY) ifC > K
g =
0 otherwise

and

- 1/2
Ci = [(8im1 + % — 1) By (8im1 +xi — po)]

This scheme signals when G? > H, where H is chosen to provide a predefined in-control
ARL, using simulation. Because of the fact that the ARL performance of this chart
depends on the noncentrality parameter, Crosier (1988) recommends that K = A(p,)/2
and go = 0. Both CUSUMs, as proposed by Crosier (1988) allow the use of recent
enhancements in CUSUM schemes. Among the CUSUM schemes proposed by Crosier
(1988) the vector-valued scheme has a better ARL performance than the scalar scheme.

The second CUSUM proposed by Pignatiello and Runger (1990) can be constructed
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by defining G as
1/2

G% = max { [ngglci} — kn,, 0} ,

where G§ = 0, k is chosen to be 0.5\(;), p; is a specified out-of-control mean, C; equals

7

C = Z (xi — o)

l=i—n;+1

and n; is the number of subgroups since the most recent renewal (i.e. zero value) of the

CUSUM chart, formally defined as

n,_1+1, if Ginl >0
n;, =
1, otherwise

This chart operates by plotting G¢ on a control chart with an upper control limit H
which is again computed through simulation. If G% exceeds H then the process is out-
of-control. Pignatiello and Runger (1990), proved that the ARL performance of the G¢
chart depends only on the square root of the noncentrality parameter and it is better in
relation to G?.

Ngai and Zhang (2001) gave a natural multivariate extension of the two-sided cumu-

lative sum chart for controlling the process mean. Additionally, Chan and Zhang (2001)

propose cumulative sum charts for controlling the covariance matrix.

2.7.2 Multivariate Exponentially Weighted Moving Average Charts

Let x! be the ith p-dimensional observation. Also, assume that x; follows a N, (g,, 2o)
with a known variance-covariance matrix 3 and a known p-dimensional mean vector fs,.

A multivariate EWMA control chart is proposed by Lowry et al. (1992) as follows

z; =R(x; — o) + T-R)ziy =Y RI-R)"7 (x5 — o), i =1,2,3, .,
j=1
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where R = diag(r1,72,...,7), 0 < r, < 1for k =1, 2, 3,..., p, and I is the identity
matrix. If there is no a-priori reason to weight past observations differently for the p
quality characteristics being monitored, then r; = ro = ... = r, = r. The initial value
7o is usually obtained equal to the in-control mean vector of the process. It is obvious
that if R = I then the multivariate EWMA control chart is equivalent to the T2-Chart.
The multivariate EWMA chart gives an out-of-control signal if z!X 'z; > h where X, is
the variance-covariance matrix of z;. The value h is calculated via simulation to achieve
a specified in-control ARL. The ARL performance of the multivariate EWMA control
chart depends only on the noncentrality parameter. This means that the multivariate
EWMA has the property of directional invariance. The variance-covariance matrix of z;
is calculated by the following formula
;

AL [R (I-R)"™ (x; — uo)] -Y RI-R/S(I-R)’R

=1

orincase that ry =ro = ... =r, =7

5, = (1 (1- r>%) r/(2—7r) S,

An approximation of the variance-covariance matrix 3, when ¢ approaches infinity, is

the following
3, = — 3.
2—r

However, the use of the exact variance-covariance matrix of the multivariate EWMA,
leads to a natural fast initial response for the multivariate EWMA chart.

In a univariate EWMA chart if the plotted statistic is on one side of the center line
and a shift occurs on the other side the result is that the EWMA chart will need more
observations until it signals. Such a problem is called inertia problem. Inertia problem
may occur with the multivariate EWMA chart and the simultaneous use of a Shewhart

type chart is proposed.
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Lowry et al. (1992) studied the ARL of the multivariate EWMA. The ARL perfor-
mance of the multivariate EWMA procedure depends only on p, and ¥, through the
value of the noncentrality parameter. Since, the multivariate EWMA, the MCUSUM#1
and the vector CUSUM are all directionally invariant, these three charts can be compared
to each other and to Hotelling’s (1947) T*-Chart. The comparison of these charts shows
that the ARL performance of the multivariate EWMA is at least as good as those of
vector-valued CUSUM and MCUSUM#1.

Rigdon (1995a, 1995b) gives an integral and a double integral equation for the calcu-
lation of in-control and out-of-control ARLs respectively. Moreover, Bodden and Rigdon
(1999) developed a computer program for approximating the in-control ARL of the mul-
tivariate EWMA chart. Runger and Prabhu (1996) use a Markov chain approximation
to determine the run length performance of the multivariate EWMA chart. This kind of
analysis, can be applied whenever the multivariate control statistic can be modeled as a
Markov chain and has the property of directional invariance. In addition, Prabhu and
Runger (1997) provide recommendations for the selection of parameters for a multivari-
ate EWMA chart. Molnau et. al. (2001) present a program that calculates the ARL
for the multivariate EWMA when the values of the shift in the mean vector, the control
limit and the smoothing parameter are known.

Kramer and Schmid (1997), proposed a generalization of the multivariate EWMA
control scheme of Lowry et al. (1992) for multivariate time dependent observations. Sulli-
van and Woodall (1998) recommended the use of multivariate EWMA for the preliminary
analysis of multivariate observations. Fasso (1999) developed a one-sided multivariate
EWMA control chart, based on the restricted Maximum Likelihood Estimator.

Yumin (1996) proposed the construction of a multivariate EWMA using the principal
components of the original variables. Runger et al. (1999) show how the shift detection
capability of the multivariate EWMA can be significantly improved by transforming
the original process variables to a lower-dimensional subspace through the use of the U

transformation. The U transformation is similar to principal components transformation.
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Margavio and Conerly (1995) developed two alternatives for the multivariate EWMA
chart. The first of these alternatives is an arithmetic multivariate moving average while

the second alternative is a truncated version of the multivariate EWMA.
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Chapter 3

Estimation Effect in Control Charts

3.1 Introduction

A feature that may affect the performance of a control chart is the estimation effect.
In this chapter we present the current status of research of this field and some new
results. In Section 3.2, we present the case on the estimation effect issue in univariate
and multivariate Shewhart charts. New results on the effect of estimation on the values
of average run length (ARL) and standard deviation of the run length (SDRL) of the S
chart with three sigma and probability limits in the case of subgroups are also presented.
Corresponding results for the X chart for individual observations are also presented. In

Section 3.3 we refer to the estimation effect in the EWMA chart.

3.2 Estimation Effect in Univariate and Multivariate

Shewhart Charts

The estimation effect issue in Shewhart charts was investigated by many authors.
Proschan and Savage (1960) considered the effect of the number of samples and sample
size on the performance of the X chart in terms of the probability of the mean plotting

outside the control limits if we are in-control when the average range or a pooled estimate
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of the variance is used as an estimate of the process variability. They provided values
for the number of samples needed for keeping stable the probability of the mean plotting

outside the control limits if we are in-control for given values of the sample size.

Table 3.1.Correlation for several values of m and n

n
m 5 10 20 50
5 | 0.46581 | 0.37055 | 0.30735 | 0.25370
10 | 0.30362 | 0.22741 | 0.18158 | 0.14528
20 | 0.17898 | 0.12829 | 0.09986 | 0.07833
30 | 0.12689 | 0.08935 | 0.06886 | 0.05362
50 | 0.08020 | 0.05560 | 0.04249 | 0.03288
100 | 0.04178 | 0.02859 | 0.02171 | 0.01671
200 | 0.02133 | 0.01450 | 0.01097 | 0.00843
500 | 0.00864 | 0.00585 | 0.00442 | 0.00339
1000 | 0.00434 | 0.00293 | 0.00221 | 0.00170

However, they did not take into account the dependence between the event that the
sample mean of sample i exceeds UCL and the event that the sample mean of another
sample j exceeds UCL. Therefore, there results are of limited use. Hillier (1969) dealt
with the problem of estimated control limits in the case of X and R chart. He provided
a method of evaluating the probability of the mean plotting outside the control limits in
the case of the X with the range R used to compute the process variability. This method
did not consider the dependence issue as the method of Proschan and Savage (1960),
consequently we can not base the design of our chart on these results.

Ghosh et al. (1981) gave formulas for the computation of the run length distribution
in the case of the X chart with unknown variance. Quesenberry (1993) examined the

effect of estimation of the process mean and standard deviation on the control limits of
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the Shewhart chart for the mean for both rational subgroups and individual observations.

Table 3.2. ARL and SDRL values for the S (three sigma) chart when n =5

oi/og

1 1.2 1.4 1.6 1.8

m ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL

) 4-105 | 1-10° | 22235 | 7-10* | 594.02 | 2-10* | 105.38 | 1353.3 | 37.41 | 143.16

10 | 2200.1 | 3-10* | 310.65 | 2288.7 | 86.99 | 330.39 | 39.29 | 104.72 | 21.06 | 45.34

20 | 551.16 | 1699.7 | 139.42 | 297.08 | 54.88 | 95.14 | 2747 | 41.75 | 16.48 | 21.70

30 | 415.06 | 840.14 | 112.55 | 182.48 | 48.74 | 74.75 | 25.79 | 34.47 | 15.52 | 18.54

50 | 346.68 | 545.72 | 101.62 | 134.96 | 43.32 | 55.43 | 23.36 | 27.19 | 14.73 | 16.19

100 | 298.59 | 407.05 | 91.09 | 106.99 | 40.75 | 44.42 | 2235 | 23.56 | 14.20 | 14.55

200 | 276.08 | 318.09 | 85.28 | 93.97 | 39.28 | 41.12 | 21.55 | 22.18 | 13.93 | 13.92

500 | 262.29 | 275.14 | 85.20 | 88.07 | 38.55 | 39.24 | 21.75 | 21.79 | 13.94 | 13.52

1000 | 253.76 | 258.84 | 84.37 | 87.67 | 37.32 | 37.06 | 20.97 | 20.66 | 13.59 | 13.14

oo | 249.31 | 248.81 | 82.44 | 81.94 | 37.72 | 37.21 | 21.22 | 20.71 | 13.69 | 13.18

He proved that

— — — /\[J
Corr(X, — UCL, X, — ICT) — — e 0CL)

Var (71 - U/C’\L)

9(1—e)\ 1|
1+m(1+¥)

which means that there is a correlation between the events X,; — UCL and Yj _LCL. He
concluded that X chart requires about 400/(n— 1) samples for estimating the parameters
in order for the estimated control limits to behave as the theoretical ones, where n is the
subgroup size. In the case of individual observations he showed that 300 observations are
needed for the estimated control limits to behave as the theoretical ones. The control
chart he used is the X chart with the variability estimated by the moving range.

Chen (1997) extended this work by using three different estimators of the standard
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deviation in the X chart case. Let Xij1=1,2,..

a period known to operate in-control and let Y;;,i = 1,2, ...

.mandj=1,2,...

n represent data from

and j =1,2, ...,

n represent

Table 3.3. ARL and SDRL values for the S (three sigma) chart when n = 10

oi/a
1 1.2 1.4 1.6 1.8

m ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL

) 606.61 | 1064.81 | 236.14 | 634.06 | 78.31 | 263.87 | 29.43 | 112.67 | 14.39 | 41.18
10 | 538.65 | 919.10 | 145.57 | 329.89 | 45.83 | 99.37 | 19.21 | 31.64 | 10.17 | 13.87
20 |461.44 | 725.80 | 106.92 | 175.82 | 33.86 | 48.22 | 15.85 | 19.75 | 9.04 | 10.34
30 |430.50 | 626.79 | 95.59 | 137.72 | 32.34 | 40.07 | 15.02 | 17.08 | 8.59 9.14
50 [389.91 | 510.09 | 88.05 | 106.54 | 30.29 | 33.98 | 14.38 | 15.65 | 8.37 8.58
100 | 359.35 | 411.69 | 80.89 | 88.11 |[28.79| 30.81 | 13.85 | 14.24 | 8.26 8.16
200 | 344.38 | 367.08 | 78.19 | 82.25 | 28.46 | 28.96 | 13.43 | 13.31 | 7.97 7.58
500 | 334.53 | 340.97 | 76.10 | 76.60 | 27.45 | 27.27 | 13.52 | 13.14 | 8.06 7.65
1000 | 334.56 | 337.96 | 75.88 | 75.93 | 27.31 | 27.01 | 13.50 | 13.04 | 7.98 7.48
oo |331.17 | 330.67 | 75.66 | 75.16 | 27.52 | 27.01 | 13.47 | 12.96 | 8.00 7.48

current or future data. Also, let X;; « N (u,0?) and Y;; «~ N (u+ ao,b?c?) with «, b

constants. Since X « N (1, 02/(mn)) and Y; « N (1 + ao, b20?/n) for given X =7 a

given o we have

PY:<LCLorY;>UCLIT,5) = 1— <1><

Nz

w——\/_>+c1>(

N

b

nd

where z = (T — u) / (¢/y/mn) and w = 7/o. Then, the ARL is computed through the

following relation

o0 o0 1 1
ARL = / / - Y = ———
—oco JO P(YZ <LCLorY,; > UOL|T, 3) V2T

o8

exp (—0.52%) f(w)dzdw,




where f(w) is calculated for three different estimators of o. For a detailed discussion on

the different estimators of o, see Vardeman (1999).

Table 3.3.(continued) ARL and SDRL values for the S (three sigma) chart when n = 10

oi/a%
0.2 0.4 0.6 0.8
m | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL
5 [24.01 | 3743 |306.28 | 520.37 | 1019.6 | 1274.5 | 1136.2 | 1433.6
10 | 21.04 | 25.88 | 254.28 | 377.34 | 1071.7 | 1253.2 | 1316.9 | 1514.7
20 | 19.77 | 22.62 | 230.60 | 275.74 | 1079.4 | 1207.5 | 1472.6 | 1603.4
30 | 19.15 | 20.62 | 223.33 | 249.71 | 1056.5 | 1155.1 | 1569.2 | 1656.9
50 | 1847 | 19.15 | 218.20 | 229.50 | 1047.3 | 1106.2 | 1644.7 | 1686.9
100 | 18.21 | 18.10 | 210.57 | 215.40 | 1037.5 | 1061.3 | 1696.2 | 1729.9
200 | 17.95 | 17.93 | 205.32 | 205.49 | 1023.1 | 1027.8 | 1744.5 | 1746.7
500 | 18.20 | 17.79 | 205.59 | 203.14 | 1009.1 | 1022.0 | 1773.9 | 1785.0
1000 | 17.53 | 17.28 | 206.96 | 204.95 | 1006.7 | 1007.9 | 1768.3 | 1773.9
oo | 1790 | 17.39 | 206.06 | 205.56 | 1011.7 | 1011.2 | 1777.2 | 1776.7

Nedumaran and Pignatiello (2001) developed new control limits for the X chart
taking into account the estimation effect. Specifically, let X; be the average of a fu-
ture subgroup, V be the average variance of the m initial in-control subgroups and
T, = % Then, (Tyi1, Tons2, -, Tmek) has a positively equicorrelated multi-
variate t distribution with correlation 1/(m + 1), where k is a specified number of
future subgroups. If P (ﬁ <X,; < U/C’\L> =1l—-—vi=m+1m+2,...m+Ek
then v must be equal to the run length distribution percentile when we have true lim-

its, for the estimated limits to have equivalent performance with the true ones. Then

v = P[RL<k =1—(1—a)" where « is the probability of a false alarm for a sin-

max |T;| < h.
m+1<i<m+k

gle subgroup. If P = 1 — v where v = m(n — 1), we have

¥,m,k,v

99



that P [

X -1

¥,m,k,v

the control limits are

Table 3.4. ARL and SDRL values for the S (three sigma) chart when n = 20

UCL

LCL

I
>l

—h

~¥,m, kv

m—+1

'y,m,k,y mn

] = 1 — ~. Consequently,

oi/a%
1 1.2 1.4 1.6 1.8

m ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL

o | 332.72 | 444.02 | 121.96 | 244.63 | 32.29 | 78.86 | 11.46 | 27.03 | 5.54 | 10.33
10 | 362.96 | 457.01 | 92.99 | 166.56 | 23.32 | 45.79 | 871 | 11.78 | 4.62 5.39
20 | 371.24 | 439.25 | 75.00 | 115.39 | 19.63 | 25.36 | 7.87 877 | 4.32 4.20
30 | 372.32 | 430.13 | 68.53 | 86.90 | 18.23 | 21.84 | 7.67 817 | 4.29 4.12
50 | 362.66 | 403.51 | 63.80 | 76.74 | 17.52| 18.73 | 7.49 7.60 | 424 | 3.97
100 | 364.01 | 393.80 | 60.17 | 65.57 | 17.01 | 17.34 | 7.36 7.15 4.11 3.58
200 | 359.00 | 374.30 | 59.56 | 60.31 | 16.61 | 16.45 | 7.15 6.82 4.11 3.59
500 | 355.18 | 358.14 | 59.11 | 59.61 | 16.36 | 16.15 | 7.13 6.70 | 4.09 3.56
1000 | 353.23 | 353.28 | 57.59 | 57.23 | 16.26 | 15.79 | 7.15 6.66 | 4.08 3.59
oo | 356.50 | 356.00 | 57.37 | 56.87 | 16.39 | 15.88 | 7.15 6.63 | 4.07 | 3.53

In the case of the attributes charts p and ¢ with estimated control limits Braun (1999)

computed the run length distributions. If W is the run length until the next signal we

have that

P(Wgw)zl—ZP(in:x> (1—P<F1|in:$>) ;

where F; is the event that the ¢th new observation is outside the estimated control limits.
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In the case of the ¢ chart we have that

[a/m+3/a7m]

m —bc b J
=1 j:{x/m—ﬁ}wx/m]—&-l

and in the case of the p chart

[n:r:/m+3 nx/m(lfx/m)]

j:[nm/mffi nm/m(lfac/m)] +1

where z = 0,1/n,2/n,...,(mn — 1)/n,mn/n. In the case of the c chart 77" | X; is dis-

e~ "¢(mc)*

tributed as a Poisson random variable with mean mc therefore P (E;”Zl X j) =—0,

x = 0,1,2,... In the case of the p chart nZ;n:l X is distributed as a Binomial ran-
dom variable with parameters mn and p that is P (Z;n:l X j> = ("M)p" (1 - p)mm

x=0,1/n,2/n,...,(mn —1)/n,mn/n. Finally, the ARL is equal to

m m -1
ARL = ZP (Z;Xj ::c) P (Fﬂz;xj :x>
x = J=

Braun (1999) showed that, as for variables control charts, the estimation effect can be
serious.
Yang et al. (2002) examined the case of the Geometric chart with estimated control

limits. The run length distribution in this case is equal to

P(R<rippo) =Y [1—am]  a(n) (Tg)p’(} (1—po)™ ",

n=0

p)ln(a/Q)[ln(l—n/m)] i (1 _p)ln(l—a/Q)[ln(l—n/m)

where o (n) = (1 — F' 41, po is the fraction

nonconforming, m is the sample size and n is the number of nonconforming items. The
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ARL in this case is equal to

m

ARL =} — (1n> <Z‘)p3 (1—po)" "

n=0

Yang et al. (2002) showed that the effect on the alarm probability is significant even
when the sample size is very large e.g. 10000. Despite that fact, the ARL is not affected
that seriously, unless we have a small sample size and a large process improvement.
Nedumaran and Pigniatiello (1999) investigated the estimation effect on the T control
charts. They proposed that the number of subgroups needed for the estimated control
limits to behave as the theoretical ones must be between 800p/3(n— 1) and 400p/(n—1),
where p is the number of variables and n is the sample size. Moreover, they gave an exact
procedure for the construction of the 72 control charts when we estimate the parameters

so as to perform similar to the ones with known parameters.

Table 3.4. (continued) ARL and SDRL values for the S(three sigma) chart when n = 20

o2/
0.2 0.4 0.6 0.8
m | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL
5 1.32 0.75 11.92 | 18.83 | 111.01 | 190.51 | 383.43 | 457.13
10 1.28 0.64 10.03 | 12.23 90.20 | 127.11 | 423.04 | 463.05
20 1.26 0.60 9.21 9.96 80.28 94.68 | 442.70 | 473.45
30 1.26 0.58 8.97 9.20 78.03 88.22 | 444.96 | 471.63
50 1.24 0.54 8.90 8.59 75.70 80.02 | 451.20 | 469.84
100 | 1.25 0.57 8.68 8.20 73.42 75.19 | 450.90 | 455.92
200 | 1.23 0.54 8.70 8.27 73.69 74.61 | 447.50 | 446.43
500 | 1.24 0.55 8.55 8.05 73.62 73.39 | 441.19 | 441.96
1000 | 1.24 0.56 8.54 8.14 72.08 71.77 | 445.81 | 448.49
00 1.24 0.54 8.56 8.04 72.91 72.41 | 449.79 | 449.29
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Woodall and Montgomery (1999) emphasized the need for much more research in this

area since it is proved that more data than usually recommended is needed for the control

charts to behave as expected from theory. In the same paper, Woodall and Montgomery

state that much work has been done concerning the control of the process mean but not

that much for the process dispersion.

Table 3.5. ARL and SDRL values for the S (three sigma) chart when n = 50

o1/o%
1.2 1.4 1.6 1.8

m ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL

5 |263.03 | 325.32 | 59.79 | 125.84 | 9.49 | 18.56 | 3.23 3.96 1.86 1.57
10 | 304.52 | 359.74 | 44.11 | 76.18 | 7.69 | 9.98 2.89 2.87 1.73 1.23
20 | 328.25 | 365.28 | 36.59 | 49.56 | 6.91 7.54 | 2.83 2.52 1.69 1.15
30 | 340.23 | 369.51 | 33.55 | 39.88 | 6.65 | 6.77 | 2.76 2.37 1.68 1.11
50 | 345.02 | 369.81 | 32.36 | 35.89 | 6.64 | 6.61 2.72 2.24 1.67 1.09
100 | 355.17 | 366.97 | 30.64 | 31.98 | 6.37 | 6.11 2.7 2.2 1.67 1.08
200 | 357.85 | 364.35 | 30.75 | 30.97 | 6.39 | 6.06 2.67 | 2.09 1.67 1.06
500 | 362.32 | 358.59 | 30.32 | 30.28 | 6.38 5.87 | 2.65 2.1 1.67 1.06
1000 | 356.30 | 352.76 | 30.62 | 29.97 | 6.29 5.89 2.67 | 2.08 1.67 1.05
oo | 365.96 | 365.46 | 30.23 | 29.72 | 6.35 5.83 2,67 | 211 1.66 1.04

Chen (1998) deals with the run length properties of the R, s and s? control charts in

the case that o is estimated. Let X;;,¢ = 1,2,..m and j = 1,2, ...,n denote historically

in-control data and Y;;,7 = 1,2,... and j = 1,2,...,n represent current or future data.

Let X;; « f((x — p)/o)/o and Y;; «~ f((y — p)/(bo))/(bo) with b constant, p,o the

process mean and standard deviation respectively and f(-) the form of the known density

function. Denote U = & /o, where 7 is an estimate of ¢ calculated from the historical

data set and U « h(u;m,n). Let T; = 7, /0, where 0; is an estimate of bo using Y;;. Also,
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denote G(t;b,n) = P(T; < t). Then, if L, and U, are the constants multiplied with o

for the known lower and upper control limits case respectively, we have that

P(o;, < L,o or 0; > U,0|0) = G(L,u/b;b,n) + 1 — G(U,u/b;b,n) = l(u; b,n),

where u = /0. Then, the ARL is computed through the following relation

+o00 1
ARL = / - h(u; m,n)du.
0

Table 3.5. (continued) ARL and SDRL values for the S (three sigma) chart when n = 50

o1/a%
0.2 0.4 0.6 0.8
m | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL
5 1 0 1.25 0.66 8.68 | 13.45 | 124.56 | 199.43
10 1 0 1.23 0.56 7.20 8.36 | 110.20 | 171.69
20 1 0 1.21 0.51 6.80 7.10 97.84 | 128.55
30 1 0 1.20 0.50 6.55 6.53 93.47 | 110.48
50 1 0 1.20 0.48 6.51 6.38 89.64 | 98.31
100 1 0 1.20 0.48 6.44 | 6.04 85.98 | 91.30
200 1 0 1.19 047 | 6.37 5.91 85.92 | 88.10
500 1 0 1.18 047 | 6.34 5.92 85.47 | 85.74
1000 1 0 1.18 047 | 6.26 5.82 85.82 | 85.86
00 1 0 1.19 0.48 6.28 5.76 84.25 | 83.75

Maravelakis, Panaretos and Psarakis (2002) examine the effect of estimation of the
process parameters on the control limits of charts for process dispersion by extending
the results of Chen (1998) for both rational subgroups and individual observations. In

sections 3.2.1-3.2.4 we present this work.
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3.2.1 The S (Three Sigma) Control Chart

Assume that we have the control limits (2.6) and their estimated counterparts in
(2.8). Let A; denote the event that the ith sample standard deviation .S; exceeds UC'L
or is exceeded by LC'L. Then, since S; and \S; are independent for ¢ # j, the sequence of
trials A; and A; are independent meaning that they constitute a sequence of Bernoulli

trials.

Figure 3.1. Empirical Run Length Distribution Functions for the 3 sigma chart
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The mean and standard deviation of the run length distribution, ARL and SDRL respec-

tively, of this process is that of a geometric distribution given by the following formulas

‘ -

ARL = (3.1)

H
S0

SDRL =

—
|
™
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where f =1—Pr(A;) =Pr(LCL < S; <UCL).
Assume now that we are in the case when the true value of the standard deviation is
not known, which is the most usual case. Let B; denote the event that the ¢th sample

standard deviation .S; exceeds UCT or is exceeded by ILCT.

Table 3.6.Correlation for several values of m and n

n

m 5 10 20 50

5 | 0.51095 | 0.39568 | 0.32137 | 0.26032
10 | 0.34314 | 0.24663 | 0.19144 | 0.14964
20 | 0.20710 | 0.14066 | 0.10585 | 0.08087
30 | 0.14831 | 0.09839 | 0.07315 | 0.05541
50 | 0.09460 | 0.06145 | 0.04521 | 0.03400
100 | 0.04965 | 0.03170 | 0.02313 | 0.01729
200 | 0.02545 | 0.01611 | 0.01170 | 0.00872
500 | 0.01034 | 0.00650 | 0.00471 | 0.00351
1000 | 0.00520 | 0.00326 | 0.00236 | 0.00176

The formulas (3.1) for ARL and SDRL are not valid any more because the events
B; and B, are not independent for ¢ # j. We can prove that E(U/C'\L) = UCL and
Var(U CL) (1 + = \/ ) 24l C4 and using these relations we prove after some

calculations that

Cov(S; — UCL, S; — LCL) = Var(UCL) = <1 + oy /1 - 04)

and

Var(S; — ZTC’\L) = [1+

(1—{—%\/1—04 ]
m
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Therefore, the correlation between the random variables S; — UCT and S;— LCL is

var@CL) (1 EVI- 03)2

Corr(S; — U/C’\L, S;— L/C\L) = —— = 5
V(IT(SZ—UCL) m+<1+% 1_0421>

Table 3.7. ARL and SDRL values for the S (probability limits) chart when n =5

oi/o}

1 1.2 1.4 1.6 1.8

m | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL

5 | 359.97 | 463.12 | 267.35 | 405.54 | 173.40 | 312.06 | 111.11 | 231.57 | 71.17 | 173.0

10 | 401.46 | 491.51 | 268.52 | 395.19 | 154.68 | 263.77 | 83.88 | 161.01 | 47.93 | 102.77

20 | 441.09 | 495.15 | 254.39 | 350.22 | 127.40 | 199.04 | 64.92 | 106.92 | 36.69 | 58.40

30 | 462.04 | 509.78 | 247.68 | 320.05 | 115.34 | 164.84 | 58.02 | 84.90 | 33.35 | 49.45

50 | 472.24 | 504.56 | 239.29 | 295.97 | 108.19 | 137.80 | 52.48 | 65.23 | 30.29 | 35.47

100 | 489.90 | 512.64 | 229.28 | 262.50 | 99.08 | 115.37 | 49.79 | 54.68 | 28.81 | 31.03

200 | 498.35 | 505.20 | 221.61 | 240.21 | 94.66 | 102.45 | 48.20 | 50.97 | 27.67 | 29.10

500 | 500.93 | 505.59 | 216.74 | 223.58 | 93.45 | 95.24 | 46.06 | 46.00 | 28.00 | 27.60

1000 | 497.73 | 503.09 | 213.01 | 217.36 | 92.29 | 94.50 | 47.12 | 47.08 | 27.31 | 26.70

oo | 500.02 | 499.52 | 214.74 | 214.24 | 91.78 | 91.28 | 46.51 | 46.01 | 27.33 | 26.82

It is obvious that the correlation is a function of m and n only. In Table 3.1 we present
values of the correlation for combinations of m and n. From this Table we see that as the
sample size and the number of samples increases the correlation decreases. For small or
moderate sample size (n < 20) we need 200 samples for the correlation to be negligible.
However, for larger sample size the value m = 50 is suitable.

In order to examine the values of the first two moments of the run length distribution,
we performed a simulation study based on various numbers of samples and various sample
sizes. In particular the number of samples and samples sizes considered were m = 5, 10,

20, 30, 50, 100, 200, 500, 1000 and n = 5, 10, 20, 50. For every combination of m and
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n we simulated m samples of size n from a N(u,c32) distribution and computed UCL
and LCL. Then, we simulated samples from a N(ju, %) distribution until we obtained a
value above UCL or below LCL. The number of samples simulated up to the one that
lead to a value outside the control limits constitutes one observation of the run length

distribution. This procedure was repeated 10000 times in order to get estimates of the

values of ARL and SDRL. The results are presented in Tables 3.2 — 3.5.

Table 3.7.(continued) ARL and SDRL values for the S (probability limits) chart when n =5

01/
0.2 0.4 0.6 0.8
m | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL
5 |99.28 | 92.90 | 207.50 | 279.98 | 367.15 | 426.84 | 423.91 | 494.16
10 | 51.33 | 60.99 | 188.80 | 229.67 | 383.62 | 419.59 | 478.62 | 506.71
20 | 49.25 | 53.77 | 178.80 | 195.31 | 381.22 | 406.88 | 535.06 | 558.84
30 | 47.36 | 50.56 | 174.26 | 182.63 | 378.10 | 395.01 | 551.71 | 561.82
50 | 47.06 | 47.90 | 172.37 | 175.45 | 374.69 | 387.19 | 572.90 | 579.90
100 | 46.45 | 46.53 | 170.21 | 172.41 | 369.25 | 373.72 | 588.21 | 585.37
200 | 44.99 | 44.60 | 169.92 | 169.76 | 369.89 | 371.74 | 595.42 | 594.84
500 | 45.64 | 45.22 | 168.09 | 168.67 | 364.29 | 363.97 | 604.03 | 601.67
1000 | 45.64 | 44.65 | 165.86 | 166.04 | 364.05 | 369.30 | 598.0 | 601.84
oo | 45.09 | 44.59 | 167.40 | 166.90 | 366.87 | 366.37 | 597.91 | 597.41

From Tables 3.2 through 3.5 certain conclusions are drawn. We see that we have
results for both upward and downward shifts when n > 5 but only for upward when
n = 5. This happens because for n < 5 the lower control limit is set to zero. Therefore,
it can never be crossed. For upward shifts as m increases the ARL and SDRL values
decrease and approach their theoretical values. For downward shifts as m increases the

same thing happens for n = 50. For n = 10,20 the ARL and SDRL values do not follow
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a specific trend. In the in-control state we also do not have a clear pattern for either
ARL or SDRLvalues. What we can say in every case is that ARL and SDRL values

behave in the same way.

Table 3.8. ARL and SDRL values for the S (probability limits) chart when n = 10

oi/o}

1 1.2 1.4 1.6 1.8

m | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL

o | 341.44 | 422,99 | 217.14 | 329.46 | 110.54 | 218.04 | 52.43 | 130.38 | 25.60 | 62.05

10 | 391.03 | 456.05 | 208.08 | 307.21 | 86.61 | 155.83 | 36.61 | 67.22 | 17.72 | 28.51

20 | 428.95 | 469.37 | 194.55 | 257.65 | 70.14 | 106.07 | 28.50 | 39.48 | 14.96 | 18.23

30 | 448.41 | 480.41 | 187.90 | 234.75 | 65.03 | 88.79 | 27.33 | 33.58 | 14.20 | 16.15

o0 | 464.28 | 481.37 | 178.40 | 209.85 | 60.27 | 72.62 | 25.81 | 28.64 | 13.61 | 14.78

100 | 479.05 | 488.20 | 169.77 | 184.28 | 56.35 | 61.10 | 24.52 | 25.62 | 13.16 | 13.69

200 | 484.86 | 493.03 | 166.70 | 176.09 | 54.73 | 56.70 | 24.26 | 24.50 | 12.81 | 12.66

500 | 490.54 | 489.97 | 161.32 | 164.74 | 52.91 | 53.41 | 24.02 | 24.08 | 13.11 | 12.82

1000 | 492.16 | 480.65 | 161.60 | 161.87 | 53.81 | 53.11 | 23.60 | 23.23 | 12.70 | 12.38

oo | 500.05 | 499.55 | 161.99 | 161.48 | 53.44 | 52.94 | 23.46 | 2295 | 12.74 | 12.23

As m increases the ARL is getting closer to the theoretical value faster than the
SDRL. Moreover, as n increases the theoretical values, in the in-control state, approach
the ones from a normal distribution, which are ARL = 370.4 and SDRL = 369.9. The
same of course happens and for the out-of-control states.

If we use this type of chart for identifying shifts in process dispersion we have to use
samples of size n at least 20, for minimizing the effect of estimating S. If n is less than
this value the practitioner will face an increased number of false alarms. The effect of

estimation is also severe for m < 20, especially in the in-control state and for small shifts.
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For values 30 < m < 50 the effect is moderate and for values of 100 or larger the effect
is small enough. A last point we have to make is that when we have small downward
shifts for n < 20the ARL and SDRL values are larger than the corresponding in-control
values. This result is also confirmed by Klein (2000). Consequently, in such cases special

care must be given and it is better to use control charts for small shifts like CUSUM and

EWMA.

Table 3.8. (continued) ARL and SDRL values for the S (probability limits) chart when n = 10

01/
0.2 0.4 0.6 0.8
m | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL
d 5.34 741 | 46.09 | 81.74 | 182.01 | 262.85 | 339.52 | 406.60
10 | 4.63 4.92 | 38.28 | 48.93 | 162.80 | 206.09 | 378.42 | 422.41
20 | 4.40 4.27 | 35.18 | 40.33 | 154.72 | 181.67 | 396.79 | 417.98
30 | 4.36 4.10 | 34.06 | 37.31 | 147.37 | 159.98 | 400.78 | 424.06
20 | 4.20 3.76 | 33.36 | 35.08 | 144.77 | 156.54 | 401.66 | 421.77
100 | 4.27 | 3.81 |32.66 | 34.24 | 139.43 | 140.95 | 402.89 | 413.00
200 | 4.26 3.73 | 32.78 | 33.25 | 137.34 | 137.24 | 400.48 | 403.36
500 | 4.17 | 3.64 | 3244 | 31.76 | 136.91 | 133.59 | 405.11 | 405.09
1000 | 4.21 3.63 | 31.95 | 31.10 | 133.69 | 132.26 | 398.98 | 400.52
oo | 4.23 3.70 | 32.13 | 31.62 | 136.47 | 135.97 | 400.85 | 400.35

In Figure 3.1 we present the empirical run length distribution functions (ERL) for
n = 5,10,20,50. In each Figure we plot six different lines representing the ERL func-
tions for m = 5,20, 50, 100, 1000 and the theoretical run length distribution (inf). It is
obvious that as m increases the ERL approaches the theoretical run length distribution.

Moreover, as n increases the ERL’s for the m values approach the theoretical run length
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distribution faster.

3.2.2 The S (Probability Limits) Control Chart

Consider the control limits 2.10 and 2.11. In the same way of thinking as in the case

of three sigma limits we can prove that Var(TCL) = [02(1 — ¢2)x2 999l /[( — 1)c?m] and

consequently

Cov(S; — UCL, S; — LCL) = Var(UCL)

Moreover,

Var(S; — UCL) = 02(1 — ¢2) {1 +

_ 02(1 — Ci)X3.999

X(2).999
(n—1)cim

(n—1)cm

|

Table 3.9. ARL and SDRL values for the S (probability limits) chart when n = 20

o1/
1.2 1.4 1.6 1.8

m ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL

5 | 327.65 | 381.36 | 170.43 | 279.59 | 56.40 | 125.43 | 18.47 | 47.23 | 8.07 | 17.04
10 [ 379.94 | 415.88 | 154.94 | 241.56 | 40.09 | 71.48 | 13.24 | 19.53 | 6.45 8.01
20 | 421.10 | 434.89 | 135.60 | 194.87 | 33.08 | 46.55 | 11.89 | 14.66 | 5.93 6.32
30 | 442.13 | 451.34 | 126.95 | 170.03 | 30.45 | 37.64 | 11.46 | 12.67 | 5.81 6.0
o0 | 461.32 | 467.99 | 117.98 | 139.49 | 29.17 | 32.83 | 11.09 | 11.54 | 5.69 5.50
100 | 476.40 | 478.77 | 113.42 | 126.66 | 27.69 | 28.82 | 10.97 | 10.94 | 5.57 5.26
200 | 486.38 | 486.97 | 109.86 | 115.12 | 27.35 | 27.82 | 10.50 | 10.20 | 5.50 5.17
500 | 485.13 | 488.22 | 108.31 | 108.90 | 26.81 | 26.19 | 10.43 | 10.12 | 5.41 4.89
1000 | 494.29 | 488.10 | 106.57 | 108.41 | 26.63 | 25.79 | 10.30 | 9.78 5.48 491
oo | 500.01 | 499.51 | 106.64 | 106.14 | 26.67 | 26.17 | 10.42 | 9.91 5.46 4.93
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and finally

VW(U/C\L) . X3.999

C’orrSi—ITC’\L,S»—L/C\L = — = .
( ’ ) Var(S; —UCL) Xb.999 + (n — L)cim

Table 3.9.(continued) ARL and SDRL values for the S (probability limits) chart when n = 20

oi/og

0.2 0.4 0.6 0.8
m | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL
) 1.17 5l 7.0 10.62 | 56.41 | 103.25 | 245.11 | 324.91
10 | 1.14 43 6.11 7.0 4591 | 69.83 | 247.16 | 304.65
20 | 1.13 40 0.71 5.85 | 40.82 | 47.93 | 233.76 | 273.54
30 | 1.13 .39 5.44 5.32 | 40.07 | 44.78 | 228.37 | 256.46
o0 | 1.12 .36 5.49 5.21 | 38.59 | 41.06 | 223.43 | 242.44
100 | 1.12 37 5.36 4.95 |37.85 | 39.05 |219.40 | 225.87
200 | 1.11 .36 5.40 492 | 3799 | 38.81 |217.81 | 217.89
500 | 1.11 .36 5.36 4.87 | 3741 | 36.61 | 213.94 | 209.40
1000 | 1.12 37 5.29 4.80 |37.69 | 37.00 |213.70 | 213.52
oo | 1.12 .36 5.29 477 | 3744 | 36.94 | 215.93 | 215.43

As in the case of three sigma limits this correlation depends only on m and n. In
Table 3.6 we calculated the correlation for various combinations of m and n. From this
Table we conclude again that as the sample size and the number of samples increases the
correlation decreases. The recommendation for sample sizes and number of samples is
the same as in the case of three sigma limits.

We computed the ARL and SDRL values for several values of m and n via simulation

along the same lines as in the three sigma limits. The number of samples and sample
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sizes considered were m = 5, 10, 20, 30, 50, 100, 200, 500, 1000 and n = 5, 10, 20,50. The
results are presented on Tables 3.7 — 3.10. From Tables 3.7 through 3.10 we deduce the

following points. For upward shifts as m increases the ARL and SDRL values generally

decrease and approach their theoretical values. For downward shifts as m increases the

same thing happens for n = 20, 50. For n = 5, 10 the ARL and SDRL values do not

follow a specific pattern. In the in-control state the ARL and S D RL values increase until

they get close to their theoretical values, which is in accordance with the results of Chen

(1998). As an overall conclusion we can say that the ARL and SDRL values behave in

the same way except that as m increases the ARL is getting closer to the theoretical

value faster than the SDRL.

Table 3.10. ARL and SDRL values for the S (probability limits) chart when n = 50

02/
1.2 1.4 1.6 1.8
m ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL
5 320.32 | 380.78 | 93.28 | 184.90 | 13.83 | 29.14 | 4.02 5.49 2.10 1.90
10 | 369.19 | 410.82 | 70.91 | 122.34 | 10.73 | 15.32 3.61 4.02 1.93 1.49
20 | 411.62 | 433.18 | 58.04 | 85.60 9.50 10.86 | 3.37 3.19 1.93 1.42
30 | 431.22 | 447.76 | 53.56 | 68.63 8.96 9.54 3.42 3.10 1.90 1.36
50 | 452.27 | 459.10 | 50.77 | 5&8.78 8.96 8.95 3.28 2.85 1.89 1.30
100 | 472.90 | 472.99 | 48.14 | 50.64 8.62 8.59 3.25 2.79 1.88 1.32
200 | 482.50 | 481.24 | 47.71 | 48.24 8.51 8.24 3.25 2.75 1.86 1.29
500 | 493.58 | 498.61 | 47.47 | 48.19 8.60 8.11 3.24 2.69 1.85 1.23
1000 | 490.32 | 499.04 | 47.59 | 47.66 8.56 8.10 3.23 2.66 1.86 1.27
00 500.01 | 499.51 | 47.23 | 46.73 8.52 8.01 3.22 2.67 1.86 1.27

When we are in-control we need at least m = 200, otherwise the practitioner will face

many false alarms whereas the value of n is not equally important. In the out-of-control
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situations the value of n is important for minimizing the effect of estimating S. Specif-
ically, when ¢%/03 = 1.2 the ARL values for n = 5,10, 20, 50 are 239.29,178.40,117.98
and 50.77 respectively. Therefore, we observe a dramatic reduction as n becomes larger.
A similar situation occurs for downward shifts. Consequently, large values of n, larger
than 20, are recommended. The effect of estimation is severe for m < 20, especially for
small shifts. For values 30 < m < 50 the effect is moderate and for values of 100 or
larger the effect is small enough. When we have small downward shifts for n = 5, and
for n = 10 when m < 10, the ARL and SDRL values are larger than the corresponding
in-control values. In such a situation it is better to use control charts for detecting small

shifts like CUSUM and EWMA charts.

Table 3.10. (continued) ARL and SDRL values for the S (probability limits) chart when n = 50

01/
0.2 0.4 0.6 0.8
m | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL
3 1 0 1.21 .62 747 | 11.58 | 107.80 | 188.75
10 1 0 1.19 .50 6.19 6.96 92.22 | 141.22
20 1 0 1.18 AT .86 5.90 79.17 | 102.14
30 1 0 1.16 45 5.69 2.50 74.86 | 87.60
50 1 0 1.16 45 5.65 5.46 71.97 | 78.71
100 1 0 1.15 42 5.64 0.22 69.87 | 73.40
200 1 0 1.16 43 5.62 2.18 69.61 | 69.69
500 1 0 1.15 42 5.49 4.95 68.90 | 70.23
1000 1 0 1.15 42 5.51 5.06 69.27 | 70.27
00 1 0 1.16 43 5.48 4.96 68.04 | 67.54

In Figure 3.2 we present the empirical run length distribution functions (ERL) for

n = 5,10, 20, 50. In each Figure we plot six different lines representing the ERL functions
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for m = 5,20,50,100, 1000 and the theoretical run length distribution (inf). We see
that as m increases the ERL approaches the theoretical run length distribution. Also,
an increasing n value causes the ERL’s for the m values to approach the theoretical run

length distribution faster.

Figure 3.2. Empirical Run Length Distribution Functions for the probability limits chart
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3.2.3 The X Chart for Monitoring Process Dispersion

Consider the control limits of Section 2.3.3. In order to assess the effect of the number
of observations on the control limits of the X chart we performed a simulation study.
The results are presented in Table 3.11. For each value in the Table, we simulated N
values from a N (p,032) distribution, we computed the UCL and LCL and subsequently
we generated values from a N (u, 0%) distribution until we obtained a value above UCL or

below LCL. The number of samples simulated up to the one that was outside the control
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limits constitutes one observation on the run length. This procedure was repeated 32000

times in order to get estimates of the values of ARL and SDRL.

Table 3.11. ARL and SDRL values for the X control chart

ai/o}
1 1.2 1.4 1.6 1.8

N | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL | ARL | SDRL
30 ] 986.31 | 5024.83 | 315.36 | 1058.44 | 147.93 | 439.79 | 84.36 | 187.50 | 53.74 | 98.54
50 | 614.94 | 1565.0 | 229.95 | 476.60 | 116.69 | 200.50 | 69.61 | 107.23 | 47.23 | 66.81
75 | 503.75 | 948.78 | 202.02 | 318.54 | 105.18 | 150.77 | 64.51 | 84.15 | 43.99 | 54.87
100 | 467.07 | 770.60 | 190.53 | 274.54 | 100.73 | 131.39 | 61.98 | 75.26 | 42.78 | 50.48
200 | 413.88 | 518.65 | 173.68 | 205.96 | 93.86 | 105.77 | 58.63 | 63.56 | 40.67 | 42.81
300 | 398.94 | 476.34 | 167.79 | 187.69 | 92.76 | 100.47 | 57.93 | 61.37 | 41.26 | 42.29
500 | 387.38 | 429.45 | 167.90 | 179.39 | 90.34 | 93.58 | 56.80 | 58.96 | 39.69 | 40.54
1000 | 379.32 | 401.55 | 162.96 | 168.50 | 89.12 | 91.10 | 57.03 | 57.78 | 39.90 | 39.85
2000 | 372.64 | 383.71 | 162.70 | 166.87 | 89.45 | 89.41 | 56.35 | 55.82 | 39.62 | 39.17
oo | 370.40 | 369.90 | 162.08 | 161.58 | 89.05 | 88.55 | 56.48 | 55.98 | 39.45 | 38.95

From Table 3.11 we see that we do not have results for downward shifts. This hap-

pens because a decreasing standard deviation will never cause a value below the lower

control limit. The simulation reveals that the ARL and SD RL values decrease until they

approach their theoretical values. We need at least 300 observations to minimize the

effect of estimation in the control limits of the X chart.

In Figure 3.3 we present the empirical run length distribution function (ERL) for

n = 30, 50, 100, 200, 500, 1000, 2000 and the theoretical run length distribution (inf). The

result is that as n increases the ERL approaches the theoretical run length distribution.
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3.2.4 Discussion

In the rational subgroups case we propose larger n values than usual and someone
may report that this is a problem. However, Woodall and Montgomery (1999) remarked
that in industry now there are large data sets available in contrast to the past. Therefore,
such values for the sample size should not be a problem, generally. On the other hand,
if for some special applications this still remains a problem, the practitioner should keep
in mind the great influence on the estimated control chart performance displayed on the

tables of this work.

Figure 3.3. Empirical Run Length Distribution Functions for the X chart
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3.3 Estimation Effect in the EWMA Chart

Jones et al. (2001), considered the problem of estimating the parameters of the
EWMA chart in the normal case. They proved that if the random variable T is the run
length of the EWMA chart, then the ARL of such a chart is given by

ARL = E[T|v,6,u] = /OO /OOM(w,zo,%cS,u) fuw (W) & (20) dwdzy,
—o0 J0

where M (w, zg, 7, 0,u) = 1+%fth(w,zo,fy,5,v)¢ <% [v—(1—-r)u] — % - 7%) dv,
v = o/og, & = (u— o)/ (c0/+/n), w, 2o are specific values of the random variables
W =06y/00, Zo = ﬁ% and u is the starting value of the EWMA. Also, p,, 0o are
the in-control mean and standard deviation, 1i,, 0y are their estimates respectively and
1, o are the mean and standard deviation at time ¢. Additionally, the second moment of

T is given by

E [T, 6,u] = / N / " My (w, 70,7, 6,u) fu (1) 6 (20) duwdzo,

where M; (w, zg,7,9,u) = 1—1-3—:’ fth (w, z0,7,0,v) ¢ (% w—(1-r)u] - % + 'yf/OT_n> dv+

w M My (w, 20,7, 8,0) (% o —(1—r)u] -2+ W) dv. The SDRL can be computed

by SDRL = \/ E[T?] — (E[T])*. Jones et al. (2001) concluded that in both in-control

and out-of-control cases the process’s run length performance is affected. In particular,
the estimation effect results in more false alarms and generally leads to a reduction of
the ability of the chart to detect process shifts.

Additionally, Jones (2002) developed a procedure for designing an EWMA chart with
estimated parameters. Using this procedure a practitioner is able to design an EWMA
chart to have the desirable performance. The steps of this method are

Step 1. Identify the desired in-control ARL of the chart

Step 2. Determine the subgroup size n and number of subgroups m that will be used

to estimate the parameters of the in-control process. Obtain a reference sample of m

78



subgroups, of n observations each

Step 3. Ensure that the reference sample is representative of the in-control state of
S

Ca,m

the process. Estimate the parameters according to iy = — > | Z;‘Zl X,jand 09 =

m " (Xi—X; 2 V2 mn—1)+1
where Sp = \/Z’_l Z;;(;(_l)] ) and Cam = \/m(n(l)r(Qm(")”)'
2

Step 4. Select the smoothing constant .
Step 5. Using A from Step 4, identify the constant L that produces an EWMA chart
with the desired in-control ARL.
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Chapter 4

Non-Normality in Control Charts

4.1 Introduction

In control charting methodology an assumption often used to determine statistical
properties is that the data are normally distributed. However, it can be shown that
this assumption is critical for the performance of the control charts. In Section 4.2, we
present the non-normality effect in Univariate and Multivariate Shewhart Charts. In
Section 4.3 the ascription under non-normality in univariate and multivariate EWMA
Charts is given. The EWMA control charts for dispersion are investigated in detail and

results on their performance are given together with some recommendations.

4.2 Non-Normality in Univariate and Multivariate

Shewhart Charts

The usual way of constructing the Shewhart charts is by assuming normality for the
underlying characteristic. In the case of nonnormality if we know the exact distribution of
the characteristic plotted we may construct the corresponding probability limits without a
problem. The case that appears to be the most difficult is when we do not have a normally

distributed characteristic and the probability density function of this characteristic is

81



not known. Then, we have two alternatives; either use nonparametric control charts (see
Chakraborti et al. (2001)) or use the existing theory developed for a normally distributed
variable. For this second case, Burr (1967) examined the effect of nonnormality on the
often used constants in the Shewhart control charts and concluded that they are robust
to the assumption of normality except in cases of extremely non-normal distributions.
Additionally, Schilling and Nelson (1976) surveyed on the effect of non-normality on the
control limits of the X chart. They found that usually a sample of size 5 is enough to
ensure the robustness to normality of the control limits. Yourstone and Zimmer (1992)
proposed the use of the generalized Burr distribution for determining non-symmetrical
limits for a control chart for sample averages. They focused on the effect of non-normality
measured by the skewness and kurtosis on the ARL values. They concluded that a
large skewness or kurtosis in the original data will result in sizeable large skewness or
kurtosis values for the sample averages. Therefore, the practitioner should consider non-
symmetrical control charts. Janacek and Meikle (1997) proposed the use of control charts
of medians in the case of non-normal data. They assumed that at the beginning the
process is in-control and we collect a reference sample of size N. Then, we take samples
of size n to check if the process remains in-control in terms of location. Let B be the
number of members of the test sample less than k, where Fx(k,) = ¢. If the distribution

of the reference sample Fy(x) is unknown and m is the sample median, then

(j-l—b—l) (N+n—j—b)

It can be proved that

n (j—l—b—l) (N—i—n—j—b)

P((E(j) <7/7\”L<$(N,j+1)) =1-2 Z b N
b=[n/2]+1 ( n )

and this relationship can be used to construct suitable control limits. As Janacek and

Meikle (1997) indicate their proposed approach is very reliable when we have non-normal
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data, but when used with normal data there is a loss of power.

The nonnormality effect on the 72 control charts have been studied by many authors
such as Chase and Bulgren (1971), Mardia (1974, 1975), Everitt (1979), Bauer (1981),
Tiku and Singh (1982) and Srivastava and Awan (1982). They proved through simulation
that this statistic is affected by nonnormal distributions and especially in the case of the

highly skewed ones.

4.3 Non-Normality in Univariate and Multivariate

EWMA Charts

The assumption of normality in the EWMA chart has drawn the attention of re-
searchers in the last years. In subsection 4.3.1 we present the recent results on this field
for the EWMA chart for the mean in univariate and multivariate cases. Moreover, some
new results (Maravelakis et al. (2003)) about the robustness to normality of the EWMA

charts for dispersion are given in subsections 4.3.2-4.3.5.

4.3.1 The EWMA control charts for monitoring the process

mean

The EWMA is a popular chart for detecting small to moderate shifts and because
of another characteristic. As Montgomery (2001) states “It is almost a perfectly non-
parametric (distribution free) procedure”. Borror et al. (1999), examined the ARL
performance of the EWMA chart for the mean in non-normal cases when the parame-
ters of the process are known and concluded in the same result for certain values of the
smoothing parameter. They proposed that an EWMA chart with smoothing parameter
equal to 0.05 is very effective in the case of nonnormality. Its in-control value is very close
to the one for the normal case. Furthermore, it does not lose its ability to detect fast

an out-of-control situation. However, as the value of the smoothing parameter increases
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the performance of the chart under nonnormality is not that good. Recently, Stoumbos
and Sullivan (2002) and Testik et al. (2003) extended the work of Borror et al. (1999)
to the multivariate case of the EWMA chart. They concluded that a properly designed
multivariate EWMA control chart is robust to the non-normality assumption. In par-
ticular, Stoumbos and Sullivan (2002) showed that for up to five dimensions a value of
the smoothing parameter in the range [0.02,0.05] is enough to preserve performance as
in the multinormality case. However, when we have more than five dimensions a value

of 0.02 or less is needed for the MEWMA chart to behave as under multinormality.

4.3.2 The EWMA control charts for monitoring the process
dispersion

Let py and oy denote the in-control values of the process parameters that are either
known or estimated from a very large sample taken when the process is assumed to be in-
control. We want to detect any shifts of the dispersion in the process using EWMA charts
that are known to be efficient for detecting small to moderate shifts in the parameters.
For the remaining of this study we assume that we have independent and identically
distributed data with sample size unity and also that we are in the prospective setting
(Phase IT) where the estimates or the parameter values are used to monitor the process.
In the case of rational subgroups the central limit theorem applies and therefore the non
normality issue does not bother us as much.

Several publications dealing with the subject of detecting shifts in the dispersion
using an EWMA type chart have appeared in the literature (see, e.g. Domangue and
Patch (1991), MacGregor and Harris (1993), Acosta-Mejia and Pignatiello (2000)). Our
main concern is to detect increases in the process dispersion. We have to stress though,
that detecting decreases in the dispersion is equally important because they indicate
an improvement in the process. Nevertheless, it is not probable that a reduction in the
process standard deviation, or variance, will occur without a corrective action. Therefore,

when an attempt to improve the quality of a process is taking place, the time that this
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possible change occurs is known. A control chart is one of the tools to check for possible
reduction in the variance before and after the corrective action. However, the main use

of a control chart is to detect persistent or sudden shifts in a process at unknown times.

Table 4.1 In-control ARL, MRL and SDRL values for upward shifts A = 0.05

WR SR HO DP1 DP2

h 2876 2.604 2436 21492 2.495

N(u,0%) ARL 3704 3704 3704 3704 370.4
MRL 260 260 264 259 257

SDRL 361.3 358.1 353.6 361.8 368.3

G(4,1) ARL 151.3 3042 4441 490.5 181.2
MRL 106 213 312 340 124

SDRL 148.0 296.3 431.7 486.5 183.0

G(3,1) ARL 133.1 290.6 473.2 5352 162.6
MRL 93 205 331 372 111

SDRL 131.0 283.0 4619 532.6 166.0

G(2,1) ARL 1124 2675 5225 6415 140.3
MRL 79 187 365 444 95

SDRL 110.0 262.1 511.3 640.5 144.1

G(1,1) ARL 841 2253 659.4 1048.1 111.8
MRL 59 158 461 723 75

SDRL 82.7 220.7 647.9 1056.6 116.1
G(0.5,1) ARL 67.8 185.8 840.3 2449.9 94.8
MRL 47 130 583 1679 63

SDRL 668 184.3 837.1 2489.1 99.9

The EWMA chart of squared deviations from target (EWMAg) was proposed by
Wortham and Ringer (1971) for detecting a shift in the process standard deviation. The
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statistic of this chart is given by

S = My — pg)* + (1 — N)max(S;_1,07), Sy = op,

Table 4.1 (continued) In-control ARL, MRL and SDRL values for upward shifts A = 0.1

WR SR HO DP1 DP2

h 3432 2916 2.628 2409 3.094

N(u,02) ARL 3704 3704 3704 3704 370.4
MRL 259 257 260 259 258

SDRL 365.9 360.8 359.2 363.6 367.4

G(4,1) ARL 129.7 237.0 380.8 421.1 147.2
MRL 91 166 265 293 102

SDRL 127.7 231.7 3741 4188 147.3

G(3,1) ARL 1143 2180 3821 4372 130.7
MRL 79 152 267 304 90

SDRL 113.2 2145 373.8 433.7 131.3

G(2,1) ARL 956 191.6 388.3 4721 111.8
MRL 66 133 271 328 77

SDRL 94.8 188.9 382.1 469.3 112.7

G(1,1) ARL 725 150.6 393.3 569.5 87.0
MRL 51 105 273 396 60

SDRL 712 1483 388.3 570.5 88.2
G(0.5,1) ARL 592 1202 399.4 8164 73.1
MRL 41 8 278 564 50

SDRL 586 119.1 395.1 8223 74.7

where )\ is a smoothing parameter that takes values between 0 and 1 and Sy is the initial

value. The above statistic is one-sided and it is defined in a way to detect only upward

shifts. This happens because, whenever S; is less than o2, we set it equal to its starting
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value. The control limit of this chart is

2\
UCL = o3 + hsop (m),

Table 4.1 (continued) In-control ARL, MRL and SDRL values for upward shifts A = 0.2

WR SR HO DP1 DP2

h o 4112 3215 2742 2584 3.821

N(u,0%?) ARL 3704 3704 3704 3704 3704
MRL 256 257 257 259 258

SDRL 368.9 363.4 363.3 3664 368.8

G(4,1) ARL 1134 171.8 2812 319.7 121.9
MRL 79 120 196 221 84

SDRL 112.6 169.0 277.9 318.3 121.4

G(3,1) ARL 99.7 1543 263.7 3105 107.5
MRL 69 107 184 216 75

SDRL 989 153.1 260.7 3082 107.5

G(2,1) ARL 835 1314 2408 2964 913
MRL 58 92 167 205 63

SDRL 827 1295 2380 2944 91.3

G(1,1) ARL 641 100.6 2055 279.1 70.7
MRL 45 70 144 194 49

SDRL 633 99.3 2026 277.7 70.9
G(0.51) ARL 525 810 179.6 2914 59.4
MRL 36 57 125 201 41

SDRL 51.8 803 178.3 2932 59.4

where hg is a constant used to specify the width of the control limit. Note that o3 would
be the mean and 031/2)\/(2 — \) would be the asymptotic standard deviation of S; if the

reset was not used. However, the control limit is not modified in order to resemble the
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form of an asymptotic EWMA control limit (Reynolds and Stoumbos (2001)).

As Stoumbos and Reynolds (2000) indicate, when the normality assumption is ques-

tionable for the observations, the EWMAg statistic does not converge quickly to normality

Table 4.2. Out-of-control ARL, MRL and SDRL values for upward shifts A = 0.05

Shift 1.2 1.4
WR SR HO DP1 DP2 WR SR HO DP1 DP2
N(p,02)ARL  113.3 116.2 126.1 114.4 100.8 05.6 584 659 586 48.8
MRL 81 84 92 82 72 41 4 50 44 37
SDRL 105.5 105.1 113.1 104.5 94.2 48.2 485 H4.2 4877 425
G(4,1) ARL 66.0 111.0 167.3 1719 68.8 36.2 545 80.2 77.6 355
MRL 47 80 120 121 48 27 40 99 56 26
SDRL 62.6 103.0 155.7 164.8 67.5 329 478 702 70.0 33.3
G(3,1) ARL 644 1154 185.2 193.6 68.9 379 59.9 920 915 379
MRL 46 82 132 136 48 2Tt 44 67 66 27
SDRL 61.7 108.2 174.0 1874 68.1 35.1 53.8 821 847 36.1
G(2,1) ARL 61.1 119.3 214.1 2379 67.6 39.2 67.0 111.9 116.8 40.6
MRL 43 85 152 166 46 28 48 81 83 28
SDRL 58.6 1134 203.1 2334 68.0 36.8 61.2 101.9 110.5 39.5
G(1,1) ARL 54.6 121.3 294.0 393.6 64.8 39.1 76.8 164.0 196.6 43.3
MRL 39 86 206 271 44 28 55 117 137 29
SDRL 52.7 116.5 284.7 3959 66.4 37.6 72.8 154.8 194.3 43.8
G(0.5,1ARL 494 117.1 420.7 910.3 62.7 38.5 829 2524 4443 46.0
MRL 35 82 293 623 41 27T 58 177 304 31
SDRL 48.2 1143 413.2 933.2 65.9 37.3 80.2 245.3 454.7 47.8

because it is a weighted average of squared deviations. For this reason they propose an

EWMA chart of the absolute deviations from target (EWMAy), adjusted for detecting
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only upward shifts. The statistic of this chart is

Vi= Mz — po| + (1 = M) max(V;_1, 00y/2/7), Vo = oo\/2/,

where Vj is the initial value. The above statistic, as in the case of the EWMAg statistic,

is one-sided and can detect only upward shifts. The control limit of this chart is

UCL = 0g\/2/7 + hyoo/1 — (2/7)\/ A (2= \),

where hy is a constant specifying the width of the control limit. We have to mention

that 09/2/m would be the mean and 0g+/1 — (2/7)/A/ (2 — \) would be the asymptotic

standard deviation of V; if the reset was not used. Again, the control limit is not modified
and therefore it does not resemble the form of the standard EWMA control limit.

Hawkins and Olwell (1998, p.82) suggested a different statistic for monitoring individ-
ual readings for scale changes. Specifically, they recommended the use of the differences
(X, — ) CUSUMming the square root of their absolute values. In our case, and since
we use an EWMA type chart, Maravelakis et al. (2003) introduced such a control chart.
Let H = \/m , where x; are our observations. It can be shown that if X is normally
distributed (N(j1, 02)) then

4h h4
h;o?) = ——=exp|—=— | ,0< h
siiat) = e (<) 0%

] 4h2 h4 23/401/2 o) 2h2 h4
E(h) = —— ) dh = —— ) dh =
(h) /0 oV 2w P ( 202) Vor Sy 032214 xp ( 202)

93/4,1/2 oo / p4 —1/4 BA Ba
= \/% /0 <ﬁ> exp (_ﬁ> d <ﬁ> = (23/4) r (3/4) vV 0'0/27T
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and

* 4p3 ht e 4h3 ht
E(h?) = ——— | dh = dh =
) /0 ovor P ( 202) oV 2w / 202 ° ( 202 >
202 [ [ h*’ h h 20T (1) 2
= — | exp| == |d|— | = =04/ —.
av2r Jo 202 202 202 o2 T

Table 4.2 (continued) Out-of-control ARL, MRL and SDRL values for upward shifts A = 0.05

Shift 1.6 1.8

WR SR HO DPlI DP2 WR SR HO DPl DP2

N(p,02ARL 349 37.7 432 385 30.8 250 27.5 322 289 223
MRL 27 30 34 30 24 20 22 26 23 18
SDRL 285 289 328 296 252 195 19.7 227 207 175
G(4,1) ARL 234 329 466 442 224 168 228 31.3 294 158
MRL 18 25 35 33 17 13 18 25 23 12
SDRL 205 27.0 379 371 201 142 17.7 235 229 136
G(3,1) ARL 254 374 550 532 248 187 264 376 357 180
MRL 19 28 41 39 18 14 20 29 27 13
SDRL 22.8 31.8 46.1 463 228 161 21.3 296 292 159
G(2,1) ARL 278 437 695 694 27.7 212 31.6 481 47.1 208
MRL 20 32 51 50 20 16 24 36 35 15
SDRL 254 386 60.7 629 263 190 268 40.0 40.7 19.2
G(1,1) ARL 302 54.3 1057 117.9 321 244 41.1 754 80.1 25.3
MRL 22 39 76 82 22 18 30 55 57 18
SDRL 286 50.1 97.4 114.1 31.8 228 372 67.8 75.1 246
G(0.5,1ARL 315 63.0 170.1 260.8 362 269 50.5 123.9 173.1 29.8
MRL 22 45 120 178 24 19 36 88 118 20
SDRL 304 604 1642 2658 37.3 256 47.9 117.7 175.3 30.2
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Table 4.2 (continued) Out-of-control ARL, MRL and SDRL values for upward shifts A = 0.1

Shift 1.2 1.4
WR SR HO DP1 DP2 WR SR HO DP1 DP2
N(p,02)ARL  124.1 123.3 131.8 123.2 113.0 60.7 61.7 682 62.2 54.6
MRL 88 88 94 88 80 44 45 50 45 39
SDRL 119.8 116.6 123.5 116.2 109.1 56.3 55.6 60.7 55.6 50.5
G(4,1) ARL 605 949 1479 156.7 62.8 343 487 719 73.6 34.2
MRL 43 67 105 110 ! 25 35 52 53 24
SDRL 58.9 91.0 140.8 152.0 61.8 324 450 66.2 68.6 32.8
G(3,1) ARL 585 954 157.1 171.3 61.8 354 524 811 844 359
MRL 41 67 111 120 43 25 37 58 60 25
SDRL 56.8 91.8 151.1 1674 61.1 33.7 49.0 752 797 34.8
G(2,1) ARL 54.8 944 171.7 195.0 59.8 36.0 55.9 943 102.0 374
MRL 38 66 120 136 42 25 40 67 72 26
SDRL 53,5 915 165.8 1914 59.5 34.5 52.7 885 981 36.6
G(1,1) ARL 483 89.0 199.0 260.6 54.8 35.3 59.6 119.8 146.0 38.5
MRL 34 62 139 180 38 25 42 85 102 26
SDRL 472 87.0 1942 259.9 55.1 34.2 573 114.8 1439 385
G(0.5,1ARL 43,5 81.7 230.3 400.3 51.6 34.6 60.6 151.6 237.8 39.3
MRL 30 o7 161 276 35 24 42 106 164 27
SDRL 42.8 80.3 2264 404.6 52.5 33.7 59.4 147.7 240.1 39.9

Var(h) = B(h?) — [E(h)]? = o¢ (U % _ e (3/4))

™
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and the EWMAy chart is based on the statistic

Hi = AIw = pol + (1= Aymax (Hir, (2%) T (3/4) v/o0/27)
Hy = (2¥*)T(3/4) /oo 2

where Hjis the initial value. The control limit of this chart is

UOL = () D 3/4) /ool + huryJou ((2/V7) = VA2 3/4) /) M (2= ),

where hy is a constant specifying the width of the control limit. The mean of H; is
(28T (3/4) \/00/2m and \/00 ((2/v2m) — V2I2(3/4) /m) A/ (2 — A) is the asymptotic

standard deviation of H; if the reset is not used. The control limit in this case also is not

modified to keep the form of a standard EWMA control limit.
Domangue and Patch (1991) introduced the omnibus EWMA control charts. The
statistic used in these charts is Z; = (X; — i) /0o and the proposed EWMA, scheme is

Ay =NZ|"+ (1= NA_,

where the starting value Ag is set by the practitioner and it is usually equal to the
asymptotic mean of A;. Two different schemes were proposed by Domangue and Patch,
one with a = 0.5 and the second with ¢ = 2. When we have independent samples from
a normal process with mean p, and standard deviation o Domangue and Patch (1991)

showed that the asymptotic mean and variance of A; for the scheme with a = 1/2 are

E(A) = (V2/7) Y2 (3/4) and Var(A;) = (2‘[%)” [T —T?(3/4)]. In the case of a = 2

they proved that F(A;) = 1 and Var(4;) = (22;). Then, the control limit in each case is

UCL = E(A;) 4+ haVar(A;)Y?

where h 4 is a constant specifying the width of the control limit and either of the schemes
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signal whenever A; > UCL. We have to note here that these schemes can signal only
upward because of the way they are constructed. Moreover, as Domangue and Patch
indicate these schemes are sensitive to increases in dispersion.

For all the above schemes we observe that they are vulnerable to shifts in the mean
apart from the dispersion. Therefore a signal of these charts might be the result of a
change in the mean. This deficiency can be resolved by using the moving range (Hawkins
and Olwell (1998, p.82)) or by calculating at each point in time (observation) an estimate
of the mean (MacGregor and Harris (1993)). However, the use of either of these tech-
niques might lead to other problems such as dependence of the observations and since

they involve cumbersome calculations, they are not considered here.

4.3.3 Methods of evaluating control charts performance and

their computation

In the context of EWMA charts there are three ways of computing the previously
stated measures of performance. The integral equation method, the Markov chain method
and a simulation study (see e.g., Brook and Evans (1972), Lucas and Saccucci (1990)
and Domangue and Patch (1991)). The integral equation method is an accurate method
but it can not be computed in all cases. The Markov chain method can be implemented
in the cases that the former method can not, but we need to discretise the continuity of
the process using many steps. The simulation study is easy in the implementation and,
when using a large number of iterations, the results are very accurate. In the following
calculations simulation is used and we repeat the simulation 200001 times for each entry
in the tables.

In order to study the effect of non-normality in the performance of the EWMA charts
for dispersion we used the same types of distributions as in Borror et al. (1999) and
Stoumbos and Reynolds (2000); symmetric and skewed ones. Specifically, we simulated

observations in the skewed case from the Gamma(a, b) distribution with probability
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density function
%x‘kl exp (=bx) x>0

f(l',Oé,b): “ ’

0, <0

Table 4.2 (continued) Out-of-control ARL, MRL and SDRL values for upward shifts A = 0.1

Shift 1.6 1.8
WR SR HO DP1 DP2 WR SR HO DP1 DP2
N(u, 0> )ARL 37.3 385 434 39.7 33.6 26.1 274 314 288 23.6
MRL 27 29 32 30 25 20 21 24 22 18
SDRL 334 329 36.6 334 299 225 222 252 229 202
G(4,1) ARL 224 298 421 419 219 16.1 20.6 282 27.5 15.5
MRL 16 22 31 31 16 12 16 21 21 11
SDRL 20.5 26.3 369 372 203 143 174 233 232 14.0
G(3,1) ARL 24.1 334 494 499 24.0 179 236 336 333 174
MRL 17 24 36 36 17 13 18 25 25 13
SDRL 224 30.1 44.0 454 22.7 16.3 206 28.6 29.0 16.0
G(2,1) ARL 259 379 598 62.7 264 19.9 277 421 429 199
MRL 18 27 43 45 19 14 20 31 31 14
SDRL 244 349 546 587 254 186 25.0 373 39.0 187
G(1,1) ARL 276 43.7 81.3 94.0 29.2 226 340 599 66.6 234
MRL 20 31 58 66 20 16 24 43 47 16
SDRL 264 414 771 91.6 289 214 31.7 555 63.6 228
G(0.5,0ARL 28.6 47.6 108.9 1574 31.9 244 393 83.7 113.1 26.8
MRL 20 34 76 108 22 17 28 59 78 18
SDRL 27.7 46.1 105.6 158.4 32.3 23.5 377 80.7 1129 26.8

where the mean is /b and the variance is a/b?. In the remaining of the chapter we set b
equal to unity without loss of generality. Under this condition as « increases the gamma

distribution approaches the normal. In the symmetric case we simulated observations
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from the t(k) distribution with probability density function

((k+1)/2) 1
VL (k/2)  ((22/k) 4 1)*F072

fla k) = L

—00 < x < 00,

Table 4.2 (continued) Out-of-control ARL, MRL and SDRL values for upward shifts A = 0.2

Shift 1.2 1.4
WR SR HO DP1 DP2 WR SR HO DP1 DP2
N(p,02)ARL  136.7 133.4 137.7 132.0 128.8 69.1 67.0 71.1 67.6 63.5
MRL 95 94 97 93 90 49 48 51 48 45
SDRL 134.5 129.8 133.1 128.0 127.1 67.1 63.6 666 634 614
G(4,1) ARL 56.0 76.9 116.3 128.7 57.6 33.1 421 598 63.8 329
MRL 39 o4 82 90 40 23 30 42 45 23
SDRL 549 747 113.1 126.5 56.8 32.0 40.1 56.7 61.2 32.0
G(3,1) ARL 53,5 752 1185 133.7 55.6 33.5 439 650 70.7 34.0
MRL 37 23 83 93 39 24 31 46 20 24
SDRL 528 735 1153 1314 55.2 32.3 422 62.0 684 334
G(2,1) ARL 496 714 119.6 140.2 52.3 33.5 454 702 794 34.5
MRL 35 20 84 97 36 24 32 49 26 24
SDRL 48.7 699 1164 138.7 51.9 32.6 44.0 675 771 340
G(1,1) ARL 43.6 64.0 118.1 151.0 46.8 32.5 454 Tr7 946 343
MRL 31 45 83 105 33 23 32 55 66 24
SDRL 42.7 62.6 115.8 150.3 46.8 31.6 441 753 93.6 339
G(0.5,0ARL 395 57.8 117.1 1749 434 31.5 44.6 83.7 1183 34.3
MRL 28 40 81 121 30 22 31 99 82 24
SDRL 38.8 57.2 1156 175.8 434 309 43.6 82.1 1185 34.2

where k are the degrees of freedom, the mean is 0 and the variance is k/(k — 2).

The ¢ distribution is symmetric about 0 but it has more probability in the tails than the
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normal. Moreover, as the degrees of freedom increase, the t distribution approaches the
normal.

In the simulation algorithm, the parameter values we simulated from, are a=0.5, 1,
2, 3, 4 and b=1 in the gamma case, and k= 4, 6, 8, 10, 20, 30, 40, 50 in the ¢ distribution
case. The steps of the algorithm are the following

Step 1. Set the values of 1, and oy

Step 2. Set the values of A and the constants specifying the width of the control limits
(hs, hy, hyg, ha) and calculate the control limits.

Step 3. Generate a value from gamma(a,1) [from a t(k) distribution] and calculate
the appropriate statistic in each case.

Step 4. Repeat Step 3 until the statistic computed crosses the upper control limit
and record the sample this happens.

Step 5. Repeat Steps 3 to 4 200001 times.

Step 6. Obtain estimates of the ARL and SDRL values.

Step 7. Sort the 200001 values and set observation 100001 equal to the MRL.

Evidently, the above algorithm is used for calculating the in-control ARL, MRL and
SDRL values. For the out-of-control cases Step 3 is properly modified. In Step 1, the
in-control mean when we are in the gamma case is equal to /b and the variance is a/b%.
When we have a ¢ distribution the in-control mean is 0 and the variance is k/(k — 2).
The values under the normal distribution are calculated also in each case for studying
the non-normality effect. The values of A chosen are 0.05, 0.1 and 0.2 which are the
usually chosen values for studying the non-normality effect (see e.g., Borror et al. (1999),
Stoumbos and Reynolds (2000), Reynolds and Stoumbos (2001)). The values of (hg, hy,
hy, ha) are chosen in a way that under normality they give the same in-control value
for ARL approximately 370.4. Also, in all the cases, results are displayed for asymptotic
control limits. Finally, all the out-of-control computations performed in this chapter are

made under the assumption of immediate occurrence of the shift at the beginning of the
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process.

Table 4.2 (continued) Out-of-control ARL, MRL and SDRL values for upward shifts A = 0.2

Shift 1.6 1.8
WR SR HO DP1 DP2 WR SR HO DP1 DP2
N(u,c?)ARL  42.0 41.4 449 422 386 29.1 288 31.6 299 26.8
MRL 30 30 32 31 28 21 21 23 22 19
SDRL 40.0 381 409 383 36.7 27.1 25.7 2777 262 247
G(4,1) ARL 220 26.6 36.1 37.5 21.6 15.8 18.6 24.3 249 155
MRL 16 19 26 27 15 11 14 18 18 11
SDRL 20.8 24.6 33.1 34.8 20.6 14.7 16.8 21.5 225 145
G(3,1) ARL 232 29.0 40.7 43.2 232 173 209 284 295 17.1
MRL 16 21 29 31 16 12 15 21 21 12
SDRL 22.1 27.3 379 409 22.3 16.3 19.2 257 271 16.2
G(2,1) ARL 245 31.6 47.0 51.4 249 19.1 239 338 36.2 19.1
MRL 17 22 33 36 17 14 17 24 26 14
SDRL 23.6 30.0 44.0 49.3 24.2 18.1 223 31.2 340 183
G(1,1) ARL 25.7 34.6 55.8 66.0 26.6 21.1 277 43.0 49.2 21.6
MRL 18 24 39 46 19 15 20 30 35 15
SDRL 249 335 533 648 26.2 204 26.5 40.7 475 21.1
G(0.5,1ARL 264 36.2 64.6 87.2 28.1 226 306 52.0 67.6 24.1
MRL 19 25 45 61 20 16 21 37 47 17
SDRL 25.7 353 63.1 86.6 27.8 21.9 29.7 50.5 674 238

4.3.4 Results

In Tables 4.1 through 4.4, we have the results of the EWMA charts for the dispersion
for the five different charts (EWMAg, EWMAy, EWMAy and EWMA, for a=1/2 and

a=2). We have results for three combinations of A and the corresponding hg, hy, hy
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and hy values. In the second row of table 4.1 we have the five different hg, hy, hy and
h 4 values, which are calculated so as to give under normality an in-control value of ARL
equal to 370.4. The same values for these h constants are used in Tables 4.2, 4.3 and
4.4 and for this reason they are not displayed. The third column (WR) in each Table
is the ARL, MRL and SDRL values for the EWMAg, the fourth column (SR) is for the
EWMAy, the fifth column (HO) is for the EWMAy and the sixth (DP1) and seventh
(DP2) columns are for the EWMA, with a=0.5 and a=2 respectively.

In Table 4.1, the results for the in-control case for the gamma distribution are dis-
played and in Table 4.3 the corresponding ones for the t distribution (ARL(0)). In Table
4.2, we have the results in the out-of-control case for the Gamma distribution and in
Table 4.4 the corresponding ones for the ¢ distribution (ARL(1)). In each Table we have
computed additionally the ARL, MRL and SDRL values for the normal distribution to
identify the non normality effect. The shift in the out-of-control cases is in the in-control
process variance, whose value is set at the first Step of the algorithm, by multiplying it
with 1.2, 1.4, 1.6 and 1.8.

The conclusions drawn from these tables are the following. When the process is in-
control, the EWMAp chart for A = 0.1 has a satisfactory non normality performance.
Additionally, the EWMA, chart when a = 0.5 for A = 0.2 gives also results comparable
to the normal ones when we are in-control. One also concludes that the other charts
are much less efficient regarding non normality for every combination of the smoothing
parameter and the process parameters presented. Most of the times they lead to a larger
number of false alarms than the nominal. However, the EWMAy and EWMA, for
a = 0.5 can give for certain parameters, very large ARL values. As the value of « in the
gamma case and k in the ¢-distribution case, become larger so does the ARL and MRL
for EWMAg, EWMAy and EWMA, for a = 2. On the other hand, the ARL and MRL
values for the EWMAy and EWMA, for o = 0.5 decrease when A = 0.05, A = 0.1 and
increase for A = 0.2.

In the out-of-control cases, as the shift increases the non normality effect decreases.

98



Table 4.3. In-control ARL, MRL and SDRL values for upward shifts A = 0.05

WR SR HO DP1 DP2

N(u,0%) ARL 3704 3704 3704 3704 3704
MRL 260 260 264 259 257

SDRL 361.3 358.1 353.6 361.8 368.3

4 ARL 112.6 271.0 7929 2208 1474
MRL 79 189 549 1515 100

SDRL 110.8 2674 787.3 2251 1514

173 ARL 138.6 297.8 5852 946.5 170.9
MRL 97 209 410 653 117

SDRL 135.8 290.6 573.1 953.5 1734

ig ARL 165.6 318.3 5899 6953 195.3
MRL 117 224 412 481 134

SDRL 161.4 310.5 580.7 695.6 197.8

t10 ARL 186.0 329.9 476.8 591.8 216.2
MRL 131 231 336 411 149

SDRL 180.9 321.1 4624 588.2 218.0

120 ARL 2523 352.6 416.0 456.7 276.4
MRL 178 249 292 318 192

SDRL 244.8 341.9 402.2 452.8 274.8

t30 ARL 285.8 358.8 401.2 424.1 303.1
MRL 200 252 282 296 211

SDRL 279.8 346.4 389.3 417.6 3014

40 ARL 302.5 361.5 390.6 409.7 319.5
MRL 213 254 275 285 222

SDRL 293.3 349.5 3775 4043 3174

t50 ARL 3149 366.4 387.7 400.8 327.6
MRL 221 256 272 279 227

SDRL 307.0 356.5 374.1 395.1 324.8
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Table 4.3 (continued) In-control ARL, MRL and SDRL values for upward shifts A = 0.1

WR SR HO DP1 DP2

N(p,0%) ARL 3704 3704 3704 3704 3704
MRL 259 257 260 259 238

SDRL 3659 360.8 359.2 363.6 367.4

17} ARL 97.7 1874 4415 8824 116.4
MRL 68 131 307 609 80

SDRL 96.1 185.5 438.1 890.9 117.5

173 ARL 120.9 2199 409.6 590.9 140.1
MRL 84 153 288 410 97

SDRL 119.6 2174 399.3 590.8 140.2

17 ARL 1452 2471 4009 508.8 163.9
MRL 101 173 279 354 114

SDRL 143.0 243.0 3954 506.8 164.1

t10 ARL 167.7 269.7 394.1 470.4 185.0
MRL 117 189 275 326 128

SDRL 165.0 264.5 388.0 467.3 184.9

t20 ARL 2333 3165 380.6 4129 250.2
MRL 163 222 267 287 173

SDRL 230.0 310.3 372.7 4084 249.3

130 ARL 2706 334.3 3783 397.1 283.2
MRL 190 234 264 277 196

SDRL 264.6 326.7 371.1 392.2 283.8

40 ARL 291.7 3418 375.0 390.1 301.0
MRL 205 239 262 272 210

SDRL 286.2 336.0 367.5 385.8 298.9

t50 ARL 305.1 348.1 3739 3869 314.3
MRL 213 243 263 269 218

SDRL 301.8 341.1 363.4 381.4 312.6
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Table 4.3 (continued) In-control ARL, MRL and SDRL values for upward shifts A = 0.2

WR SR HO DP1 DP2

N(p,0%) ARL 3704 3704 3704 3704 3704
MRL 256 257 257 259 238

SDRL 3689 363.4 363.3 366.4 368.8

17} ARL 86.7 130.1 2383 383.0 96.0
MRL 60 91 166 266 67

SDRL 86.4 128.7 235.7 383.1 95.8

173 ARL 109.2 159.2 265.3 353.8 118.0
MRL 76 111 186 245 82

SDRL 108.0 158.1 261.3 354.3 117.5

17 ARL 131.2 187.8 2839 349.7 140.9
MRL 91 131 198 243 98

SDRL 130.8 186.1 278.8 347.4 140.6

10 ARL 152.1 212.3 3026 353.4 162.0
MRL 106 148 211 246 112

SDRL 150.3 210.0 298.0 352.3 162.5

t20 ARL 220.0 2759 3322 3614 229.3
MRL 154 192 232 251 159

SDRL 2178 273.1 328.0 3574 228.7

130 ARL 257.1 303.7 3474 365.5 264.7
MRL 178 212 243 255 184

SDRL 2554 299.4 343.2 362.4 2623

40 ARL 279.3 321.1 351.7 365.5 285.6
MRL 195 223 245 255 198

SDRL 276.2 318.7 346.0 362.8 284.0

150 ARL 294.7 3273 355.1 366.1 298.9
MRL 205 228 247 254 207

SDRL 292.6 323.0 351.1 362.4 298.0
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Table 4.4. Out—of-control ARL, MRL and SDRL values for upward shifts A = 0.05

Shift 1.2 1.4

WR SR HO DP1 DP2 WR SR HO DP1 DP2

N(p,02)ARL  113.3 116.2 126.1 114.4 100.8 95.6 584 659 586 48.8
MRL 81 84 92 82 72 41 44 20 44 37
SDRL 105.5 105.1 113.1 1045 94.2 48.2 485 542 487 425
17} ARL 755 159.5 4176 930.3 91.0 59.5 116.2 283.6 556.6 68.4
MRL 93 112 291 638 62 42 82 199 381 46
SDRL 73.6 155.8 410.6 946.7 92.9 ov.7T 1131 277.1 569.0 69.6
6 ARL 749 140.2 275.0 386.2 834 53.3 932 177.0 231.1 57.1
MRL 53 99 193 267 57 38 66 126 160 39
SDRL 72.0 134.5 265.4 386.8 83.8 50.9 88.0 168.2 230.8 56.5
123 ARL 771 1346 2329 2845 822 52.1 852 147.5 170.7 54.0
MRL 95 96 165 198 57 37 61 105 119 38
SDRL 73.8 1278 2234 281.8 &81.8 494 79.2 138.0 167.2 52.6
10 ARL 787 131.2 2122 2442 825 51.6 814 1334 147.1 524
MRL o6 93 151 170 57 37 29 96 103 37
SDRL 75.2 1244 201.6 240.1 81.3 48.5 753 1234 1419 50.9
t20 ARL 83.6 126.2 180.6 187.6 84.6 50.7 753 1123 1149 50.3
MRL 60 90 129 132 59 37 95 81 82 36
SDRL 79.1 1181 169.5 180.7 82.1 47.0 68.1 102.0 108.1 47.5
130 ARL 86.1 1251 171.6 1754 858 50.7 73.6 106.6 107.1 49.6
MRL 61 90 123 123 60 37 54 7 7 35
SDRL 81.2 116.9 159.2 168.4 83.2 46.7 66.1 96.1 99.9 47.0
40 ARL 871 1249 168.0 169.1 86.1 50.5 728 103.9 104.0 49.5
MRL 62 89 120 120 61 37 53 76 74 36
SDRL 82.2 116.2 156.1 161.0 83.2 46.8 650 935 96.8 46.7
50 ARL 87.7 124.1 165.7 165.6 86.5 50.7 721 1024 101.9 49.2
MRL 63 89 119 117 61 37 23 5 73 35
SDRL 825 1153 153.6 157.5 83.2 46.6 646 91.8 945 46.0
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Table 4.4 (continued) Out—of-control ARL, MRL and SDRL values for upward shifts A = 0.05

Shift 1.6 1.8
WR SR HO DPI DP2 WR SR HO DPl1 DP2
N(u, 02 ARL 349 37.7 432 385 30.8 250 27.5 322 289 223
MRL 27 30 34 30 24 20 22 26 23 18
SDRL 285 289 328 296 252 195 19.7 227 207 175
ty ARL 50.7 951 220.0 397.5 57.1 456 819 183.3 311.6 50.1
MRL 36 67 155 273 39 32 58 129 213 34
SDRL 488 91.5 2132 4064 57.6  43.8 788 176.8 3182 50.4
te ARL 433 721 1336 166.5 453  37.3 60.5 110.0 132.8 38.6
MRL 31 51 95 116 31 27 4 79 93 27
SDRL 41.0 67.7 1253 1645 44.6 351 56.1 102.2 129.8 37.6
ts ARL 409 65.0 109.9 1242 41.8 348 535 90.0 99.8 35.1
MRL 29 47 79 8 29 25 39 65 70 25
SDRL 383 59.8 101.2 1204 40.3 323 485 819 954 336
tw  ARL 397 61.2 99.0 1075 39.7  33.6 50.3 8L0 86.7 33.3
MRL 29 44 71 76 28 25 37 59 62 24
SDRL 37.0 55.8 90.1 1020 379 310 452 729 814 315
ty  ARL 379 553 836 842 372 313 448 67.9 684 30.7
MRL 28 41 61 60 27 23 33 50 49 22
SDRL 34.8 49.0 743 780 348 285 392 594 621 285
tsy  ARL 375 534 79.0 79.0 364  30.8 43.7 643 639 30.1
MRL 27 39 58 57 26 23 32 48 47 22
SDRL 34.1 472 694 722 338  27.7 379 554 572 278
to  ARL 372 527 771 762 362 305 430 629 618 295
MRL 27 39 57 55 26 22 32 47 45 22
SDRL 338 46.1 675 69.1 335 275 372 541 550 27.1
tsy  ARL 372 524 762 750 361 304 426 61.9 608 29.4
MRL 27 39 56 55 26 22 32 46 45 21
SDRL 33.7 458 66.6 67.6 333 273 368 529 541 269

103



Table 4.4 (continued) Out—of-control ARL, MRL and SDRL values for upward shifts A = 0.1

Shift 1.2 1.4
WR SR HO DP1 DP2 WR SR HO DP1 DP2
N(p,02)ARL  124.1 123.3 131.8 123.2 113.0 60.7 61.7 682 62.2 54.6
MRL 88 88 94 88 80 4 45 50 45 39
SDRL 119.8 116.6 123.5 116.2 109.1 56.3 55.6 60.7 55.6 50.5
17} ARL 674 1168 254.6 4498 76.3 53.8 88.6 182.3 300.3 59.6
MRL 47 82 178 310 53 38 62 127 207 41
SDRL 66.0 114.7 250.4 454.0 76.7 52,5 86.9 179.2 3024 59.6
6 ARL 68.1 110.8 202.3 2704 73.4 49.3 76.0 134.3 1714 52.3
MRL 48 78 142 187 51 35 o4 95 119 36
SDRL 66.3 107.6 197.1 269.9 73.5 48.0 73.0 129.5 170.6 51.7
123 ARL 70.7 1102 184.7 2243 752 48.5 721 118.7 139.7 50.4
MRL 50 78 130 156 52 34 51 84 98 35
SDRL 69.1 106.5 178.6 222.0 74.2 46.7 68.8 113.3 136.8 49.4
10 ARL 73.0 111.1 1759 203.6 764 48.5 70.1 111.2 1264 49.5
MRL ol 79 124 142 53 34 50 79 89 35
SDRL 70.9 1072 169.2 200.5 75.6 46.7 66.6 105.4 122.7 48.3
120 ARL 79.7 1129 160.8 1725 81.4 484 672 99.1 1054 488
MRL o6 80 113 121 57 34 48 71 75 34
SDRL 772 1079 154.0 167.5 80.0 46.1 63.1 929 101.1 47.0
130 ARL 829 114.0 156.5 164.2 83.5 48.7 66.6 95.6 100.3 48.6
MRL o8 81 111 116 59 35 48 68 71 34
SDRL 80.5 109.1 1494 159.0 814 46.1 624 893 95.7 470
40 ARL 843 1149 1542 160.8 85.0 49.2 66.0 93.7 973 485
MRL 60 81 109 113 60 35 47 67 69 34
SDRL 81.2 109.9 147.1 155.3 83.0 47.0 619 873 926 46.9
150 ARL 853 1154 153.2 158.8 854 49.2 66.0 93.2 96.6 48.6
MRL 60 82 109 112 60 35 47 67 68 34
SDRL 82.6 1104 145.2 153.8 83.7 471 61.9 87.0 91.7 46.8
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Table 4.4 (continued) Out—of-control ARL, MRL and SDRL values for upward shifts A = 0.1

Shift 1.6 1.8
WR SR HO DP1 DP2 WR SR HO DP1 DP2
N(p,02)ARL  37.3 385 434 39.7 33.6 26.1 274 314 288 236
MRL 27 29 32 30 25 20 21 24 22 18
SDRL 334 329 36.6 334 299 225 222 252 229 20.2
17} ARL 46.3 73.8 145.8 229.1 504 416 64.8 124.2 189.9 45.1
MRL 33 52 102 158 35 29 46 87 131 31
SDRL 453 71.7 1424 231.2 50.5 40.4 62.8 120.9 191.9 45.0
6 ARL 404 599 1029 1277 420 35.1 51.0 855 103.8 36.2
MRL 28 42 73 89 29 25 36 61 72 25
SDRL 39.0 577 983 126.2 41.2 33.7 48.6 80.8 101.7 354
12 ARL 384 552 89.6 1034 39.3 32.8 464 734 84.0 334
MRL 27 39 64 73 28 23 33 52 59 24
SDRL 37.0 523 844 100.2 384 31.3 43.8 68.8 80.7 32.3
10 ARL 376 528 829 928 383 31.8 44.0 676 75.0 320
MRL 27 38 99 65 27 23 32 49 53 23
SDRL 359 49.7 778 89.1 37.0 30.3 41.1 627 71.5 309
120 ARL 365 492 727 770 36.1 30.0 404 59.0 622 29.8
MRL 26 35 52 25 26 21 29 43 44 21
SDRL 344 455 670 727 346 283 371 539 582 284
t30 ARL 362 485 70.2 731 359 29.8 39.2 56.8 59.2 294
MRL 26 35 o1 92 25 21 28 41 42 21
SDRL 34.3 450 64.7 685 34.2 278 36.0 51.5 55.1 279
a0 ARL 362 479 689 714 355 29.5 389 55.7 573 29.1
MRL 26 35 50 51 25 21 28 40 41 21
SDRL 342 442 63.0 67.0 339 276 358 503 532 275
150 ARL 359 477 683 704 355 29.4 38.7 55.0 56.5 28.8
MRL 26 34 49 50 25 21 28 40 41 21
SDRL 339 44.0 624 659 338 2715 353 496 524 274
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Table 4.4 (continued) Out—of-control ARL, MRL and SDRL values for upward shifts A = 0.2

Shift 1.2 1.4
WR SR HO DP1 DP2 WR SR HO DP1 DP2
N(p,02)ARL  136.7 133.4 137.7 132.0 128.8 69.1 67.0 71.1 676 635
MRL 95 94 97 93 90 49 48 ol 48 45
SDRL 134.5 129.8 133.1 128.0 127.1 67.1 63.6 666 634 614
17} ARL 612 87.0 149.0 2239 65.8 494 68.1 112.3 162.1 52.7
MRL 43 61 104 155 46 35 48 79 113 37
SDRL 60.3 85.8 146.8 224.1 65.6 48.6 66.7 110.2 161.8 52.4
t6 ARL 62,7 86.3 136.7 175.8 66.0 46.2 60.9 94.3 117.5 479
MRL 44 60 96 122 46 32 43 66 82 33
SDRL 61.8 84.7 1339 174.8 65.5 454 59.5 915 1164 474
12 ARL 66.1 888 1351 161.9 68.8 45.9 59.5 883 104.7 47.3
MRL 46 62 95 113 48 32 42 62 73 33
SDRL 649 872 131.3 160.1 68.1 45.0 57.8 855 1029 46.6
10 ARL 688 91.0 1338 1563 715 46.2 59.5 8.7 984 471
MRL 48 64 94 109 50 32 42 61 69 33
SDRL 67.5 89.0 130.2 154.6 70.5 45.1 57.7 823 964 46.2
t20 ARL 769 981 133.6 1474 78.0 472 589 815 889 47.5
MRL o4 69 94 103 o4 33 42 58 63 33
SDRL 754 95.6 1298 1449 77.1 46.0 56.7 78.0 86.2 46.6
130 ARL 80.6 100.7 134.1 144.6 81.0 479 59.0 80.1 86.6 47.9
MRL o6 70 94 101 56 34 41 o7 61 34
SDRL 79.2 987 1304 141.2 80.0 46.7 56.8 76.8 84.3 46.9
40 ARL 824 1022 1339 143.1 82.6 48.0 59.0 794 8.7 482
MRL o7 72 94 100 58 34 42 56 60 34
SDRL 81.0 994 129.7 139.8 &81.6 46.9 56.9 76.3 832 472
150 ARL 834 1035 1339 143.3 839 484 589 793 8.3 479
MRL 58 73 94 100 58 34 42 56 60 34
SDRL 82.3 100.6 129.6 140.2 83.1 471 56.5 758 829 46.9
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Table 4.4 (continued) Out—of-control ARL, MRL and SDRL values for upward shifts A = 0.2

Shift 1.6 1.8
WR SR HO DP1 DP2 WR SR HO DP1 DP2
N(p, 02)ARL  42.0 41.4 449 422 386 29.1 288 316 299 26.8
MRL 30 31 32 31 28 21 21 23 22 19
SDRL 40.0 38.1 409 383 36.7 271 2577 277 262 247
17} ARL 426 573 92.6 1304 45.1 38.6 51.2 804 111.2 40.5
MRL 30 40 65 91 31 271 36 56 7 28
SDRL 42.0 56.2 904 130.2 44.9 37.8 50.1 784 1114 40.1
173 ARL 38.0 492 73.7 904 39.1 33.2 423 623 755 339
MRL 27 35 52 63 27 23 30 44 53 24
SDRL 37.1 479 714 89.0 385 32.3 40.8 599 743 334
12 ARL 36.7 464 67.3 79.1 374 31.5 393 559 651 31.8
MRL 26 33 47 %) 26 22 28 40 46 22
SDRL 35.7 45.0 649 773 36.5 30.5 379 535 634 311
t10 ARL 362 453 64.6 73.6 36.7 30.5 38.1 53.3 60.3 30.8
MRL 26 32 46 52 26 22 27 38 42 22
SDRL 35.1 43.6 61.8 71.8 36.0 294 36.5 50.5 5885 30.1
t20 ARL 355 434 59.7 656 35.6 29.3 355 484 52.7 294
MRL 25 31 43 46 25 21 25 M4 37 21
SDRL 34.3 416 56.5 63.6 34.7 28.2 338 458 50.5 284
t30 ARL 354 43.0 583 63.0 35.2 29.1 350 469 509 29.0
MRL 25 30 41 45 25 21 25 34 36 20
SDRL 34.3 41.0 552 60.6 34.3 28.0 33.3 44.0 488 28.0
40 ARL 353 425 579 621 35.1 29.0 346 46.5 50.0 28.7
MRL 25 30 41 4 25 21 25 33 36 20
SDRL 34.0 40.3 546 59.8 34.2 27.8 328 43.5 475 27.7
150 ARL 353 426 57.2 613 351 28.7 346 46.1 494 286
MRL 25 30 41 43 25 20 25 33 35 20
SDRL 34.2 40.5 541 586 34.1 276 3277 432 472 277
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Note that a direct comparison of the different schemes is not possible because they do
not have the same in-control ARL or MRL values. We observe that the out-of-control
ARL performance of the charts that have a good in-control one, is far from the normal.
They do not give that fast an out-of-control signal, therefore they lose the ability of the
EWMA charts to identify an out-of-control situation for small shifts quickly.

Consequently, the EWMAy and EWMA, (for a=0.5) charts are a very good choice
when normality is questionable for specific values of the smoothing parameter A when
our process is in-control. In the out-of-control cases they give disappointing results. The
EWMAg and EWMA, for a=2 charts are not recommended since their performance in
both in-control and out-of-control situations is far from the normal. The EWMAy chart
does not perform well for skewed distributions but in the symmetric case the results are
better for small values of \. Generally we can say that none of the presented schemes is

robust to the normality assumption.

4.3.5 Discussion

The research for the non-normality effect of the EWMA control charts for process
dispersion was conducted in a way for the results drawn, to hold for data coming from
any distribution without a need to know this distribution. However, in the particular
case that we know explicitly the distribution our data are coming from, we may use a
transformation of the data to the normal. Such a transformation is given in Hawkins
and Olwell (p. 163, 1998) and it has been used also by Quesenberry (1995a) and Chen
et al. (2001) in the context of EWMA charts. This transformation not only achieves

approximate normality but also independence of the resulting data.
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Chapter 5

Identification of the Out-of-Control
Variable When a Multivariate
Control Chart Signals

5.1 Introduction

Multivariate control charts are a powerful tool in Statistical Process Control for iden-
tifying an out-of-control process. Woodall and Montgomery (1999) emphasized the need
for much more research in this area since most of the processes involve a large number of
variables that are correlated. As Jackson (1991) notes, any multivariate quality control
procedure should fulfill four conditions 1) Single answer to the question “Is the process in-
control?” 2) An overall probability for the event “Procedure diagnoses an out-of-control
state erroneously” must be specified 3) The relationship among the variables must be
taken into account and 4) Procedures should be available to answer the question “If the
process is out-of-control, what is the problem?”. The last question has proven to be
an interesting subject for many researchers in the last years. Woodall and Montgomery
(1999) state that although there is difficulty in interpreting the signals from multivariate

control charts more work is needed on data reduction methods and graphical techniques.
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In this chapter we present the available solutions for the problem of identification and
additionally we propose a new method based on principal components analysis (PCA),
for detecting the out-of-control variable, or variables, when a multivariate control chart
for individual observations signals. Section 5.2 describes the use of univariate control
charts for solving the above stated problem, whereas Section 5.3 gives the use of an
elliptical control region. In Section 5.4 a T2 decomposition is presented. Section 5.5
summarizes the methods based on principal components analysis. A presentation of the
new method, is given in the Section 5.6 with some interesting points and discussion on
the performance and application of the new method. Moreover, a comparative study
evaluates the performance of the proposed method in relation to the existing methods
that use PCA. Finally, graphical techniques that attempt to solve the problem under

investigation are presented in Section 5.7.

5.2 The Use of Univariate Control Charts

5.2.1 Univariate Control Charts with Standard Control Limits

The use of p univariate control charts, gives a first evidence for which of the p variables
are responsible for an out-of-control signal. However, there are some problems in using
p univariate control charts in place of X2-Chart. These problems are that, the overall
probability of the mean plotting outside the control limits if we are in-control is not
controlled and the correlations among the variables are ignored. The problem of ignoring
the correlations among the variables cannot be solved. The problem of controlling the
overall probability of the mean plotting outside the control limits if we are in-control can

be solved by using p univariate control charts with Bonferroni limits.
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5.2.2 Using Univariate Control Charts with Bonferroni Control
Limits
The use of Bonferroni control limits, was proposed by Alt (1985). Bonferroni control

limits can be used to investigate which of the p variables are responsible for an out-of-

control signal. Using the Bonferroni method the following control limits are established

UCL =+ 7Z_

LCL = p,—Zi_

Thus, p individual control charts can be constructed, each with probability of the mean
plotting outside the control limits if we are in-control, equal to «/p and not «. However,
as Alt (1985) states, this does not imply that p univariate control charts should be used
in place of X2-Chart.

5.2.3 Hayter and Tsui’s Interpretation Method

Hayter and Tsui (1994) extended the idea of Bonferroni type control limits by giving
a procedure for exact simultaneous control intervals for each of the variable means. The
control procedure operates as follows. For a known variance-covariance matrix 3 and
a chosen probability of the mean plotting outside the control limits if we are in-control
«, the experimenter first evaluates the critical point Cr, where R is the correlation
matrix obtained from ¥. Then, following any observation x' = (X, X5, ..., X,), the

experimenter constructs confidence intervals

(Xi —0iCpra, Xi + 0:Cr)

for each of the p variables. This procedure ensures that an overall probability of the
mean plotting outside the control limits if we are in-control « is achieved. The process

is considered to be in-control as long as each of these confidence intervals contains the
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respective standard value yi,,. The process is considered to be out-of-control if any of these
confidence intervals does not contain the respective standard value ;. The variable or
variables whose confidence intervals do not contain i, are identified as those responsible
for the out-of-control signal.

This procedure signals when
M =mazx | X; — py;| /oi > Cra.

Hayter and Tsui (1994) give guidance and various tables for choosing the critical point

Chra-

5.3 Using an Elliptical Control Region

The second method uses an elliptical control region. This method is discussed by Alt
(1985) and Jackson (1991) and can be applied only in the special case of two quality
characteristics.

The simplest case in multivariate statistics is when the vector x = (2) has a bivariate
normal distribution, where X; is distributed normally with mean p,, standard deviation
oi, 1= 1, 2 and p is the correlation coefficient between the two variables. In this case
an elliptical control region, can be constructed. This elliptical region is centered at
s = (pq, 1y) and can be used in place of the X2-chart. All points lying on the ellipse
would have the same value of X2. While, X?-Chart gives a signal every time the process
is out-of-control, the elliptical region is useful in indicating which variable led to the
out-of-control signal.

Therefore, a 100 (1 — o) % elliptical control region can be constructed by applying
the following equation as given by Jackson (1991)

1 Xi— i\ [ Xo—p\® 20(X1 — py) (Xo —
Q= { -~ x [( 1 ,U1> 4 ( 2 Nz) _ p (X1 — ) (X ,UQ)] } :X221_a‘
1—,0 01 09 0109 ’
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A unique ellipse is defined for given values of i, iy, 01,02, p and «. Points on the
perimeter of the ellipse may be determined by setting X; equal to some constant and
solving the resulting quadratic equation for Xs.

Mader et al. (1996) presented the use of the elliptical control region for power supply

calibration.

5.4 Using T2 Decomposition

The third method is the use of 72 decomposition, which is proposed by Mason, Tracy
and Young (1995,1997). The main idea of this method (MYT) is to decompose the T
statistic into independent parts, each of which reflects the contribution of an individual
variable. This method is developed for the case of individual observations, but according
to the authors it can be applied also with a few modification for the case of rational
subgroups.

In this section we also present, the methodologies of Roy (1958), Murphy (1987), Do-
ganaksoy et al. (1991), Hawkins (1991, 1993), Timm (1996) and Runger and Montgomery
(1996), which are included in the MYT partitioning of T2

5.4.1 Mason, Tracy and Young’s T2 Decomposition

Mason et al. (1995) presented the following interpretation method of an out-of-
control signal. The T? statistic can be broken down or decomposed into p orthogonal

components. One form of the MYT decomposition is given by
p—1
T? = T12 + T22.1 + T32-172 +ot Tp2.1,2 ..... p—1 — T12 + ZTJQM ..... j—1-

J=1

The first term of this decomposition, T2, is an unconditional Hotelling’s T? for the
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first variable of the observation vector x,

— 2
X — X
T12 _ ( 1 1> :
S1
where X; and s; is the mean and standard deviation of variable X3, respectively.

The general form of the other terms, referred to as conditional terms, is given as

X . )2
T2 _ (X] XJ'1727-~~7J—1) for i — 1.2
7-1,2,...,5—1 — 2 , or j =1,24,..,p,
8]1727’]71

where

Xjio,.j-1=X;+b (Xl(jfl) _ X(j—n)

and Xf»j ) is the (j —1)th vector excluding the jth variable, X is the sample mean of the
Jth variable, b; = [SISxx] is a (j — 1)th dimensional vector estimating the regression
coefficients of the jth variable regressed on the first (j — 1) variables,

2 2 t Q-1
S51,2,.5-1 = Sx — S’ SxxSxx

and
SXX S X
S = p
SfXx Sx
Consequently, the T7, , ., ; value is the square, of the jth variable adjusted by the

estimates of the mean and standard deviation of the conditional distribution of X; given

X1, Xo,...,X,_1 and its exact distribution is as follows

n+1

F(l,n—1).

2
Tiqp, j1™

Thus, this statistic can be used to check whether the jth variable is conforming to
the relationship with other variables as established by the historical data set, since the

adjusted observation is more sensitive to changes in the covariance structure.
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The ordering of the p components is not unique and the one given above represents
only one of the possible p! different ordering of these components. Each ordering generates
the same overall 72 value, but provides a distinct partitioning of 72 into p orthogonal
terms. If we exclude redundancies, there are p x 2P~! distinct components among the
p X p! possible terms that should be evaluated for potential contribution to signal.

Similarly, the p unconditional 72 terms based on squaring a univariate ¢ statistic can
be computed and then be compared to the appropriate F' distribution. Moreover, the

distances D; = T? — T? can be computed and also be compared to the F distribution.

5.4.2 Mason, Tracy and Young’s Out-of-Control Variable Se-

lection Algorithm

The following is a sequential computational scheme that has the potential of further
reducing the computations to a reasonable number when the overall T2 signals, as was
proposed by Mason, Tracy and Young (1997).

Step 0: Conduct a T2 test with a specified nominal confidence level . If an out-of-
control condition is signaled then continue with the step 1.

Step 1: Compute the individual T2 statistic for every component of the x vector.
Remove variables whose observations produce a significant T7?. The observations on these
variables are out of individual control and it is not necessary to check how they relate to
the other observed variables. With significant variables removed we have a reduced set
of variables. Check the subvector of the remaining k variables of a signal. If you do not
receive a signal we have located the source of the problem.

Step 2: Optional: Examine the correlation structure of the reduced set of variables.
Remove any variable having a very weak correlation (0.3 or less) with all the other
variables. The contribution of a variable that falls in this category is measured by the
T? component.

Step 3: If a signal remains in the subvector of k variables not deleted, compute all Tfj

terms. Remove from the study all pairs of variables, (X;, X;), that have a significant Tfj
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term. This indicates that something is wrong with the bivariate relationship. When this
occurs it will further reduce the set of variables under consideration. Examine all removed
variables for the cause of the signal. Compute the T2 terms for the remaining subvector.
If no signal is present, the source of the problem is with the bivariate relationships and
those variables that were out of individual control.

Step 4: If the subvector of the remaining variables still contains a signal, compute
all Tf]k terms. Remove any triple, (X;, X;, Xj), of variables that show significant results
and check the remaining subvector for a signal.

Step 5: Continue computing the higher order terms in this fashion until there are
no variables left in the reduced set. The worst case situation is that all unique terms will
have to be computed.

Generally, the T? statistic associated with an observation from a multivariate prob-
lem is a function of the residuals taken from a set of linear regressions among the various
process variables. These residuals are contained in the conditional 72 terms of the or-
thogonal decomposition of the statistic. Mason and Young (1999) showed that a large
residual in one of these fitted models can be due to incorrect model specification. By
improving the model specification at the time that the historical data set is constructed,
it may be possible to increase the sensitivity of the T2 statistic to signal detection. Also,
they showed that the resulting regression residual, can be used to improve the sensitivity
of the T? statistic to small but consistent process shifts, using plots that are similar to
cause-selecting charts.

The productivity of an industrial processing unit often depends on equipment that
changes over time. These changes may not be stable, and, in many cases, may appear
to occur in stages. Although changes in the process levels within each stage may appear
insignificant, they can be substantial when monitored across the various stages. Standard
process control procedures do not perform well in the presence of these step-like changes,
especially when the observations from stage to stage are correlated. Mason et al. (1996)

present an alternative control procedure for monitoring a process under these conditions,
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which is based on a double decomposition of Hotelling’s T statistic.

5.4.3 Doganaksoy, Faltin and Tucker’s Out-of-Control Variable

Selection Algorithm

The method that is presented in this subsection was proposed by Doganaksoy et al.
(1991). The main idea of this method is the use of the univariate ¢ ranking procedure

and it is based on p unconditional 7 terms. The statistic used is

Xi,new - Xi,ref
)
1 1
\/S” (nnew + nref)

where Yi’new is the mean of the new sample, Yi,m ¢ is the mean of the reference sample,

s;i is the estimate of the variance of the ith variable from the reference sample, n,,q, is
the size of the new sample and n,.s is the size of the reference sample. The steps of this
algorithm are the following

Step 1: Conduct a T2 test with a specified nominal significance level . If an out-
of-control condition is signalled then continue with step 2.

Step 2: For each variable calculate the smallest significance level o that would yield

an individual confidence interval for (i, .., ) that contains zero, where y; ., and

— Hinew
Mirep are the mean vectors of the populations from which the reference and new samples
are drawn, respectively. For this a™?, let t be the calculated value of the univariate
t statistic for a variable and T (t,d) be the cumulative distribution function of the ¢
distribution with d degrees of freedom. Then o™ = 2T (t;n,ef — 1) — 1].

Step 3: Plot o™ for each variable on a 0-1 scale. Note that variables with larger
a’™? values are the ones with relatively larger univariate t statistic values which require
closer investigation as possible being among those components which have undergone a

change. If indications of highly suspect variables are desired then continue.

Step 4: Compute the confidence interval o’/ that yields the desired nominal
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confidence interval o™ of the Bonferroni type simultaneous confidence intervals for

Il’(/’i,T’ef - lui,new’ Here, abonf = [(p + asim - 1) /p]
Step 5: Components having a™? > "/ are classified as being those which are most
likely to have changed.

Furthermore, the authors give guidance for the choice of the o™,

5.4.4 Murphy’s Out-of-Control Variable Forward Selection Al-
gorithm (FSA)

This method is proposed by Murphy (1987). It is a subcase of the T? decomposition
method, which was proposed by Mason et al. (1995) and stems from the field of discrim-
inant analysis. It uses the overall 72 value and compares it to a 72 value based on a
subset of variables.

The diagnostic approach is triggered by an out-of-control signal from a 7T2-Chart.
Murphy (1987) partitioned the sample mean vector X into two subvectors X,; and X,o,
where the p; dimensional vector X,; is the subset of the p = p; 4+ ps variables, which is

suspect for the out-of-control signal. Then
Tp2 =n (i_ﬂlo)t o (X—tro)

is the full squared distance and

Tf = ”(i*l_ﬂm)t D) (X*l_U'OI)

is the reduced distance corresponding to the subset of the p variables that is suspect for
the out-of-control signal.

Finally, the following difference is calculated

2 2
D=T1%-T~
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It is proved that, under the null hypothesis, D follows a Chi-Square distribution with
p1 degrees of freedom and the subvector X,; follows a p;-dimensional distribution with
mean ft,; and variance-covariance matrix ¥o;. Murphy (1987) gave a forward selection
algorithm.

The steps of this algorithm are the following; For each X = [71, ...,Yp},

Step 1: Conduct a T? test with a specified nominal significance level . If an out-
of-control condition is signalled then continue with step 2.

Step 2: Calculate the p individual TZ(X;), equivalent to looking at p individual
charts, and calculate the p differences D, (i) = [T — T7(X;)]. Choose the min (D,_y(i)) =
D,_1(r) and test this minimum difference.

If D,_1(r) is not significant then the rth variable only requires attention.

If D,_1(r) is significant then continue with step 3.

Step 3: Calculate the p — 1 differences D, 5(r, j) = [1T7 — T5(X,, X;)], 1 <r,j <p
and 7 # j. Choose the min (D,_2(r, j)) = D,_2(r, s) and test this minimum difference.

If D,,_5(r, s) is not significant then the rth and the sth variables only require attention.

If D,_5(r,s) is significant then continue with step 4.

Step 4:Similar to step 3.

Step .:Similar to steps 3,4.

Step p: If the final D,,_(,_) test is significant then all p variables will require atten-
tion.

Murphy (1987) recommends that in tests of D,_; - Xgﬂ- a significance level in the
interval 0.1 < o < 0.2 be used. From a practical point of view the applicability of this
approach is severely limited when the number of quality or process variables is moderately

large.
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5.4.5 Chua and Montgomery’s Out-of-Control Variable Selec-
tion Method

The method that is presented in this subsection was proposed by Chua and Mont-
gomery (1992). This method, like the method of Murphy (1987), uses the overall T2
value and compares it to a T value based on a subset of variables. It is quite similar to
Murphy’s method, but uses a backward selection algorithm (BSA). The operations of
the control scheme can be described as follows;

1) A multivariate observation is fed into the multivariate EWMA control chart.

2) If the observation is in-control, the control operation loops back to the beginning
and checks the next observation. Otherwise, it checks the number of process variables.

3) If the number of process variables is greater than five, bypass the BSA and use
the hyper-plane method directly. Otherwise, feed the observation into BSA.

4) The BSA will select the out-of-control variable set and feed it into the hyper-plane
method.

5) The hyper-plane method will generate the necessary elliptical control charts for
diagnosis.

6) Based on the diagnosis, corrective actions are then taken and the control operation
loops back to the beginning and checks for the next observation.

Chua and Montgomery (1992) describe all the needed actions for the application of
their method. The algorithm divides the p variables into two subsets of size p; and po,
where p; + po = p. Also, the sample covariance matrix is divided into two parts with p;
and po variables respectively. For all the p variables the sz is calculated. Similarly, for
the p; variables the 77 is calculated. Then a difference value D = T.? — T7 is calculated,
which is distributed as a Chi-Square distribution with p, degrees of freedom.

The steps of this algorithm are the following; For each X = [71, ...,yp},

Step 1: Conduct a T2 test with a specified nominal confidence level . If an out-of-
control condition is signalled then continue with step 2.

Step 2: Perform 77, tests and calculate the differences D, 1=T7-T> |. If D,
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is not significant then the union of variable sets for all sets which are denoted as not
significant is the new criterion. If D,_;(r) is significant then keep the criterion from step
1, denote the min (D,-1) = D(p) and continue to the next step.

Step 3: Perform T} , tests and calculate the differences D),_,=T>-T> ,. If D, _,
is not significant then the union of variable sets for all sets which are denoted as not
significant is the new criterion. If D,_, is significant then keep the criterion from step 2,
denote the min (D,_3) = D(p — 1) and continue to the next step.

Step 4: Similar to step 3.

Step .: Similar to step 3, 4.

Step p: Perform T7 tests and calculate the differences DlzTg—Tf. If D; is not
significant then the union of variable sets for all sets which are denoted as not significant
is the new criterion. If D, is significant then keep the criterion from step p-1, denote the
min (Dy) = D(1) and continue to the next step.

Step p+1: If all the tests from steps 2 to p are significant, exit. All p variables are
out-of-control. If D(i) < D(j), wherei < j,i=1,2,....p—1,and j =i+1,...,p and the
variable set for D(i) is a subset of the variable set for D(j), then the variable set for D(i)
is the out-of-control variable set. Otherwise, increment ¢ by 1 and repeat the condition
check.

The hyper-plane method is an extension of the elliptical control chart. Chua and
Montgomery (1992) present the hyper-plane method graphically. The mathematical
background of the hyper-ellipsoid method follows.

The equation for the hyper-ellipsoid control region is (x—X)S™!(x—X) = 7?7 _,. Obvi-
ously, if the left-hand side of the equation is less than T, the observation will be inside
the hyper-ellipsoid, and thus in-control. On the other-hand, if it is greater than T2 ,
the observation will be outside the hyper-ellipsoid, and thus out-of-control.

Moreover, the vector equation of a hyper-plane is d-(x — b) = 0, where d is the
direction vector of the hyperplane, x is the observation which lies in the hyperplane. In

order to obtain a hyperplane which has a direction vector parallel to one of the co-ordinate
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axes, it is necessary that the direction vector d be d* = (0,0, ...,7,0,0,0), where i = 1
denotes the desired co-ordinate axis. To cut the hyper-ellipsoid with the hyperplane, it

is equivalent to solve the p-1 simultaneous equations

(x—%)'S7(x-%) = Tt,

dix—b) = 0

fori=1,2,3,...,p, excluding the two targeted control variables.

After the substitution, the remaining equation is a second-degree polynomial equation
with two unknown variables. In fact, the idea here is to reduce the p — 1 simultaneous
equations into a second-degree polynomial equation. Then the polynomial equation is
diagonalized, so that the cross-product term is eliminated. The remaining equation is
further reduced to the standard equation of an ellipse by completing the squares. Under

normal conditions, the hyperplane method will provide p(p—1)/2 elliptical control charts.

5.4.6 Roy’s Interpretation Algorithm

Another method based on the T2 is the step-down procedure of Roy (1958). It assumes
that there is an a priori ordering among the means of the p variables and it sequentially
tests subsets using this ordering to determine the sequence. The test statistic has the

form
2 2
17 —Ti

F=17 T2,/ (n—1)]

where the Tf represents the unconditional 72 for the first j variables in the chosen group.
In the setting of a multivariate control chart, F; would be the charting statistic, which

under the null has the following distribution

(ny—1)y ,
——=F(pj,ny —J).
ny—j (] f )

This procedure can be considered as an alternative to the regular 72 chart and not
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only as supplement. Moreover, it can be shown that the enumerator of Fj is a conditional
T? value

2 2 _
17 =T =T, j-1.

5.4.7 Timm’s Interpretation Algorithm

Another method based on the T2 is the step-down procedure of Timm (1996), using
Finite Intersections Tests (FIT'). It assumes that there is an a priori ordering among the
means of the p variables and it sequentially tests subsets using this ordering to determine
the sequence.

Although T2 is optimal for finding a general shift in the mean vector, it is not optimal
for shifts that occur for some subset of variables, a variable a time. Timm (1996) states
that when this occurs, the optimal procedure is to utilize a finite intersection test.

A process is in-control if each hypothesis

Hi Py = o, Z‘:1727"'717

or equivalently the intersection of the H;
HO . ﬂ Hz
i=1

is simultaneously true, where i, is the mean of the ith variable. To test each hypothesis,
we may use the FIT procedure. To construct a FIT of Hy, we may define a likelihood
ratio test statistic for each elementary hypothesis H; and determine the joint distribution
of the test statistics. Let the test statistics be defined as
72 _ (X — pgy)”

‘ Oii .
The joint distribution of Z? follows a non-central multivariate X? distribution with 1

degree of freedom. The known variance-covariance matrix ¥ = %€, where Q = [p;;] is
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the correlation matrix of the accompanying multivariate normal. A multivariate quality
control process is in-control if Z7 < X2, where P(Z? < X7, ,/Hy) =1—caand X2, |
is the 1 —« percentage value of the multivariate X? distribution with 1 degree of freedom.
The process is out-of-control if maxZ} > X7, _,, where P(maxzZ} > X2, ) = a. Since a
non-central multivariate X? distribution with 1 degree of freedom is a special case of the
multivariate ¢ distribution with infinite degrees of freedom, the process may alternatively

be judged as out-of-control if P(max |T;| = |X; — pg;| //Ti > T o) = a. Hence,
PT| < T2, o /Hy) =1 a.
The 1 — « level simultaneous confidence sets are easily established for each variable

X — Tp%lfa\/(fii < <X+ Tp%lfa\/(fii

The process is said to be out-of-control if the confidence sets d; do not contain iy,
fori = 1,2,...,p. Timm (1996) gave a step down FIT procedure for the case that the

variance-covariance matrix X is unknown.

5.4.8 Contributors to a Multivariate SPC Chart Signal

The contribution of a variable to a control signal can be measured by the minimum
value of the chi-squared statistic that can be obtained by changing a single variable.
Variables that incur large changes are important to the signal. Runger et al. (1996)
propose the following diagnostics.

Let x be the p dimensional vector of an observation, with known mean vector 0 and
known variance-covariance matrix Y. Let e; be the unit vector in the direction of the ith

coordinate axis. To measure the contribution of X; to X?, we determine ¢; to minimize

t
cie; _ cie;
S B e O L
e!Xle; velX-le;



The expression et 'e; is a scale factor that is used so that ¢; can be interpreted as a
measure of Euclidean distance. This is discussed further below. If ¢; is large relative
to the others ¢;’s, then a large modification to X; is required to minimize X? and this
indicates that X, is an important contributor to X?2.
Also, let
z =% (5.1)

and
€;

——
veiX-le;

Then, v; is a unit vector in the direction £~'/2e;. Now, (5.1) can be written as

vV, = 271/2

(z — civi)(z — c;vy)

and ¢; is interpreted as the Euclidean distance along the unit vector v; that minimizes
X?2. The value of ¢; that minimizes (5.1) can be determined as the slope of the regression

of z on v;. Therefore,
. el¥!x
C;, =V, Z =

and obviously ¢; is proportional to e!¥!x.

Interestingly, ¢; equals the recommended control statistic to detect a shift of the
process mean along the vector e; as described by Healy (1987), Pignatiello and Runger
(1990), and Hawkins (1993). A simple multivariate control is to compare the relative
magnitudes of ¢? for i = 1,2,3,...,p. If ¢? is large, the conclusion is that the component
measurement X; is distant from the bulk of the historical data and X; is a primarily

contributor to X?2. Geometrically, ¢? is the length of the orthogonal projection of the

7

vector z onto v;. That is

ci =Pzl ,

where the orthogonal projection matrix onto the vector v; is denoted as P,. The geo-
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metric analogies are facilitated by considering Z and ¢; because, after transforming to
these variables, X? is just the squared Euclidean distance of Z from the zero vector.
A second approach to the problem is the following. Consider the minimum value of

X? that is obtained when Xj is changed by ¢;. Define

t
X2=(x——8% ) mtfxo G% )= (z — cvi)'(z — ¢ivi). (5.2)
! VelX-le; VelXle;

Then, (5.2) can be interpreted as the residual sum of squares in a regression model.
Therefore,

X2 =2 (1= P)z = 7'z~ zviviz = 'z~ & (5:3)

Thus, X, is a major contributor to X?2, if the value of X? can be substantially reduced
by a modification to X;. Consequently, if the metric D; = X? — X? is large then X is
a major contributor to X?. Since X? = x'¥"'x, = z'z and because of relation (5.3) we
have that D; = ¢? therefore the metric D; is equivalent to ¢Z. Finally, a third approach to

develop a diagnostic is the union-intersection principle of multivariate hypothesis tests.

5.4.9 Cause-Selecting Control Chart

Wade and Woodall (1993) consider a two step process in which the steps are not
independent. The first step of a cause-selecting control chart is to chart variable X; (first
step of the process) and then monitor the outgoing quality X5 (second step of the process)
after adjusting for the incoming quality. This method uses a relation between X, and
X1, where a simple regression model appears to be very useful. To be more precise, a
chart for X; and a chart for Z = X, — )/(\'2, where )A(g is the estimate for X, based on the
regression line, are used. Thus, the Z;’s are independent normal random variables if X,
and X, are normally distributed variables. If controllable assignable causes are present

in the process the distribution of Z;’s shifts from normality for some values of i.
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5.4.10 Hawkins’ Interpretation Method

Hawkins (1991, 1993), as we have already mentioned, defined a set of regression-
adjusted variables in which each variable was regressed on all others. In a first approach
Hawkins defined the set of regression-adjusted variables using the vector Z = X7 (X — p).
If we replace ;o and 3 with their sample estimates and expanding the left-hand side of

the previous relation Hawkins showed that the jth component of Z is equal to

7o~ L grge.p

8]1’277J_17j+17’P

Then, Z; is the standardized residual when the jth variable is regressed on the remaining
p — 1 variables in X. This regression statistic is useful in the interpretation of a 7 signal
because its value is directly connected with the value of the T? statistic although it is
only one of the several different conditional T? values.

An additional approach presented by Hawkins is based on the decomposition of the
sz statistics, using the standardized residuals from the jth variable on the first j — 1

variables. This is defined by Y = C (X — ) where C is the Cholesky lower triangular
root of £71. The jth component of vector Y is given by

Tivo..
_ ]'1727'“7]_1
Yj — s
$5.1,2,...5—1

As in the first approach Y; is one of the conditional 77 values.

5.4.11 Minimax Control Chart

Sepuldveda and Nachlas (1997) presented a new control chart. This chart is called
the Minimax control chart because it is based on monitoring the maximum standardized
sample mean and the minimum standardized sample mean of samples taken from a
multivariate process. It is assumed that the data are normally distributed and that the

variance-covariance matrix is known and constant over time.
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Samples of size n are taken from a p-dimensional process. The process is assumed to
have sudden shifts in the mean such that the new mean py;, ¢ = 1,2,...,p, for the ith
changing variable is given by p;; = po; + 0;00; and consequently 6; = (uy; — f4o;)/00i-
Whenever §; = 0, the process is said to be in-control. To decide whether the process is
in-control or not, the minimax control chart is used as a method to test in each sample
Hy: 6 =0 against H; : § # 0.

The principal idea behind the minimax control chart is to standardize all p means
and to monitor the maximum Z™* and the minimum Z™" of those standardized sample

means. Note that Timm (1996) monitors only the maximum. Let

Z™ = min(Z;), i =1,2,3,...,p

Z™ = max(Z;), i=1,2,3,...,p,

where o
Xi — po;

Therefore, by monitoring the maximum and the minimum standardized sample mean, an

Z; =

out-of-control signal is directly connected with the corresponding out-of-control variable.
Sepuldveda and Nachlas (1997), also discussed the statistical properties and the ARL

performance of the minimax control chart.

5.5 Using Principal Components

Another method used for the identification problem is principal components analysis
(PCA). This method was first proposed by Jackson (1991) and further discussed later by
Pignatiello and Runger (1990), Kourti and MacGregor (1996). A p X p symmetric, non-
singular matrix, such as the variance-covariance matrix 3, may be reduced to a diagonal
matrix L by premultiplying and postmultiplying it by a particular orthonormal matrix U

such that UTXU = L. The diagonal elements of L, l1, [, ..., [, are the characteristic roots,
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or eigenvalues of . The columns of U are the characteristic vectors, or eigenvectors of
3.. Based on the previous result the method of PCA was developed (see e.g., Jackson
(1991)). The PCA transforms p correlated variables z1, o, ..., , into p new uncorrelated
ones. The main advantage of this method is the reduction of dimensionality. Since the
first two or three PCs usually explain the majority of the variability in a process, they

can be used for interpretation purposes instead of the whole set of variables.

5.5.1 Jackson’s Approach

Principal components can be used to investigate which of the p variables in a mul-
tivariate control chart are responsible for an out-of-control signal. The most common
practice is to use the first & most significant principal components, if a T2 control chart
gives an out-of-control signal, for further investigation.

The basic idea is that the first k principal components can be physically interpreted,
and named. Consequently, if the T chart gives an out-of-control signal and, for example,
the second principal component chart also gives an out-of-control signal, then from the
interpretation of this component, a direction to the variables which are suspect to be
out-of-control can be deduced (Jackson (1991)).

The practice just mentioned transforms and considers the variables as a set of at-
tributes. The discovery of the assignable cause of the problem, with this method, de-
mands a further knowledge of the process itself, from the practitioner. The basic problem

is that the principal components do not always have a physical interpretation.

5.5.2 Bivariate Control Chart for Paired Measurements

As we already said one of the ways to use PCA in the problem under question is
to chart them. However, if the components are not easily interpreted the problem re-
mains. Tracy et al. (1995) expanded previous work and provided an interesting bivariate
setting in which the principal components have meaningful interpretations. When mon-

itoring a process with paired measurements (for example two testing laboratories) on
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a single sample, the principal components of the correlation matrix actually represent
the characteristics of interest for process control. The correlation coefficient between the
original variables is the only additional information needed to describe the condition of

the process.

5.5.3 Kourti’s and MacGregor’s Approach

Kourti and MacGregor (1996) provided a newer approach based on principal compo-
nents analysis. The T? statistic is expressed in terms of normalized principal components
scores of the multinormal variables. When an out-of-control signal is received, the nor-
malized scores with high values are detected, and contribution plots are used to find
the variables responsible for the signal. A contribution plot indicates how each variable
involved in the calculation of that score contributes to it. The computation of variable
contributions showed that principal components can actually have physical interpreta-
tion. This approach is particularly applicable to large ill-conditioned data sets, due to

the use of principal components.

5.6 A New Method

Let x;= (21, T2, ..., ;)" denote the observation (vector) i for the p variables of a
process. Assume that x; follows a p-dimensional normal distribution N, (g, %), where
o is the vector (p x 1) of known means and X is the known (p X p) variance-covariance
matrix. We want to keep this process under control. For this purpose we use a X2
control chart given by the formula X? = (x;—py)" 3g' (xi—po). If the value of this

we get an out-of-control signal, where X2, is the chi-square

p,l—a

statistic plots above X2, ,
distribution with p degrees of freedom and a is the probability of plotting outside the
control limits if we are in-control. The next problem is to detect which variable is the
one that caused the problem.

The typical form of a PCA model is the following: 7y = w1 X1 + uor Xo + ug X3+ ... +
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uppXp, where Z, is the k PC, (uiy, uok, Usk, ..., upr)T is the corresponding k eigenvector
and Xj,..., X, are the process variables. The score for vector x; in PC k is Yj; =
U1kT1; + UgkTa; + ... + UpkTp;. Assuming that the process variables follow a multivariate
normal distribution the PCs are also normally distributed.

Our purpose is to use PCA, when we have an out-of-control signal in the X? control
chart, to identify the variable or variables that are responsible. For this objective two
different methodologies are developed one for the case that the covariance matrix has
only positive correlations and the second one for the case that we have both positive and

negative ones (Maravelakis, Bersimis, Panaretos, Psarakis (2002)).

5.6.1 Covariance matrix with positive correlations

Assume that using one of the existing methods for choosing PCs (see, e.g. Jackson
(1991)), Runger and Alt (1996)) we choose d < p significant PCs. The proposed method

in this case is based on ratios of the form

(k1 + Uk + oo + Upd) T
Tri = , 5.4
g Yii+ Yo + ...+ Yy (5.4)

where zy; is the ith value of variable Xy, Yj;, j = 1,..,d is the score of the ith vector of
observations in the jth PC (Bersimis (2001)). In this ratio, the numerator corresponds
to the sum of the contributions of variable X} in the first d PCs in observation (vector)
i, whereas the denominator is the sum of scores of observation (vector) i in the first d
PCs. Since we have assumed that the variables follow a multivariate normal distribution
the ratios are ratios of two correlated normal variables.

The rationale of this method is to compute the impact of each of the p variables on
the out-of-control signal by using its contribution to the total score. It is obvious that
the use of only the first d PCs excludes pieces of information. However, a multivariate
chart is used when there is at least moderate and usually large correlation between the

variables. Under such circumstances the first d PCs account for the largest part of the
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process variability. The main disadvantage of using PCs in process control, as reported
by many authors (see e.g., Runger and Alt (1996), Kourti and McGregor (1996)), is the
lack of physical interpretation. The proposed method eliminates much of that criticism.

Since we have a ratio of two correlated normals its distribution can be computed using
the analytical result of Hinkley (1969). Specifically, if X, Xs are normally distributed
random variables with means y;, variances o2 and correlation coefficient p the distribution

function of R = X;/Xj is given by the formula

F(T):L{ul—w._&.w}+L{Mzr—u1.@.aﬂ—ﬂf’1}, (5.5)

oro9a(r)’ oy oro9a(r) o1090(r) 03" oro90a(T)

12—27:ry+y2

where L(h; k;~) = 2“/%7 f hoo / koo exp {—w} dxdy is the standard bivariate nor-
mal integral.

However, the proposed method has a correlation problem since the ratios of different
variables are interrelated. A simulation study presented in Section 5.6.4is implemented
to test the effect on the performance of the proposed procedure. In the following we

present the method as a stepwise procedure.

e Step 1. Calculate the X? statistic for the incoming observation. If we get an

out-of-control signal continue with Step 2.

e Step 2. Calculate ratios for all the variables using relation (5.4). Calculate as
many ratios for each variable as the number of observations from the beginning
of the process. If the proposed process is not used for the first time, calculate as
many ratios for each variable, as the number of observations from the last out-of-
control signal till the out-of-control signal we end up with in Step 1. Alternatively,
calculate ratios for only the (last) observation that caused the out-of-control signal

(see Section 5.6.4).

e Step 3. Plot the ratios for each variable in a control chart. Compute the a and

1 — a percentage points of distribution (5.5) with suitable parameters and use them
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as lower control limit (LCL) and upper control limit (UCL), respectively.
e Step 4. Observe which variable, or variables, issue an out-of-control signal
e Step 5. Fix the problem and continue with Step 1.

In the case where all the variables are positively correlated as Jackson (1991) indicates,
the first PC is a weighted average of all the variables. Consequently, we can use only this

PC for inferential purposes.

5.6.2 Covariance matrix with positive and negative correlations

In this case we propose the computation of ratios of the form

T'*- _ (ukl + Uk2 + ...+ ukd)xki
i Y, 4+Yod .. 1Y,

(5.6)

where x; is the ith value of variable X} and ?j, j =1,...,d is the score of the jth PC
using, in place of each X}, their in-control values. The subscript d stands for the number
of significant principal components as in the preceding case.

These ratios are the sum of the contributions of variable X, in the first d PCs in
observation (vector) i, divided by the sum of the in-control scores of the first d PCs.
Since the denominator of this statistic is constant we actually compute the effect of each
of the p variables on the out-of-control signal. The numerator of the ratios is normally
distributed, as already stated, whereas the denominator is just a constant. Therefore the
ratios (5.6) are normally distributed.

Since the variables are correlated the statistic proposed in (5.6) for the k different
variables may exhibit a correlation problem. As in the previous case a simulation study
is presented in Section 5.6.4 to test for the effect of the correlation on the control limits

performance of the proposed procedure. The proposed method in steps is as follows:

e Step 1. Calculate the X? statistic for the incoming observation. If we get an

out-of-control signal continue with Step 2.
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e Step 2. Calculate ratios for all the variables using relation (5.6). Calculate as
many ratios for each variable as the number of observations from the beginning
of the process. If the proposed process is not used for the first time, calculate as
many ratios for each variable, as the number of observations from the last out-of-
control signal till the out-of-control signal we end up with in Step 1. Alternatively,
calculate ratios for only the (last) observation that caused the out-of-control signal

(see Section 5.6.4).

e Step 3. Plot the ratios for each variable in a control chart. Compute the a and
1 — a percentage points of the normal distribution with suitable parameters and

use them as LCL and UCL, respectively.
e Step 4. Observe which variable, or variables, issue an out-of-control signal

e Step 5. Fix the problem and continue with Step 1.

We have to mention that this procedure can not be applied when we have standardized

values since the denominator of the ratios in (5.6) equals zero.

5.6.3 Illustrative examples

Two examples, one for each case are presented in the sequel.

Example 1. Assume that we have a process with known covariance matrix

100
70 100
80 80 100

7 8 75 100
75 80 80 80 100
™ 72 75 75 75 100
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and in-control vector of means (100, 100, 100, 100, 100, 100)™. We simulated 40 in-control
observations from a multivariate normal distribution with the preceding parameters.
Then, we simulated out-of-control ones with the same covariance matrix but now with
vector of means (100, 115, 100, 85, 100, 100)", until we get an out-of-control signal in the
X? test. The shift is 1.50 in the means of variables 2 and 4. We get a signal on the first
out-of-control observation and we plot each of the variables in a control chart (Figure
5.1) with the control limits from distribution (5.5) using a = 0.05. Note that we used
the average root method for simplicity and we ended up with one significant principal
component (see, e.g. Jackson (1991)). It is obvious from Figure 5.1 that the out-of-control

variables were identified and additionally the direction of the shift was also revealed.

Figure 5.1. Control charts for positive covariance matrix
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Example 2. Assume that we have a process with known covariance matrix

100
—70
80
75
75
75

and in-control vector of means (100, 100, 100, 100, 100, 100)™. We simulated 40 in-control

observations from a multivariate normal distribution with the same parameters as in the

100
—80
—85
—80
—72

100
75
80
75

100
80
75

100

75 100

previous example. Then, we simulated out-of-control ones with vector of means

Figure 5.2. Control charts for positive negative covariance matrix
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signal in the X? test. The shift is again 1.50 in the means of variables 2 and 4. We plot
each of the variables in a control chart (Figure 5.2) with the control limits from a normal
distribution using a = 0.05. As in example 1, we have one significant PC using the
average root method again (see, e.g. Jackson (1991)). We have to indicate that in Figure
5.2 the ratios are standardized and the control limits are properly modified. However, it
is not necessary to do this when using this technique. From Figure 5.2, we deduce that

the out-of-control variables were identified but the direction of the shift was not.

5.6.4 Further Investigation

One may observe that the ratios in both methods are interrelated. This fact may
affect the control limits of the charts. In order to examine this possible correlation we
performed a simulation study. In particular, we simulated 100000 in-control ratios from
the known covariance matrices and vector of means of the two examples and we computed
the theoretical control limits as proposed in Section 5.6.3 with a = 0.05. Then, we checked
if each ratio is in or out of these limits and recorded it. We used this information in order
to approximate the probability of plotting outside the control limits if we are in-control
of our limits and compare it with the theoretical one. The results are presented in Table

5.1.

Table 5.1. Probability of plotting outside the control limits if we are in-control

Variable 1 2 3 4 5 6
example 1 5040 5006 5007 4968 5000 5096
example 2 4941 4983 4898 4882 4906 5005

It should be noted that although the two examples are specific cases, a large number of
other cases revealed the same performance. Consequently, we may draw the conclusion
that the interrelation does not affect either of the proposed processes. However, we

have to point out that after careful examination the procedure proposed for positive
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correlations can be used only when we have positive values for the in-control means. If
a process does not have positive in-control means, which is a rare event, we may use
instead the statistic (5.6) that is not affected in any case.

Another point which has to be checked is the performance of the processes in iden-
tifying the out-of-control variables and the direction of the shift. For this purpose a
simulation study was conducted. Using the covariance matrices and the in-control means
of the examples we computed in each case the theoretical control limits. Then, we simu-
lated observations from the out-of-control mean vector used in the examples until we got
a signal from the X? test using a = 0.05. Next, we computed the ratios for each variable
and plotted them in a chart with the corresponding control limits. We checked each ratio
if it is in or out of the control limits for every variable and recorded which variable, or
variables, have given an out-of-control signal and in which direction. We repeated the
whole process 10000 times and the results are presented in Tables 5.2 and 5.3. In the
first row of the tables (U), we have the number of times the generated ratios crossed the
UCL for each of the variables, in the second row (L) we have the corresponding number
of times the generated ratios crossed the LCL for each of the variables and in the last line
(Total) we have the number of times the generated ratios crossed UCL or LCL for each of
the variables. One may observe that in some variables there is an inconsistency, since the
sum of rows U and L does not equal the total. This happens because in one iteration we
may generate more than one observations (vectors) until we get an out-of-control signal
in the X? test -although this test is sensitive for such shifts- and after computing the
ratios for each variable it is possible that for one variable the first ratio crosses UCL and
the second ratio crosses LCL. Therefore, we record one value in row U and one in row L

but only one in row total.
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Table 5.2. Out of control performance for example 1

Variable 1 2 3 4 5 6
U 283 9371 228 0 275 233
L 240 0 299 9429 231 245
Total 523 9371 527 9429 506 478

From Table 5.2, we observe that the statistic used is very informative since it is able
to detect the out-of-control variables with very high precision and also to identify the
direction of the shift with absolute success. This kind of behavior is similar in other
examples also, keeping in mind the limitation about the positive in-control means. Note
also that the total times the other variables gave a false signal almost coincides with the

type I error rate of the constructed limits.

Table 5.3. Out of control performance for example 2

Variable 1 2 3 4 5) 6
U 364 1 357 2 366 350
L 353 4627 394 4603 357 371
Total 715 4628 748 4605 717 720

In Table 5.3, we see that the statistic used detected the out-of-control situation but
not with the same degree of success as in the previous case. Moreover, the direction
of the shift was not identified. The false alarm rate of the in-control variables is not
significantly different from the theoretical one.

We already said that the X? test is sensitive in the sense that it gives a quick signal
when we have out-of-control observations. In order to examine the ability of the last
generated observation (the one that gives the signal on the X? test) to identify the
shifted variable we checked their performance on the previous simulation study. The

results are displayed in Tables 5.4 and 5.5.
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Table 5.4. Out of control performance of the last observation for example 1

Variable 1 2 3 4 5 6
U 283 9370 228 0 275 233
L 240 0 299 9429 231 245
Total 523 9370 527 9429 506 478

From Table 5.4, we conclude that the performance of the statistic (5.4) is almost
totally explained by the ratios of the last observation meaning that the ratios of the
last observation are sufficient to draw a conclusion about the out-of-control variable. On
the other hand, from Table 5.5 we observe that this does not happen for the statistic
(5.6). One may argue that since the X? test is sensitive we produce a small number of
observations in each iteration hence the performance in both cases is a result of this fact.
When we have small shifts, where we produce more observations, the last observation is

not that informative.

Table 5.5. Out of control performance of the last observation for example 2

Variable 1 2 3 4 5 6
U 333 1 316 2 324 315
L 312 4279 343 4251 310 333
Total 645 4280 659 4253 634 648

The proposed procedures are valid under the assumption of known variance-covariance
matrix. However, this is not a case usually met in practice. Tracy et al. (1992) exam-
ined the performance of multivariate control charts for individual observations when the
covariance matrix is known and unknown. They showed that the test statistics used in
either case perform the same for a number of observations that depends on the variables
involved. This number of observations is small enough, for instance when we have five

variables we need 100 observations (vectors) for the two statistics to give a close number.
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As Woodall and Montgomery (1999) note in today’s industry we have huge data sets
therefore such a number of observations should not be a problem. From this number of
observations we estimate the mean vector and the covariance matrix used in our process.
Although the control limits computed using the procedures developed in subsections
5.6.1 and 5.6.2 will not be exact under the estimation process, we expect them to have a

satisfactory performance if we use the required number of observations.

5.6.5 A Comparison

As we already stated in section 5.5, the competitive methods that use principal com-
ponents for the specific problem are Jackson’s (1991), Tracy et al.’s (1995) and Kourti
and MacGregor’s (1996). Kourti and MacGregor (1996) provide an improved method in
relation to Jackson’s (1991) and Tracy et al. (1995) have the disadvantage that their
method is applied to a bivariate case. Therefore, the rival of the proposed method is the
one by Kourti and MacGregor (1996).

In order to check the performance of the two antagonistic methods we perform a
simulation study. We apply the method of Kourti and MacGregor (1996) in the data
of examples 1 and 2 of Section 5.6.3. As Kourti and MacGregor (1996) propose, we
use Bonferroni limits on the normalized scores and we calculate the contributions of the
variables with the same sign as the score, since contributions of the opposite sign does
not add anything to the score, in fact they make it smaller. In the paper of Kourti and
MacGregor (1996) there is not a specific rule on how to decide whether a contribution
is significant or not. Since in the two examples of Section 5.6.3 we have two variables
shifted, we choose to record the first and the second larger contributions in each iteration
of the simulation study if they exist. The simulation study was conducted 10000 times in
order to have a credible estimate of the ability of Kourti and MacGregor’s (1996) method
to identify the out-of-control variables. In Tables 5.6 and 5.7 we have the results of this

simulation for examples 1 and 2 respectively.
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Table 5.6. Performance of Kourti and MacGregor’s method for example 1

Variable 1 2 3 4 5 6

Largest contribution 2 5204 16 4717 0 O
Second largest contribution 1511 2864 1865 3655 30 10
Total 1513 8068 1881 8372 30 12

Table 5.7. Performance of Kourti and MacGregor’s method for example 2

Variable 1 2 3 4 5 6
Largest contribution 23 191 10 2 51 2

Second largest contribution 64 63 47 74 19 12
Total 87 254 57 76 70 14

From the results in Table 5.6 for Example 1, we observe that the method of Kourti
and MacGregor does not succeed in identifying the out-of-control variables as many times
as our proposed method does (see Tables 5.2 and 5.4). Moreover, the inherent inability of
the method to point if there is an upward or a downward shift is also present. Things are
even worse in Table 5.7 for example 2. Specifically, the method of Kourti and MacGregor
leads to recordable contributions very rarely, a fact that may lead the practitioner to
assume that the signal on the multivariate chart is due to the probability of plotting
outside the control limits if we are in-control. The ability of the new method to operate

more effectively is obvious (see Tables 5.3 and 5.5).

5.6.6 A Graphical Technique

The charts proposed in Sections 5.6.1 and 5.6.2 are Shewhart type. Therefore, they
have the ability to identify large shifts quickly but they are not that good for small shifts.
An alternative way to plot these statistics is as a Cumulative Sum (CUSUM) chart. The
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definition of the CUSUM chart for detecting upward shifts is

st o= 0
St = max(0,S ; + (Xpn — k),

where X, is the nth observation of variable X, and £ is called the reference value. The

corresponding CUSUM chart for detecting downward shifts is

Sy = 0
S, = max(0,S, 1+ (k— X)),

n

In the usual concept of CUSUM charts we evaluate an optimal value of £ depending
on the distributional assumption (see Hawkins (1992) and Hawkins and Olwell (1998)).
This value of k is used along with the value h, which is the control limit, to characterize
the ARL performance of a CUSUM chart. In our case the application of this theory
for CUSUM charts is cumbersome due to the underlying distribution. However, we
can use the previously defined statistics for upward and downward shifts as a graphical
technique solely. The only quantity remaining unknown is the value k& we have to use.
A straightforward selection for £ is to use in each case of statistics (5.4) and (5.6) their
in-control counterparts. Specifically, for statistic (5.4) we use in place of each wy; its in-
control value both in the numerator and the denominator. A similar action takes place
in statistic (5.6) but only in the numerator this time.

To study the performance of these statistics in practice we applied them to the exam-
ples of Section 5.6.3. We used the same 40 in-control observations but now we generated
out-of-control ones with the same covariance matrix as in Section 5.6.3, and vector of
means (100, 105,100, 95,100, 100)", in both examples until we get an out-of-control sig-
nal in the X? test. The shift is 0.50 in the means of variables 2 and 4. In example
1, we simulated 12 observations till the out-of-control signal and 14 in example 2. We

computed the CUSUM values for the 52 and 54 values for all six variables in examples 1
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and 2 respectively, and we plotted them in the chart given in Figure 5.3.

Figure 5.3. Control charts for CUSUM values
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From Figure 5.3 we easily deduce that the charts give a clear indication of the out-
of-control variables in both examples. As in the Shewhart type charts of Section 5.6.3,
the statistic (5.4) used in example 1 detected also the direction of the shift something
that did not happen with statistic (5.6) in example 2. We have to mention here that the
effectiveness of the CUSUM as a graphical device for shifts less than 0.50 is questionable.
However, it is an easily interpreted method that can give an indication.

Summarizing, we note that the charts proposed are an easily applied alternative to
most of the existing methods since the computational effort is diminished. Furthermore,
we try to give an answer to the problem under a control charting perspective giving

operational control limits or design strategies that are not difficult for a practitioner to

apply.
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5.7 Graphical Techniques

5.7.1 Multivariate Profile Charts

Fuchs and Benjamini (1994) presented a method (multivariate profile chart) for simul-
taneous control of a process and interpretation of an out-of-control signal. The multivari-
ate profile chart (MP chart) is a scatterplot with symbols. Specifically, symbols are used
for data of individual variables whereas the location of the symbol on the scatterplot is
used for providing information about the group. Each group of observations is displayed
by one symbol and this symbol of the profile plot enables the user to get a clear view of
the size and the sign of each variable from its reference value.

The first step in the construction of an MP chart is to draw a horizontal base line
for each symbol and then calculate sequentially a bar for every variable. This bar plots
either above (below) the base line if the deviation is positive (negative). The size of the
bar depends on the size of the deviation. Let d;; = w, where Z;; = 1/n ), i, v; is
a scale factor, m; is the ith reference value and x;;; is the value of the [th observation on
the ith variable in the jth subgroup. Then, the size of the bar is proportional to d;; up
to value of 4. If the standardized deviation exceeds 2 the corresponding bar is painted
gray. If the standardized deviation exceeds 3 the corresponding bar is painted black. If
all variables means are equal to their standard values the symbol is actually the baseline.

The symbols are plotted in sequential order along a horizontal time axis. In the
vertical axis the location of each symbol is determined by the multivariate deviation of
the sample mean vector from the standard mean vector as measured by 7. The critical
value of this axis equal to 0.997 is at a symbol size distance from the top and it is chosen
to be equivalent to three standard deviations control limit of the univariate control charts.
Additionally, a dashed line runs across the chart at the Tggq; level. The critical value
corresponding to 0 is placed half a symbol size distance from the bottom.

A symbol’s baseline, which is placed horizontally, is located at the appropriate vertical

location when it is less than the T2 critical value. Those observations with a 72 value
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higher than the critical value are placed at the top of the chart stack at the ceiling and
completely beyond the dashed line.

The numerical value of the T? statistic is not as informative as in the univariate
charts the deviations from standard values that are measured by the standard errors.
For this reason Fuchs and Benjamini (1994) present on the vertical scale of the chart,
the corresponding tail probabilities instead of the actual T2 values.

If the process is in-control and at the nominal values, the chart appears as a simple
horizontal line. If the process is out-of-control, the MP chart gives three visual warnings.
The first one is that the symbol for the group that gives an out-of-control signal is located
above the line of the observations that are under control. Secondly, as the size of the
deviations gets large so does the size of the symbol. The last one is that the symbol gets
darker, attracting more visual attention. All three visual warnings hold regardless if we
have an upward or a downward signal. Even if the shift is constantly appearing in one
direction the visual warnings will be there.

Finally, the MP chart can be used to identify easily the cause of a shift. Since all the
individual variables are displayed on a common scale within a group, the MP chart gives
us the ability to detect visually a change in their interrelationships. Additionally, when
they deviate from their standard, our attention is drawn by the behavior of individual

variables, by the height and darkness of the corresponding bars.

5.7.2 Dynamic Biplots

Sparks et al. (1997) presented a graphical method for monitoring multivariate process
data based on the Gabriel biplot. This method uses reduction to two dimensions for
identifying the in or out-of-control state. However, we use all the data for the decision if
we are in or out-of-control even though the method is a dimension reduction one. This
method can be used as a control chart and also if we are out-of-control to detect the
reason that led to this problem. In particular with this approach a practitioner is able

to detect changes in location, variation, and correlation structure.
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Chapter 6

Measurement Error Effect in

Control Charts

6.1 Introduction

A problem faced in the context of control charts generally is the measurement error
variability. This problem is the result of the inability to measure accurately the variable
of interest X. The use of imprecise measurement devices affects the ability of control
charts to detect an out-of-control situation. Moreover, the variable of interest may be
related through a covariate with the measurement system used.

Section 6.2 presents the research in Shewhart control charts with measurement error
in the univariate and multivariate case. A simple linear model together with a model
with covariates are given. In Section 6.3 the research work up to now on the effect of the
measurement error in the EWMA chart is described along with some new results. Specifi-
cally, a covariate model is assumed and investigated together with a detailed examination

of some factors that may affect the performance of the EWMA chart.
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6.2 Shewhart Control Charts and Measurement Er-
ror

The effect of measurement error on Shewhart control charts was studied by several
authors. Bennet (1954) examined the effect on the Shewhart chart for the mean using the
model Y = X + ¢, where X is the actual value of the variable and Y is the measurement
we have because of the random error €. It is additionally assumed that variables Y and X
are normally distributed but with different values for the variance. Specifically, variable Y
has a larger variance than X because its variance comprises both the variances of X and
e. Bennet (1954) proposed that if the variance due to the measurement error is smaller
than the variance due to the process it can be overlooked. Moreover, he investigated the
measurement error effect on the Shewhart chart for the mean. Abraham (1977) used the
same model as Bennet (1954) and considered the effect of not accurate measurements on

the process variation.

6.2.1 Measurement error effect on the joined X-R and X-S con-

trol charts

Kanazuka (1986) examined the effect of the measurement error on the process variance
of the joined X and R chart assuming the model of Bennet (1954). He showed that the

power of the X-R chart is given by
Py _p=1-(1-Px)(1- Pg),

where

e O | R N G R
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and
Pp = Pr (R > Dg,/ag+a§4> +Pr (R < Dl,/ag+a3w) ,

d= (W —p)/oy, k* =02/02, 1? = 0% /02, ® stands for the standard normal distribution
and Dy, D, are control chart factors that depend on the sample size n. Moreover, u,
denote the in and out-of-control mean respectively, afo, 0';02 are the in and out-of-control
process variance and o2, is the measurement error variance. In order to compute the
probabilities in the formula for the power of the R chart Kanazuka proposed the use of
the table given in Pearson (1941). Kanazuka (1986) noted that the power of the chart to
detect a shift in the vector (u,0?) is diminished and proposed the use of larger sample
sizes to increase this power. Mittag (1995) and Mittag and Stemann (1998) examined
the effect of measurement error on the joined X-S control chart assuming the model of
Bennet (1954). Mittag (1995) considered the effect at the onset of a process whereas
Mittag and Stemann (1998) considered also the effect in the case of subsequent error
occurrence.

Mittag and Stemann (1998) proved that the power function of the X-S control chart
in the case of immediate error occurrence (at the beginning of the implementation of

X-S control chart) is given by

GH(612) = 1 — H(6: ) H o), (6.1)
where
. c —21—ayj2(1 + 7212 + 5n1/2 —21—ayj2(1 + 72)1/2 — §n1/2
and

. 14 72
HS(e) =Ch (mXi—l;l—ag‘” - 1> )

a1,y are the probabilities of a false signal on the X and S charts respectively, ¢ equals

o/oo, § equals (u — ) /o0, where 1,00 are the process parameters target values. The
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symbol ® stands for the standard normal distribution again, z, denotes its w quantile,
Ch is the central chi-squared distribution and Xi—nw represents its w quantile with n — 1
degrees of freedom. In the case of subsequent error occurrence they proved that the power
function of the X-S control chart is given by relationship (6.1) as in the immediate error

occurrence but now with

e /. 4 _Zl—a1/2 + (5n1/2 —Rl1-a1/2 T (5%1/2
Hg(de) =1 {(p ( (&2 + r2)1/2 +@ (&2 + 72)1/2

and

X2
H(e) = Ch (Myn - 1) .

g2 + 712
In both cases we have a reduced ability of the X-S control chart to identify when a

process is out-of-control.

6.2.2 Model with Covariates

Linna and Woodall (2001) extended the model considered by Bennet (1954) assuming
one with covariates examining the effect on the X and S? control charts. Specifically,

they considered the model Y = A+ BX + ¢, where X is a normally distributed variable
2

with mean p and variance ag and ¢ is normally distributed with mean 0 and variance o7, .
If the mean of X shifts to some value ;' then the probability of a signal on the Shewhart

chart for the mean is

)V N g gy (eoi) v

\/ 02+ 02,/ B? \/ 0%+ 02,/ B?

The probability of a signal on the Shewhart chart for the variance if the characteristic X

1—-d |3+

. ! .
shifts from 012) to af, is

2.2 | 2
Bo, + oy,

B?c? + afn
1 — Pl" (p—Xg/Q,n—l < Q < mx%—a/Q,n—l) )
D m

2,2 2
B?oy + o7,
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where () is a chi-square random variable with n — 1 degrees of freedom. They proved
that in both charts the effect of the measurement error variance and the value B on
their power is significant. Linna and Woodall among others, proposed the use of multiple
measurements per item as a solution to this problem. If we assume that we take k
successive independent measurements on each of n items then the variance of the sample
mean of the subgroup is @ + %, indicating that as k increases this variance decreases.
In the case of linearly increasing variance we assume that ¢ is normally distributed with
mean 0 and variance C' + Dy’ where C' and D are assumed known constants. The

probability of a signal in this case is

(1= 1) Vi +3\Jo% +C/B + Du/B?
\/ag +C/B?+ Dy | B?
(n— ') v — 3\/03, +C/B? + Dy/B?
\/ag +C/B2+ Dy /B?

1-o

+o

In this case, both charts for the mean and the variance are affected.

Linna, Woodall and Busby (2001) examined the same model with covariates in the
multivariate case, in the case of the X? chart. In particular, let Y, = A + BX, + ¢,
1 =1, 2,... where A is a p x 1 vector of constants, B is an invertible p x p matrix of
constants and g; is a p X 1 normal random vector independent of X with a mean vector
of zeroes and variance covariance matrix ¥,,. Linna, Woodall and Busby proved that
multivariate control charts under measurement error effect can detect in a more powerful
way shift in one direction than in other. Moreover, they have shown that multivariate
control charts are affected and this effect can be very serious because of the loss of the

directional invariance property.

151



6.3 EWMA Charts and Measurement Error

Stemann and Weihs (2001) were the first to investigate the effect of measurement er-
ror on the EWMA chart. They considered the EWMA-X-S chart, as they name it, which
is a combination of the EWMA charts for the mean and the standard deviation. Specif-
ically, they showed through simulation that the ARL behavior of this chart is affected
by the measurement error. The model assumed is the one proposed by Bennet (1954).
They checked both the cases of the presence of measurement error in the beginning of
the process and subsequently during production. However, the model with covariates
proposed by Linna and Woodall (2001) was not investigated. This model is investigated
in the case of measurement error for the EWMA chart for the mean in Maravelakis et

al. (2004) and is presented in the following subsections.

6.3.1 The EWMA Chart Using Covariates

Assume again that we have a process where the true value of the characteristic X
under investigation is normally distributed with mean ;1 and variance o2 when the process
is in-control. However, we are not able to observe this true value but rather a value Y,
which is related to X with the formula Y = A + BX + ¢, where A and B are constants
and ¢ is the random error distributed independently of X as a normal random variable
with mean zero and variance o2,. We assume here that all model parameters are known.

From the formula relating Y and X it is straightforward that Y is normally distributed
with mean A + By and variance B%0? + 02%,. We need to construct an EWMA chart for
the measured quantity Y since in this way we can keep under control the variable X.
Assume that at each sampling point we collect n values of Y, we compute the mean of

these observations Y; and we compute the EWMA statistic z; using the formula

Z; = )\?Z + (1 — )\)Zi_l,

20 = A+ Bu

152



where Y, is the mean of the observations collected at time i = 1, 2,... and A is the
smoothing parameter.

The control limits are

UCL = A+ Bu+ L\/(%) (1= =37 w (6.2)
LCL = A+ Bu— L\/<%) [1 (1- A)ﬂ (32‘7271—“’2"1),

where L is a constant used to specify the width of the control limits and A + By and
\/ (L) [1 —(1- )\)Zi] (B%jlw are the mean and standard deviation of Z; respectively,

2—A

when the process is in-control. In case the EWMA chart is used for some time, instead

of the control limits (6.2), we may use their limiting values

(6.3)

A (B202 + 02)
n

UCL = A—f—Bu—f—L\/(Q_/\
252 1 52
A+ Bu—L A (B20 —i—am)’
2—-A n

(see e.g., Lucas and Saccucci (1990)). In this case \/(A/(2 — \)) ((B%0? 4 ¢2,) /n) is the

LCL

asymptotic standard deviation of Z;.

6.3.2 Multiple measurements

In order to decrease the measurement error effect, a technique that is suggested by
Linna and Woodall (2001) is to take more than one measurements in each sampled
unit. Taking more than one measurements and averaging them leads to a more precise
measurement. Moreover, the variance of the measurement error component in the average
of the multiple observations becomes smaller as the number of multiple measurements
increases. Therefore, ideally if the number of multiple measurements becomes infinite

the variance of the measurement error component will become zero. Consequently, the

153



larger the number of multiple measurements the better, keeping in mind always the
additional cost and time needed for these observations. We must understand also that
in the absence of measurement error multiple measurements will not contribute to the
control charting methodology anything (in fact they will add the cost of measuring the
extra observations).

In the case of sufficient number of multiple measurements we can assume that our
process actually operates without measurement error. However, the cost of extra mea-
surements and the time are factors that can not be overlooked. Therefore, a careful
examination of these factors in the specific application we are working on is essential.
We have to stress that the measurement error variance has to be large enough and the
two factors small enough for the extra observations to have a practical value.

In order to compute the EWMA statistic we assume that at each sampling point we
collect & measurements for each of n observations of Y, we compute the overall mean of

these observations ?Z and we compute the EWMA statistic ¢; using the formula

q; = )\?i + (1 — Mg,

@0 = A+ Bpu

where ?Z is the mean of the observations collected at time ¢ = 1, 2, ..., A is a smoothing
parameter that takes values between 0 and 1 and qqis the initial value. Moreover, we
assume that the k observations collected at the same sampling unit are independent. If
k =1 we face the measurement error case discussed in Section 6.3.1.

It is straightforward to prove (Linna and Woodall (2001)) that the variance of the

Bo? 4 % Therefore, the control limits are

UCL, = A+ Bu+ ﬂ/(%) [1 —(1- A)Q’} (BZUZ + %) (6.4)

A . BZ 2 2

154

overall mean is




where L is a constant used to specify the width of the control limits and A + By and
\/(ﬁ) [1 —(1- )\)Zi] (BQUQ + %) are the mean and standard deviation of ¢; respec-

n

tively, when the process is in-control. In case the EWMA chart is used for some time,

instead of the control limits (6.4), we may use their limiting values

)\ B2 2 2
UcrL, = A+BM+L\/<2_)\)( na +Z—’]’;> (6.5)

)\ BQ 2 2
LCL, = A+BM—L\/<2_>\>( Z +Z—’]’;>

6.3.3 Linearly increasing variance

Although the model with covariates considered assumes constant variance it is not
unlikely to have a model with variance that depends on the mean level of the process.
Montgomery and Runger (1994) and Linna and Woodall (2001) refer to practical prob-
lems indicating situations where this phenomenon occurs in industry.

We assume that the variance changes linearly with variable X. The model we use
is again Y = A + BX + ¢ with the same assumptions as in Section 6.3.1, except that
this time ¢ is distributed as a normal variable with mean 0 and variance C' + Dyu. As
in Section 6.3.1 all model parameters are assumed known. From the relation between
Y and X we deduce that Y is normally distributed with mean A + By and variance
B2%0? + C + Du. The EWMA statistic will be exactly the same as in Section 6.3.1.

It can be shown that the control limits of the EWMA statistic are

UCL, = A+BM+L\/(%> [1-(1- ] <B2"2+C+D“) (6.6)

n

- A 2% B2O'2+C+D/,L

where L is again a constant used to specify the width of the control limits and A + Bu
and \/ (%) [1 —(1— )\)Qi] (W) are the mean and standard deviation of the
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EWMA statistic respectively, when the process is in-control. When the EWMA chart is
used for a suitable number of points in time, instead of the control limits (6.6), we can

use their limiting values

B20? D
UCL = A+BM+L\/(2i)\> o +nc+ u) (6.7)

252
LOL = A+Bu—L(—2) (B¢ rDuy
2— A n

6.3.4 ARL computations

In order to compute the probability density function, the cumulative distribution
function and the first moment of the run length distribution of the EWMA chart for the
mean we may approximate it as a discrete Markov Chain by dividing the distance between
the control limits in 2m—+1 states each of which has width 20 (see, e.g. Brook and Evans
(1972)). We say that the statistic Z; remains in state j as long as S; — 6 < Z; < S; + 6
where —m < j < m and S; is the midpoint in the jth interval. When Z; crosses the
control limits we say that it is in the absorbing state. On the other hand when the
process is in-control we say that it is in a transient state.

The transition probability matrix for the EWMA chart for the mean is computed as

p_ R (I-R)1 |
o” 1
where R is a submatrix containing the transient states, I is a (¢ x t) identity matrix
and 1 is a (¢t x 1) vector of unities. The jkth element of the submatrix R is given by
ik =P[5, —0 < Ay; + (1 — X)S; < §; + 0. In the case of the normal distribution with

the model with covariates of our case the probabilities are given by

(Sk+0)—(1—=X)S; —A(A+ Bp)
M/ (B20? +02) /n

pjk:q)

[<sk —8) = (1=X)S8; — A\(A+ Bp)
—d
M/ (B202 +02) /n
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When we have multiple measurements the probabilities are

(Sc+6) = (1L=NS; = AA+B) | | (S =0 =(1=NS; —A(A+Bp)
NCED NCES

pjk:q)

n nk n ‘nk

and in the case of linearly increasing variance the probabilities are

(Sk+0)—(1—=X)S; —A(A+ Bp) i (Sg—0)—(1—=X)S; — A(A+ Bp)
A (3202+C+Du> A <B2a2+C+Du>

n n

ik =@

Let 7 denote the run length of the EWMA, then P (7 <t) = (I — R")1 and therefore
P(r=t) = (R"!'—R"1 for ¢t > 1. The ARL can be computed using the formula
E(r)=>2,tP(r=t)=I1-R1)1.

6.3.5 Effect of the measurement error

In the context of EWMA charts as we have already said there are three ways of
computing the ARL. The integral equation method, the Markov chain method and sim-
ulation. Here, we use the Markov Chain method in all the computations.

In Table 6.1, we can see the ARL results of the covariate model for different values of
the ratio 62, /o> when B=1. The in-control ARL value is the same for all combinations
in order to achieve a fair comparison. From the table we see that there is an increasing
effect on the out-of-control ARL as the ratio of 02, /o? increases. This result is similar
to the one in Linna and Woodall (2001). In Table 6.2, we can see the ARL results of
the covariate model for different values of B. The results are displayed for the same
parameters as in Table 6.1 when 02 /o?=1. We observe that as the value of B increases
the effect on the ARL diminishes. This result is again in accordance with Linna and
Woodall (2001). Furthermore, in both Tables 6.1 and 6.2 the effect of the measurement

error on the ARL values lessens as the shift increases. We have to state also that A does

157



not affect the ARL performance in this study.

Table 6.1. ARL for the covariate model for different values of o2, /o

Shift No Error 0.1 0.2 0.3 0.5 1
0 370.22  370.27 370.27 370.27 370.27 370.26
0.5 41.13 45.22 4926  53.23  60.96  79.06
1 10.25 11.21 12,18 13.16 15.15  20.26
1.5 5.18 5.57 5.96 6.36 7.16 9.20

2 3.46 3.69 3.91 4.13 4.57 5.67
2.5 2.65 2.80 2.94 3.09 3.37 4.08
3 2.19 2.29 2.40 2.50 2.71 3.22

Table 6.2. ARL for the covariate model for different values of B

Shift No Error 1 2 3 5
0 370.22  370.26 370.27 370.26 370.27
0.5 41.13 79.06 51.25 45.67 42.78

1 10.25 20.26  12.67 11.31 10.63
1.5 5.18 9.20 6.16 5.61 5.33
2 3.46 2.67 4.02 3.71 3.55
2.5 2.65 4.08 3.01 2.81 2.71
3 2.19 3.22 2.45 2.31 2.23

In Table 6.3, we can see the ARL results for the covariate model with multiple mea-

surements for different values of 02 /o when k = 5 and B = 1. It is obvious that if

the practitioner has the ability to take five measurements in each unit then for values of

02 /o2 less than 0.3 we may say that the process operates actually without measurement

error. For values larger than 0.3 the effect is seriously reduced in comparison to the k£ = 1

case, which corresponds to the results in Table 6.1, even for 02, /0% = 1.
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Table 6.3. ARL for multiple measurements k=5, B=1 for different values of o2, /o?

Shift No Error 0.1 0.2 0.3 0.5 1
0 370.22  370.26 370.26 370.27 370.27 370.27
0.5 41.13 4196 4278 43.59  45.22  49.26
1 10.25 10.44 10.63 10.82 11.21 12.18
1.5 5.18 5.25 5.33 5.41 5.57 5.96

2 3.46 3.51 3.55 3.60 3.69 3.91
2.5 2.65 2.68 2.71 2.74 2.80 2.94
3 2.19 2.21 2.23 2.25 2.29 2.40

Table 6.4. ARL for multiple measurements k=5, o2, /o®=1 for different values of B

Shift No Error 1 2 3 5t
0 370.22  370.27 370.26 370.28 370.27
0.5 41.13 49.26  43.18 42.05 41.46
1 10.25 12.18  10.73 1046 10.33
1.5 5.18 5.96 5.37 5.26 5.21

2 3.46 3.91 3.57 3.51 3.48
2.5 2.65 2.94 2.72 2.68 2.66
3 2.19 2.40 2.24 2.21 2.20

Table 6.4 presents the results in the case of multiple measurements for different values

of B. We see that as the value of B increases the effect on the ARL diminishes. This

result is in accordance with the results in Table 6.2. Moreover, in Table 6.5 we have

results in the case of multiple measurements for different k values. As the value of k

increases the measurement error effect lessens. However, since cost and time needed for

the extra measurements are important factors, the practitioner will have to do a trade-off
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between these two concerns and the measurement error he can put up with. We have
to stress here that the results displayed refer to the worst case, since we choose B = 1
and 02, /0? = 1, that correspond to the most affected combination. Therefore, one may

conclude that the results in the other cases will be even better.

Table 6.5. ARL for multiple measurements for different values of k

Shift No Error 5 10 20 20
0 370.22  370.27 370.27 370.26 370.26
0.5 41.13 49.26  45.22  43.18 41.96
1 10.25 12.18  11.21 10.73 10.44
1.5 5.18 5.96 5.57 5.37 5.25

2 3.46 3.91 3.69 3.57 3.51
2.5 2.65 2.94 2.80 2.72 2.68
3 2.19 2.40 2.29 2.24 2.21

Table 6.6. ARL for linearly increasing variance for different values of D

Shift No Error 1 2 3 5
0 370.22  370.27 370.28 370.27 370.28
0.5 41.13 231.40 282.70 306.34 328.76

1 10.25 102.95 161.16 198.80 244.30
1.5 5.18 50.14  90.14 122.03 168.52
2 3.46 28.10 53.72 76.89 115.28
2.5 2.65 1779 3449 50.85 80.43
3 2.19 12.39  23.73 35.38  57.77

The results in the case of linearly increasing variance are displayed on Tables 6.6 and
6.7. In Table 6.6 we have the ARL values when B =1, C' =0, ¢2,/0? = 1 for different

values of D. We see that even for small values of D there is a more serious effect than
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in the no error case. Additionally, as the value of D increases, this effect is getting
larger. This result is expected because as D increases so does the variance of the error
component in the model. In this special case of measurement error, extra precaution is
needed because the ability of the EWMA chart to detect fast small shifts is canceled out.
Consequently, serious distortion factors may go undetected for a long time costing a lot
in money, time and credibility.

Table 6.7 presents the ARL results when B = 1, D = 1 and 02, /o? = 1 for different
values of C'. In analogy to Table 6.6, increasing values of C' cause an increasing mea-
surement error effect on the ARL. However, this effect is not of the same magnitude
as the effect of D. This result is also expected since D is multiplied by the mean pu,
thus increasing faster the error variance as D increases whereas C' is just added to this

variance.

Table 6.7. ARL for linearly increasing variance for different values of C

Shift No Error 0 1 2 3
0 370.22  370.27 370.29 370.27 370.27
0.5 41.13 231.40 239.08 245.96 252.14

1 10.25 102.95 110.13 116.95 123.44
1.5 5.18 50.14  54.53 58.84 63.06
2 3.46 28.10 30.72 33.34 3595
2.5 2.65 1779 1943 21.09 22.75
3 2.19 12.39 1349 1459 15.71

In all the computations we used 211 states for the Markov Chain method. The values
of the constants are A = 0.25 and L = 2.898. In order to detect small shifts fast the A
value usually used is 0.1 or less. However, such small values are not able to detect small
to moderate shifts and this is the reason for choosing this particular value of A\. Note

also that in all the cases the control limits used are the ones with the limiting values.
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Chapter 7

Conclusions

In this thesis we have presented and studied the main univariate and multivariate
control charts. Our scope was to deal with specific problems in the context of control
charts. The first problem under consideration was the estimation effect on the control
charts performance. This issue was investigated in the case of the univariate Shewhart
charts for dispersion for both subgrouped and individual data. Specific recommendations
are given for the number of samples or the number of observations needed to estimate
accurately the parameters in order for the control chart to behave as in the theoretical
case of known parameters. A second problem is nonnormality and how it affects the
performance of a control chart. It was investigated on the EWMA charts for the disper-
sion when we have individual observations. A new EWMA type chart for the process
dispersion is given that is proved to be robust up to nonnormality when we are in-control.

The identification of the out-of-control variable when a multivariate control chart
signals is another problem examined. A new method is presented that computes prob-
ability limits that indicate with the desired probability the out-of-control variable or
variables. This method has proven to be a competitive alternative to the existing proce-
dures. Finally, the effect of measurement error on the performance of control charts was
considered. A model with covariates for the EWMA chart is presented. This model is

examined in some cases and it is proved that the presence of measurement error seriously
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affects the ability of a control chart to identify the out-of-control situation.

Some thoughts for further research are given in the following discussion. The estima-
tion effect is one of the issues that practitioners have to face. Although until recently
the guidelines in the design of a control chart were talking about a number of subgroups
needed, recent research proved that this recommendation is deceiving. Generally, a larger
number of samples is needed. Although in today’s industry there are usually large data
sets, there are still processes that the recommendation for e.g. 100 samples for the esti-
mation of the process parameters is a very large number and usually impossible to obtain
because of the time needed for these observations or because of the money we have to
spend. Therefore, the control limits have to be adjusted in a way that they will take
into account the estimation effect. Nedumaran and Pignatiello (2001) have given such a
solution for the X control chart and Jones (2002) proposes a way to design the EWMA
chart for this case. Additional work on the other control charts has to be done.

Most of the control charting methodology has been implemented under the normality
assumption. However, most of the times this assumption is not valid. All the charts are
affected in the case of nonnormality but to a different extent. The EWMA chart for the
mean has proved to be less affected when properly designed. The EWMA chart for the
dispersion proposed in Maravelakis et al. (2003) is less disturbed by the nonnormality
issue when we are in-control. Nevertheless, an EWMA chart for dispersion that can be
robust in terms of nonnormality for both in and out-of-control is needed.

In the multivariate case, the nonnormality problem is even more challenging. But if
normality is cumbersome in the univariate case, then in a multivariate environment the
situation is even more dramatic. Recently, Stoumbos and Sullivan (2002) and Testik et.
al. (2003) proved the robustness of the multivariate EWMA chart for the vector of means.
However, there is a lot more work that has to be done in the field. A general technique
able to detect efficiently, under any distribution, the out-of-control situation is needed.
Moreover, since a process might involve both continuous and discrete characteristics

another problem is to find a control charting methodology that will consider both of
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them.

A very important problem in the multivariate control charts is to identify the out-of-
control variable or variables when a multivariate control chart signals. This problem has
generated many different opinions in the last decade. Although this problem is thoroughly
investigated under the multinormality assumption most of the proposed solutions are
mathematically complicated or time consuming. Consequently, new procedures that will
overcome these disadvantages are needed. Graphical techniques are such techniques.

Measurement error is a factor that can affect seriously the performance of a control
chart. The literature up to now investigates this problem under the assumptions of
normality, independence, known parameters and predefined additive relationship of the
true and measured variables. All of these assumptions have to be reconsidered. Moreover,

the estimation effect in other types of control charts is an open problem.

165



166



References

Abraham, B. (1977). Control Charts and Measurement Error, Annual Technical
Conference of the American Society for Quality Control, 31, 370-374.

Acosta-Mejia, C.A. and Pignatiello, J.J.,Jr. (2000). Monitoring Process Dis-
persion Without Subgrouping, Journal of Quality Technology, 32, 89-102.

Alt, F.B. (1985). Multivariate Quality Control, The Encyclopedia of Statistical
Sciences, Kotz S., Johnson, N.L. and Read, C.R. (eds), John Wiley & Sons, New York,
110-122.

Alt, F.B. and Smith, N.D. (1988). Multivariate Process Control, Handbook of
Statistics, P.R. Krishnaiah and C.R. Rao (eds), North-Holland: Elsevier Science Pub-
lishers B.V., 7, 333-351.

Aparisi F. (1996). Hotelling’s 7% Control Chart With Adaptive Sample Sizes,
International Journal of Production Research, 34, 2853-2862.

Aparisi, F., Jabaloyes, J. and Carrion, A. (2001). Generalized Variance Chart
Design with Adaptive Sample Sizes. The Bivariate Case, Communications in Statistics
- Stmulation and Computation, 30, 931-948.

Barnard, G.A. (1959). Control Charts and Stochastic Processes, Journal of the
Royal Statistical Society B, 21, 239-271.

Bauer, P. (1981). On the Robustness of Hotteling’s T2, Biometrical Journal, 23,

167


Administrator


405-412.

Bennet, C.A. (1954). Effect of Measurement Error on Chemical Process Control,
Industrial Quality Control, 10, 17-20.

Bersimis, S. (2001). Multivariate Statistical Process Control, M.Sc. Thesis, De-
partment of Statistics, Athens University of Economics and Business, ISBN 960-7929-
45-4.

Bissell, A.F. (1969). Cusum Techniques for Quality Control, Applied Statistics,
18, 1-30.

Bodden, K.M. and Rigdon, S.E. (1999). A Program for Approximating the In
Control ARL for the MEWMA Chart, Journal of Quality Technology, 31, 120-123.

Borror, C.M., Champ, C.W. and Ridgon, S.E. (1998). Poisson EWMA Con-
trol Charts, Journal of Quality Technology, 30, 352-361.

Borror, C.M. and Champ, C.W. (2001). Phase I Control Charts for Indepen-
dent Bernoulli Data, Quality and Reliability Engineering International, 17, 391-396.

Borror, C.M., Montgomery, D.C. and Runger, G.C. (1999). Robustness of
the EWMA Control Chart to Non-normality, Journal of Quality Technology, 31, 309-316.

Braun, W.J. (1999). Run Length Distributions for Estimated Attributes Charts,
Metrika, 50, 121-129.

Brook, D. and Evans, D.A. (1972). An Approach to the Probability Distribution
of CUSUM Run Length, Biometrika, 59, 539-549.

Burr, I.J. (1967). The Effect of Nonnormality on Constants for X and R Charts,
Industrial Quality Control, 23, 563-568.

Chakraborti, S., Van Der Laan, P. and Bakir, S.T. (2001). Nonparametric
Control Charts: An Overview And Some Results, Journal of Quality Technology, 33,
304-315.

Champ, C.W. (2001). Designing an ARL Unbiased R-Chart, Proceedings of the
6th International Conference of the Decisions Sciences Institute, Chihuahua, Mexico,

July 8-11.

168



Champ, C.W. and Chou, S-P. (2003). Comparisons of Standard and Individ-
uals Limits Phase I Shewhart X, R and S Charts, Quality and Reliability Engineering
International, 19, 161-170.

Champ, C.W. and Rigdon, S.E. (1991). A Comparison of the Markov Chain
and the Integral Equation Approaches for Evaluating the Run Length Distribution of
Quality Control Charts, Communication in Statistics, Simulation and Computation, 20,
191-204.

Champ, C.W., Rigdon, S.E. and Scharnagl, K.A. (2001). A Method for
Deriving Integral Equations Useful in Control Chart Performance Analysis, Nonlinear
Analysis, 47, 2089-2101.

Champ, C.W. and Woodall, W.H. (1987). Exact Results for Shewhart Control
Charts With Supplementary Runs Rules, Technometrics, 22, 393-399.

Chan, L.K. and Zhang, J. (2001). Cumulative Sum Control Charts for the
Covariance Matrix, Statistica Sinica, 11, 767-790.

Chang, T.C. and Gan, F.F. (1995). A Cumulative Sum Control Chart for Mon-
itoring Process Variance, Journal of Quality Technology, 27, 109-119.

Chase, G.R. and Bulgren, G. (1971). A Monte Carlo Investigation of the Ro-
bustness of T2, Journal of the American Statistical Association, 66, 499-502.

Chen, G. (1997). The Mean and Standard Deviation of the Run Length Distribu-
tion of X Charts when Control Limits Are Estimated, Statistica Sinica, 7, 789-798.

Chen, G. (1998). The Run Length Distributions of the R, s and s* Control Charts
when o is Estimated, The Canadian Journal of Statistics, 26, 311-322.

Chen, G., Cheng, S. and Xie, H. (2001). Monitoring Process Mean and Vari-
ability With One EWMA Chart, Journal of Quality Technology, 33, 223-233.

Chou, Y-M., Mason, R.L. and Young, J.C. (1999). Power Comparisons for
a Hotelling’s T? Statistic, Communications in Statistics - Simulation and Computation,
28, 1031-1050.

Chua, M-K. and Montgomery, D.C.(1992). Investigation and Characterization

169



of a Control Scheme for Multivariate Quality Control, Quality and Reliability Engineering
International, 8, 37-44.

Crosier, R.B. (1988). Multivariate Generalizations of Cumulative Sum Quality-
Control Schemes, Technometrics, 30, 291-303.

Crowder, S.V. (1987). A Simple Method for Studying Run Length Distributions
of Exponentially Weighted Moving Average Charts, Technometrics, 29, 401-407.

Crowder, S.V. and Hamilton, M. (1992). An EWMA for Monitoring Standard
Deviation, Journal of Quality Technology, 24, 12-21.

Cryer, J.D. and Ryan, T.P. (1990). The Estimation of Sigma for an X Chart:
MR/dy or s/cy?, Journal of Quality Technology, 22, 187-192.

Derman, C. and Ross, S. (1995). An Improved Estimator of ¢ in Quality Control,
Probability in the Engineering and Informational Sciences, 9, 411-415.

Doganaksoy, N., Faltin, F.W. and Tucker, W.T. (1991). Identification of Out-
of-Control Multivariate Characteristic in a Multivariable Manufacturing Environment,
Communications in Statistics - Theory and Methods, 20, 2775-2790.

Domangue, R. and Patch, S.C. (1991). Some Omnibus Exponentially Weighted
Moving Average Statistical Process Monitoring Schemes, Technometrics, 33, 299-313.

Duncan, A.J. (1974). Quality Control and Industrial Statistics. Homewood, IL,
Irwin.

Everitt, B.S. (1979). A Monte Carlo Investigation of the Robustness of Hotteling’s
One and Two Sample T2 tests, Journal of the American Statistical Association, 74, 48-51.

Ewan, W.D. and Kemp, K.W. (1960). Sampling Inspection of Continuous Pro-
cesses With No Autocorrelation Between Successive Results, Biometrika, 47, 363-380.

Fasso, A. (1999). One-Sided MEWMA Control Charts, Communications in Statis-
tics - Theory and Methods, 28, 381-401.

Fuchs, C. and Benjamini, Y. (1994). Multivariate Profile Charts for Statistical
Process Control, Technometrics, 36, 182-195.

Fuchs, C. and Kenett, R.S. (1998). Multivariate Quality Control. Marcel Dekker,

170



New York.

Gan, F.F. (1990). Monitoring Observations Generated from a Binomial Distribu-
tion Using Modified Exponentially Weighted Moving Average Control Chart, Journal of
Statistical Computation and Simulation, 37, 45-60.

Gan, F.F. (1993a). An Optimal Design of CUSUM Control Charts for Binomial
Counts, Journal of Applied Statistics, 20, 445-460.

Gan, F. F. (1993b). An optimal design of EWMA control charts based on median
run length, Journal of Statistical Computation and Simulation, 45, 169-184.

Gan, F. F. (1994). An Optimal Design of Cumulative Sum Control Chart Based
on Median Run Length, Communications in Statistics - Simulation and Computation,
23, 485-503.

Ghosh, B.K., Reynolds, M.R.,Jr. and Van Hui, Y. (1981). Shewhart X
Charts With Estimated Variance, Communications in Statistics - Theory and Methods,
18, 1797-1822.

Hamilton, M. and Crowder, S.V. (1992). Average Run Lengths of EWMA Con-
trol Charts for Monitoring a Process Standard Deviation, Journal of Quality Technology,
24, 44-50.

Hauck, D.J., Runger, G.C. and Montgomery, D.C. (1999). Multivariate Sta-
tistical Process Monitoring and Diagnosis with Grouped Regression-Adjusted Variables,
Communications in Statistics - Stmulation and Computation, 28, 309-328.

Hawkins, D.M. (1991). Multivariate Quality Control Based on Regression-Adjusted
Variables, Technometrics, 33, 61-75.

Hawkins, D.M. (1992). Evaluation of the Average Run Length of Cumulative Sum
Charts for an Arbitrary Data Distribution, Commaunications in Statistics - Simulation
and Computation, 21, 1001-1020.

Hawkins, D.M. (1993). Regression Adjustment for Variables in Multivariate Qual-
ity Control, Journal of Quality Technology, 25, 170-182.

Hawkins, D. M. and Olwell, D. H. (1998). Cumulative Sum Charts and Charting

171



for Quality Improvement, Springer-Verlag, New-York.

Hayter, A.J. and Tsui, K-L.(1994). Identification and Quantification in Multi-
variate Quality Control Problems, Journal of Quality Technology, 26, 197-208.

Healy, J.D. (1987). A Note on Multivariate CUSUM Procedures, Technometrics,
29, 409-412.

Hillier, F.S. (1969). X and R Chart Control Limits Based on a Small Number of
Subgroups, Journal of Quality Technology, 1, 17-26.

Hinkley, D.V. (1969). On the Ratio of Two Correlated Normal Random Variables,
Biometrika, 56, 635-639.

Hotelling, H. (1947). Multivariate Quality Control - Illustrated by the Air Testing
of Sample Bombsights, Techniques of Statistical Analysis, Eisenhart, C., Hastay, M.W.,
Wallis, W.A. (eds), New York: MacGraw-Hill, 111-184.

Hunter, J.S. (1986). The Exponentially Weighted Moving Average, Journal of
Quality Technology, 18, 203-210.

Ingolfson, A. and Sachs, E. (1993). Stability and Sensitivity of an EWMA
Controller, Journal of Quality Technology, 25, 271-287.

Jackson, J.E. (1991). A User Guide to Principal Components. John Wiley & Sons,
New York.

Janacek, G.J. and Meikle, S.E. (1997). Control Charts Based on Medians, The
Statistician, 46, 19-31.

Jones, L.A., Champ, C.W. and Rigdon, S.E. (2001). The Performance of
Exponentially Weighted Moving Average Charts With Estimated Parameters, Techno-
metrics, 43, 156-167.

Jones, L.A. (2002). The Statistical Design of EWMA Control Charts with Esti-
mated Parameters, Journal of Quality Technology, 34, 277-288.

Jolayemi, J.K. (1995). A Power Function Model for Determining Sample Sizes for
the Operations of Multivariate Control Charts, Computational Statistics € Data Analy-
sis, 20, 633-641.

172



Jolayemi, J.K. (1999). A Statistical Model for the Design of Multiattribute Control
Charts, Sankhya B, 61, 351-365.

Kanazuka, T. (1986). The Effects of Measurement Error on the Power of X — R
charts, Journal of Quality Technology, 18, 91-95.

Klein, M. (2000). Modified S-Charts for Controlling Process Variability, Commu-
nications in Statistics - Simulation and Computation, 29, 919-940.

Koning, A.J. and Does, R.J.M.M. (2000). CUSUM Charts for Preliminary
Analysis of Individual Observations, Journal of Quality Technology, 32, 122-132.

Kourti, T. and MacGregor, J.F. (1996). Multivariate SPC Methods for Process
and Product Monitoring, Journal of Quality Technology, 28, 409-428.

Kramer, H.G. and Schmid, W. (1997). EWMA Charts for Multivariate Time
Series, Sequential Analysis, 16, 131-154.

Linna, K.W. and Woodall, W.H. (2001). Effect of Measurement Error on She-
whart Control Charts, Journal of Quality Technology, 33, 213-222.

Linna, K.W., Woodall, W.H. and Busby, K.L. (2001). The Performance of
Multivariate Control Charts in the Presence of Measurement Error, Journal of Quality
Technology, 33, 349-355.

Lowry, C.A., Champ, C.W., and Woodall, W.H. (1995). The Performance of
Control Charts for Monitoring Process Variation, Communications in Statistics - Simu-
lation and Computation, 24, 409-437.

Lowry, C.A. and Montgomery, D.C. (1995). A Review of Multivariate Control
Charts, IIE Transactions, 27, 800-810.

Lowry, C.A., Woodall, W.H., Champ, C.W. and Rigdon, S.E. (1992). A
Multivariate EWMA Control Chart, Technometrics, 34, 46-53.

Lu, X.S., Xije, M., Goh, T.N. and Lai, C.D. (1998). Control Charts for
Multivariate Attribute Processes, International Journal of Production Research, 36, 3477-
3489.

Lucas, J.M. (1985). Counted Data CUSUM’s, Technometrics, 27, 129-144.

173



Lucas, J.M. and Crosier, R.B. (1982). Fast Initial Response for CUSUM
Quality-Control Schemes: Give Your CUSUM a Head Start, Technometrics, 24, 199-
205.

Lucas, J.M. and Saccucci, M.S. (1990). Exponentially Weighted Moving Aver-
age Control Schemes: Properties and Enhancements, Technometrics, 32, 1-12.

MacGregor, J.F. and Harris, T.J. (1993). The Exponentially Weighted Moving
Variance, Journal of Quality Technology, 25, 106-118.

Mader, D.P., Glycenfer, J.J. and Prins, J. (1996). An Application in Multi-
variate Statistical Process Control for Power Supply Calibration, Quality Engineering, 9,
99-106.

Maravelakis, P.E., Panaretos, J. and Psarakis, S. (2002). Effect of Estimation
of the Process Parameters on the Control Limits of the Univariate Control Charts for
Process Dispersion, Communications in Statistics - Simulation and Computation, 31,
443-461.

Maravelakis, P.E., Bersimis, S., Panaretos, J. and Psarakis, S. (2002).
Identify the Out of Control Variable in a Multivariate Control Chart, Communications
in Statistics - Theory and Methods, 31, 2391-2408.

Maravelakis, P.E., Panaretos, J. and Psarakis, S. (2003). An Examination
of the Robustness to Non-normality of the EWMA Control Charts for the Dispersion,
(submitted).

Maravelakis, P.E., Panaretos, J. and Psarakis, S. (2004). EWMA Chart and
Measurement Error, Journal of Applied Statistics, (to appear).

Mardia, K.V. (1974). Applications of Some Measures of Multivariate Skewness
and Kurtosis for Testing Normality and Robustness Studies, Sankya B, 36, 115-128.

Mardia, K.V. (1975). Assessment of Multinormality and the Robustness of Hot-
teling’s T2 test, Applied Statistics, 24, 163-171.

Margavio, T.M. and Conerly, M.D. (1995). A Comparison of Multivariate Mov-

ing Average Control Charts for the Process Mean, International Journal of Production

174



Research, 33, 1313-1321.

Mason, R.L., Champ, C.W., Tracy, N.D., Wierda, R.J. and Young, J.C.
(1997). Assessment of Multivariate Process Control Techniques, Journal of Quality
Technology, 29, 140-143.

Mason, R.L., Tracy, N.D. and Young, J.C. (1995). Decomposition of T? for
Multivariate Control Chart Interpretation, Journal of Quality Technology, 27, 99-108.

Mason, R.L., Tracy, N.D. and Young, J.C. (1996). Monitoring a Multivariate
Step Process, Journal of Quality Technology, 28, 39-50.

Mason, R.L., Tracy, N.D. and Young, J.C. (1997). A Practical Approach for
Interpreting Multivariate 7% Control Chart Signals, Journal of Quality Technology, 29,
396-406.

Mason, R.L. and Young, J.C. (1999). Improving the Sensitivity of the 7% Statis-
tic in Multivariate Process Control, Journal of Quality Technology, 31, 155-165.

Mason, R.L., Chou, Y-M. and Young, J.C. (2001). Applying Hotteling’s 7°
Statistic to Batch Processes, Journal of Quality Technology, 33, 466-479.

Mason, R.L. and Young, J.C. (2002). Multivariate Statistical Process Control
with Industrial Applications. ASA and STAM.

Mittag, H.-J. (1995). Measurement Error Effect on Control Chart Performance,
ASQC Annual Proceedings, 49, 66-73.

Mittag, H.-J. and Stemann, D. (1998). Gauge Imprecision Effect on the Per-
formance of the X — S Control Chart, Journal of Applied Statistics, 25, 307-317.

Molnau, W.E., Runger, G.C., Montgomery, D.C., Skinner, K.R., Loredo,
E.N. and Prabhu, S.S. (2001). A Program for ARL Calculation for Multivariate
EWMA Charts, Journal of Quality Technology, 33, 515-521.

Montgomery, D.C. (2001). Introduction to Statistical Quality Control. 4th ed.
John Wiley & Sons, New York, NY.

Montgomery, D.C. and Runger, G.C. (1994). Gauge Capability and Designed
Experiments. Part I: Basic Methods, Quality Engineering, 6, 115-135.

175



Moustakides, G.V. (1986). Optimal Stopping Times for Detecting Changes in
Distributions, The Annals of Statistics, 14, 1379-1387.

Murphy, B.J. (1987). Selecting Out-of-Control Variables with 7% Multivariate
Quality Procedures, The Statistician, 36, 571-583.

Nedumaran, G. and Pignatiello, J.J.,Jr. (1999). On Constructing 72 control
charts for on-line process monitoring, IIE Transactions, 31, 529-536.

Nedumaran, G. and Pignatiello, J.J.,Jr. (2000). On Constructing 72 Control
Charts for Retrospective Examination, Communications in Statistics - Simulation and
Computation, 29, 621-632.

Nedumaran, G. and Pignatiello, J.J.,Jr. (2001). On Estimating X Control
Chart Limits, Journal of Quality Technology, 33, 206-212.

Nelson, L.S. (1982). Control Charts for Individual Measurements, Journal of Qual-
ity Technology, 14, 172-173.

Ng, C.H. and Case, K.E. (1989). Development and Evaluation of Control Charts
Using Exponentially Weighted Moving Averages, Journal of Quality Technology, 21, 242-
250.

Ngai, H.M. and Zhang, J. (2001). Multivariate Cumulative Sum Control Charts
Based on Projection Pursuit, Statistica Sinica, 11, T47-766.

Page, E.S. (1954). Continuous Inspection Schemes, Biometrika, 41, 100-115.

Patel, H.I. (1973). Quality Control Methods for Multivariate Binomial and Poisson
Distributions, Technometrics, 15, 103-112.

Pearson, E.S. (1941). The Probability Integral of the Range in Samples of n
Observations from a Normal Population, Biometrika, 32, 301-308.

Pignatiello, J.J.,Jr. and Runger, G.C. (1990). Comparisons of Multivariate
CUSUM Charts, Journal of Quality Technology, 22, 173-186.

Prabhu, S.S. and Runger, G.C. (1997). Designing a Multivariate EWMA Con-
trol Chart, Journal of Quality Technology, 29, 8-15.

Proschan, F. and Savage, I.R. (1960). Starting A Control Chart, Industrial

176



Quality Control, 17, 12-13.

Quesenberry, C.P. (1993). The Effect of Sample Size on Estimated Limits for X
and X Control Charts, Journal of Quality Technology, 25, 237-247.

Quesenberry, C. P. (1995a). On Properties of Q Charts for Variables, Journal of
Quality Technology, 27, 184-203.

Quesenberry, C.P. (1995b). On Properties of Binomial QQ Charts for Attributes,
Journal of Quality Technology, 27, 204-213.

Quesenberry, C.P. (1995c). On Properties of Poisson Q Charts for Attributes,
Journal of Quality Technology, 27, 293-303.

Reynolds, M.R., Jr., Amin, R.W. and Arnold, J.C. and Nachlas, J.A.
(1988). X Charts with Variable Sampling Intervals, Technometrics, 30, 181-192.

Reynolds, M.R., Jr., Amin, R.W. and Arnold, J.C. (1990). CUSUM Charts
for Variable Sampling Intervals, Technometrics, 32, 371-384.

Reynolds, M.R., Jr. and Stoumbos, Z.G. (2001). Monitoring the Process Mean
and Variance Using Individual Observations and Variable Sampling Intervals, Journal of
Quality Technology, 33, 181-205.

Rigdon, S.E. (1995a). A double-integral Equation for the Average Run Length of
a MEWMA Control Chart, Statistics and Probability Letters, 24, 365-373.

Rigdon, S.E. (1995b). An Integral Equation for the In Control Average Length
of a MEWMA Control Chart, Journal of Statistical Computation and Simulation, 52,
351-365.

Rigdon, S.E., Cruthis, E.M. and Champ, C.W. (1994). Design Strategies
for Individuals and Moving Range Control Charts, Journal of Quality Technology, 26,
274-287.

Roberts, S.W. (1959). Control Chart Tests Based on Geometric Moving Averages,
Technometrics, 1, 239-250.

Robinson, P.B. and Ho, T.Y. (1978). Average Run Lengths of Geometric Moving
Average Charts by Numerical Methods, Technometrics, 20, 85-93.

177



Roes, K.C.B., Does, R.J.M.M. and Schuring, Y. (1993). Shewhart-type
Control Charts for Individual Observations, Journal of Quality Technology, 25, 188-198.

Roy, J. (1958). Step-down Procedure in Multivariate Analysis, Annals of Mathe-
matical Statistics, 29, 1177-1187.

Runger, G.C., and Alt, F.B. (1996). Choosing Principal Components for Mul-
tivariate SPC, Communications in Statistics - Theory and Methods, 25, 909-922.

Runger, G.C., Alt, F.B. and Montgomery, D.C. (1996). Contributors to a
Multivariate SPC Chart signal, Communications in Statistics - Theory and Methods, 25,
2203-2213.

Runger, G.C., Keats, J.B., Montgomery, D.C. and Scranton, R.D. (1999).
Improving the Performance of a Multivariate EWMA Control Chart, Quality and Relia-
bility Engineering International, 15, 161-166.

Runger, G.C. and Prabhu, S.S. (1996). A Markov Chain Model for the Mul-
tivariate EWMA Control Chart, Journal of the American Statistical Association, 91,
1701-1706.

Ryan, T.P. (2000). Statistical Methods for Quality Improvement. 2nd ed. John
Wiley & Sons, New York.

Saccucci, M.S. and Lucas, J.M. (1990). Average Run Lengths for Exponentially
Weighted Moving Average Control Schemes Using the Markov Chain Approach, Journal
of Quality Technology, 22, 154-162.

Schilling, E.G. and Nelson, P.R. (1976). The Effect of Nonnormality on the
Control Limits of Charts, Journal of Quality Technology, 8, 183-188.

Seber, G.A.F. (1984). Multivariate Observations. New York: John Wiley.

Sepulveda, A. and Nachlas, J.A. (1997). A Simulation Approach to Multivariate
Quality Control, Computers and Industrial Engineering, 33, 113-116.

Shewhart, W.A. (1931). Economic Control of Quality of Manufactured Product.
D. van Nostrand Co., New York.

Sim, C.-H. (2000). S-Chart for Non-Gaussian Variables, Journal of Statistical

178



Computation and Simulation, 65, 147-156.

Sparks, R.S. (1992). Quality Control with Multivariate Data, Australian Journal
of Statistics, 34, 375-390.

Sparks, R.S., Adolphson, A. and Phatak, A. (1997). Multivariate Process
Monitoring Using the Dynamic Biplot, International Statistical Review, 65, 325-349.

Srivastava, M.S. (1997). CUSUM for Monitoring Variability, Communication in
Statistics- Theory and Methods, 26, 2905-2926.

Srivastava, M.S. and Awan, H.M. (1982). On the Robustness of Hotteling’s 7%
Test and Distribution of Linear and Quadratic Forms in Sampling From a Mixture of Two
Multivariate Normal Populations, Communication in Statistics- Theory and Methods, 11,
81-107.

Steiner, S.H. (1999). EWMA Control Charts with Time-Varying Control Limits
and Fast Initial Response, Journal of Quality Technology, 31, 75-86.

Stemann, D. and Weihs, C. (2001). The EWMA-X-S-Control Chart and its
Performance in the Case of Precise and Imprecise Data, Statistical Papers, 42, 207-223.

Stoumbos, Z.G. and Reynolds, M.R.,Jr. (2000). Robustness to Non-Normality
and Autocorrelation of Individual Control Charts, Journal of Statistical Computation and
Stmulation, 66, 145-187.

Stoumbos, Z.G. and Sullivan, J.H. (2002). Robustness to Non-Normality of the
Multivariate EWMA Control Chart, Journal of Quality Technology, 34, 260-276.

Sullivan, J. H. and Woodall, W.H. (1996a). A Control Chart for Preliminary
Analysis of Individual Observations, Journal of Quality Technology, 28, 265-278.

Sullivan, J.H. and Woodall, W.H. (1996b). A Comparison of Multivariate Con-
trol Charts for Individual Observations, Journal of Quality Technology, 28, 398-408.

Sullivan, J.H. and Woodall, W.H. (1998). Adapting Control Charts for the
Preliminary Analysis of Multivariate Observations, Communications in Statistics - Sim-
ulation and Computation, 27, 953-979.

Sweet, A.L. (1986). Control Charts Using Coupled Exponentially Weighted Mov-

179



ing Averages, IIE Transactions, 18, 26-33.

Testik, M.C., Runger, G.C. and Borror, C.M. (2003). Robustness Properties
of Multivariate EWMA Control Charts, Quality and Reliability Engineering Interna-
tional, 19, 31-38.

Tiku, ML.L. and Singh, M. (1982). Robust Statistics for Testing Mean Vectors of
Multivariate Distributions, Communication in Statistics-Theory and Methods, 11, 985-
1001.

Timm, N.H. (1996). Multivariate Quality Control Using Finite Intersection Tests,
Journal of Quality Technology, 28, 233-243.

Tracy, N.D., Young, J.C. and Mason, R.L. (1992). Multivariate Control Charts
for Individual Observations, Journal of Quality Technology, 24, 88-95.

Tracy, N.D., Young, J.C. and Mason, R.L. (1995). A Bivariate Control Chart
for Paired Measurements, Journal of Quality Technology, 27, 370-376.

Van Dobben De Bruyn, C.S. (1968). Cumulative Sum Tests: Theory and Prac-
tice. Griffin, London, United Kingdom.

Vardeman, S.B. (1999). A Brief Tutorial on the Estimation of the Process Stan-
dard Deviation, IIE Transactions, 31, 503-507.

Wade, M.R. and Woodall, W.H. (1993). A Review and Analysis of Cause-
Selecting Control Charts, Journal of Quality Technology, 25, 161-170.

Waldmann, K-H. (1986). Bounds for the Distribution of the Run Length of One-
Sided and Two-Sided CUSUM Quality Control Schemes, Technometrics, 28, 61-67.

Wetherill, B.G. (1977). Sampling Inspection and Quality Control. Chapman and
Hall, New York.

Wierda, S.J. (1994). Multivariate Statistical Process Control - Recent Results and
Directions for Future Research, Statistica Neerlandica, 48, 147-168.

Woodall , W.H. (1983). The Distribution of the Run Length of One-Sided CUSUM
Procedures for Continuous Random Variables, Technometrics, 25, 295-301.

Woodall, W.H. (1984). On the Markov Chain Approach to the Two-sided CUSUM

180



Procedure, Technometrics, 26, 41-46.

Woodall, W.H. (1985). The Statistical Design of Quality Control Charts, The
Statistician, 34, 155-160.

Woodall, W.H. (1997). Control Charting Based on Attribute Data: Bibliography
and Review, Journal of Quality Technology, 29, 172-183.

Woodall, W.H. (2000). Controversies and Contradictions in Statistical Process
Control, Journal of Quality Technology, 32, 341-350.

Woodall, W.H. and Montgomery, D.C. (1999). Research Issues and Ideas in
Statistical Process Control, Journal of Quality Technology, 31, 376-385.

Woodall, W.H. and Ncube, M.M. (1985). Multivariate CUSUM Quality Con-
trol Procedures, Technometrics, 27, 285-292.

Wortham, A.W. (1972). The Use of Exponentially Smoothed Data in Continuous
Process Control, International Journal of Production Research, 10, 393-400.

Wortham, A.W. and Ringer, L.J. (1971). Control Via Exponential Smoothing,
The Transportation and Logistic Review, 7, 33-39.

Yang, C-H., Hillier, F.S. (1970). Mean and Variance Control Chart Limits Based
on a Small Number of Subgroups, Journal of Quality Technology, 2, 9-16.

Yang, Z., Xie, M., Kuralmani, V. and Tsui, K. (2002). On the Performance
of Geometric Charts with Estimated Control Limits, Journal of Quality Technology, 34,
448-458.

Yashchin, E. (1985). On a Unified Approach to the Analysis of Two-sided Cu-
mulative Sum Control Schemes With Head-Starts, Advances in Applied Probability, 17,
562-593.

Yashchin, E. (1994). Monitoring Variance Components, Technometrics, 36, 379-
393.

Yourstone, S.A. and Zimmer, W.J. (1992). Non-Normality and the Design of
Control Charts for Averages, Decision Sciences, 23, 1099-1113.

Yumin, L. (1996). An Improvement for MEWMA in Multivariate Process Control,

181



Computers and Industrial Engineering, 31, 779-781.

182



