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Chapter 1

Introduction

The study of interfaces in phase transition models has long been a central theme in the analysis
of elliptic partial differential equations. In classical models, the energy functional typically
takes the form:

W= [ (%\Vu(:cﬂz—i—W(u(x))) dr, (1.1)
where W is a multi-well potential and u represents the phase field. Minimizers of this energy
capture transitions between different stable states of the system, and the interface is the region
where u moves between different wells of W (see, e.g.,[29, 28], 4] [ [6]).

A cornerstone result in this theory is the density estimates. Density estimates have been
extensively studied in both local and nonlocal frameworks; see, for instance, [37, 38, 12, [14] [16].
In contrast, the vector-valued case, especially in the nonlocal setting, is considerably more
delicate and less thoroughly explored. This is primarily due to the absence of a maximum
principle and the richer geometric structure of the set of minimizers, which necessitates new
analytical techniques and significant adaptations; see [2].

In the classical setting, it asserts that if a minimizer u deviates from a phase in a small ball—
meaning |u — a| > X on a set of positive measure—then this deviation must persist in larger

balls. More formally, let a € {W = 0} be a nondegenerate minimum and let u : Br(xy) — R™



be a minimizer of J. Suppose for some A > 0 and o > 0 we have:
{z € Bry(xo) : [u(z) —al > A} = po, (1.2)

for some fixed small 7y > 0. Then there exists a constant ¢ = (9, A, W) > 0 such that for all
r = 7o,

{z € B.(xg) : |u(z) —a|l > A} > er™. (1.3)

In other words, the measure of the transition region does not shrink with scale; it occupies
a fixed fraction of the space at every larger radius (see, e.g. [2) 38]).

This implies that phase transitions are not confined to isolated droplets; instead, once an
interface appears, it must either vanish entirely or spread spatially. Physically, this encodes the
idea that interfacial energy cannot be arbitrarily localized without cost.

A vivid real-world analogy is that of a droplet of oil placed in water. If the oil volume
is too small, the surface tension dominates, and the droplet collapses. But if the oil droplet
is sufficiently large, it becomes energetically favorable to maintain a stable interface. In this
situation, the oil does not disappear—it spreads and persists. The density estimate mirrors
this: once deviation from a phase begins and exceeds a certain energetic threshold, it cannot
stay confined—it must grow or stabilize with positive density in all larger surrounding regions.

In contrast, fractional models replace the local Dirichlet energy with a nonlocal Gagliardo

//RnXRn |z — y|n(+22|2 dz dy + /QW(U(QJ))dx, (1.4)

for s € (0,1). This double integral captures long-range interactions between points z and y

seminorm:

across all of R", with a kernel that decays like |z — y|™"~2* ([18, 25, 12]).

The parameter s controls the degree of nonlocality:

e As s — 1, the kernel becomes more singular near x = y, and the operator approximates the
classical Laplacian. The model becomes increasingly local, recovering the familiar behavior

of sharp interfaces penalized by [Vu|?.



e As s — 0, the kernel decays slowly, and the model becomes highly nonlocal. Every point
interacts almost equally with all others, and interfaces become diffuse with long algebraic

tails.

A key insight lies in examining the integrand near the diagonal z = y:

ju(x) — u(y)|” 2 1

|ZL’ _ y|n+28 ~ |VU(ZE)| |$ _ y|n+2572’

which shows that for small |x —y| the fractional energy has a Dirichlet-type local core. Heuristi-

cally this suggests the classical limit as s — 1. Rigorously, by the Bourgain—Brezis-Mironescu

2
lim ( // ()‘ dx dy:cn/ Vu(z)|? de,
S—>1‘ R" xR™ |$ - y|n+25 Rn [Vulo)l

for an explicit constant ¢, > 0 depending only on n (and the chosen normalization); see

[10), (33, [18].

formula,

When s is close to 1, the fractional model retains sensitivity to sharp gradients. As x
approaches y, the kernel’s singularity strongly penalizes steep changes, mimicking classical
local behavior. Conversely, when s is small, the decay of the kernel is slow, and long-range
interactions dominate. In this regime, sharp transitions cost relatively less energy compared to
wide-spanning.

To appreciate the distinction further, consider a localized perturbation—a small droplet of
one phase inside another. In the classical setting, if the droplet is small, its interface energy
becomes negligible as the radius shrinks, and it can persist as a harmless fluctuation (see,
e.g. [20]). In the fractional setting, however, even small deviations have long-range energetic
influence due to the global nature of the double integral. This results in a striking property:
droplets cannot remain harmless unless their volume and interfacial structure are compatible
with global energy constraints. The density estimate formalizes this intuition, ensuring that any
nontrivial deviation from a phase cannot remain confined. It must either vanish or spread—an
embodiment of rigidity.

This is vividly illustrated by physical systems such as crack propagation in brittle materials,

where the evolution of a crack is not governed solely by the local stress at the tip, but also by re-



mote stress fields. These interactions extend over large distances and are naturally captured by
nonlocal descriptions, including fractional-type models. The resulting crack geometry exhibits
nonlocal influence, in the sense that the relevant energy and driving quantities depend on the

global configuration of the material, rather than only on purely local gradients. [21], 39, 24], [19]

1.1 Local and Nonlocal Operators as Generators of Stochas-
tic Processes

Another powerful interpretation of both local and nonlocal operators arises from probability
theory: they are the infinitesimal generators of stochastic processes ([7, 8, 35]).

In the classical case, the Laplacian A is the generator of Brownian motion. That is, if X,
is a standard Brownian motion in R", then the infinitesimal generator £ associated with the

Markov semigroup T;f(z) = E*[f(X,)] is:

E*[f(X)] = f(=)
t

Lf(x)=lim

lim = Af(2). (1.5)

This operator governs the evolution of the expected value of observables along stochastic tra-

jectories, and leads to the heat equation:
Oyu = Au, u(0,z) = f(z), (1.6)

with solution u(t, z) = E*[f(X,)].

In contrast, the fractional Laplacian (—A)® for s € (0,1) is the generator of a symmetric
2s-stable Lévy process X[, whose paths exhibit jumps. The corresponding semigroup 77 f(z) =
E*[f(X7)] satisfies:

£.pe) =i ELEDZTE ey, (17)

t—0
where (—A)® is given by the singular integral:

@)~ 1),

(=A)°f(z) =C,s P.V. mEEEs

(1.8)

R |$_



This expression highlights the nonlocal nature of the operator: f(x) interacts with values of
f(y) at all scales.
The Lévy process associated with this generator has independent and stationary increments,

and its transition probabilities solve the fractional heat equation:
Ou=—(=A)u,  u(0,z) = f(z), (1.9)

with solution u(t, z) = E*[f(X})].
A further refinement is provided by the Feynman—Kac formula, which links parabolic PDEs
with potential terms to expectations over stochastic processes. In the classical case, for a

bounded potential V' : R™ — R, the solution to the Schrodinger-type equation:
Ou = Au — V(2)u, u(0,x) = f(z), (1.10)

is given by:

u(t,z) = E* [e=ho VX g x| (1.11)

where X, is Brownian motion starting at x.
In the fractional setting, if X} is a symmetric 2s-stable Lévy process starting at x, then the

Feynman—Kac representation for:

Ou = —(=A)’u — V(z)u, u(0,z) = f(x), (1.12)

is:
u(t, z) = E° [e* Jsvxde pxsy] (1.13)
This formula elegantly connects the probabilistic behavior of Lévy flights with the analytic
structure of nonlocal equations, and allows one to represent solutions of nonlocal Schrédinger-
type problems in terms of expectations over jump processes.
These connections between differential operators and stochastic processes will be a recurring
theme in this text. They serve not only as analytic tools but also offer a probabilistic perspective
on phase transitions, energy concentration, and interface dynamics. Fractional operators have

found roles in other areas as well: anomalous diffusion in porous media, biological transport,



nonlocal image processing, and finance ([27, I7]). In all these settings, locality fails, and

fractional models become indispensable.

1.2 Mathematical Preliminaries

In this section, we collect the definitions of the central analytic objects used throughout the
study of fractional phase transitions. These include the fractional Laplacian, fractional Sobolev

spaces, and the notion of minimality for energy functionals.

1.2.1 The Fractional Laplacian

For s € (0,1) and a sufficiently smooth function v : R® — R, the fractional Laplacian of order
s is defined as the singular integral:
u(r) — u(y)
(—A)u(z) = C, PV, / ulw) —uly) (1.14)
re |7 — Y[t
where P.V. denotes the Cauchy principal value and C,, 5 is an explicit normalization constant

given by:
2s n
o 2%%sI (5 + s)
Mt qn/20(1 - s)

Here I' denotes the Gamma function, defined for t > 0 by

(1.15)

The operator (—A)* is nonlocal: the value of (—A)*u(x) depends on the behavior of u over the
entire space R".

In the literature, various definitions of the fractional Laplacian have been proposed, each suit-
able for different analytical and numerical purposes. Besides the definition used in this work,
there are spectral, directional, and other characterizations. For a detailed review of these al-

ternative definitions and their comparisons, see section 3.1 in Di Nezza et al. [I§] or Lischke et

al. [25].



1.2.2 Fractional Sobolev Spaces

The fractional Sobolev space W*2(R™) or H*(R") for s € (0,1) is defined as:

)2
s ny\ __ 2 n |
H*(R") = {uEL (R™) /n/n |:1c—y|”+25 dxdy<oo}. (1.16)

It is a Hilbert space with norm:

[ ul %{S(Rn) = ||U||2L2(Rn) + [U]zs(w)a (1.17)

where the Gagliardo seminorm is:

2
s ey / / - ‘Msl dx dy. (1.18)

For bounded domains 2 C R", the space H*({2) is defined via restriction and completion of
smooth functions.
For detailed definition and properties of the fractional Sobolev space W*?(R™) see section 2 in

I1s].

1.2.3 Minimality

Let Q2 C R™ be open and let u : R® — R™ belong to an admissible function space such as

H*(R™;R™). We say that u is a (local) minimizer of the energy functional:
—uly )|2dxd w d 1.19
Lt gy + [ wiu@)a, (1.19)
nxR™ |I | Q
for Q open, bounded, Lipschitz, if for every v € H*(R™; R™), with u = v in Q°
E(u; Q) < E(v; Q). (1.20)

These concepts serve as the foundation for the variational and analytical theory developed

throughout this thesis.

10



1.2.4 Heuristic Justification: From Nonlocal to Local Energies

To understand the asymptotic relation between nonlocal and local energies as s — 17, we
consider the approximation:

|u(z) — u(y)l?

‘ZL’ _ y‘n+2s

1
|$ _ y|n+2572 :

~ [Vu(@)]* -

This heuristic arises by performing a Taylor expansion of u around the point x, assuming

sufficient regularity and that |z — y| is small:
u(y) = u(z) + Vu() - (y — ) + O]z — y[*),
which implies
u(z) — u(y)]® ~ [Vu(z) - (z = y)* = [Vu(@)[*]z — y|* cos® 0,

where 6 denotes the angle between Vu(x) and = — y. Substituting into the original integrand,

we obtain:

|u(z) — u(y)l? 2 cos® ¢
‘x _ y‘n+2s ’ U(fﬂ)‘ |$ _ y|n+2$—2

Averaging over directions, the cos? @ term contributes a constant factor. This approximation
motivates the convergence of the fractional seminorm to the classical Dirichlet energy as s — 17;

see Di Nezza et al. [I8] Section 2] and Caffarelli [15, Section 6] for rigorous discussions.

Detailed Derivation of the Approximation

We justify the approximation:

u(z) —u@)* _ [Vu(z)? 1

|z —y|rt2s T 1 oz — y[rtes2

which heuristically connects nonlocal energies to local gradient energies. Assume u is smooth

(say, C?) and |x — y| is small.

11



Step 1: Taylor Expansion. Expand u at point x:

1

u(y) = u(@) + Vu(z) - (y = 2) + 5(y = 2)" D*u(O)(y — x),

for some £ on the line segment between = and y. Then:

u(y) — u(z) = Vu(@) - (y — ) + O(jz — yI*).

Step 2: Square and Estimate. Square the difference:
[u(y) — u(@)* = [Vu(@) - (y — 2)* + Oz — y*).
We use the identity:
[Vu() - (y — 2)|* = [Vu(@)* - |z — y[* - cos 0,

where 6 is the angle between Vu(x) and y — .
Hence,

cos? 6

u(z) —u(y)|* _ |Vu(@)P - [z —y|* cos® 0
‘I _ y‘n+2572'

_ 2
’x _ y’n+23 ~ ‘LE’ o y‘n+25 - ‘Vu@j)’

Step 3: Angular Averaging. To remove the angular dependence, we integrate over direc-
tions. From symmetry:
/ cos? 0 do(w) = l|S”_1|,
§n—1 n
SO on average,

1
cos? @ — —.
n

Conclusion. Therefore, in a neighborhood of x, the integrand in the Gagliardo seminorm:

[ e,

|z — |+

can be locally approximated by:

1
\Y 2 —— dy,
Vala)? [

justifying the formal approximation up to a multiplicative constant.

12



Averaging Over Directions

Vu(zx)
[Vu(z)|’

To remove directional dependence, we average over all directions w € S*!. Let v =
and write y = x + rw. Then:

cos>f = (v-w)?.

By rotational symmetry of the unit sphere:

[ werast)= [ wtaoty == [ utao)

Since |w]* = Y7 w? = 1, we obtain:

n

Z/ wido(w) =|S""1 =
1 /st

1=

1
wido(w) = —|S"|.
S§n—1 n

Thus,
1
/ cos? 0 do(w) = —|S"7!,
Sn—1 n
showing that cos? f averages to a constant over directions. Hence, the approximation

u(z) —u@)* _ _ [Vu(z)P

|z — y|nt2s -~ |z — y|rt2s-2

holds up to a dimension-dependent constant, justifying the connection between nonlocal Gagliardo

seminorms and local Dirichlet energies.

Why cos? ) Averages to a Constant

We elaborate on why the angular factor cos? @ contributes only a constant when averaged over
directions on the sphere S"~!. Recall:

cos? = <%.w)2,

where w = % is a direction vector on the unit sphere, and 6 is the angle between Vu(x) and

w. To average cos? @ over all directions, we compute:

/§n1 cos? 0 do(w) = / (v w)? do(w),

Sn—1

13



Vu(z)

u(o)] is a fixed unit vector.

where v =
By rotational symmetry of the sphere, the above integral is invariant under orthogonal
transformations. Hence, the average must be the same for any direction v, and we may assume

v=-e; =(1,0,...,0). Thus,

[ o) = [ wtdote

Since |w]? = 1, we have >, w? =1, and by symmetry:

/ wi do(w) = / wydo(w) =+ = / w2 do(w).
Sn—1 Sn—1 Sn—1

Summing, we get:

il/gn_l“’?daw I/Sn_lilw?da(w) =/S ldo(w) = [S"71).

n—1
Therefore,
1
| wtdot) = 118,
S§n—1 n
so the average of cos? § over directions is a constant depending only on the dimension n.

This justifies why we can replace cos?f by a constant in the approximation of nonlocal

energies by local gradients.

1.2.5 Definition: Semigroups and Their Role in Evolution Equations

A strongly continuous semigroup (also called a Cy-semigroup) on a Banach space X is a

family of bounded linear operators {7'(t)}+>0 C L£(X) satisfying:

e Semigroup property: 7'(0) = I (the identity operator), and T'(t + s) = T'(t)T(s) for
all t,s > 0.

e Strong continuity: For every x € X, the map ¢ — T'(¢)z is continuous from [0, c0) to

X.

14



Semigroups arise naturally in the study of evolution equations of the form

d
d—? = Au, u(0) = uy,
where A is a (possibly unbounded) linear operator on X. When A generates a Cy-semigroup

{T'(t)}, the unique mild solution is given by

This framework provides a powerful analytic tool in the theory of linear partial differential
equations, particularly parabolic problems like the heat equation. It also underpins probabilistic
representations such as the Feynman—Kac formula. For instance, given a self-adjoint operator
A generating a semigroup and a potential term V' (z), the perturbed operator A + V(x) may
still define a well-behaved evolution via semigroup theory, with probabilistic interpretations
through stochastic processes.

For a detailed treatment of semigroup theory and its applications to PDEs and stochastic

analysis, see [32] Chapters 1,4 and 5 or [7] Chapter 4.

1.2.6 Feynman—Kac Modeling and Applications

The Feynman—Kac formula establishes a deep connection between partial differential equations
(PDEs), stochastic processes, and variational modeling. It provides a probabilistic representa-
tion of solutions to a class of linear parabolic PDEs, transforming deterministic problems into
expectations over stochastic trajectories. This connection offers both theoretical insights and

practical computational methods, particularly in physics, finance, and mathematical biology.

Mathematical Structure

Let {X:}:+>0 be a stochastic process with generator £, for example, Brownian motion with

L = 1A. Then, the solution u(z,t) to the parabolic PDE

% =Lu+V(z)u, u(x,0)=ug(x),

15



admits the representation

u(z,t) =E, [efot V(Xs)ds uo(X4)|

where [E, denotes the expectation over paths of X; starting at X, = .

This formula highlights the role of semigroups in stochastic analysis, with u(z,t) = Tyug(x)
where T} is the Feynman—Kac semigroup associated to the operator L+V. It also plays a central
role in infinite-dimensional stochastic models, such as those used in financial mathematics and
quantum field theory.

For detailed expositions and applications of the Feynman—Kac formula, see [23] Chapter 5

and [41].

Modeling Philosophy

In modeling terms, this representation allows one to interpret deterministic PDE evolution
as the averaged behavior of a particle undergoing random motion (diffusion or jumps) while
accumulating energy or cost dictated by the potential V' (z). This leads to a probabilistic

understanding of:

e Diffusion: Governed by the operator £ (e.g., local Laplacian or nonlocal fractional

Laplacian).
e Energy Landscape: Encoded via the potential V (z).

e Terminal Reward: Given by uy(X;), interpreted as a payoff or boundary value.

Applications

e Phase Transitions: In Allen—Cahn-type equations and diffuse interface models, Feynman—

Kac captures the stochastic dynamics of interfaces under potential-driven forces and noise.

e Fractional PDEs: When £ = —(—A)?*, the associated process is a symmetric 2s-stable

Lévy process. This is crucial in modeling long-range interactions and anomalous diffusion.

16



e Finance: Used extensively in derivative pricing, such as the Black—Scholes model, where

asset prices follow geometric Brownian motion.

e Statistical Mechanics and Quantum Theory: The path integral formulation for
ground states, partition functions, and quantum observables often relies on Feynman—

Kac structures.

Connection to Variational Methods

Although derived for linear equations, the Feynman—Kac structure is philosophically aligned
with variational modeling: it emphasizes paths that minimize accumulated cost (akin to action
minimization), provides Gibbs-type weightings, and connects to large deviations and metasta-
bility theory. It also offers a natural route to stochastic simulation methods, such as Monte

Carlo techniques, for solving PDEs and exploring energy landscapes.

17



1.3 Novel Contributions

To the best of the author’s knowledge, this is the first work to establish a full density estimate
for vector-valued minimizers in the fractional energy setting. While the scalar case is well un-
derstood, the vectorial regime presents significant challenges due to the absence of a maximum
principle and the geometric complexity of the set W = 0. A central novelty of this thesis lies
in the adaptation and application of a maximum principle for nonlocal vector-valued systems
(see also Alikakos work in [3], Chapter 4), which provides a crucial replacement for scalar tools
and plays a key role in the analysis of interfaces.

Technically, the approach builds on the polar decomposition method developed in the lo-
cal setting (see [2], Section 2.2), extending it to the nonlocal case where angular and radial
components must be carefully disentangled due to long-range interactions. Moreover, a barrier
construction—adapted from the scalar case in Savin and Valdinoci Lemma 3.1 in [38]—is in-
corporated into the vectorial framework to overcome the lack of comparison principles. These
tools, in combination, enable the derivation of quantitative density estimates and offer new
perspectives for analyzing nonlocal systems with multiple competing phases.

The structure of the thesis is as follows. Chapter 2 presents the essential preliminary
material and foundational estimates, including the polar form of the energy and upper bounds
that will be used throughout the analysis. Chapter 3 is devoted to establishing a maximum
principle for the system, which plays a critical role in understanding qualitative properties of
solutions. In Chapter 4, we develop refined density estimates, which are central to the study
of interfaces and regularity phenomena in nonlocal variational problems. Each chapter builds
on the previous one while remaining as self-contained as possible, aiming to balance technical

depth with conceptual insight.

18



Chapter 2

Basic Facts

In this chapter, we introduce the polar decomposition of a vector-valued function u : € C
R™ — R™, following the approach developed in the local setting (see [2], Section 2.2). This
decomposition plays a central role throughout the thesis, serving as a foundational tool in the
analysis and facilitating the proofs of nearly all major results in this and subsequent chapters.
We conclude the chapter by establishing the first significant estimate: an upper bound for the

nonlocal energy functional

J(u: Q) = %//Rzn\(ﬂcmc)Mdzdy—i—/ﬁW(u(@)dm, sc(01),  (21)

’.T _y’n+2s

in analogy with the classical (local) case.

2.1 The polar form representation and its properties

The polar form for vector valued functions u : Q2 C R™ — R™, is defined as

19



Mo i u(e) £ o,

n(zx) =

0, if u(x) =a,

where ¢* : 2 C R™ — R, is the polar part and n : ) C R® — R™ is the angular part of u.
The polar form decomposition of the function u allows for a convenient decomposition of

the energy functional Jg into a radial and a polar part.
Lemma 2.1.1. The nonlocal energy functional Jo can be decomposed as
T (0, Q) = T, Q) + T (u, ) () + TP (1, Q) u),

where J(u, ) and J%(u, ) denote the radial and angular parts of the kinetic energy, respec-

tiely, and JP(u, Q) is the potential energy, namely
2
1 (¢“(=) — ¢"(v))
J(u, Q2 ::—// dx d
(1, ) 2 JJrem\(@exqey T —y[mtEE Y
1
=3 qu(Q7 Q) + qu<QJ QC>7

2
o _ ¢“(z)g"(y) (1 —n"(x) - n"(y))
J(u, Q) = //R%\(chgc) dx dy,

|z —y[rt?

TP (u, Q) = /Q W (u) da.

Note that J*(u,) > 0 on account of the Cauchy-Schwartz inequality.

20



Proof. For any z,y € R*™ \ (¢ x Q°), it holds that

u(z) —u(y)® = |(u(z) - a) — (uly) — a)|?
= [(u(@) = a) = (u(y) — a)] - [(u(z) — a) = (u(y) — a)]
= [u(z) — af* + |u(y) — a* = 2 (u(z) — a) - (u(y) — a)
= (¢"(2))* + (¢“(y))* = 2¢"(x)g"(y) n*(2) - n"(y)
= (¢"(z) = ¢"(v))* + 2¢"(x)g" (y) (1 — n"(2) - n"(y)).

and the result follows by integration. O

The following lemma allows one to obtain appropriate modifications of a vector field which

may be useful for comparison purposes.

Lemma 2.1.2 (Polar form). Let v € W*P(A;R™) and consider f : R — Ry of the form
f(s) = sg(s), where g : R — [0,1] is a Lipschitz functionf] (the case g(s) = 1 included).

Define u(z) := a+ (f o p)(z)n(z) = a + p(x), where we use the notation p(x) = f(p(z)).
Then, for every x,y it holds that

la(z) — aly)* = |p(z) — ply) . (2:2)
Moreover, for every x,y it holds that

a(z) — a(y)* < |u(z) —uly)]*. (2.3)
The above imply that for any suitable A, B C R™ it holds that

Ly(u; A, B) < Ir(u; A, B). (2.4)

where, in this proof we use the notation

I(w; A, B) ;:/ @) = w@)P ) o

alp |z —y[rrer

for w e WP(A;R™)
L f defined like that is a Lipschitz function of Lipschitz constant Lip(f) < 1.
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Proof. We note the following identity
ja(z) — a(y)|* = [(@(z) — a) — (aly) — a] - [(@(z) — a) = (aly) — a)]
= |a(z) — af* + |a(y) — a* = 2(a(x) — a) - (a(y) — a)
= (p(2)* = p(y))* - 2p(2)p(y)n(x) - n(y)
= (p(z) = p(y))* + 2p(x)p(y)[1 — n(x) - n(y)].
Then, we immediately deduce from that
[a(z) — a(y)* = |p(x) — ply)?

which is (2.2). Moreover, (using the notation p(x) = f(p(z))) we have from ({2.5)) that

[a(z) —a(y)]* = £ (p(x)) = FleW)I* + 2f (o) f (p(y)[1 — n(x) - n(y)]

< |p(x) — p(y)* + 20(x)p(y)[1 — n(z) - n(y)] = |u(z) — u(y)

with the inequality on the second line coming from the fact that f is a contraction (the Lipschitz
constant < 1).

Finally from the above calculation

[a(z) — a(y)]* < Ju(z) —u(y),
and by integrating both sides we get

/ Mdmdy < / Mdazdy

‘Z’ _ y‘n+2s |£B _ y|n+25

and so,

This proves (2.3)). O

Lemma 2.1.3 (Minimality of J%(u,Q2) + JP(u,Q)). Let u = a + ¢“n" be a minimizer and let
v =a+ q¢"n" be such that ¢* < q" with ¢"* = q" on Q°. Then,

J(u, Q) + JP(u, ) < J%v,Q) + JP(v,Q).
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Proof. Note that v is well defined since ¢”(z) = 0 when ¢“(z) = 0. Actually v is in the same
Sobolev class as u.

By minimality of u,
J(u, 2) < J(v,Q).

Using the decomposition of Lemma we have that

1 “Q. Q) 4 JP(y (¢"(2)q"(y) (A — n"(x) - n*(y))
O+ r@e) e [ [ P drdy
<L ) 4 J(v, (¢"(2)g"(y)) (A — n*(z) -n*(y))
< S0 (9.0) + " (Q.0) + 0, D) + //R\ o P ddy,

which is rearranged as
1
q“(Q,Q) + ¢“(Q,9° + JP(u, Q) — (5(]”(9, Q) + ¢ (2, Q°) + JP(v, Q))
/ [ @a°(9) = a"@a" )0 = (@) n" @),
R2n\ (Q€ xQ°)

’.CL’ _ y’n+2$

since ¢¥ < ¢* and 1 —n"(x) - n*(y)) > 0. Recalling the definition of J¢(u,?) and J¢(v, Q) the

result follows. O

2.2 The upper bound of the energy

In this section, we estimate an upper bound for the energy functional by applying the polar
representation of the minimizer u. We begin by highlighting the analogue of this result in
the classical local scalar case, specifically Lemma 1 in [I3]. The extension to the local vector-
valued setting is addressed in [2, Lemma 5.1], where a suitable adaptation is made using polar
decomposition. Our goal is to carry out a similar strategy in the fractional (nonlocal) setting

for general s € (0,1). We recall the local vector case:

Theorem 2.2.1. For the local system
Au— Wy (u) =0
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let w be a minimal solution of the system in Br(xy). Under the same assumptions as in our

case, for the potential W, and furthermore

u(z) —al <0,

|V u(z) < M
it holds
JBR(mO)(u) < CR"!

for a constant C that depends on W and M (the upper bound of the minimizer u(z)) and for
R > 0.

Now, we prove the analog theorem for our case:

Theorem 2.2.2 (Upper bound). Let u be a minimizer in Brio. Then

1
J?(u, Bg) + J*(u, Br) = §QU(BR, Br) +¢"(Br,Bg) + | W(u)dx

Br
CR™'  if se€(1/2,1)
<VY(R) = CR*'InR if s=1/2
CR"2  if s€(0,1/2)

for an appropriate constant C independent of R.
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Remark 2.2.3. We observe that the case 1/2 < s < 1, yields the same result as in the classical
case. This is not surprising, while s — 1 we are expecting that the operators (—A)*() and A()

exhibit similar properties

Remark 2.2.4. In particular the fundamental estimate along with the positivity of the poten-

tial yields the bounds [ 0, ,oq W(wde < V(R) and [5 0, ..o W(w)dz < ¥(R).

Proof. We break the proof in 7 steps.

Step 1. Express the minimizer u in polar form as u = a + ¢“n". Let |[u||po(B,.,) < M, and

Bry2

construct the following comparison functions

¢“(z) = M min{(|z| — R — 1), 1}
U =a+qg"n",

v=a+¢n" ¢ =min{¢",q"}.

Clearly by construction ¢¥ = 0 in Br,1, so that ¢ = a in Br,, while v = u in B% .5, so that v

and u coincide on the complement of Bgys. Hence since v is a minimizer in Bgr,o we have that
J(u, Bry2) < J(v, Bria)
Moreover, by Lemma [2.1.3 it holds that
J(u, Brya) + JP(u, Brya) < J°(v, Brya) + JP(v, Brya). (2.6)
Step 2. We claim that we may estimate J¢(u, Br) + J?(u, Bg) in terms of
Jg(uu BR) + Jp(ua BR) < JQ(W BR+2) + Jp(¢a BR+2) + qu(BR7 Bf{+1)‘ (2‘7)

All 3 terms on the RHS of the above inequality can be easily estimated, the first two do not
involve the minimizer and are only expressed in terms of the known test function v, while the
third one concerns the radial kinetic energy over two disconnected sets so that it can be easily

controlled by the L* a priori bounds of the minimizer.
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To show claim we work as follows:
J2(u, Br) + J*(u, Bp) — %q“(BR, B) +" (B, B3) + | Wi
= %QU(BR, Bgr) + ¢"(Br, Brt1 \ Br)
+q"(Br, Bp1) + ; W (u)dx
R

1
< 54"(Br, Br) + ¢"(Br, Br+1 \ Br) + 54" (Bry1 \ Br, Bruy \ Br) (2.8)

N | —

+q"(Br, Bgy1) + W (u)dx

Bgr

1
= §qu(BR+1, Bry1) +q"(Br, Bpyy) + W (u)dx

Br
1
< équ(BR+17 Bpi1) + W (u)dx + ¢"(Bgr, Bp).
Bri1
We now claim that
1
§QU(BR+1aBR+1) + W (u)dx < J°(1), Brio) + JP(¢, Bryo)
Br+1
1 (2.9)
= §qw(BR+2a Bri2) + ¢¥(Bri2, Biyo) + W(i)dx.
BRry2

Combining ([2.8]) with (2.9) will immediately lead to the estimate (2.7)). So it suffices to show

9)
Step 3. Proof of (2.9). To show ([2.9) we need to use the minimality of u in Bg,s and in
particular (2.6). In order to estimate the LHS of (2.9)), which involves the minimizer u in Bry

by a quantity which involves only the test function ¢) in Bgr,o, we will define the set
A= {2z € Bpyy : ¢“(z) =q% ()}, Bry1 C AC Bryo.
By the definitions of ¢* = min{q“, ¢¥}, and v, we have that

¢¥, on A, Y, on A,

q’ = and v =

(2.10)
q* on Bgia\ A, u on Bpgryo\ A
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Using the decomposition Brio = AU (Brya \ A) , we write

1
J®(u, Bri2) + J”(u, Bri2) = §qu(BR+2, Bri2) + ¢"(Brs2, Brio) + W (u)dz

Bry2

1 1
= §qu(A, A) + gu(Aa BR+2 \ A)J—i_équ(BR-f—Q \ A’ BR+2 \ A)

+¢"(A, Bgys) +¢"(Bry2 \ A, Bi,o) + / W (u)dz + / Wi(u)dz  (2.11)
— A Bri2\A

1 1
= §q“(A, A)+q“ (A A°) + iq“(BR+g \ A, B2 \ A)

+¢"(Bry2 \ A, Bj o) + / W(u)dx + / W(u)dz.
A Bry2\A
We perform the same decomposition for v, which yields

J?(v, Bry2) + J*(v, Bry2)

1 1
= §qv(A7 A) 4 q" (A A%) + §Q”(BR+2 \ A, Bria \ A)+

q"(Bry2 \ A, Bp o) + / W(v)dx + / W (v)dz (2.12)
A Brt2\A

1 1
= §q¢(A7 A) + qv(A’ AC) + §qu<BR+2 \ A7 BR+2 \ A)

" (Bras \ A, Bly,) + / W ()dz + / W (u)da,
A Bri2\A

where we also used (2.10)).
Using ([2.6) and (2.11))-(2.12)) we see that

0< (JQ(?% BR+2) + JP(v, BR+2)) - (JQ(U, BR+2) + Jp(u’ BR+2))

1

) (2.13)
= S0 ) = S0 (A A) + (A AY g (A ) + [ (W) = Wla))da,
—— A

which is almost the required inequality (2.9) except for the underbraced term, and the fact that
the required quantities are on A rather than on Br,.

To control the term ¢”(A, A¢), note that for any x € A, y € A°,
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so that

¢"(z) — ¢"(y) < q"(x) — ¢“(v),

¢"(y) = ¢"(z) < ¢°(y) — ¢’ (x),
which in turn implies
4" (2) = ¢"(y)] < max{[q"(z) — ¢" (W), [¢" (=) — 4" ()]}
and upon squaring (and fortifying the resulting inequality)
l4°(x) = ¢"(W)* < lg"(2) — ¢"W)I* + 1" (2) — ¢* (y)[*-
We divide by the singular kernel and integrate over all z € A, y € A° to obtain
q' (A, A°) < q“(A, A9) 4 ¢ (A, A°). (2.14)

Combining (2.13) with (2.14) we conclude that

éq“@LfQ—%jCVVOdefg%qw@4w4)+1ﬁ(A,Aﬂ—%]QVV@de

Since Bry1 C A C Brys we easily see that

1
équ(BR—l—h Bry1) + W(u)dz
Bry1
“(A,A) + /W §(Am+qucl/W
1
5 ¢’ (Bry2, Bri2) + 4 (Bry1, Biyy) + W (y)dz,

Bry2
which is the required estimate (2.9)).
Having established the estimate ([2.7)),

‘]g(ua BR) + Jp(u, BR) S JQ<1/}7 BR+2) + Jp(wa BR+2) + qu(BR> BIC%—Q—l)a

we strive to establish bounds for each of two terms J°(, Bry2)+JP (¢, Bry2) and ¢*(Bg, Bg,4)

separately.
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We will show that both terms can be estimated in terms of integrals of the function
d(x) = max{(R + 1 — [x[), 1},

over the balls Bi and Brys.

Step 4. We start by estimating the last term and claim that

q“(Br, B§y1) < C [ d(z) *dz. (2.15)

Br
Note that when x € Br and y € Bf,, we have that

2l =z =yl > [yl = || = R+ 1 =[] = d(2). (2.16)

Since u is bounded, so is ¢* so that

e L.,
“(Bp, BS C deay < ©
# Bisa) /BR/ |$— |"Jr2 Y Br

R+1

|£B _ |n+23 dl’dy
R+1

z:x—é- C/ dl‘/ ‘Z‘f(n+23)dz
Br |2|=lz—y|>d(z)
1 d.
polar coor / dm/ ~(n+28) 1
Bgr

= C’”/ d(x)”*dw,
Br
which upon redefining the constant is (2.15]).

Step 5. We now estimate J2(¢, Bryo) and show that
J2(t, Brsa) < / d(z) 2 () = / d(z) 2 de + / d2)2de (217)
Bpr+2 Br Br+2\Br
§/ d(x)"*dx + CR"*.
Br
Indeed,

1
Je(, Bryo) = §qw(BR+2> Bri2) + ¢¥(Brs2, Biys) < ¢¥(Bry2, Braz) + qw<BR+27 Bpris)

Y(x) — ¢¥(
m) q q
BR+27R / / | — n+28)| dzdy
Bryo JR? |z =y

P _ Y P _ Y 2
:/ {/ C) ?H(;s/)l dy+/ |¢" () (L(QZ)' dy}
Bres oyl<d@) 17— Yl e—y>d@) 1T =Yl
(2.18)
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We now estimate each term in the inner integral in (2.18) separately in terms of the function
d(x). The second inner integral is well behaved since |x — y| is bounded away from zero. In

fact, since ¢¥ is bounded,

Uy — a ()2 1
/ " (z) ‘ifif)' dygc/ ——dy
o—ylzdz) T — Y jo—y|>d(x) [T = Y

— Cl/ p—n—QSpn—ldp — C”d(JT)_QS.
d(x)

(2.19)

The estimate of the first term in the inner integral in (2.18) is more delicate as |x — y| may
become 0. For that we need to obtain a Lipschitz like estimate for ¢¥ for |z — y| < d(z). We

claim that

[z — 9
g% (z) — ¢*(y)| < M i) for |z —y| < d(x). (2:20)

This easy to see that if || < R then

Yl = |z —y +a| <z —y[+ |z <dz) + |z < R+1

so that ¢¥(z) = ¢¥(y) = 0 and (2.20)) holds trivially. If |#| > R, then d(z) = 1 and (2.20)) holds
since ¢¥ by construction is a Lipschitz function of Lipschitz constant M. Using (2.20) we have

that ) )
¥ (x) —¢" WP, _ C |z =y
n+2s dy - d 2 n+2s dy
e-yi<d) |2 =Yl (@) Syl |7 =yl
R (2.21)
— —n—2s5+2 nfld — C//d 725.
e /0 p p"dp (x)
Combining (2.19) and (2.21]) with (2.18) we have (redefining constants)
1
J(Y, Brya) = §qw(BR+2, Brys) + q¥(Bri2, Bys) < C/ d(x)"*da, (2.22)
BRry2

which is the first inequality in (2.17). Since d(z) = 1 in Bri2 \ Br we can see that
/ d(I)_QSd.I S |BR+2 \ BR| S CRn_l,
Bpr+2

and ([2.17)) follows.
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Step 6 We can similarly estimate the potential term

2B = [ wWwde= [ W+ [ W ()da
Bgri2 Bri1 Br+2\Br+1
_ / W()de < C'|Brys \ Bpoa| < CR"™, (2.23)
Br4+2\BRr+1

where we used the fact that in Brys \ Bri1, ¥ = a and W(a) = 0.
Combining (2.17) with (2.23)) we obtain the estimate

JQ(ID, BR+2) + Jp<'¢, BR+2) + q“(BR, B;%Ll) < O/ d(x)_2sdx + CRn_l,

Br

for a suitable constant C', so that by the estimate ([2.7) we have that

J(u, Bg) + JP(u, Bg) < C / d(z)"*dx + CR". (2.24)
Br

Step 7. As the final step we estimate the integral [, d(z)™**dz.
By the definition of d(z) = R+ 1 — |z| in Bg we see that

R
/ d(z)"*dx = / (R+1—|z|) *dz = C’/ (R+1—p)2p" dp
Br Br 0

177
t=P/g%+1) C'(R i 1)n2s/ et tnfl(l _ t)stdt (2.25)
0

I
R+1

<CR+1)" /01 (1—t)*dt < (R+1)""*®(R),
where
C if se(0,3)
®(R):=q ClnR if s=3,
CR*™' if se(3,1)
We define U(R) = (R + 1)" 2*®(R).
Combining with and since for any s € (0,1), it holds that R"~' < C"¥(R) for
a suitable constant C’ we have upon redefining constants that

JQ(U,BR) =+ Jp(U,BR) S \II(R),

which is the required result. O
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Chapter 3

A Maximum Principle

3.1 Introduction

Counsider the nonlocal functional

(z) — u(y)]” /
————dzdy+ | W(u s € (0,1), 3.1
//R?"\ (A x A¢) \:U—y\"“s o1 31)

among all functions u : A C R" — R™, such that u € W*2?(A; R™), with u = ¢ (given) on R™\ 4,
for a given open bounded set A C R™, where |-| denotes the Euclidean distance (in R™ or R™) and
W :R™ — Ris a continuous non negative potential with a € {WW = 0}, satisfying the hypothesis
Irg>0,: VEER™ €] =1 (0,r0] 7+ W(a+ rf),is non decreasing, with W (a + ro§) > 0.

We would like to allow solutions of
(—A)Yu = —-W,(u), (3.2)

which are defined in an open set O C R"”, generally bounded, with @ = R™ an option, and which
are minimizers in the sense that they minimize, for each A C O, open, bounded, Lipschitz, the

energy J, among all test functions v with v = v on A¢:

Definition 3.1.1. The map u € VVlf)cz(O R™) is called a minimizer of the non-local functional

J4, in the sense of De Giorgi if J4(u) < Ja(v) for any v = v on A, for all A open, bounded,
Lipschitz with A C O.
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Clearly, if O is open, bounded, Lipschitz, then the notion of minimizer in the sense of De
Giorgi coincides with the usual definition of minimizer. This concept is particularly useful for
O = R", where it is often the case that the functional becomes infinite for the object of interest.

We recall that (—A)® is the fractional Laplacian operator defined (up to a constant C'(n, s))
by

(CAYul(e) — PV ( [ u(@) — u(y) dy) = e ) + ule —y) = 2u@)

R n

n o=yt 2 Jy|+ee

for s € (0,1).

We will show the following maximum principle for minimizers of the non-local functional J4:

Theorem 3.1.2. Let A C R™ be open bounded and with Lipschitz boundary, v € W*2(A; R™)N
L>®(A;R™), s > 1/2, be a minimizer of J4 and a € {W = 0}
Assume that |v(z) —a| <7 on AU A, for 0 < 2r <rq. Then,

(i) |v(x) —a|l <r on A.

(i1) If moreover, u — W, (u) is Lipschitz, and |v(Z) — a| = r at an interior point & € A, then

v(x) = const in the connected component of T in A.

We note that this is a different from the usual maximum principle in major ways. First the
usual maximum principle is a calculus fact and applies to all solutions, not just to minimizers,

while the theorem above does not even apply to local minimizers as noted in [30].

3.2 Some useful lemmas

We recall the definition of the fractional Sobolev space W*P(A;R), s € (0,1), consisting of
functions v : A — R such that the Gagliardo seminorm
_ p 1/2
[, = (/ u(z) U(f/)’ dxdy) o,
aJa |z—ylrrer
where | - | is the Euclidean norm in R”. This space can be turned into a Banach space with

the norm [|ulwsrcay = (lull7ma) + [u]?,)!/?, and has a Hilbert space structure if p = 2. For
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detailed information concerning fractional Sobolev spaces and their properties see e.g. [I§].
The corresponding fractional Sobolev spaces for vector valued functions u : R® — R™ can be
defined similarly, replacing the absolute value in the numerator of the Gagliardo seminorm by
the Euclidean norm in R™.

We will use the following simplified notation. For any u € W*P(A;R™) N W*P(B;R™),
define

_ P
I,(u; A, B) == / Mdmdy,
alJp |z =yt

where by | - | we denote the Euclidian distance on R™ or R™ depending on the context. In case

A = B this quantity coincides with the Gagliardo seminorm. We will focus here on the case

p=2.

3.2.1 The minimization problem and weak formulation of the non-

local system

In this section we briefly recall some information concerning the minimization problem (|4.2])
and its connection with weak solutions of the nonlocal elliptic system ((3.2)).

We first note that by symmetry the functional J4 admits the equivalent form

JA(u):%L/A A|“|EC)_ |n(+28‘2dxdy+ // - ’n+2s|2dxdy+/AW(u(x))dx.

The first two terms correspond to a nonlocal version of the kinetic energy, henceforth denoted by
Jg) whereas the last term corresponds to the potential energy, henceforth denoted by J#(u, ).

Assume sufficient smoothness of the potential W. By perturbing u to u+ ev, where v is any
function in W#%?(A), vanishing on A® we see that

1(JA(u+ev // )- () _U(y))da:dy—i—

W—M”%

o [ [ O vy + / W (ue)o (e + Ofe).

M—M“%
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which by the properties of v becomes

Lo u(y) - (vox) ~v(w))
 (alue) - // ey ey

/ﬁv (x)dx 4+ O(e).

Since u is a minimum, taking the above in the limit as e — 0 for any arbitrary v in W*2?(A; R™),

vanishing on A€, we conclude that a minimizer is a solution of

) - (v(x) —v(y)) B
// |a: — y|ntes dxdy + AWu(u(x))v(x)dx =0,
Vv e W2(A;R™), v =0 on A°

which is the weak form of ([3.2)).

A more detailed derivation of the above, follows:

Lemma 3.2.1 (First variation with C™! potential). Let A C R™ be open, s € (0,1), and for

u: R* — R™ set

y)|? // Ju(z) —u(y)* /
dx dy dx d d .
//AXA |$— |"+28 T3 Ax Ac |$— |"Jr2 y+ [ Wi@)de

Fiz w € WS(R™;R™) and v € H3(A;R™) (so v =0 on A°), and set u. := u + ev. Assume
W e CLYR™) on a neighborhood of the segment {u +tev : t € [0,1]}. Then for every e,

loc

JA(ug - // uw) - (@) =v@) 44 (3.3)

M—M“%

// |x_yfi)325 ) gy [ Watuta) vy dr + R

v(z) — v
R <Ce //R%n’ & |n(+28 didy + o)) (3.4)

with C' > 0 depending only on n,s and on a local Lipschitz constant of VW along the above

where

segment. In particular, letting e — 0 in (3.3)) yields the first variation formula.

Moreover, since v =0 on A°, one may rewrite the kinetic contribution in whole-space form:

YR RS N
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and therefore

. Ja(u + ev) //RnXRn —u(y)) - (v(z) —v(y)) de dy—l—/AWu(u) v dr.

e—0 € |z — y|nt2s

Proof. For the kinetic part over A x A, expand the square:

H —w ) — Jule) — uly)2) —E u) (o) — o)
[ et el = o) - ) S < L [ LD WD 20,

v(@) —v(y))?
dx dy.
//AXA |:L' - y|n+28
For the kinetic part over A x A€, since v(y) = 0 for y € A€,

- us(x) —u 2 u(x) — u(y)]? du dy u(y)) - v(x) N
L] ) — o = ) —utp) o~ [ |x_ e dody

dx dy.
//AXAC \55—?!‘7”23 e

For the potential, Taylor’s theorem (mean value form) gives

2

W(u+ev)=W(u)+eWy(u) v+ % 0" W (u + 02v)v, 0 =0(x,e) € (0,1),

hence

1

E/A(W(quav) — W) dz = /AWU(U) .de+%/AvTWw(u+«9<ev)vdx.

If ||Wyu|l < L along the segment {u +tev : t € [0, 1]}, then
= [ oW vdd] < ol
5 AU uu vaxr (% L2(A)
Collecting the three contributions yields (3.3|) with

IR.| < // [v( |2dd+ // dd+L|| 12
= y v 2 9
4)Jaxa |x—y|"+25 Ax Ac |$— |"+25 LA

which implies (3.4)) (using the zero extension of v to identify the full H*-seminorm). Letting
e — 0 gives the first variation formula. The whole-space rewriting follows from symmetry of

the kernel and v = 0 on A°. O]
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Remark 3.2.2. Note that when u is regular enough then

// ) —uly y‘(g(i)—v( >>dxdy— Pv/n /n y’nZ% (x)dxdy+

- / (CAruedy = [ (A ul) - ola)d,

where we used the symmetry of the kernel. This brings the weak form (3.6) into a more habitual

form used for local operators (see e.g. [34] or [30]).

Up to a multiplication of the kinetic energy by an appropriate constant, a suitable re-
definition of the scaling constant in front of the fractional Laplacian and the potential we may

consider the following simple form for the energy functional as

—u(y 2
//RQ,L\ (4 x A4°) ‘w)_ ‘n<+22’ dxdy+/W z))dz, s € (0,1),

whose minimizers in the sense of De Giorgi for sufficiently smooth potentials satisfy the nonlocal

elliptic system,
(—A)Yu = -W,(u), (3.5)

with prescribed behaviour u = g on A€, with weak form

) - (v(z) = v(y)) _
// y|n+2s dxdy+[4Wu(u(x))v(x)dx =0,
Vo e W2(A;R™), v =0 on A°

where by rescaling we omit the factor 1/2 in the weak form.

Corollary 3.2.3 (Weak Euler-Lagrange equation). If u is a minimizer of Js with exterior

condition on A°, then for allv e H{(A;R™),
R" xR" A

|£L’ _ y|n+25

i.e. (—A)u + Wu(u) = 0 in A in the distributional sense (with the normalization consistent

with J4), and u attains the prescribed data on A°.
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3.2.2 A weak maximum principle for the scalar fractional Laplacian
The following weak maximum principle holds for the fractional Laplacian.

Lemma 3.2.4 (Lemma 4.6 [30]). Let v € W#2(A) satisfy (—A)*v < 0 in the weak sense, with
v<0imR"\ A. Then, v <0 in R".

This can be extended for the operator (—A)* 4+ ¢*I. The extension is straightforward, we

provide the proof for completeness and for the ease of the reader.

Lemma 3.2.5. Let v € W5%(A) satisfy (—A)*v + v < 0 in the weak sense, with v < 0 in
R™\ A. Then, v <0 in R".

Proof. The weak form of the inequality is

[ [ D b0 o [ ssean <

va — y[rr

for any test function ¥ € W2(A), ¢ > 0 with ¢» = 0 on R™ \ A, (see Remark [3.2.2] with ¢?
possibly replaced by 2¢?, which is immaterial for the argument here). Using as test function

v™ and the simplified notation
) —
o= [ [ RO =S ey, ol = Vol

and (-,-) for the standard L? inner product with ||v|| = v/(v,v), we express the weak form as

(v,v7)s + v, vT) <0. (3.6)
Express v = vt — v~ and note that
(v, v7)s +02/ v(@)ot(z)dr = [[v*|3 - <U_7 s +02||v+7v+||2 —(v",v7)

= otz + o [ DI B,

!13 —yl"
o2 + Aot 17,

since vTv~ = 0 and v*(z)v~(y) > 0. Combining this estimate with (3.6) yields the required
result. O
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3.2.3 A polar form representation and its properties

We will also use the following representation for vector valued functions u : @ C R* — R™,

u(z) = a+ |u(x) — an(x),

p(z) = |u(z) — al,
‘Zg Z‘ if wu(zr) #
0, if u(zr) =

n(z) =

where p : 2 C R" — R, is the polar part and n : 2 C R” — R™ is the angular part of u. One

can easily see that for all suitable x,y

[u(z) —u)* = lp(x) — p)I* + 2p(2)p(y)(1 — n(z) - n(y)) > |p(z) — p(y)I*, (3.7)

where we used the Cauchy-Schwarz inequality n(z) - n(y) < 1.
The following lemma allows one to obtain appropriate modifications of a vector field which

may be useful for comparison purposes.

Lemma 3.2.6 (Polar form). Let u € W*P(A;R™) and consider f : R — Ry of the form
f(s) = sg(s), where g : R — [0,1] is a Lipschitz functio] (the case g(s) =1 included).

Define u(z) = a+ (f o p)(z)n(z) = a + p(x), where we use the notation p(x) = f(p(x)).
Then, for every x,y it holds that

la(z) —a(y)* > |p(z) — p(y)I*. (3.8)
Moreover, for every xz,y it holds that

ja(z) — a(y)* < |u(z) — u(y)]*. (3.9)
The above imply that for any suitable A, B C R™ it holds that

1 f defined like that is a Lipschitz function of Lipschitz constant Lip(f) < 1.
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Proof. We note the following identity

(3.10)
= (p(x)? = p(y))* — 2p(x)ply)n(z) - n(y)

= (p(=) = p(y))* + 2p(2)p(y)[1 — n(z) - n(y)].

Then, we immediately deduce from ((3.10)) that
[a(z) — a(y)* = |p(x) — ply)?
which is (3.8). Moreover, (using the notation p(z) = f(p(z))) we have from (3.10]) that

[a(z) — a(y)]* = £ (p(x)) = FleW))I* + 2f (o) f (p(y)[1 — n(x) - n(y)]

< |p(x) — p(y)* + 20(x)p(y)[1 — n(z) - n(y)] = |u(z) — u(y)

with the inequality on the second line coming from the fact that f is a contraction. This proves

B9).

The last claim follows easily from the above upon integration. O]

3.3 A “continuity” lemma for functions in fractional Sobolev
spaces

In the fractional framework the statement “f < 7 on OA” is not automatic for f € W#2(A),
and it becomes meaningful only once a trace is available. When s > % and 0A is Lipschitz,
the trace operator Tr : W*2(A) — W*=22(9A) is well defined and continuous, hence boundary
inequalities can be imposed in a rigorous way and are stable under the truncations used below.
The content of Lemma is then a simple but crucial “no-jump” property: if a function
is bounded by 7 on the boundary and exceeds a larger level § on a set of positive measure
inside, it must also occupy the intermediate strip {# < f < §} on a set of positive measure.

Equivalently, for s > % true step—function transitions across a codimension-one interface are

40



excluded in connected domains, so one cannot jump from the boundary level directly to a higher
interior level without paying infinite fractional seminorm.
We provide a “continuity” lemma for functions in fractional Sobolev spaces in the spirit of

the corresponding result for functions in W1?(A) provided in Lemma 4.1 in [3].

Lemma 3.3.1 (Continuity of functions in fractional Sobolev spaces). Let A C R™ be an open,
bounded, and connected domain with Lipschitz boundary and assume that f € W2(A;R),
s > 1/2, satisfies

f <7 ondA,
(3.11)
|AN{s < f}| >0 for some 7 < §.

Then |[AN{r < f < §}| > 0.

Proof. In order to show this result we need to recall two basic facts. The first one is a trace
result (see e.g. Theorem 9.2.1 [I]), according to which if s > 1/2 and A is as above, then
the trace map W*%(A;R) — W 1/22(9A;R) is bounded and linear (hence continuous). The
second fact is that if v belongs to W*?(A;R), 2s' > 1, then v is constant. This follows from
the basic fact

/ / | B +1)|dxdy < 0o = f = constant,
BrJBr 1T Y

where Br = {z € R" | || < R}, together with the connectedness of A. We refer to Proposition
1 in [11].
Following [3] (see Lemma 4.3) we define 3 distinct sets
El :Aﬂ{f S f},
FEs :Aﬂ{f<f§§},
Our aim is to prove that under the conditions above, |Es| > 0.
We also introduce the cutoff functions
flz) x € By U Es,

o(s):=
S T e Eg,

41



and

7 S E17
7(s) = f(x) x€ By,
S T € Eg,

Suppose on the contrary that |E,| = 0. This implies that 7 is a step function, and since by
construction 7 € W*2(A;R) - by the second basic fact in the beginning of the proof - 7 is a

constant, which is in contradiction with # < §. Hence |E3| > 0. The proof is complete. ]

Remark 3.3.2. We note that W2(A,R), 2s < 1, A as above does support step functions.
This suggests that the hypotheses in the replacement lemma are optimal. Indeed it is easily

checked that

dxd
// Y <o, g<n-+1, (3.12)
E Q\Elaﬁ—y!"

for any smooth E C €2, Q C R", connected and bounded. To see this verify (3.12)) for n = 1
and then construct examples in higher dimensions by splitting a connected smooth set with a

co-dimension 1 flat interface [11].

Remark 3.3.3. Using Theorem B.1 in [9] we see that if A is a connected open set in R™ and
s € (0,00), p € (1,00) are such that sp > 1 (including s = 1 and p = 1) then we may not
have a step function of the form f(z) = ¢11,(z) + c21aw(2), w C A, measurable, such that
f € W#eP(A). For if we had, (i.e. if ¢; # ¢, say ¢; > ¢y without loss of generality) then
f=—"—(f —c) € W(A; Z) with f(z) = 11,(x) 4+ 0 14\)(x) which contradicts Theorem

c1—ca

B.1, Appendix B in [9] (see Remark [3.3.2).

3.4 A fundamental replacement lemma

The Replacement Lemma is the basic comparison tool that replaces scalar maximum-principle
arguments in the vector-valued setting. Under the boundary control |u —a| < r on A°U 0A,

one constructs a competitor u by keeping the angular part of v fixed and truncating only its
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radial part p = |u — a| toward the well a, i.e. « = a + f(p)v with a suitable Lipschitz cutoff
f- In the “monotonicity” regime of the potential this truncation yields a strict gain in the
interaction (kinetic) energy, while the potential does not increase; outside that regime the gain
is obtained instead from the potential energy by forcing u to hit the well on a set of positive
measure. The continuity lemma is precisely what guarantees that this positive-measure set
exists: if [AN{p > ro}| > 0 and p < ry on JA, then Lemma [3.3.1] forces the intermediate
layer {ro < p < 1o+ ¢} to have positive measure, which is where the strict potential decrease
is produced. Thus the continuity lemma provides the missing “transition region”, and the

replacement construction turns it into a strict energy improvement, contradicting minimality.

Lemma 3.4.1 (Replacement Lemma). Let A C R"™ be an open bounded Lipschitz domain, and
u € WH2(A;R™) N L®(A;R™), s > L, and such that

5
(i) |u(z) —a| <r on A°UOA, 0 < 2r < r,
(i) |[AN{|u(z) —a| >r} > 0.

Then, there exists i € W2(A; R™) N L>®(A; R™), such that
(i) @ =wu on A°UJA,
(i1) |u(x) —al <r on A,

(iii) Ja(@) < Ja(u).

Proof. We will explicitly construct the required function u. We will consider separately two
cases, (a) p(z) < rgand (b) |[AN{p(z) > ro}| > 0.

Case (a). In this case we will construct a @, such that J& () < J{ (u), where
¢ 1
Jg)(u) = 5_[2(U; A, A) + Iy(u; A, A°).

Let f(s) = min(s,r), and g(s) = fmin(s,r), and consider u(z) = a + f(p(z))n(x), where

u(z) = a + p(x)n(x). This is a perturbation of u, keeping the angular part the same, while

modifying the modulus, in such a way that u = @ whenever |u(z) — a| < r, whereas u(x) =
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a + rn(z) whenever |u(z) — a| > r. By Lemma it holds that J (a) < J& (u). We will
show that the inequality is strict.
Suppose not. Then,

0=J%) — JY(u) = %(Ig(u; A A) = Liu; A, A)) + (I(@; A, A°) — L(u; A, A9).  (3.13)

We will study each term separately. Let us note that for any A;, A5 C R™ it holds that

Do Ay Aa) = o A ) = [ [ o ) — )~ @) — )y
~ [ ] ] ) - s = ko) ~

+2(pl)p(s) = ()1~ (e) 1)}y

</ | / 2 T 1) = ) = lo(a) = (o)) oy,

since p(z) = f(p(z)) < p(z) (and similarly for y) so that p(x)p(y) — p(z)p(y) < 0 (while by the
Cauchy-Schwarz inequality 1 — n(z) - n(y) > 0).

Setting A; = A and Ay = A° and keeping in mind that when y € A€ it holds that
p(y) = p(y), we have

B 4,A) = B A4 < [ [ () = o) = Io(o) = p(0)Fdody
[ ] o 0t) — o)) + pla) — 2ty

B /Am{l?(x)zr} /A #In“s(ﬁ (z) — p(z))(p(z) + p(z) — 2p(y))dxdy

/Am{p<x><r} /A L (5(@) — p(@) (5l + pl) — 2p(y))dady

+

T — y‘n+25

1 —~ _
B /Am - /A ) m(p(fv) — p())(p(x) + p(x) — 2p(y))dzdy

1
= —————(r — p(z))(r + p(x) — 2p(y))dxdy < 0,
/Aﬁ{p(a:)zr} /Ac |z — y’n+2s( (2))( (x) (1))

since on AN {p(x) > r} it holds that r — p(x) < 0, and r + p(z) — 2p(y) > 0 as p(y) < r for
y € A°. Hence,

L(u; A, A%) — Iy(u; A, A°) < 0. (3.14)
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Next we set Ay = A and Ay = A. Then,

B@AA) - bwAd) < [ [ s WS 1o(x) ~ W) ~ Ip(x) — plo) Py

/ / - nHSUP() pW)* = |p(x) — p(y)*] dady
antp() <t Jangpy<ry |2 |

/ Tz — g2 |n+25 1p(x) = p(W)I* = lp(2) — p(y)I*]dady
An{p(z)>r} JAN{p(y)>r}

1

2 f e )~ s = ) — o)y

An{p(@)<r} JAn{p(y)>r} 1T — Z/’"HS[ )

1
= — s |p(@) — p(y)[Pdady
/Aﬂ{p(m)>r} /Aﬂ{p(y)>r} |z — y|"+?
1

aaf e lbl) ol = lp(o) — plo))dody

An{p(@)<r} J An{p(y)>ry [T — Yyl r?e | |

1
< —/ / ———s=|p(x) — p(y)Pdzdy,
Anfp@)>r} J Anfp() e} [T — Y|P

since

p(x)* = > = |p(x) — p(W) > = (p(y) — r)(p(z) =+ p(z) — p(y)) <0,

on (AN {p(x) <r}) x (An{p(y) >r}).

Hence,

1
- - |p(x) — p(y)|*dzdy.
/Aﬂ{p(z)>r} /Aﬁ{p(y)>r} |z — y|t2s

Combining (3.13)), (3.14) and (3.15]), we conclude that

1
o[ lola) ~ plu) Pdsdy
An{p(z)>r} J An{p(y)>r} |l‘ - y|n+25

which implies that

pla) = p(y) = 0, ae. on (AN {p(x) > r}) x (AN {p(y) > r}).

We claim that (3.16]) implies that

(3.15)

(3.16)

(3.17)



To see this we reason as follows:

We first note that, upon defining v := p — p we have

Y(z) —Y(y) = (p(x) — p(x)) — (p(y) — p(y)) =0, aeon p(x)>r, ply)>r,  (3.18)

since for x,y as above it holds that p(x) = p(y) = r (by the definition of ) and p(x) = p(y) by
(3.16). Moreover,

U(x) —P(y) = (p(x) — p(z)) — (p(y) — p(y)) =0, aeonp(x) <7, ply) <r,  (3.19)

as for z,y as above p(z) = p(x) and p(y) = p(y).
Combining (3.18]) and (3.19)) we conclude that v is constant on {p > r} and constant on

{p < r}, hence 9 is a step function of the form

cg on {z : p(x)<r}
() =
ca on {x : plz)>r}
for suitable constants ¢y, ¢s.

Since by assumption u € W*?(A; R™) we also have by (3.7)) that p € W*2(A;R) and since
p is obtained from p by a Lipschitz transformation, we also have that p € W*?(A;R). Hence,

¢ € W*2. Assuming, without loss of generality that ¢; > ¢ we may define ¢ = —L—(¢ — ¢,)

1—C2

which is a step function and ¢y € W*2(A4;R). This leads to the construction of a function
1 € W*2(A;Z) which (see Remark [3.3.3) must necessarily be a constant, hence ¢; = cy. This
implies that ¢y = p — p must be constant on A, and since (by the construction of p) we have

that v = p—p=0o0on AN{p < r} it must be that ©» = p — p = 0 on the whole of A, hence

p=pon A, as stated in (3.17).
Having established (3.17)) we see that p(z) = p(x) a.e. in A implies that |[AN{p(z) > r}| =0,

which contradicts the assumption. Therefore,
J (@) < J9 (w). (3.20)
Since we are in the monotonicity region of the potential,
W(a(z)) = W(a+ p(z)n(z)) < W(a+ p(z)n(z)) = W(u(z)),
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and upon integration we have that

Jh(w) /Wﬂ ))dx < JP(u, Q)( /W (3.21)

Upon combining (3.20) and (3.21)) it follows that Ja(u) < Ja(u).

Case (b). In case |AN{p(x) > ro}| > 0, then we can no longer rely on the monotonicity
of the potential. To construct « in this case we need to use an alternative perturbation of u,
such that J% (@) < J4(u), i.e. we will gain the strict inequality from the potential energy rather
than the kinetic energy term.

Following [3] we define the perturbation function f(s) = sg(s) = min(s, r)a(s), where

1 if s<r,
a(s) = @ if r<s<2r,

0 if s>2r
and consider u(x) = a + f(p(z))n(x), instead of u(x) = a + p(z)n(x). Note that, using the
notation p(z) = f(p(x)), whenever p(x) < r we have that p(x) = p(z), hence u(x) = u(x). On
the other hand, whenever p(x) > 2r, then p(z) = 0, hence u(x) = a, and W (u(z)) = W(a) = 0.
Based on this observation we will show the strict inequality for the potential energy. Note that
by Lemma we have that J' (@) < J'(u).

Choose € > 0 such that W(u) > 0 on ¢y < p(z) < 19 + €. Define the sets
E1 =AN {p < 7’0},
Ey:=ANn{ro <p<ry+e},
Es:=An{p>ro+e},
which form a partition of A. We claim that |Ey| > 0.
We prove this claim using the “continuity” Lemma m Indeed, in general |E5| > 0, so
that if |Ey| = 0, then since (by assumption) |[A N {p > ro}| > 0, it must necessarily hold that
|Es] > 0. On 0A U A° it holds that p < r < 2r < ry < ro9 + € (all inequalities but the first -

which is by assumption - are trivial), so that applying Lemma for 7 =1y and § =1y + €,
we conclude that |AN{ry < p < 1o+ €}| = |E2| > 0. Hence |Es| > 0.
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By the definition of Ey and the choice of €, we have that W (u(z)) > 0 for x € Es.

We now consider the partition of A,

B = An{p<r},
Ey:=An{r <p<2r},

E; = An{p>2r},
where 2r < rg. Then,
(i) On E1, it holds that @ = u, so that W(u) = W (u).

(ii) On E}, since we are in the monotonicity region of the potential, and by the definition of

the perturbation for r < p < 2r, it holds that a(p) < 1,
W(u(z)) = W(a+ra(p(z))n(z)) < W(a+m(z)) < W(a+ p(z)n(z)) = W(u(z)),
where the inequalities follow by the monotonicity of the potential.

(iii) On Ej%, by the choice of the perturbation we have that u(x) = a, so that

0 =W (a(x)) < W(u(x)),

since W > 0. Moreover, Ef = Ey U (E}\ Es), and as shown |Ey| > 0 with 0 = W(a(z)) <
W(u(x)), a.e. in Es.

We therefore have for the potential energy
Jh(u) = [ W(u(z))dz+ [ W(a(z))dx + W(u(zx))ds + [ W(u(x))dx

B E E4\Es E»

< [ W(u(z))dz+ | W(u(x))dr + W(u(x))de + [ W(u(z))dx = J4(u),

B E} EL\Es Es
where the strict inequality follows by the contribution of the integral over Es.

The proof is complete. O
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3.5 A maximum principle

Theorem 3.5.1. Let A C R" be open bounded and with Lipschitz boundary, andv € W*2(A; R™)N
L=(A;R™), s > 1, be a minimizer of J := Jif) + J4.
Assume that |v(x) —a| <1 on OAU A, for 0 < 2r < ro,where o is the radius of (uniform)

radial monotonicity around the well a. Then,
(i) |v(x) —a|l <r on A.

(i1) If moreover, u — W, (u) is Lipschitz, and |v(Z) — a| = r at an interior point & € A, then

v(x) = const in the connected component of T in A.

Proof. Suppose for simplicity that A is connected.

(i) Suppose on the contrary that |v(z) —a| < r on A does not hold. Then, |[AN{|v(x)—a| >
r} > 0, so by the replacement Lemma there exists v € W2(A; R™) N L>(A;R™), such
that

v=wv, on 0AN A",
|o(x) —al| <r on A,

JA(@) < JA(U).

But this contradicts minimality of v, hence |v(z) —a| < r on A.

(ii) Assume that |v(Z) —a| = r at an interior point & € A. Note that under the assumptions
made, [v — al?* € W2(4;R) N L>®(A4; R).

We calculate —[(—A)*|v — a|?] = =Y [(=A)*|v; — a;]*](x), using the representation for
the fractional Laplacian

1 [ di(z+y) —dilx —y) — 2¢i(x)

N 2 Rn |£L‘ - y|n+28

dy,
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We work component wise, and express the numerator of the fraction in the integral as

¢i(r +y) — ¢i(r — y) — 2¢i(z)
= [(vi(z +y) — a;)? = (vi(x) — a;)*] + [(vi(z — y) — a;)® = (vi(x) — a;)?]
= (vz(x +y) — vi(x))Q + (vz(x —y) — vi(x))z

+2 (vi(2) — a;) (vi(x +y) + vi(z — y) — 2v0i(2)).

We multiply by |z —y|~("*2%), integrate over all y, and then add over alli = 1,--- ,m to obtain
L[ |o(z+y) — o)) 1/ v(z —y) —v(x)]?
(=AY o — af(z) = = dy + = d
(ayf—aflw) = 5 [ Iy 5 [
—2(v(z) —a) - [(=A)](x),
and since v is a minimizer and satisfies the Euler- Lagrange equation (—A)*v = —W,(v) we
obtain
) 1 v(z+y) —v(x)|? 1 v(z —y) —v(z)|?
Al = ] [ PO 1 =) s,
2 Jan |z —1 2 Jgr |z -y (3.22)

+2(v(z) — a)Wy(v(z)) 2 0,

where the positivity of the last term comes from the properties of the potential.

Consider now the function ¢ = r?—|v—a|* € W*?(A;R)NL>*(A,R). By we have that
(—=A)*p > 0, while by assumption ¢ > 0 on A°. Then, by the strong maximum principle for
the fractional Laplacian (see Theorem 2.3.3 in [12], see also Theorem 1.1 in [22]), ¢ > 0 unless
¢ vanishes identically. But since p(#) = 0, it must hold that ¢ = 0 in A, hence |v(z) —a|? = r?
for every x € A, and v = const (once more by invoking along with the fact that since

lv — a|* = const, (—A)*|v —al? = 0). O

Remark 3.5.2. Note that Theorem [3.5.1fi) holds even in the case of singular potentials, where

the minimizer may not be characterized in terms of the nonlocal Euler-Lagrange equation (3.2)).
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3.6 Applications

3.6.1 A Liouville type theorem

Theorem 3.6.1. Let a be a minimum of W > 0, and u : R® — R™ a minimizer in the sense

of De Giorgi. We further assume that u — a, as |z| — co. Then, u = a.

Proof. Since u — a as |xr| — oo, for every € > 0 there exists R, such that |u(z) —a| < €
for |z| > R.. We apply Theorem to A ={z : |z|] < R} for R > R, to obtain that
|u(xz) — a| < € for |z] < R, hence u = a, by the fact that € is arbitrary. O

3.6.2 Uniqueness for minimization problems

This constitutes a generalization for the fractional case of Theorem 4.3 of [3].

Theorem 3.6.2. Let W : R™ — R, W >0, W € C? and a € R™ such that W(a) = 0, with
the extra property that ET W, (u)é > 2E|* for every € € R™ and |u — a| < ro where rq is the
radius of (uniform) radial monotonicity around the well a.

Let A C R™ be open and bounded with Lipschitz boundary and consider minimizers of Ja
within the class of functions L, = {u € W*?(A;R™), u = g on A}, for given function g.

If lg —al <71 on A% 0 < 2r < rq, then there exists a unique minimizer of Ja within the

class L.

Proof. Assume not, and let u, v be two distinct minimizers within the same class. Applying

Theorem B.5.1] we see that
”
lu—al <r <=, on A,
2 (3.23)
To '
v — al Srﬁ;, on A.

We now estimate
Wiu) — W) —Wy(u) - (v—u)= /0 (Wu(s(v —u) +u) — Wy(uw)) - (v —u)ds
= /o 3/0 Wy (ts(v —u) + u)(v —u) - (v —u)dtds > %CQ|U — ul?,
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where in the above, we first estimated the difference W, (s(v — u) +u) — Wy, (u) in terms of the
integral of t — Wy, (ts(v — u) + u)(v — u) and then used the fact that

lts(v —u) +u—al =|ts((v—a) — (u—a))+ (u—a)| = |ts(v —a) + (1 —ts)(u—a)|

7”0
>ty =

(which is true on account of (3.23))) along with the properties of the potential.

The Euler—Lagrange equation for the functional J4 can be expressed as

// ) (@) —n)) dy
y|n+23
(3.24)
y))(n(z) —n(y)) _
4—2//c |x—y|”+25 dmdy+/4Wu(u)ndx—0,

for every 7, vanishing on A°.

The above follows easily by choosing any 7 such that it vanishes on A¢ and expressing

SUalut en) = Jatw) = [ / ﬂ’iﬁl — 1) gy +
// ‘x_ (|Z(+zz n(y ))dq;dy+/AWu(u—l—ev)nd:c—l—O(e),

and passing to the limit as € — 0.

Since J4(u) = Ja(v) we see that

_ v |v(x) — v( — Ju(z) — u(y)[? i
e // |~T— |2 o (3.25)
lv(z) —v(y )I2 lu(x) — u(y)? .
—l—/A " 2 — g dxdy—i—/A(W(v) — W (u))dz.

For any &;,& € R™, we have that
G =&l = (G - &) - (G + &) =
(&= &) (G- &+26) =16 - &I +2(6 - &) - &,
and applying the above for & = v(x) — v(y) and & = u(z) — u(y), we obtain
[v(@) —v(y)* — [u(z) — u@)* = [v(z) — ul@) = (v(y) — uy)
+2(u(z) — u(y)) - (v(z) —v(y) — u(z) + u(y)).
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We substitute the above into (3.25)) to obtain (after rearranging)

0= Ja(v) — //IU —ufz) = (oy) —u@)l® dy

va - y|”+25

By G SRR
. |£IZ' _ y|n+2$
) - (v(x) —v(y) —ulx) + uly))
+ /A/A dx dy (3.26)

|z — g+

(u(x) —ufy)) - (v(z) —v(y) — u(z) + uly))
+2/A/c dx dy

|z —y[rt?

+ /A(W(U) — W(u))dx.

We see that the third and fourth term in the above can be eliminated via the Euler-Lagrange

equation (3.24)), using as test function n = v — u, to yield

0= Ja(v) — Ja(u) = %/A/A [v(z) — U(é)__y(ﬂgz —u@ 4 g
n / [v(x) — ulz) = (u(y) —u@)® "
A JAc

‘Qf _ y‘n+2s

n / (W(w) = W(u) = Wa(u) (v — u)) dz
A

1
> —02/ v — u|*d.
2 Ja

from which follows that u = v in A. m
In a similar fashion we may obtain the following comparison result.

Proposition 3.6.3. Under the same assumptions on W, a, A and u as in Theorem it
holds that

u(z) — al* < ¢(x)r?, on A,
where ¢ is the solution to

—(=A)yp=c"¢, on A (3.27)
=1, on A" (3.28)
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Proof. As in the proof of Theorem we have that |u(z) —a| < C on A. By the non

degeneracy assumption of the potential, near the minimum a, it holds that

Working as above (see proof of Theorem (3.5.1)) we obtain that

MR I TCE BTGP TSR

2 ‘l’ _ y‘n+2s 2 ’l’ _ y’n+2$

+2(v(z) — a) Wy (v(2)) > ¢*lu(w) — af*,

so that the function ¥, defined by ¥(z) := |u(x) — a|?, satisfies the inequality
— (=AY > U,

with U < r2 on A and on A°.

(3.29)

(3.30)

Let ¢ be a solution of (3.27), and consider ® = 72¢ which solves (3.27) with boundary

condition ® = 7? on A°¢. Combining (3.30)) with the above, we obtain

(—A) (¥ — @) < —*(VU — d), on A,

U—d<0, A

Using the comparison principle in Lemma [3.2.5| we conclude the stated result.
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Chapter 4

Density Estimates

4.1 Introduction

In this chapter we study bounded minimizers of the fractional vectorial system
(—A)Y’u=—-Wy(u) inR",

and prove quantitative density estimates for their transition region. The aim is to develop a
nonlocal, vector-valued analogue of the classical density theory for phase transition models, in
the spirit of Alikakos—Fusco [2], where the Caffarelli-Cérdoba estimates [13] were extended to
systems in the local setting.

To recall the local picture, one considers solutions of
Au—W,(u)=0 in D C R",
as critical points or minimizers of the energy
Iot) = [ (HVu@)f + W) do.

where u : D — R™ and W > 0 is a multi-well potential. For bounded minimizers, one has the

basic energy growth bound
/ (%]Vu(x)\z + W(u(x))) dv < CR" .
Br(zo)
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In the scalar case (m = 1), the competition between bulk and interfacial energy largely dictates
the structure of minimizers. In contrast, for systems (m > 2) the geometry of the zero set
{W = 0} plays a central role: the relative position of wells and the possible ways different
phases meet in space are encoded in this set and strongly influence the behaviour of entire
solutions.

In the vector Allen-Cahn model with finitely many global minima, as well as in related
systems such as Ginzburg-Landau and phase separation models, entire solutions are closely
linked to geometric objects. In singular limits, interfaces connect to minimal surfaces and, in
genuinely vectorial settings, to Plateau complexes and singular minimizing cones organizing
interfaces in a hierarchical way (vertices, edges, higher-dimensional faces, etc.); see, e.g., [2], 3].

The main result of Alikakos—Fusco [2] is a density estimate for vector-valued minimizers of
the local energy. Assuming that a is an isolated zero of W (so W (a) = 0 and a is isolated in

{W = 0}), they prove that if the transition set
{x € Br(xg) : |u(x) — a| > A}

has positive measure at some fixed scale, then it occupies a uniformly positive proportion of

every larger ball. More precisely, for

0 < A <dist (a, {W =0} \ {a}),
if

| Bi(wo) N{|u—al > A} = po > 0,
then there exists C'= C(uo, A, ||u|/z~) > 0 such that

Bu(wo) N {lu—al > \}| > CR", R>1

In diffuse—interface language, this means that once a nontrivial interface is present, the transi-
tion region cannot disappear at large scales: it persists with a definite density. In the scalar case,
the Caffarelli-Cérdoba density estimates [I3] sharpen the connection between Allen-Cahn and

minimal surfaces and played an important role in rigidity and symmetry results (see Savin [30]).

26



Further extensions in related variational settings are due, among others, to Farina—Valdinoci,
Savin—Valdinoci, and Sire-Valdinoci; see, e.g., [20} 37, B8] [42].

A key technical feature of [2] is a polar-type decomposition around a well a,
u(z) = a+ qu(z) v, (z),

where ¢, () := |u(x) —a is the radial part and v, (z) € S~ is the angular part. The argument
is driven by competitors that modify only the modulus ¢, (inside a ball) while keeping the
direction v, fixed. This isolates the radial contribution to the energy and allows one to combine
energy comparison with coarea and isoperimetric inequalities to propagate lower bounds on the
size of the transition set. Among the consequences are optimal lower bounds of order R"~! for
the energy of non-constant solutions and Liouville-type rigidity results for minimizers [2].

Here we develop an analogous theory for minimizers of the fractional energy

J(u, ) := %//R%\(QCXQC) Mdaz dy + /QW(u(x))dx, s €(0,1),

|z — y|r+es

in the vector-valued setting. Compared with the local case, the nonlocal Gagliardo seminorm
couples values of u across all length scales, so energy localization is delicate, and purely local
PDE arguments are not available. The density mechanism therefore has to be implemented di-
rectly at the level of the nonlocal energy, via carefully designed radial competitors and fractional
functional inequalities.

We work under structural assumptions on the potential W parallel to those in [2]. We
assume W > 0, W(a) = 0, and that a is an isolated point of the zero set {W = 0}, together

with a quantitative lower growth bound near a of the form

W(a+pv) 2 p%

~Y

for some a € (0,2] and all v € S™!. The exponent a describes the order of contact of W with
its minimum at a: o = 2 corresponds to a nondegenerate quadratic well, while o € (0, 2) allows
for sharper wells and (possibly) reduced regularity of W at a. In the nonlocal setting, the
quantitative form of the density bounds depends on the interplay between v and the fractional

parameter s through the relevant fractional Sobolev inequalities and the scaling of the energy.
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The proof follows the general scheme of [2], with substantial adaptations to the fractional

framework. In Section [4.2] we derive a fractional energy comparison inequality of the form

rlu-a)< [ W(o) - Ww)ds+2 [ (@ — ") [ - (~A)q"] dafd.1)

r{gu>qh=¢°} Brn{gv>q"}

where o is a competitor obtained by truncating the modulus ¢* via a suitable profile ¢”. The
construction of ¢" (and hence o) is carried out in Section , treating separately the regimes
a=21<a<2 and 0 < a < 1, reflecting the different behaviour of W near the well. The
inequality has a unified formal structure, while the estimates extracted from it depend
quantitatively on s and a.

Sections [£.4], [4.5], and [£.6] contain the main density theorems in these three regimes. In each
case, we combine the polar decomposition, fractional Sobolev inequalities, and suitable energy
growth bounds to obtain a lower bound on the measure of the transition region {|u—a| > A} in
large balls, provided it is nontrivial at some reference scale. Section [4.7 explains how to treat
the range s > % by refining the use of the energy growth bounds and implementing an iteration
in the fractional parameter. Finally, Section presents applications analogous to those in [2],
including pointwise control and a Liouville-type rigidity result for entire minimizers.

In this way, the chapter provides a nonlocal density theory for fractional vector-valued

minimizers, offering a counterpart to the classical results of Caffarelli-Cordoba and Alikakos—

Fusco [13], 2] and to their nonlocal extensions [37, 38, [42].

Remark 4.1.1 (Classical local model and motivation). The heuristic computation below is
adapted from [3] Section 5.1] (see also [2]) and is included only for motivation and completeness.
It describes the sharp—interface limit in the local case: a minimal surface ¥"~! = 9D partitions
a ball B,.(z) into two phases, and the coarea and isoperimetric inequalities yield a uniform
density bound for the volume of one phase inside B, (z), once the interface ¥"! is present.

In the diffuse—interface setting, the perimeter of D is replaced by the energy of a transition
layer and the sharp interface by the region where |u — a| is away from the wells. The nonlocal
inequalities of Section [4.2| are precisely the fractional, vector-valued counterparts of this classical

computation. For a complete and rigorous treatment of the local theory we refer the reader
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to [3, Section 5.1]; the rest of this chapter is devoted to establishing the corresponding density

estimates for minimizers of the fractional energy.

Consider a minimal surface X"~ ! = 9D, Let z € X" !. The surface X"~! partitions the
ball B,(z) into two parts, D, and D¢. Let V(r) = £*(D,), A(r) = H" Yt N B,), H" the
n-dimensional Hausdorff measure, L™ the n-dimensional Lebesque measure and S, the spherical

cup bounding D,.. Consider the following formal computation:

V(r) < C[H" (S ' N B,) + H"'(S,)]71, by the isoperimetric inequality,
< C2H"Y(S,)]= T, by minimality since (X"~ N dB,) = 95,
< C[V'(r)]7, by the coarea formula .
From the last inequality, it follows that
V(ir)y>Cr", C=0C(n), Vr>D0.

The above estimate shows that both the sets D and D¢ have a uniformly positive density at each
x, for all radii r ranging from 0 to +00. The behaviour as r — 0 is related to the fine structure
of the singular set and leads to singularity and stratification results for minimal surfaces and
their diffuse counterparts. On the other hand, the behaviour as r — oo is connected with
rigidity phenomena of Bernstein type. In the classical setting, Bernstein-type theorems assert
that entire minimal graphs with suitable growth or stability assumptions must in fact be affine
(so that the corresponding minimal surface is a hyperplane). In the diffuse-interface language
this translates into one-dimensional symmetry and classification results for entire minimizers:
if an interface has uniform density and does not “tilt” at infinity, then the solution must reduce

to a planar profile, and no more complicated global geometry is possible.
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4.2 A basic energy comparison inequality

We begin with the derivation of (4.1)).The proof of this estimate is due to Savin and Valdinoci

(see [38]). We consider minimizers of the nonlocal energy functional

1 (ufe) — u(p))? | .
T, Q) = 2//]1@”\((2%@6) i dy+/QW( (0))de, se(0,1),  (42)

among all functions u : © € R® — R™, such that u € W*?(Q;R™), with u = ¢ (given) on
R™\ Q, for a given open bounded set 2 C R™, where |- | denotes the Euclidean distance (in
R™ or R™) and W : R™ — R is a continuous and positive potential with a zero at a € R™,

satisfying the hypothesis
79 >0, : VEER™, [ =1(0,r0) 57— W(a+r7E), is non decreasing with W(a + ro§) > 0.

We will moreover consider cases in which, sufficiently close to any point where the potential

vanishes, its local behaviour is as follows:
Wi(a+ p§) ~ p*, a€(0,2],
Moreover, we demand for the potential:

Assumption 4.2.1 (Local behaviour of the potential for the case a = 2). The potential W is

C? in a neighbourghood of a and there exist constants gy > 0, cg > 0, ¢f > 0 such that
co <EWu(w)é <), Yu: lu—al <q, VE: €] =1.

Assumption 4.2.2 (Local behaviour of the potential for the case 1 < o < 2, ). The potential
W is differentiable in a neighborhood of a and there exist constants p, > 0, C* and C\,

independent of « such that
d
aC,p*t > d—pW(a+p£) >aC*p™ !, Vpe (0,p], VEER™ : [¢] =1.

Assumption 4.2.3 (Local behaviour of the potential for the case 0 < o < 1). The potential
W is differentiable in a neighborhood of a and there exist constants pg > 0, C*, independent

of « such that

d
d_pW(a+p§) >aC* p*™, Vpe(0,p), VEER™ : [ =1.
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Throughout this chapter we will use the notation u(A, B) for the integral

u(A, B) = /A /B (ﬁx)_;ﬁ%zydxdy.

Using this notation we can express the energy J as

J(u, Q) = %U<Q,Q)+U(Q,QC)+ /Q W (u(x))de.

Claim 4.2.4. Let u be a minimizer with u = a + ¢"n the polar form of u. We introduce the
vector maps h = a+¢"n and 0 = a+¢°n, with ¢° = min{q*, ¢"}, where ¢" € W?*(B,)NL>(B,)
is a suitable radial function (the test function), that will be defined later and ¢” = ¢* on B¢.

The minimality of the radial part of the energy
J(u—0,9)=J(u—0Q)+Ju—0,9)+ J(u—0,Q),
leads to the estimate

Fu-oB,) < [ W) =Wz +2 [ (q" = ¢)~(-2)lde.
Brn{gv>qh=¢} Brn{gv>q"}
Proof. Note that u = o in B¢ so that u—o and ¢" —¢? vanish in B¢. Then, using the simplified
notation D = (R"\ B¢) x (R™\ B¢) we have that
U __ O _ U __ O 2
J2(u— 0. B,) = // (¢" —q )‘(fc) @ =)W 0
D

T — y‘n+2s

Using the identity |a — b]* + b* — a? = 2b(b — a) for a = ¢“(z) — ¢“(y) and b = ¢°(z) — ¢°(y),

we obtain that

J2u—0,B,) + J%o, B,) — J%(u, B,) = //D (¢" —a7)(z) — (TI; = ;JTBE?QJS)] (¢°(y) — qU(x))dxdy

_ // [(¢" — ") (x) — (¢" — q")W)] (¢"(y) — ) vy,

|z — g+

where we used the fact that ¢ — ¢° =0 on B.
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Using symmetry arguments,

/ / . [(¢" - ¢°)(z) (‘q;‘ - Z“’n) +(?2/S)} (W =a@) , .
o ff  WOWED 0,y

f[ 00— Ol i),
2] e T

Combining the above estimates

J¢(w—o,B,) + J%o0,B,) — J%u, B,) =

(¢" —q7)(2)(q¢°(y) — q°(x)) _
: / /R"X]R" ‘ dxdy a

T — y‘n+25

Q/n(q“ — ) () (/n %dy) dr =

200 [ (@ = )@ (-8) ) (w)do,

where (', is the normalizing constant used in the definition of the fractional Laplacian. Without
loss of generality we will take C, = 1. By the definition of ¢° = min{q“, ¢"}, we see that this
integral is non vanishing only when ¢° = ¢", and this leads to the estimate
=0 B) S I B) - P B) k2 [ (g Ay (43
B:N{q¥>q°}
where adding and subtracting the integral of W (u) — W (o) over B, and using the radial part
minimality leads to . [

4.3 Test Functions

In this section, we build the test function for each case is needed for the proof the Density

Theorem. The constructions are inspired by the work of Savin and Valdinoci in [38] for the
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scalar case o = 2. The test function plays the role of the comparison map ¢" we defined above.
We first construct an appropriate barrier function for each case. The idea is to find solutions
of the inequality —(—A)*w < c,w® (in the case 0 < a < 1 we are looking for solutions of the
inequality —(—A)%w < ¢,(w + ) for a fixed constant (), which decay suitably fast in balls of

of sufficiently large radius, for any 0 < o < 2.

4.3.1 The test function for the case a = 2.

Lemma 4.3.1. For any 7 > 0 there exists C; > 1 (depending on n,s,T) such that for every
r > C;, there exists w € C(R™;Ry) that satisfies the differential inequality

—(—A)*w < 1w, in B,,

(4.4)
w=1, in B;.
Moreover, the function w, satisfies the bounds
rt1— el <w< 1 a7 (4.5)
20, =7 =79 ' '

Proof. In Lemma 3.1 in [38] it is shown that there exists a function wy € C'(R™, [-1+Cr~=% 1])

such that

—(=A)*wy < 7(1 4 wp), in B, (4.6)

Wy = 1, in Bﬁ,

which satisfies the bounds

1
S+ 1—la) ™ S 14wy < O+ 1 J2) ™,

for some C > 0.
This function is negative so it cannot be used as a test function for our purpose. We need
to adapt this function so that it is positive, so that it can represent a barrier function for the

modulus of a vector valued function. To this end define

w0+1
w = ,
2

which clearly satisfies (4.4) and the related bound (4.5)). Note that w is positive. ]
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4.3.2 The test function for the case 1 < a < 2.

Lemma 4.3.2 (Construction of a barrier function I). For every ¢, > 0 and v > 0, there exists

a function w satisfying the inequality
—(—=A)w(r) < c,v(x)”, Vo € Bg,
(4.7)
w(x) =M, x € By,

and the bounds
C(R+1—|z))™ /" <w(x) <C(R+1—|z|)"/", = € Bg, (4.8)
for suitable strictly positive constants C and C'.

Proof. We will explicitly construct such a function, by appropriately modifying Lemma 3.1 in
[38].
We fix a large r > 1 and a T" > 0. These are as yet unspecified, but it will become clear

towards the end of the proof that the values of » and T" are related to R and c,.
Step 1. Set ro =7 —T let g(t) =t~ for v > 0 to be defined later on, (it turns out towards

the end of the proof that v = 275) and define the function

min{1, g(t) — g(r —ro) — g'(r —ro)(t — (r —10))}, for t<r—ro=T,
0, for t>r—ryg="T.

h(t) =

Note that h is continuous. We define further,

h(r —|z|) for =€ B,

1 for x € B¢.

v(x) = (4.9)

This is a continuous radially non decreasing function. Moreover, by the definition of h we see

that
0 T € Br—T,
v(x) = min{l,g((r— |$|)) —g(r—ro)+9g(r—ro)(r—ro—lz|)}, =€ B\ Br_7,
1 x € By.
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We will construct a solution for (4.7]) by a proper rescaling and linear transformation of the
function v, as

T

w(z) = AOU(SO

) + B, (4.10)

for appropriate choice of the constants A,, S, and B. Depending on the choice of constants
we may either obtain a test function which vanishes on an appropriately chosen ball Br_g,
or one that does not vanish anywhere but achieves some upper and lower bounds displaying
a suitable power law decay. We will also set 7o = T" = r/2 (eventhough other choices are
possible). However, to facilitate the understanding of the rationale for this choice (as well as
the construction of alternative test functions if needed) we will leave these constants in their

general form for a few more steps before choosing them in their final form.

Step 2 . We establish some useful upper and lower bounds for the function h,

h(t) >t — (14+~)(r—19)77, if t <r—rp, and h(t) <1, (4.11)
min{1,t77} < h(t) + (1 +7)(r —r9) 7, (4.12)
h(t) <tV +~y(r—re)”", te€(0,00). (4.13)

We first establish (4.11]). Since ¢t <r — 1y and h(t) < 1 we have that
h(t) = g(t) = g(r —ro) = g'(r —ro)(t = (r —10) = g(t) — g(r — o) — |g'(r — o)l (r — 10) =
=1 +y)(r—10)"7,

since ¢'(r —19) < 0.
We now establish (4.12). We consider 3 cases.
(i) t <r —rp and h(t) < 1. Then, (4.11)) implies that

h(t)+ (L+~)(r—19)" 7" >t77 > min{l,t 7},

which is (4.12)).

(ii) t <7 —1rp and h(t) = 1. Then,
L<t™ —(r—r) " Hy(r—re) " (t—(r—ro) <t
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hence min{1,¢77} = 1. Then,
min{1, ¢t} =1 <1+ (1 +v)(r—ro) " =h)+ 1 +7)(r—10)7,

which is (4.12)).

(ili) t > r — ro so that h(t) = 0. Then, t77 < (r —ry)~7 < 1 for r suitably large, so that
min{l,t 7} =t7"" < (r—ro) "< (L+y)(r—10) " =h(t)+ (1 +v)(r—ro)”,

which is (4.12)).
Finally we establish (4.13)). The inequality is clearly true for t > r — ry so we focus on

the case t < r — 1. For such t we have (taking into account that ¢'(r — ry) < 0 so that

—g'(r—ro) = 1¢'(r —ro)|) that

h(t) < g(t) — g(r —ro) + |g'(r — 1) [(t — (r —10)) < g(t) + |g'(r — 7o)t

<g(t) +1g'(r = ro)l(r —ro) =77 +y(r —r0)7,

which is (4.13)).
Step 3 . The bounds in Step 2 provide the following bounds for v,
v(x)>(r—|z)) T =1 +y)(r—re) 7, if x| >ro=r—T, and v(z) < 1, (4.14)
min {1, (r — |z]) 77} <o) + (1 +7)(r —r9) 77, (4.15)
v(x) < (r—|z|)7 +y(r—ry)", z € B,. (4.16)

These bounds are immediate by setting ¢t = (r — |z|) in the bounds in Step 2.

Step 4 . The function v has bounded second derivative for any ball centered at any = € B,,

of suitable radius. In particular,

r— ||
2

|1D*v|| (B, @) < Ci(r — |z]) 7772, for p(z) = , Vo € B,. (4.17)

Bo(a)

We first note that v(z) = 0 and D?*v(z) = 0 for any « € B, s, so the estimate trivially holds

in this case.
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Consider now any y € By(,)(x) N By 5. Then,

r— ||
2

r+ |x|
2

lyl <ly — 2|+ |z| < + [z] = =

||

1"_
7"—IyIZTZO = [r—yll=r—lyl <yl

the last estimate following since y € By /2

Then,
0%
D*u(y) = . g l=1---.n
)= (G55 7

*v 2 YiYe Wie

VAR (vo(r — |y)) 2 + b/ (r — |y|) —=,

YiYe j 7& €7

Wiy =
Dokpi Ui J=1
hence taking the Euclidean norm
W(r —lyl)

Du(y)| < C (W(r I+ ) <c max{m"(r 1l

|y

< ¢’ max {|h”(7" — |yl M} <C'r—ly) < Cu(r — Jx|) 7,

r— |yl

[ (r = [yl

(4.18)

for suitable constants C', C’, C” and C} = 2772C", where we also used (4.18)). Taking the

supremum the bound (4.17)) follows.

Step 5 . From the bound (4.17)) we may obtain the alternative bound
|1 D?v]| oo (fuetyy < CLE 772,

for a suitable constant K. This bound guarantees that v € W2°°(B,).
To obtain (4.19) note that

{U < 1} C BT’—K)

(4.19)

(4.20)

for a suitable K < T'. Then if 2 € {v < 1} we have that |z| < r — K so that r — |z| > K and

(4.19) follows from (4.17]).
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Hence, it only remains to prove . To this end, observe that € {v < 1} implies that
h(r —|z|) < 1. We consider two cases.

(i) If |z| <rg=r—T then v(z) = h(r — |z|) =0 < 1. But then |z| <rp=R—-T <r— K
as long as K < T which is (4.20)).

(ii) If |x| > ro —r — T and v(z) < 1 then by the lower bound

I>v@)>(r—|z)) 7= A4+y)(r—r)7 = (r—|z]) 7 <1+{A+y)(r—ry) " =
lz] <r—(1+ 1 +v)(r— 7"0)_7)_1/7 <r-K,

as long as

K<+ +7)0r—=r) ) =0+ 1+yT7)7,

which is (4.20)).

Step 6 . We now consider the action of the fractional Laplacian on v and obtain the bound

/R —U(y)_”(x)dy' < Co{(r — [a) 7 + (r — =)}, Vo € By, (4:21)

n o=yl
for a suitable constant Cs.

Since v € W2(B,,)(x)), for p(zx) = T_2|$| and for any = € B, by Step 4 (see estimate

(4.17)), we can use the result of Lemma 6.13 in Palatucci et al [31] according to which if

Y € L®(R™) N W?2>°(B,(x)) we have that

U(y) — () Wn—1 2 2(1— -
S Ty < 2L (ID*)]| oo B (ayy o207 o gy P 2.
e (1_8)8(” Ul B, @) P + |9 oo my p77°)

R~ |$_

Applying the above for ¢ = v and p = p(x) = vl and using the bound ([4.17)) for || D*v|| (5, (2))

2

we obtain that

/ o) =v@) | e (i pey =1\ el IAT
U {o o] €T oo n
wn |z — y[nt2s b= (1—s)s Leo(Bp(x)) 9 Loo(R™) 9
B w,

< et 1= () e ()
> (1—3)3 1 9 L>(R™) 9 ’

which is (4.21)) for a suitable Cj.
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Step 7 . We now obtain an alternative bound for the action of the fractional Laplacian on

v as

/‘E@l:£92@4§(hu(7244% Vu € B, (4.22)

n o =yl
for a suitable constant Cy, depending on s and n.
This follows from Lemma 6.14 in Palatucci et al [31] according to which if ¢ € L*°(R") is

continuous, radial and radially non decreasing with
sup ¥ = max) = M,
R™ R”

and ¢ € W2>({¢p < M}) then,
YY) = () , ‘ o W1

re |z =yt T T (1= s)s
Applying this result to v = v and M = 1, and using estimate (4.19)) from Step 5 we obtain
@29).

(ID* oo (quenryy + 0] Lo @ny)-

Step 8 . We now have two alternative bounds for —(—A)*v, bound (4.21)) and (4.22)). The
first bound is very tight when |z| — 0 (towards the center of the ball) and trivial (blows up to
infinity) when |z| — r, while the second bound is uniform over the whole ball. We may thus

combine them into a single bound as
—(=A)*v(z) < Cimin{(r — |x|)777** + (r — |z[)"?*,1}, Vx € B,. (4.23)
Noting that for a suitable constant C' it holds
min{(r — |2])77"% + (r — |z|)7*, 1} < Cmin{(r — |z|)~%, 1}, (4.24)
so combining with we eventually get that
—(=A)*v(z) < C,Cmin{(r — |z|)~%,1}. (4.25)
Therefore, v as constructed above satisfies
—(=A)*v(x) < CHCmin{(r — |z])"%,1}, = € B,,
v(z) =0, x € By, (4.26)
v(x) =1, = € B;.
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Step 9 . At this point (and from now onwards) we set
To = T= 7’/2
and consider all the bounds we obtained in step 3, as well as the boundary conditions for v for
this choice. This yields a function v satisfying (see (4.26]))

—(=A)*v(x) < C{Cmin{(r — |z])7%,1}, V€ B,
U(ZL’) = 07 T e Br/2a (427)

v(z) =1, r € B;.

Moreover, v satisfies the following bounds (see (4.11]), (4.12)) and (4.13))

v(z) > (r—|z))7" = (1 +7)2"77, if |x] > r/2, and v(z) < 1, (4.28)
min {1, (r — [z|) 77} <wv(z)+ (1+7)27r77, (4.29)
v(z) < (r—|z|)7" +42r77, z € B,. (4.30)

Step 10 . Set k = 7/2s and note that for a suitable constant C,

min{(r — [a[)">,1} < ¢’ (v(x) +(1+7) (g)”)””. (4.31)

To show (4.31]) consider two separate cases (i) |z| > — 1 and (ii) |z| <r — 1.
In case (i) we have that r — |z| < 1 so that (r — |z])™2* > 1 and (r — |z|)™ > 1. Hence,

1 =min{l, (r — |z|)"**} = min{1, (r — |2|)7"} v(z)+ (1+7)27r 77,

and since k > 0 the above implies that

1 =min{1, (r — |z)7%} < (v(z) + (1 4+ )27 )V",

which is the required inequality (4.31]).
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In case (ii) we have that r — |z| > 1 so that (r — |z|)™* < 1 and (r — |z|)™ < 1. Then,
min{(r — |z[)7*, 1} = (r — [2[)™, and min{(r — |2)7", 1} = (r — |z[) 7.

Hence, (4.29)) becomes

2s
v Y

(r=lz)™ <w(@) + 1 +7)277 = (r—[2z))7 < (v(z) + (1 +9)2777)

which is the required inequality .
Step 11 . Combining with ({.31)), setting Cop = C{CC" and choosing v = % we see
that v satisfies the inequality
—(=A)'v(z) < Co(B +v(x))", VweB,
v(z) =0, = € B,)s, (4.32)
v(x)=1, z € By,
where

2s

=G e-17 = (2 1) - (1.89

Note that § can be chosen as small as we wish if 7 is chosen sufficiently large.
We are already very close to the desired test function and are now ready to rescale suitably

v as described in ({4.10)).

Step 12 . We first define 0(x) := v(x) + 8 and note that due to the translation invariance
property of the fractional Laplacian ¢ satisfies the inequality
—(=A)%(z) < Cyi(2)", Yo € By,
v(x) =B, x € By, (4.34)
o(x)=1+p, x € By,

i.e. ¥ no longer vanishes in B, 5 but achieves very low values (8 ~ =2/ — 0 for large r).

Define w by



for A, and S, to be determined.
We first note that

—(—A)Sﬁ](l‘) = A, /n 2A’(?//So) — @(ZL’/SO) dy y/:i/so AO/R @(y/) — @(33/80) Sgdy'

|I’ _ y|n+25 n |I _ Soy/|n+2s

_ o(y") — 0(x/S,) B 2\ @39 -
— A 2s U(y> U(.’E/ o A A 251 —A)D < A 2s A v
OSO /IR;W |$/So _ y,‘n+25 dy OSO [ ( ) U] So = OSO C(ﬂ)(l'/so))

— ALS; (1 + w(x)) 7 .

Hence w satisfies the inequality
—(=A)*w(z) < ALV S, 2 Coid(z), x € Bp,
(4.35)
w(x) = (1+p)A,, =€ By,
for R =rS,.
Choosing

M 1, —1\—1/2 1/2 M (e 1/2s
A, = m and S, = (c, 4y Cy )™ /2 = Co " (ﬂ) Co'™, R=S,r, (4.36)

we see that w satisfies the inequality
T e BR/Q, (437)

which is the stated result.

Step 13 . We now obtain detailed upper and lower bounds for w.

We first claim the following upper bound for w:
w(z) <C(R+1—|z|)7, Vz € Bg.

If |z| < R/2 this is definitely true, however, we will show that it also holds for all .
Concerning the upper bound from (4.30) we obtain that

@) < (r-la) 7+ (142 (5) T =

(o) < A= el/s) 7+ a1+ 2) () = as{ - (5) )
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M

15" Hence, by the above we

By the definition of w and since v < 1 we have that w < A, =
have that

-
w(r) < A, min {SZ(R —lz)7" + (1 +27)5] (g) : 1} <CR+1-|z))7,

for a suitable constant C' > 0.

For the lower bound consider (4.29)) which yields for w,
w(z) > A,min{1,S)(R —|z|)7"} > C(R+1— |z])77,

for a suitable C > 0.

The proof is complete. O

4.3.3 The test function for the case 0 < a < 1.

Lemma 4.3.3 (Construction of a barrier function II). For every v > 0, there exists a function
w satisfying the inequality
—(=A)w(x) < Co(w(z) + )", Y € By,
w(x) =M, x € B, (4.38)

w(z) =0, v € B,_p,

for a fized constant T, where C, = Cy(s,v,n), B = B(s,v,T) and M the upper bound of u.

Proof. Step 1. Let g(t) =t~ for v > 0 to be defined later on, (it turns out towards the end of
the proof that v = 2—;) and for fixed T' > T, where T™, also, a fixed constant that we develop

through the proof, define the function

min{1,g(t) — (T) — ¢ (T)(t — T)}, for t<T,
0, for t>T1T.

h(t) =

Note that h is continuous. We define further,

h(r—|z|) for z€ B,
1 for z e By,

v(x) = (4.39)
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This is a continuous radially non decreasing function. Moreover, by the definition of h we see

that
0 x € BT,T,
v(z) = min{l,g(r — ]x|) —gT)+¢(T)r—T—|z|)}, =€ B, \ B._7.
1 T € B;.

We will construct a solution for (4.38) by a simple linear transformation of the function v,

w(x) = Mo(z). (4.40)

Step 2 . We establish some useful upper and lower bounds for the function h,

ht) >t =T, ift <T, and h(t) < 1, (4.41)
min{1,t 7} < h(t)+T77, (4.42)
h(t) <t77+~T77, te(0,00). (4.43)

We first establish (4.41]). Since ¢ < T and h(t) < 1 we have that

h(t) = g(t) —g(T) —g(T)(t-T) >
g(t) —g(T) =g (T)|(t = T) =
=T —| — fyT_V_l\(t -T) =

(

since ¢'(r = T) < 0and T (t —T) < 0.
We now establish (4.42). We consider 3 cases.
(i) t <T and h(t) < 1. Then, (4.41) implies that

h(t) +T77 >¢77 > min{l,t77},
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which is (4.42)).
(ii) ¢ <T and h(t) = 1. Then,

1<t V=TV 44T 7t -T)<t7,
hence min{1,¢t~7} = 1. Then,

min{l,t 7} =1<1+T"7"=h(t)+T77,

which is (4.42)).
(iii) ¢ > T so that h(t) = 0. Then, t77 < T77 < 1 for T > 1 (extra restriction for T) , so
that
min{l,t 7} =t <T7 =h(t)+ T,
which is again (4.42]).

Finally we establish (4.43). The inequality is clearly true for ¢ > T since h(t) = 0, so we

focus on the case t < T. For such t we have (taking into account that ¢’(7) < 0 so that
—g'(T) = |g'(T)])

h(t) < g(t) —g(T) + g (T)|(t = T)
< g(t) + 19" (D)t = T)

<gt)+ g (MIT =t 4+~T7,

which is (4.43)).
Step 3 . The bounds in Step 2 provide the following bounds for v,
v(z) > (r—|z|)" =T77, if || >r =T, and v(z) < 1, (4.44)
min {1, (r — |z|)77} <ov(z) + T, (4.45)
v(z) < (r—|z|)7"+~T77, z € B,. (4.46)

These bounds are immediate by setting ¢ = (r — |z|) in the bounds in Step 2.
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Remark 4.3.4. Step 4 is the first time we need to alter the proof from the previous cases. We

take cases for the dimension n to point the difference.

Step 4 . The function v has bounded second derivative for any ball centered at any = € B,,

of suitable radius. In particular,

r— |z|

1020l e 3o < CL ) = )72, for pla) = "2, va € B, (447)

for (7 a constant that depends only on 7.
We first note that v(z) = 0 and D?*v(z) = 0 for any € B,_r, so the estimate trivially
holds in this case.

Consider now any y € By (x) N B¢, then,

r—|z]

yl < ly— o]+ 2] < .
(4.48)

Remark 4.3.5. we skip for now the last estimate (4.46]).

Now, case (i), n = 1.

We estimate u”(y):

[u" ()] = 19" (r = lyD)| = ~(v + D)[(r — \y!)|_7_2|y? =y + D= y) 77 <
Y (4.49)

2y (y+ 1) (r — |27

Now, we can proceed to step (5) with no further modifications.

case (ii), n > 1.
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Using,

0%
D2’l} = (=), "6:1’...’71/
(y) <ayjay,g) J
d%v YilYe
= (= )2 4 — )
dy;0ye D)y ly|? r l)\ !
YiYe J#L,
Wiy =
Zk;ﬁj yp J=1
we get
W(r—y o r—|y|)7 !
D20t < 0 = bl + P gy S s
To move further, we need the inequality:
r =yl =r—ly| < |yl
It is true that » — |y| > 0 for y € B,,)(x) N By
We need :
r—lyl <r—T <yl (4.51)

The above inequality is true for 7' < |y|. To get r — T' < |y|, for the particular choice of T, we

choose r such that
T<r-T=2T<r, (4.52)

and so, from above:

|D*v(y)| < y(y+1)(r—[y)) "> + 7%

Yy +2)(r = [y)) T = Cr()(r — [y[) T

IN

Now, we can proceed to step (5).

Remark 4.3.6. The construction of the test function should begin by first fixing a T" > T™,
where 7™ a constant independent of R and will be defined completely during the proof of the
Density Theorem, and then set r > max{2T, 1}.
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Step 5 . From the bound (4.47) we may obtain the alternative bound
1D?0]| oo (fo<y) < Co(7) K72, (4.53)

for a constant Kand Cs(y) a constant that depends only on 7. This bound guarantees that
v € W*(B,).
To obtain (4.53) note that

{v<1}C B, g, (4.54)

for a fixed constant K < T'. Then if z € {v < 1} we have that |z| <r — K so that r — |z| > K

and (4.53) follows from (4.47]).

Hence, it only remains to prove (4.54)). To this end, observe that = € {v < 1} implies that
h(r —|z|) < 1. We consider two cases.
(i) If |x| < r —T then v(z) = h(r — |z|) = 0 < 1. But then |z| <r —T < r — K as long as

K < T which is (4.54)).
(ii) If || > r — T and v(z) < 1 then by the lower bound (4.44)

I>v@)>(r—|z)) 7 -T7"7 = (r—|z|) " <1477 =
2| <r—(1+T7) Y7 <r-K,

as long as

K< (1 + T—v)—1/77

which is (4.54)).

Step 6 . We now consider the action of the fractional Laplacian on v and obtain the bound

[ v,
R T — y|vT2s

for a constant C'3 that depends on v, n and s

< Cs(y,m, s){(r — |z))7772 + (r — |2|)"*}, Vo € B,, (4.55)

Since v € W2 (B (2)), for p(z) = r;|:):| and for any = € B, by Step 4 (see estimate

(4.47)), we can use the result of Lemma 6.13 in Palatucci et al [31] according to which if
Y € L=(R™) N W?*°(B,(x)) we have that
Yy b

y‘n+2s

Wn—1 —s —<8
y\ < (D% 2009 220 + [ e 2.

R T — (1—3)s

78



Applying the above for ¢ = v and p = p(x) = T_Qm, and using the bound (4.47) for || D?v|| (B, (2

we obtain that

v(y) — v(x)d < W 1D%| r— |2\ 2 ol r— o)\
e |z — |t Y = (1—5)s Lo°(By(x)) 5 Lo°(R™) 5

T (01( ) — |y (T_TM)Q(H)+ - (“2'93')_28)

- (Cm () e+ (5) o m)*)

< (fj—;)smax{clm (%)Q(H),(g)_%}(<r—|x|>—7—2<r—|x|>2“—s> (r—1e) )

= Cs(7) ((r = [z)) 777 + (r — [2]) ™)

which is (4.55)).

Step 7 . We now obtain an alternative bound for the action of the fractional Laplacian on

v as

Mdy‘ < Cy(K2+1), Yz € B, (4.56)

R~ |x - y|n+28

for a suitable constant C}, depending on s and n.
This follows from Lemma 6.14 in Palatucci et al [31] according to which if ¢ € L>*°(R") is

continuous, radial and radially non decreasing with
sup ¥ = max1) = M,
R” R~

and ¢ € W2*°({¢p < M}) then,
Yly) — ¢($)d Wn—1

e [2 =y ‘ < 2 s P W=y + 19l cer).

Applying this result to v» = v and M = 1, and using estimate (4.53)) from Step 5 we obtain
[@.50).
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Step 8 . We now have two alternative bounds for —(—A)*v, bound (4.55)) and (4.56). The
first bound is very tight when |z| — 0 (towards the center of the ball) and trivial (blows up to
infinity) when |z| — r, while the second bound is uniform over the whole ball.

We can refine bound (4.55)) more:

—(~A)u(@) < Cy(y) ((r — Jal) 7+ (r — Ja]) >
< Cy()(r — [) > ((r — Jal)”
< Ca()(r — [a)) > (14T 41

= () (r — [e) > (24+777)
= C5(n> 5777T>(T - |$D7 °
The last inequality is true, because we choose
T<r-T,

and Cs(n, s,v,T) a constant that depends on n, s,y and 7.
Now, we combine the above refined bound with (4.56) :

—(=A)*v(z) <min{Cs(r — |z|)™*,Co(K"2 + 1)}, Vx € B,, (4.57)
< max{Cs, O4(K"2 + 1)} min{(r — |z])~%*,1} (4.58)
= C,min{(r — |z])~2,1}, (4.59)

where C, a constant that depends on n,s,vy,T and K.

Therefore, v as constructed above satisfies
—(=A)v(z) < Comin{(r — |z|)"*,1}, z € B,,
U(I’) = 07 YIS BrfTa (46())

v(x) =1, x € By

Step 9 . Now, we set kK = 7/2s and we prove:

1/k

min{(r — [z])7**,1} < (v(z) +T77) (4.61)
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To show (4.61]) consider two separate cases (i) |z| > —1 and (ii) |z| <r — 1.

In case (i) we have that r — |z| < 1 so that (r — |z])™2* > 1 and (r — |z|)™ > 1. Hence,
1 = min{1, (r — |z|)"**} = min{1, (r — |2|) " }<v(z) + T,
and since k > 0 the above implies that
1 =min{1, (r — |z|)"*} < (v(z) + T’V)l/”‘,

which is the required inequality (4.61]).

In case (ii) we have that r — |z| > 1 so that (r — |z|)™2* <1 and (r — |z|)™” < 1. Then,
min{(r — |z|)7*,1} = (r — |2[)7%, and min{(r —|z[)77, 1} = (r — |2])7".
Hence,
(r=le) 7 So(@) + T = (r—|a) ™ < (@) +T7) 7
which is the required inequality .

Step 10 . Combining Step 8 with (4.61)), and choosing v = % we see that v satisfies the

inequality
—(=A)’v(z) < Co(B+v(x))”, VzeB,
v() =0, z€ B, 1, (4.62)
v(z) =1, = € B,
where

B=T""=T"2/" (4.63)

Note that [ is a fixed constant.
We observe, by defining,
¢"(x) = (z) = Mo(z),
that ¢" =0 in B,_7 and ¢" = M in B
We note that this test function is compatible with the proof scheme of Alikakos—Fusco [2] for

the case 0 < v < 2 in the local case. O
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Using the function w defined in the previous Lemmata, we construct the positive valued
function ¢" := Mw, where M is the upper bound for the minimizer (||u||~ < M), which has
the property that ¢" = M on B¢. Using ¢" we define ¢° = min{q, ¢"}. Clearly, ¢° < ¢* and

q¢° = q" on B¢. Upon expressing the minimizer in polar form v = a + ¢“n", we define
h=a+q¢"n",
o=a+qn".

It can be seen that o = v on Bf. Using Lemma it holds that

J(o,B,) + | W(o)dx > J(u,B,)+ [ W(u)dz. (4.64)

B, B,

4.4 The Density Theorem for the case o =2

Theorem 4.4.1. Let s < 1/2 and assume that the potential satisfies Assumption O is
open and u : O C R™ — R™ is minimal in the De Giorgi sense. Then, for any uo > 0, and any

A € (0,dy) where dy = min,{|a — z| : z# a, W(z) =0} > 0, the condition
| Bro (o) N {lu —al > A} = po
implies that
| Bro(x0) N {lu—al > A} = Cr", forr =,
as long as B,(xg) C O where C = C(W, o, A\, ro, M).

Proof. The proof proceeds in 11 steps.

Step 1 . The minimality of the radial part of the energy (4.64]) leads to the estimate

J%(u—o0,B,) < /B i cr}(VV(U) — W(u))dz + 2/B e h}(qu — ") [~ (=A)*q"|dx(4.65)

The proof of this estimate follows closely the derivation in [12] or [38] and is only sketched

here for completeness. Note that ©w = ¢ in Bf so that v — o and ¢" — ¢° vanish in B¢. Then,
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using the simplified notation B = (R" \ Bf) x (R \ B¢) we have that

_ u __ O 2
J(u— 0. B,) //Iq q —(¢" = ¢°(v)| dedy.

‘n+2s

Using the identity |a — b|? + b* — a® = 2b(b — a) for a = ¢“(z) — ¢“(y) and b = ¢°(z) — ¢° (y),

we obtain that

Jo(u— 0, B) + J°(0, By) — J°(u, By) = //D [(¢" = q°)(x) — (¢" = ¢")(y)] (¢"(y) — qc’(l‘))dmy

|z —y|+ee
_ // [(¢" —¢7) (=) — (¢" — ¢")W)] (¢°(y) — q"(w))dmdy
R" xR" |z — y[rt2s 7

where we used the fact that ¢* — ¢° =0 on BY.

Using symmetry arguments,

// (" — ") (@) — (" — q¢") W) (¢ (y) — qa(w))dmdy

’Q? _ ’n+2s

_2// v = E e y§+3s T vy,
// [(q" = ") (x) = (¢" = )W) (¢"(y) — ¢°(x ))dxdy

|z —y|+e

- (¢" = ") (@) (y) — () ,
a 2//r><B$ |m _y|n+25 dxdy.

Combining the above estimates

u—ch)+JQ(UB) Je(u, B,) =
[ [ @O D),
nxRn |I— |n+28

Q/n(q“ — () (/n %dy) dr =

200 [ (0" = )-8 (a)d,

where (', is the normalizing constant used in the definition of the fractional Laplacian. Without
loss of generality we will take C, = 1. By the definition of ¢° = min{q“, ¢"}, we see that this
integral is non vanishing only when ¢ = ¢", and this leads to the estimate
Jé(u—0,B,) < Ju,B,) — J%0,B,) + 2/ (¢" — ¢")[~(—A)*¢"|dz, (4.66)
Brn{q*>q°}
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where adding and subtracting the integral of W (u) — W (o) over B, and using the radial part
minimality lemma (2.1.3)) leads to (4.65)).

Step 2 . We establish the inequality

(n—2s)/n
c (/ <qu . q0)2n/(n—28)) < / (W(a) _ W(u))d:z:
r Brn{qu>qh=¢"}

(4.67)
2 / (q" — ")~ (~2)°q")da
Byn{qv>q"}

We recall the fractional Sobolev inequality

boa) o), N
el < ([ [ O dugy) (4.65)

valid for any s € (0,1), p € (1,n/s) and u € C§°(R") (and by extension to any u € WP(R™)),
see Theorem 2.2.1 [12]. Using (4.68)) for p = 2 with (4.1]), combined with the fact that ¢*—¢” = 0
on B¢, we conclude (4.67)).

Step 3 . Choose ¢" = Mw, where w is as in Lemma with 7 > 0 to be determined

shortly. Clearly, ¢" > 0 and satisfies

—(=A)¢" < 7¢", in B,

(4.69)
¢" = M in Bt
By Lemma m, q" satisfies the bounds
Sl = la) > < gt < B 1= )
For x € B,_r the above bound yields that
"(z) < MG, (T+1)*< MTCTT_ZS.
Clearly by definition
¢” = min(¢",¢") < ¢" < MTCTT‘QS.
We set a X' € (0,A) (say X' = 3) and choose T > 0 such that
MTCTTQS Y (4.70)
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Then,
- =q¢"—q¢" >N, inB_rnN {¢" > A} (4.71)

Indeed, ¢° by definition can either be ¢* or ¢". On B,_r N {g* > A} we have that ¢* > ),

whereas

¢° = min{¢", ¢"} < ¢" < MTCTT_QS <A A=XN <)\,
so that ¢* > ¢° and hence ¢° = ¢". Therefore, on this set

=" =" =" >A=">A-(A=XN) =N\,
and the claim is established. Moreover, by it follows that

B rn{g" > In{¢" —¢" <N} =0. (4.72)
Step 4 . We establish the estimate

(n—25)/
</ <qu . qg)2n/(n25)d$> Z ()\/)2 |Br7T N {qu > /\}|(n723)/n7 (473)

that will be used along with the previous estimate (4.67]).
To see this note that

(n—2s)/n (n—2s)/n
(/ (qu . qa>2n/(n—2s)> dr > (/ (qu . qa>2n/(n—2$)dl,) —
r BT—T

(/ <qu . qo>2n/(n—2s)dx+
Br_pn{q*> }n{q*—q" <N}

(n—2s)/
/ <qu . qa>2n/(n—23)d:€> —
Br_rn{gu>A}N{g*—qg" >N}

(n—2s)/
(/ <qu . qa>2n/(n—25)dm> > ()\/)2 |B7‘—T N {qu > /\}|(n—28)/n’
Br_rN{g">A0{q"—q" >N}

where we used (4.72]). Hence (4.73)) is established.
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Step 5 . We now consider the RHS of (4.67)) and try to establish an upper bound for the
potential difference term. We claim that
[ @) -wpde= [ @i - Ww)ds <
T Brn{gh<q*}

. (4.74)
2 (6" = @+ (W () = W () dz

2 /B0 <g")n{av<r) B,{gh<q}n{qe>A}
This requires use of the assumption on the potential function.
Before proving (4.74) we note that since ¢° = min{q%, ¢"} we have that

/B (W(0) = W(w)ds = / (W (o) — W(u))dz

(Brn{g°=q"})U{q" <q“}

= / (W(h) — W(u))dx
Brn{gh<q*}

This comes from the fact that
B, ={¢" <q"}U(B.N{¢" =¢"}) and {¢" < ¢"} ={¢" < ¢"},

which follows by the definition of ¢° and ¢ (¢° may take either the value ¢" or ¢%).
We now as in [3], under the assumption that A < gy (see Assumption for the definition
of qo) approximate the potential difference with a quadratic approximation. On {¢" < ¢*} N

{g" < A} it holds that ¢* < gy so we have that

Co

W(u) =W(h) = Z((¢")* - (@")?), on {¢" <q“}n{g" <A} (4.75)

This follows from Assumption since

v
W(u) — W(h) = W(a+q"n") — W(a+q¢"n") = / [/ st] dq,
qh 0
where ¥(5) := W(a + sn*). Since

LU . i
ﬁds = (n")" DWW (u)n" > co, ¥V 5 € (0,q),
by Assumption the estimate (4.75)) follows by integration.
Hence, using (4.75)) we have for the potential term
c
(W (h) — W (u))de < = ((4")* = (¢")*)dx. (4.76)

2 JB,n{g"<q }n{q <}

/Brﬁ{qh<q“}ﬂ{q“§)\}
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Hence, using (4.76|) we have that

/ (W (h) — W (w))da =
Brn{gh<q“}

/ (W(h) — W(u))dz + (W(h) — W(u))dx
Brn{gh<qu}n{qu<A} Brn{gh<qu}n{qu>A}

= (= (" Pyaa+ | (W (k) — W (u))da,

2 JBn{gh<quin{qr<a} 0{gh <quIn{gu>A}

which is (4.74)).
Step 6 . We now consider an upper bound for the second term on the RHS of (4.67), in

terms of

2 / (¢" — ") [—(=AY¢dr <
Brm{qu>qh}

27/ q"(¢" — ¢")dz + 27/ ¢"(¢" — ¢")dx.
Brn{g¥>q"}n{qu <A} Brn{g¥>q"}n{q >N}

This follows easily by recalling that ¢" satisfies (4.69) so that since we are only interested
in the subset of B, where ¢* — ¢" > 0, the above follows by using the inequality in (4.69)) and
by splitting B, N {¢" > ¢"} = (B, N {g" > ¢"} N {¢" <A U (B, N{g" > ¢"} N {g" > \}).

(4.77)

Step 7 . We establish the estimate

Cr ()\/)2 ‘Br—T N {qu > >\}|(n—23)/n <

4.78
(W(h) — W(u))dx + 27/ "(¢" — ¢"dzx. (178)

/Brﬂ{q”<q“}ﬂ{q“>/\} Brn{gu>q"}n{qu>A}

This estimate contains only the contributions from the subsets of B, on which ¢* > A, hence

can be used for the estimation of the Lebesgue measure | B, N {g* > A}|.

To prove (4.78) we work as follows: Combining the estimates (4.67) and (4.73)) as well as
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the estimates (4.67)), (4.74) and (4.115) we arrive at the estimate

C(N)?|Bror N {g" > A}/ <
@ ((¢")? — (¢“)*)dx + / (W (h) — W (u))dx+

2 JB,n{gh<quin{gr<n) B.n{gh<gu}n{g>A}

27/ q"(¢" — ¢")dx + 27/ q¢"(¢" — ¢")dx (4.79)
Brn{g“>q"}n{q“<)\} Brn{g“>q"}n{q">N} '

& u U
-/ DR~ @)+ 2 =)o
Brn{gh<gqu}n{gu<i}

/ (W(h) — W (u))dz + 27’/ ¢"(¢" — ¢")dx.
Brn{qh<qu}n{qu>\} Brn{q*>q"}n{qv>\}
We now concentrate at the contributions on the RHS of ([.79) on B,N{¢" < ¢“}N{q"* < A\}.

We look only at the integrands and collect like terms which are

C
50(((1’1)2 —(¢")?) +27¢"(¢" — ¢") =
h u Co h u h %0227 Co h u\ U h u (480)
(" —q") 5((1 +q") = 21q"| = 5((1 —q")¢" <0 on B, N{q¢" < ¢"}.

Hence,
Co ” w
/ 20— @) + 2 - )| <o
Brn{gh<qu}n{qu<A}
and combining this with (4.79) we arrive at (4.78). Note that from now on we set 27 = .

Step 8 . Our strategy now is to estimate the two terms on the RHS of in terms of
|B, N {q* > A\}|. Since ¢" does not vanish identically on a subset of B, we need to break B,
into spherical shells on which we may use estimates of ¢" to get some control over the integrals.
Following [3] we set r = ro + pT and define r; =19+ jT', j = 1,--- ,p. We adopt the notation
By = By, Bj = B,;, j = 1,--- ,p, and note that B, = B,, while B, ; = B, 7. It is easy to
see that B, = By U (B \ By)U---U (B, \ Bp_1), with the corresponding spherical shells being

disjoint sets. Moreover, we define
wo = By N{q" > A},

w; =|(B;\ Bi_) N{g* >N}, j=1,---,p,

and note that once we have estimates from below for the quantities wy,w;, j = 1,---,p we can

(4.81)

use them to estimate from below the quantity of interest which is [B, N {g" > A}| = >°%_jw;.
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Step 9 . We claim that the estimate (4.78)) leads to an inequality for w; of the form

p—1 (n—2s)/n p—1
*(Tw) =00ty (182
=0 =0

for a suitable constant C<.

We consider first the LHS of (4.78). Note that |B,_r N {¢" > A}| = g;é wj, so that

p—1 (n—2s)/
Bor e > = () (1.8
=0

J

We now consider the RHS of (4.78)), expressed as

[ / {(W(h) _ W) + 2rq"(¢" — qh)} dz.
Brn{g"<gv}n{g*>A}
Since B, = By U (By \ Bp) U---U (B, \ B,—1) and adopting the notation

AOZBgﬁ{qh<q“}ﬂ{q“ > A},
A;j = (Bj\ Bj_1) N{d" < ¢“} n{¢" > A}, j=1--,p.

we have that

e / [(W(h) ~ W) + 2rgt(g" —q’ﬂ dz
Brn{gh<qu}n{gv>A}

= Xp% /Aj [(W(h) — W (u)) +2r¢"(¢" — qh)] dz =: Zp:]j_

We now estimate each of the above integrals separately.

For j = p, we have that x € A, := (B,\B,—1)"{¢" < ¢"}N{q" > A\} C (B,\B,_1)N{q" > \},
so that |z| > r—T. There we may only use the upper bounds for the potential and the minimizer
that hold in general (not near a, as in Assumption . We then have, for the integrand in
I, that

(W(h) =W (u) +27¢"(¢" — ¢") < W(h) +27¢"¢"
< W(h) +27(¢")*

SWM—FQTMQ, in Ap.
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so that
L, < (Wi + 21 M?)|A,| < (Way + 27 M?) (B, \ Bp_1) N {q" > A} = Wy + 27 M?)w,.

We now consider the terms for j = 0,1,--- ,p — 1. In all these cases we are within B,_7 so

that

C.M
2

C.M
2

" < (T+1)%< T2 < A=) <)< q.

That means that for all these terms we may use the detailed local estimates for the potential,

provided by Assumption i.e., that
C/
W) < gy
Moroever, in B; \ B;j_1, j = 1,--- ,p — 1 we have that ro + (j — 1)T < |z| < ro + jT so that
rtl—le>r+l—ro—jT=1+p-H)T={p-i)T
le.
(r+ 1=z <T (-5,

hence by Lemma

CTM —2s -\ —28
("< T =57 (4.84)

We will use these estimates to get sharper upper bounds for the integrals I;, 7 =1,--- ,p —1,
than those obtained for I,,.

For j = 1,---,p — 1 we have that z € A; := (B; \ Bj_1) N {¢" < ¢“} n{¢* > \} C
(B; \ Bj_1) N {g" > A}, and we estimate the integrands in /; as

(W(h) — W(u)) +27¢"(¢" — ¢") < W(h) + 27¢"¢"

/
< 2(¢")? +27¢"¢"

IN
TN TN

C.M?
+27‘)TT25(p—j)25, in Aj.



The above estimates yield

/ CTMQ
I; < <%+2r> 5 T=*(p—j)*|A]]

Cl CTM2 —2s -\ —28 U
< (2+2r) GET 200 B\ B 0l > )
c C.M?* _ . N\ —2s .
:<§O+27)TT2(p—])2wj, j=1,-- ,p—1

Finally, we consider the j = 0 term. In Ay we are in By = B,,, i.e., |z| < 7, so that

(r+1—1z[)72 < (r +1—1ry)"%%, and using the upper bound for ¢" given in (4.5 we conclude
that

C.M

C.M C.M___
5 (T+1—T0)_2S — 5 (1+pT)_25 S 5 T 25]?_25.

" <

Working as before we have that

/ CTMQ
IO S (% + 2T> 9 T_2sp_2st.

We now combine the above estimates to get the inequality

p—1

(n—2s)/n / 2
C_'(X)2(ij) < (C—O +27') ¢ M

p—1
5 5 T-% [p‘25w0 + Z(p — j)_%wj} + Wy +27M*) w,
j=0 Jj=1

c C,.M? 2 .
= <§0 + 27) ) T2 Z(p — ) w; + (Wi + 27 M?) w,,.
=0

Setting
/ CTM2

Cy = max { (% + 27’> TT_ZS, W + 27'M2}

and choosing

C_«()\/)Q
Cu '’

o =

we arrive at the inequality (4.82]).

Step 10 . We now establish that the following lower bounds for w, arise from the inequality
(14.82)),

Wy > ph p=1, i s < 1/2, (4.85)
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for a suitable constant ¢* to be determined. In fact it suffices to show that the above estimate
holds for all p > p* for a suitable p* € N.

We will prove this claim by induction.

Clearly the claim holds for p = 1, by assumption.

Assume that it holds for p — 1. We will show that it also holds for p, using .

We start by the LHS of . By the induction hypothesis,

*

p—1 p p c
Z%' > Zj"_l > C*/ s"lds = 119”,
j=0 j=1 0 n-

so that for the LHS of (4.82) we have

c* (n—25)/n p—1 (n—2s)/n
n—1 —

Jj=

Concerning the RHS of (4.82)) we start with the elementary upper bounds for w;, j =1,--- ,p—
1

wj = |(B; \ Bj—1) N{q" > A} < |B;\ Bj_1| < y(ro+ )" 'T < . T"p" ",

where 7, is the volume of the unit sphere in R™ and ¢, is a constant that depends on ry and n.

Using this estimate we have that

p—1 p—1
Z(p . j)_2swj + W, < C*Tnpn—l Z(p . j)—2s + W,
=0 =0

P
= c*T"pV“1 Zj*QS + wp.

Since s < % the series Z;; 772 does not converge. We may estimate the series by the

corresponding integral and argue the existence of a constant ¢, depending on s such that

p
Zj—Zs S épl—Qs
7j=1

Then,

—_

-
— ) Pw; +w, < TP + wy,
=0

.
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Putting all these estimates in (4.82)) we find that

o\ -29/n
C<> (n — 1) pn723 S C*éTnpane + Wp,

(4.86)

which if solved in terms of w, can provide a lower bound of the form w, > c*p("=29)/" a5 long

as ¢* is chosen appropriately.

More specifically for any 7" > 0 such that (4.70]) holds, we must first choose a ¢* such that

n—1

c* (n—2s)/n
C’O( ) > c.cT™.

Without loss of generality let us choose

co

n—1

* (n—2s)/n 2. 6T n/(n—2s)
C’O( c ) =2¢,I" = " =(n-1) (L> :

Then, (4.86]) yields

> ATn n—2s __ ATn 1-2s, n—1 (pr*,>28<1) ATn *\1—2s, n—1
wp > TP T = e .lT"p " p > oI (pt)

n—1
> C*éTn *\1—2s p > + 1 n—1
> (") (p—+ . (p+1)

Lzl/g

p+1 T "
+ Z 20*6 (5) (p*)1—25<p + 1)%—1

>c(p+1)" p2p

as long as ¢* is chosen such that

T n

" < 2c,.c (—) (p*)'=%.

2

Note that (4.88) and (4.87)) are compatible if
2, éT" n/(n—2s) T\ "
(n—1) (%) =" < 2¢.¢ (§> (p*)t—2,

as long as p* € N is chosen large enough, and in particular

2sn

p* _ [(n . 1)ﬁ2n71<00)*(n725;}1725) (C*é) (n7252)?172s)T(n72s)(172s)] + 1.
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This proves the validity of (4.85)) for all p > p* with p* depending on T' (and ultimately on \)
as well as the constants of the potential term. The fact that p > p* implies that the density

estimate will hold for balls with sufficiently large radius r.

Step 11 . Using the lower bound for w, derived in step 10, for s < 1/2, and working as
in [3] we can obtain the required density result. For the sake of completeness we repeat the
arguments in [3].

Let k* := [=#°] be the integer part of =¢. Then,

k*+1

1B, N {a" > A 2 |Bryrier N 0" > A = 3wy
7j=1

k*+1

> c* Zjn—l
Jj=p*

C*
> S 1)

% >k

C (KT+T)" > .

nlm
which is the required result. O

Remark 4.4.2. The above estimates seem to blow up for n = 1, however the theorem must
hold true also for this case. One way to see this is to look for more refined asymptotic behaviour
in (4.89)) of the form w, > c*p” for a suitable v > 0 to be determined. We can rework Step 10

with this choice and we see that the argument works as long as ~ satisfies

O+Dm=2) D=2

The second condition gives that

_n—2$
/y_ 23 )

which when substituted in the first condition makes the first condition equivalent to

n — 2s

5 >n—2s & n—2s>2sn—(25) & 2525 —1) >n(2s—1)
s

S 2s<n

which is true.

So in this case we establish that w, > ¢*p? which completes the induction step.
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That implies that w, > c*pn%s. Note that since ”5825 > n — 1 this is compatible with the

estimate in [3] that w, > ¢*p"~!. Moroever, using this refined estimate Step 11 works for n = 1

as well.

4.5 The Density Theorem for the case 1 < a < 2

Theorem 4.5.1. Let s < 1/2 and assume that the potential satisfies Assumption O s
open and u : O C R™ — R™ is minimal in the De Giorgi sense. Then, for any py > 0, and any
A € (0,dy) where dy = min,{|a — z| : z # a, W(z) =0} > 0, the condition

Byo(20) 1 {Ju — al > A} > i
implies that
| By, (x0) N {|u—a| > A} > Cr", forr >r,
as long as B, (x¢) C O where C' = C(W, g, A\, 10, M).

Proof. The proof has certain steps in common with the proof of Theorem for the case of
a = 2.

Steps 1 and 2 are identical and are not repeated. We therefore establish the estimate

(n—2s)/n
C ( / (q“—q")* ("‘28)) < / (W(o) — W(u))dz
n Brn{qu>qh=¢"}

(4.90)
w2 Ay e
Brn{g>qh}
Step 3’ . We now choose ¢" to be the solution of the nonlocal differential inequality
—(=A)¢"(z) < 10¢"(2)", Yz € B,,
(4.91)

¢"(x) = M, z € B},
for 79 and v to be determined shortly. By Lemma such a test function exists for v > 0

and satisfies the bounds
Clr+1—|z)™" <¢"z) <Clr+1—|z[)™/, ze€B, v>0,
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for suitable constants C and C. For uniformity of notation with Theorem we rewrite these

constants as

M _
Q_ﬁa C=

MC;
2

) O-<I/) = 1/7

so that we express the bounds of Lemma for ¢" as

M MC'
o L Jal) BT < g < S 1 = fa]) (492)

For x € B,_r the above bound yields that

MC, MC,

qh<x) < (T-'- 1)725/111" < 5 T72s/1/r'

Clearly by definition
M

qa _ min(qh’qu) < qh < %T—%/Vr.

We set a X' € (0,A) (say X' = 3) and choose T > 0 such that
MOTT—25/VT <\— N,
2
Then,
" —q =q"—q¢" >N, in B._rN{g" > \}. (4.93)

Indeed, ¢° by definition can either be ¢* or ¢". On B,_p N {g* > A} we have that ¢* > ),

whereas
¢ = min{g", ¢"} < ¢" < MTG—TZS/VT <A—N <A
so that ¢* > ¢° and hence ¢° = ¢". Therefore, on this set
= =¢"—-¢" > =" >A=-(A=N)=X,
and the claim is established. Moreover, by it follows that
B_pN{g“ > In{g" —¢" <N} =0. (4.94)
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Step 4 is identical and allows us to establish the estimate

(n—2s)/n
</ (qu . qa)Qn/(n—Qs)dl,> Z ()\/)2 |Br—T N {qu > )\}|(n—28)/n’ (495)

r

that will be used along with the previous estimate (4.90)).

Step 5’ . We now consider the RHS of (4.90) and try to establish an upper bound for the

potential difference term. We claim that

/ (W (o) — W(u))dz = / (W)~ W(w)da
, Bri{a"<a"} (4.96)
<

/ (") = (¢ + [ (W (1) — W (u))da
Brn{g"<q“}n{q" <A} Brn{q"<q"}n{q">N}
This requires use of the assumption on the potential function.

Before proving (4.96)) we note that since ¢° = min{q%, ¢"} we have that
/ (W(o) = W(u))dzx = / (W(o) —W(u))dz
v (Br{g7=q"})U{a”<q"}

= / (W(h) = W(u)) da.
Brn{qh<q"}

This comes from the fact that
B, ={¢" <¢"}U (B, N{¢° =¢"}) and {¢° < ¢"} ={¢" < ¢"},

which follows by the definition of ¢° and o (¢° may take either the value ¢" or ¢*).
We now as in [3], under the assumption that A < gg (see Assumption for the definition
of qo) approximate the potential difference with a local power approximation. On {¢" < ¢“} N

{g* < A} it holds that ¢* < gy and ¢° = min(¢", ¢*) < ¢* so we have that

U

d g q
DWWt p) > aCp™ — / D y(at pe)dp > / aC*p*dp
dp ¢ dp ¢ (4.97)

= W(u) = W(o) > C"[(¢")* = (¢7)"]

Hence, using (4.97)) we have for the potential term

(W(h) = W (u))dz < 2 ((¢")* = (¢")*)dz.  (4.98)

2 JB,n{g"<q }n{q <}

/Brﬁ{qh<q“ Nn{gv<A}
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Hence, using (4.98)) we have that

/ (W(h) = W(u)) dz = (W(h) — W(u)) d
Br-N{gh<qv} Brn{gh<gu}n{g»<A}
/ W(h) — W (u)) dz
Brn{gh<gu}n{q»>1}
C 6% U\
<3/ (") = (¢)*) dr
Brn{g"<q}n{qu<A}
/ W(h) — W(u)) d
Brn{gh<gu}n{gu>X}

which is (4.96)).
Step 6’ . We now substitute estimates and into (4.90) which leads to the esti-

mate

B (n—2s)/
o[ w-apr) e [ (16" = @) e
- Brn{gh<quin{q*<A}

+ / (W(h) — W (u)) dz (4.99)
Brn{qgh<qu}n{qv>A}
+ 2/ (¢ —¢") [ = (-A)¢"] dx.
By.n{qv>qh}

By the choice of ¢" as in (4.91)) this yields

B (n—2s)/n
C </ (qu . qcr>2n/(n23)> <
c [ (¢")" — (")) + (W (R) = W (u))da
Brn{gh<qu}n{qv <A} Brn{gh<qu}n{qu>A}
+270/ (¢ — ¢")(¢") dz + 2/ (¢" — ¢")[—(=A)¢"]dz
Brm{qu>qh}m{qu§)\} Brﬂ{q“>qh}ﬂ{q“§/\}

—c [ (") = (q"))da + 2m0 [ (¢" = ) (a" s
U Br{g"<q }n{g <A} Brn{g">q"}N{g"<\}

+ / (W (h) — W (u))dz + 2
JBrn{g"<g"}n{g">\}

(¢“ — ¢")[—(—A)¢")dz

\,\«

rﬁ{q">qh}ﬁ{qu§>\}

N

= [+ 11,

where [ contains the contributions from ¢* < A, and /[ contains the contribution from ¢" > A,
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ie.,

= / (") = (@*))dz + 27 / (¢" — ¢")(g")"dz,
Brn{gh<q*In{q=<A} Brn{gv>q"}n{g" <A}

and

Il = / (W (h) — W(u))dx + 2/ (¢" — qh)[—(—A)sqh]dx.
Brn{gh<qu}n{qv>A} Brn{gu>¢"}n{qu>A}

We first consider the term 1.
We choose

a=v+1, v>0

and we have that

I :/ [C*(qh)“ - 2ro(qh)”“} d:c+/ [27061“((1 )’ = C*(¢")° }d
B,n{g"<q"}n{gu<\} BrN{a"<q“}n{q“<A}

/ O e | 2 - o)
Brn{g"<q“}n{q“<A} Brn{g"<q“}n{q"“<A}
4100)

where for the second integral we have used the obvious estimate
" <q" = (¢")" < (¢")", since v > 0.

Note that in term I we use the form of the inequality —(—A)%¢" < 79(¢")” whereas in term
IT we temporarily leave the fractional Laplacian term of the test function as it is and we will
bound it in the next step accordingly.

Choosing v + 1 = «a and 275 = C* we see from (4.100]) that

1 <0

)

hence term I can be omitted from the right hand side of (4.99) which yields

~ (n—2s)/n
C (/ (qu . qU)Qn/(n—ZS)) <II

(W(h) = W(u))dx (4.101)

/Bm{qh<q“}ﬂ{qu>/\}

+ 2/ (¢“ — ") [ - (-=A)q"] da.
Brn{qu>g"In{qu>A}

99



Hence term I can be ommited from the right hand side of the above inequalities and we only

need to consider term II.

Step 7' . Combining the observations we obtained in step 6" , i.e. (4.101]) with (4.95) we

obtain the estimate

C V) |Brr 0 {g" > N} < (W (h) — W (w)) dz

/;rﬂ{qh<q”}ﬁ{qu>>\}

T / (= (—AV¢] (¢ - ¢") da.
Brn{g*>qg"}n{g*>A}

This estimate contains only the contributions from the subsets of B, on which ¢* > A, hence

(4.102)

can be used for the estimation of the Lebesgue measure |B, N {g" > A}|. Note, this is identical
to what we obtained in the oo = 2 case in which case v =1 (i.e., estimate (4.78))).
Step 8 is identical as in the v = 2 case. It is only repeated here for convenience (to recall

the definitions or the relevant quantities).

Step 8 . Our strategy now is to estimate the two terms on the RHS of in terms of
|B, N {q" > A\}|. Since ¢" does not vanish identically on a subset of B, we need to break B,
into spherical shells on which we may use estimates of ¢" to get some control over the integrals.
Following [3] we set r = ro + pT" and define r; = ro + jT, j =1,--- ,p. We adopt the notation
By = B,,, Bj = B,,, j = 1,--- ,p, and note that B, = B,, while B, ; = B, . It is easy to
see that B, = ByU (By \ By)U---U (B, \ Bp-1), with the corresponding spherical shells being

disjoint sets. Moreover, we define

Wo = ‘Boﬂ{qu > >\}|,

(4.103)

wi=[(B;\ Bi-)N{g" >N},  j=1-.p
and note that once we have estimates from below for the quantities wy,w;, 7 =1,--- ,p we can
use them to estimate from below the quantity of interest which is [B, N {g" > A} = >°F_jw;.

Step 9’ . We claim that the estimate (4.102)) leads to an inequality for w; of the form

p—1 (n—2s)/n p— )
C<><ij) <Y (p— ) Fwj +w, (4.104)



for a suitable constant C.

We consider first the LHS of (4.102). Note that |B,_r N {g" > A\}| = f o Wy, so that

p—1 n—2s)/
1B, N {q" > \}|2)/n = ( wj> . (4.105)

=0

<.

We now consider the RHS of .

We will consider the case 0 < v < 1 (corresponding to 1 < o < 2).

We use the inequality for ¢" according to which —[—A]*¢" < (¢")¥, and substitutite it in
the RHS of which is now expressed as

= IV (8) = W)+ 2" 4" )]
Brn{gh<qv}n{g*>A}
Since B, = By U (B \ Bp)U---U (B, \ B,—1) and adopting the notation

AozBoﬂ{qh<Q“}ﬂ{Q“>A},
= (B\Bi-)n{d" <q}n{g"> X}, j=1,--,p.

we have that

pe W - qﬂ iz

:Z/A (V1) = W) + 2 (0" = )| e = ZI

We now estimate each of the above integrals separately.

For j = p, we have that x € A, := (B,\B,_1)"{¢" < ¢“}N{q" > A\} C (B,\B,_1)N{q" > \},
so that |x| > r—T. There we may only use the upper bounds for the potential and the minimizer
that hold in general (not near a, as in Assumption . We then have, for the integrand in
I, that

(W(h) = W(w)) + 270(¢")" (¢" = ¢") < W(h) + 270(¢")"¢"
< W(h) +270(q")"¢"
< W(h) + 27(¢")"

< Wy +20M®,  in A,
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so that
[p S (WM + 2T0Ma)’Ap| S (WM + zToMa)KBp \ Bpfl) N {qu > >\}| = (WM + 27'0Ma)wp.

We now consider the terms for j = 0,1,--- ,p — 1. In all these cases we are within B,_7 so
that

C.M
2

C.M
2

" < (T+1)"% < T2 <A=XN <)< q.

That means that for all these terms we may use the detailed local estimates for the potential,

provided by Assumption 4.2.21.e., that

/
Co

W(h) < 2(¢")™. (4.106)

Moroever, in B; \ B;_1, j = 1,--- ,p—1 we have that o+ (j — 1)T" < |z| < 19 + jT so that by

Lemma [1.3.3] (see estimates ([£.92)))
C:M
2

; —2s/v CTM—SV \—2s/v
(p =TI = = =T/ (p— )™V,

¢" <

hence taking the v power we obtain that,
v CTM ) —2s -\ —28
< (5) T

We will use these estimates to get sharper upper bounds for the integrals I;, 7 =1,--- ,p—1,

than those obtained for I,,.
For j = 1,---,p — 1 we have that z € A; := (B; \ Bj_1) N {¢" < ¢“} n{¢* > \} C
(B; \ Bj_1) N {g" > A}, and we estimate the integrands in /; as

(W(h) = W (u)) + 270(¢")" (¢" — ¢") < W(h) + 270(¢")"¢"

Vv _u C/ 1% vV _u
< 2" +270(q") g = f(qh) 1+ 21(4")q




The above estimates yield

/ M v
IJ S (@ +2T0) (OT ) MT728<p—j>72S |A]|

2

< (6—6 + 270) (CTM)V M T (p—5)7% |(B; \ Bi-1) N {g" > \}|

2 2
¢ C,M\" 4 .
=<%+270) ( 5 ) MT *(p—j) *w;, j=1,---,p—1.
Finally, we consider the j = 0 term. In Ay we are in By = B,,, i.e., |z| < 7, so that

(r+1—|z|)™2/" < (r +1 —79)"2/*, and using the upper bound for ¢" given in (4.5 we
conclude that

C.M
2

L9
=

C.M _ C:M, o o
(T—l— 1 —TO)_2S/V _ T(]- +pT) 2s/v S TT 25p 2s/ .

T

¢" < (r+1— =) <

Working as before we have that
A C,M\"
I < (%0 +2T0> < 5 ) MT=2p~2 .

We now combine the above estimates to get the inequality

p—1 (n—2s)/n / v p—1
— C .M _og N —2s
C()\)2< E wj> < (—20+27'0> ( ) ) MT? (p—Jj) *w;

j=0 7=0

+ (War + 210 M) wy.

Setting

4 C.M\"
C’M:max{<%0+270)( B ) MT_zs,WM+27‘0Ma}

and choosing
C‘«()\/)2
Cy '

Cco =

we arrive at the inequality (4.104)).

Note that (4.104]) is identical to the relevant inequality (4.82)) we obtained for the a = 2
case.
The steps 10 and 11 are identical as those of Theorem for the a@ = 2 case. The proof

is complete. O
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4.6 The Density Theorem for the case 0 < a < 1

Theorem 4.6.1. Let s < 1/2 and assume that the potential satisfies Assumption O s
open and u : O C R™ — R™ is minimal in the De Giorgi sense. Then, for any puo > 0, and any

A € (0,dy) where dg = min,{|a — z| : z# a, W(z) =0} > 0, the condition
| Bro(0) N {[u = al > A} > po
implies that
| By (o) N {u—al > A} = Cr", forr =1,
as long as B, (x¢) C O where C' = C(W, g, A\, 10, M).

Remark 4.6.2 (Relation with the local case). The initial goal of the proof is to construct the

analogue of the variational inequality (2.33) in [2], namely

c(N) (V(T — T)nfs + A(r — T)) < (V(T) —V(ir— T)) + (A(r) — A(r — T)), (4.111)
where
V(r)=L"(B,N{q" > \}), (4.112)
and
Alr) = W(u) dz, 4.113
m-[ ) (4113)

for T' > T™, the constant arising in the construction of the test function.
Our inequality should be viewed as its nonlocal counterpart for fractional energies, with the

exponent ”‘TZS reflecting the fractional scaling.

Remark 4.6.3. The first steps of the proof are independent of s.
Proof. Step 1 . First we control the RHS of the inequality
Jo(u—0,B,) < / (W (o) — W (u) da
Brota>at=a”} (4.107)

+ 2/ (¢“ — ") [ - (—=A)q"] da.
Brm{qu>qh}
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We split the domain B, N {g" > ¢"} in:
B, n{q" > ¢"} ={B.rN{g" > ¢"}} U{(B,\ B_r) N {q" > ¢"}}. (4.108)
We further split B,_p N {¢" > ¢"} in:
B, rn{¢">¢"yn{g" < \}:= A (4.109)
and
B_r N{q" > ¢"Yn{qg" > \} = A, (4.110)

and both in A;, Ay it holds

=T 2
:—W§0—0%>#QWM@W.

since ¢* =w =0 in B,_r.

In the above calculation, we also used that from the hypotheses of the potential and for ¢* <

A < pp it follows that
qu
W(u) = / Wu(a + sn*)n%ds > C*(¢")“.
0

Now, we claim that for suitable 7' > T} (will be defined shortly) we have

C f S o, <o,
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Proof.

O*(;J“)“ L2 MO, =
C*
(qu)a((qu)lfaMCoﬁV _ 7) S
C*
(qu)a((Ml_aMCOﬁy . 7)

We recall that f = T~7 = T—2%/*  hence, :

C*
MY« MO, B — - <0=

*

M?*C,B" — % <0=

A
= 9MPaC,
C*
T—28 <

S oMz ac,

ok .
T>(——" V3 .—=T,.
= (2M2*°‘Co) !

]

Step 3 . In Aj, first we set Wy, = infacju—a<m W(u), and for the quantities inside the
integrals in [4.1 we have:

W(o) —W(u)+2(¢" — ¢")[-(—A)¢"] =

—W(u) + 2¢"[—(-A)*¢"] <

%% Wi, N
——Q(U) — T -+ ZQUMCO(U) + ﬁ)y ==

) Won agnc,s <
_@ _ % + 2M2C¢O/BV‘

Arguing as before, we claim the existence of T3, such that for T" > T5 it holds:

ey <o
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Proof.

Wi
—T + QMQOOBV <0=

v < m
= 2M2C,

=

Finally, we choose T' > max{Ty,To} := T*. O

And, so, in B,_r N {q¢* > ¢"}:

/ (W(o) = W) do+2 | (" - )|~ (~A)¢] do
B._rn{g*>q"}

Br_rN{g*>q"}

:/ (W (o) — W(u)) d:c+2/ (¢" =" [~ (-A)¢"] dz

i /A2 (W W(u)) dz + QAl/A (¢" = ") [~ (A)¢"] du
[ W [V, 2

-, -~/ ="
7‘ Tm{qu>0} 7‘ T

< —/ W(“) dr = —2A(r—T).
Brme{qu<)‘} 2 2

Step 4 . Now, we split the domain (B, \ B,_r) N {¢" > ¢"} in

(B, \ By—r) N {q" < ¢" < \} :== D,
and
(B:\ Br—1) N {g" > ¢"} N {g" > \} == Ds.

For the first term on the RHS in|4.1{ using the monotonicity of the potential in ¢* < A (assuming
A < po) becomes

Wi(o) — W(u)dx <0,

Dy
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while in D, and by setting Wy = maxy—q<pW (u):

[ W) -wayir< [ wio)d

< Wy LY((By \ Br—g) N {q"* > A}) = Wy (V(r) = V(r = T)).

since Dy C B, \ B,_r N {q" > \}.
The second term on the RHS in , assuming, furthermore, that A < min{p, 1} and by the
fact that Dy C (B, \ B,—1) N {g" < A}, becomes

Q/D (¢“ = ¢") ][ = (=A)¢"] da < 2/D ¢“MC,(q" + B) dx
< 2/ ¢ M* d
Dy

<2 / (¢")* M dz
Dy

2M*
< c | W(u) dx
2M*
< (A0 — AG - T)).

where M* = C,M (M + B)".

Remark 4.6.4. We note that the estimate obtained above,

2 [ (=) A wl e < 257 (40) - A - 7),

with
M* = CoM(M + B)”,

is the only place in the proof where the exponent v coming from the barrier inequality

—(=A)qn < Colgn + B)”,

enters the argument. In order to treat in a unified way all exponents 0 < o < 2, one would
like to relate v quantitatively to the growth exponent a of W near the well, so that (g, + )"

can be absorbed by the term W(u) ~ |u — a|® in a uniform way. However, with our present
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construction of g in Section the exponent v is essentially fixed (it depends only on s and
the geometry), and the constant M* then develops a strong dependence on v which prevents
us from obtaining an estimate that is uniform in « € (0, 2).

For this reason the above estimate is sufficient to handle the case 0 < a < 1, but does not
allow us to incorporate the case 1 < o < 2 into the same scheme. A more flexible construction of
the barrier, allowing a precise coupling between v and «, would remove this technical restriction,

but requires a finer analysis of —(—A)*q;, and is left for future work.
Step 5 . In D,

2/D (¢" —¢")[— (-A)*¢"] dx < 2 : MM* dx
<2MM* LY((B, \ Br—r) N {q" > A})
=2MM*(V(r) =V (r—T)).

since Dy C B, \ B,_r N{¢* > A} and M* as above.

Step 6 . Collecting all the previous estimates, becomes

2M*
C*

Je(u—o0,B,) < —%A(T —T)+Wy(V(r)=V(r=T))+ (A(r) — A(r = T))

+2MM*(V(r) = V(r=T))

2M*
1 «

< —5A(r=T)+C" ((V(r) —V(r=T)) + (A(r) — A(r — T))).

< —%A(r CT) 4 (War 4+ 2MM) (V(F) = V(r = T)) + o (A(r) — A(r — T))

(4.111)

where C** = maz{Wy + 2MM*, 22},

Step 7 . Regarding the LHS of it has been established through the fractional Sobolev

inequality that

(n—2s)/
JQ(u — 0, BT) > C (/ (qu _ qU)Qn/(n_ZS)dl') ,
Bgr
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and, since, ¢° = ¢" = 0 in B,_ we get

n—2s
n

n—2s

C(/ (q“—qa)“ggsdw) e / (" — )7 da
Br Br_rn{g“>A}

n—2s
n

2

=C / (qu)nfés dr
Br_pn{g¥>\}

n—2s

> C =
B,_rn{gv>\}

> N2 LB, p N {g" > \}) =

2s
=N V(r-T) " .
From this and [.111], becomes

N (V(r=T))" 2" 4 %A(r —T) < C((V(r) = V(r=T) + (A(r) — A(r = T))) =

n—2s

cNV = (r=T)+Alr=T)) < (V(r)=V(r—-T))+ (A(r) — A(r — T)}4.112)

where ¢(\) = %/\2%}

Step 8 . We will prove that leads to
V(r)+ A(r) > Cr",
for a constant C that will be defined during the proof.
Claim 4.6.5. There exist C' := C'(), o) such that
V(KT) + A(kT) > C'k", (4.113)
for k > kg, k a positive integer.

Proof. We will prove the claim by induction.
From the hypotheses of the theorem we know that V' (rg) > po. We set g = koT', for ky a

n{a2.1
constant such that ko7 > 1 and kZ*c(\) > 2" where ¢()\) = w the constant in [4.112]

In addition, we choose C” such that po > C’kfl and we have
V(ro) + A(ro) = V(koT) + A(koT) = V(k,T) = o > C'kg
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and so [4.113| holds for k = k.
Now, we set r — T' = kT and we assume that [4.113| holds for k = k:

V(ET) + A(KT) > C'k"™.
For the induction step and for k = k + 1 (r ~T=kT'=1r=(k+ 1)T), 4.112 becomes

V((kE+1D)T)+ A((k+1)T) > V(KT) + AKT) + ¢(N) (V(%T) 4 A(ET)) . (4.114)

Now, we argue that from the inequality
V(kT) + AKT) > C'k",

we conclude that either

_ 1 -
V(kT) > 5C K",
or
_ 1 -
A(RT) = SC'R"
If A(KT) > £C'k" then
(NA(KT) > (A)lClk” > lc*’/r%"Qn+1 > Ck"2n+1 Aol
¢ = OV E = P e = 9t s

else

Now, regarding the constant C’, we further demand
n—2s

c(N) (%0) s =0 < ( f(i) ) = ¢

2w 2n

and, finally, we choose

C" < min{cy, @}.
ko
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So,

n—2s

NV (RT)*T > 2" Ok,

Therefore from [4.114] we get

V(k+1D)D)+A(k+1D)T) > Ck" +2"C'k" 2 > C'k" + 2"C'k" ' > C'(k+ 1)

Remark 4.6.6. Since s < % it holds n — 2s > n — 1.

The induction is proved and so the claim.

Step 9 .

The final step is to prove that
V(kT) > C'k",

where r = kT
From [4.113| and the fundamental estimate (upper bound of the energy) for the case s < 3:

A(KT) < Cr=2,

we have:
/ s ol '
> n __ n—2s _ S n—2s _ [~ __ —2s no> n
V(ET) > C'k Cr OT” Cr (T" Cr )7’ _ZT”T )
as long as
' 9 ol / 1
— _COrd > > ~2s.
O 2 9m 72 e

The proof for the case s < 1/2 is completed.
Remark 4.6.7. For the case s = %, the difference is the upper bound of energy:

A(KT) < Cr"tinr,
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and so, the final step becomes

! !

! ! n C O
> n n—1 . r n—1 . —1 n > n
V (kT) CE"—=Cr"nr=C _T” —Cr"Hnr = (_T” —Cr lm‘) r> QT”T ,

as long as

/ / /

- _ > > .
7 O 2 o = 2 e

The existence of such r that satisfies the last inequality is justified by the fact that the function

f(r) = ;- is increasing for 7 > e and also f(r) — oo while 7 — oo.

Finally, for the case s > % the upper bound of the energy is:
A(KT) < Cr™ 1.

We observe that this upper bound is the same as in the classical case and we can direct calculate

the final step:

, ;" C’ C’
> n n—1 _ r o n—1 _ o -1 LN n
V(ET) > C k™ —Cr C T Cr (_T” Cr ) =

The above calculation is valid if

Q—CT’1> C =>r> ¢\
L - 20 —\20T" '

4.7 The proof for s > 1/2

1

In Sections 4.4-4.6 we established the density estimates in the regime s < 3,

relying crucially
on the lower bound (4.86), which is a fractional Sobolev-type estimate for the interaction term.
In this section we treat the complementary range s > % The overall structure of the proof is
essentially the same as in the case s < %; the genuinely new ingredient is the lower bound used
in place of (4.86).

More precisely, in Step 5 we invoke the interaction estimate of Savin and Valdinoci (see,

for instance, [37, [38]), which yields

n—1
L(ay, dy) + |by| > colar| =, s>1,
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see (4.128). This inequality provides a geometric lower control on the interaction term in
terms of the measure of the transition region, and, once combined with the preceding steps,
leads to the inequality (4.134) with exponent (n — 1)/n on the left-hand side. The subsequent
combinatorial argument and the final use of the energy upper bound proceed exactly as in the
5§ < % case and yield the desired density estimate with the correct scaling.

We first carry out the argument in detail under the nondegeneracy assumption a = 2, and
then indicate the modifications required for the critical case s = % Finally, Remark 4.7.1
explains how the same scheme can be extended to the case 0 < a < 2, at the expense of

adjusting the growth assumptions on W and the corresponding energy bounds; for brevity we

only record the statement there and omit the full details.

4.7.1 a=2

Proof. We will label the steps by a number and a prime in order to make the easiest comparison

with the proof in the case s < 1/2.

Step 1° . The minimality of the radial part of the energy leads to the estimate

Je(u—o0,B,) < /

BrN{g¥>q"h=q¢"}

W) =W dz+2 [ (g =) (-8) "] da
Brn{qv>q"}
(4.115)
This exactly the Step 1 in the s < 1/2 case.

Step 2° . Choosing a test function ¢", and ¢°, T'and A, \' exactly as in Step 3 in the s < 1/2
case, we obtain from (4.115)) the estimate

Jo(u—0,B,) < /B (W (o) — W (u))dz + 27 / (g — ")dz. (4.116)

N{gu>qh=q7} Brn{gv>q"}

The only difference here is that we do not fully specify A at this stage, but simply constraint

it so that X' € (0, A). Its precise value will be determined at a later step.

Step 3 . We now consider the LHS of (4.116) first and try to obtain a suitable lower bound

for this term.
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Following [38] we define the sets
a, = B, N {qu - C]h > )\/}a
)\/
bT:Brﬂ{E<q“—qh<z\’},

dr:(arubr)C:Bﬁu(Bm{f—&g%}).

Moreover it is easy to see that
B._rN{q" > A} C a,. (4.117)

Indeed, by the choice of T, for any x € B,_r N {g* > A} it holds that ¢"(z) < A — X and if
additionaly ¢“(x) > X then (¢* — ¢")(x) > N, hence z € a,.
We also have that

la,| > |Br—r N {q" > A} > [B,, Ng" > A} > p >0,

with the last bound coming by hypothesis.

We now consider
2

|(q" —(¢" = ¢")(v)| (" — ¢7)(x) = (¢" — ¢°) ()|

/M d |x |n+25 dxdy— /GT/C |n+25 dxdy

2
_ x _ u __ ag
+/ (¢" — ¢°)(2) iqw 7°) ()| drdy

ar Brﬁ{q —gh<3 } ‘x - y‘
2
— (¢ = ¢°)(y)|

/r/ |x— S dx dy

2
(¢" = ¢) (@) — (¢" — ¢)(v)]
dx d
/T/T |:L‘_y|n+28 €ray

= J%u — o; B,).

hence,

(¢ — q%)(2) — (¢" —¢7)(W)I*
J(u—o0;B,) > /a ; o )_ == dzdy.
On the other hand, if y € d,, then

(¢" —a")(y) <

| >
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Indeed, be definition ¢° is either ¢* or ¢". If ¢° = ¢“ the inequality is trivially true. If ¢° = ¢"
then ¢* — ¢° = ¢ — ¢" < %l in d,.
By the same argument, on a,, we have that ¢* — ¢° is either 0 or ¢".

Hence, by the triangle inequality, for x € a,., y € d, we have,

(¢ = ¢°)(x) = (¢" — ¢") ()| = (¢" — ¢")(x) — (¢" — ¢")(v)
- —(¢"—q")(y) = ¥ if ¢°(v) = q"(v)
T @) @) - (=) ) >N =Y =2 i 7 (x) = ¢ (a),

so that

/

6"~ a)) ~ (0"~ ")) = 5

1
L(A, B :://—dxdy,
( ) AlJp |l —y|rt
we see using (4.118) that
U _ 0 (U _ O 2 N\ 2
J2(u— o B,) Z/ (¢" — ¢°)(z) — (¢" — ¢")(y)] drdy > (%) Lia,.d).  (4119)
ar Jdr

|z — g+

Vo €a,,yeEd,. (4.118)

Upon using the notation

Step 4 . Combining (4.116) and (4.119) we have that

A\
(—) L(a,,d,) < / (W(o) —W(u))dx + 27‘/ ¢"(q" — ¢")dz. (4.120)
2 Brn{g*>q"=q"} Brn{g“>q"}
This will be the starting point for our estimations.
Step 5 . Arguing as in [38] we have that
L(a,,d) + b > cola,| 5, s> 1/2, ¢ >0, (4.121)

with ¢ possibly depending on pu.
Adding (% ) |b,| on both sides of (4.120)) and using (£.121]) we arrive at the estimate

N i M 2
Co (5) la,| » < (5) (L(ay,dy) + [by])

< / (W(o) — W(u))dz + 27’/ ¢"(¢" — ¢")dx  (4.122)
Brﬂ{q“>qh—q } Brn{g¥>q"}
)\/
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By further combining (4.117)) with (4.122)) we have that

w3) oot < [ e W

A\
+2T/ qh(q“—Q)dx+( ) |br]
Brn{g“>q"}
The LHS term in (4.123)) is exactly what we want and all the terms on the RHS of (4.123)) -

(4.123)

except the last one - are in such form that can be manipulated easily so that the induction
proof of the case s > 1/2 can be used. Luckilly the last term is multiplied by (’\5/)2, where
N € (0, A) is as yet unspecified, so that it can be chosen small enough for its contrubution to be
suppressed by the negative terms of the above. The negative term over which we have control

is the term —27(¢")? so this will be our candidate.

We express the RHS of (4.123]) as

A
1;:/ (W(a)—W(u))dxmr/ I(q" — ¢ )d$—|—< ) b,
BrN{q¥>qh=q"} Brn{g*>q"}

— / (W(o) = W(u)dx +7 / q¢"(q" — ") da (4.124)
Brn{g¥>g"=q"}

Brn{qv>q"}

)\/
—1—7/ qhq“dm—i—{—T/ (q )d:)s+( >|b|}
BrN{qv>q"} Brn{q*>q"}

and (given 7 - which is still undetermined) concentrate in choosing A’ so that the term in the

curly brackets in (|4.124]) is negative.
To this end we need to use lower bounds for the test function ¢"”. By Lemma [4.3.1] for any

r € B,, we have that

M e M
>
=20, =20,

(r+1)72

so that

—T(¢")? < -7 (;‘C{)Q (r+1n™

Then, we have for the term in the curly brackets, that
2

{_T/Bm{qu>qh}( "o + (X>2|b |} (QJg)Q(rle) 1B, N {g" > ¢"}| + (A> b, |
= { -7 (QAC{T)Q(H 1)~ + (%/f}ybr\ <0,
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as long as X is chosen so that
M
N < VT (r+1)7%.
C,
So, choosing

M
N = min {ﬁ—(r +1)7%, /\},

N

from (4.124]) we obtain the estimate

1< / (W(o) — W(w)de + 7 / (g — q") da
BrN{qv>qh=q°} Brn{g*>q"}

+ T/ ¢"¢" dx
Brn{q¥>q"}
<[ W) -W)dr+2r [ g =) dr
B,n{q*>q"=q¢"} Byn{q#>qh}
Combining the above with (4.123) we conclude that
N 2 ” n—1 h( u h
ol 5 1B, N{q" > N} » < (W(o) — W(u))dx + 21 7' (¢" — q")dx.
Brn{g¥>q"=¢} Brn{g“>q"}

(4.125)

Step 6 . Working in exactly the same way as in steps 5, 6 and 7 of the s > 1/2 case we
obtain from (4.125)) the estimate

A n=1
Co (§> |Boor N {g" > X} ™ < / (W(h) — W(u))dx
Brn{qgh<qu}n{qv>\}

(4.126)
+ 27/ ¢"(¢" = q") du.
Brn{g*>q¢"}n{q">A}

which is the analogue of (4.78)

Step 7' . Using the same notation (see (#.103))) and construction as in Step 8 of the s < 1/2
case we obtain following verbatim the calculations in Step 9 of the s < 1/2 case the estimate

p—1 (n—1)/n p—1
*(Xw) =X 0-iw e (1127)
=0

J=0

<

for a suitable constant C. Note the difference in the exponent on the LHS of this inequality
with the corresponding result for the s < 1/2 case in (4.82)).

118



Step 8 . We claim that (4.127) establishes a lower bound
Wp—1 2 c>|<pn—17 p= 1’ R (4128)

for a suitable constant ¢* to be determined.

This is proved by induction as in Step 10 of the s < 1/2 case.

We start by the LHS of . By assumption it holds for p = 1. Assume that it holds for
p — 1. We intend to show that it also holds for p.

By the induction hypothesis,

p—1 p p o

§ :wj Z C* E :jn—l 2 C*/ Sn—lds — _pn7
— — 0 n
J=0 Jj=1

so that for the LHS of (4.82) we have

N LN = SN T
(5) s (E)
n =0

Jj=
Concerning the RHS of (4.82)) we start with the elementary upper bounds for w;, j =1,--- ,p—
L

wj = |(B; \ Bj—1) N{q" > A} C |B;\ Bj_1| < y(ro+ )" 'T < . T"p" ",

where 7, is the volume of the unit sphere in R and ¢, is a constant that depends on ry and n.

Using this estimate we have that

[y

p—1

_])fQSWj +wp, < C*Tnpnfl Z(p ]) 2s +w,
=0 7=0

p
_ C*Tnpn—l Zj—Zs + wp

p—

<.

S C*Tnpn—l Zj—Qs + wp

J=1

= A(s) e.T"p" ' + w,.
so that solving the inequality for w, we see that the claim is true for p, for appropriate choice

of c,.
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Step 9° . The lower bound (#.128) leads to the conclusion that |B, N {g* > A}| > ¢*" in
exactly the same way as in Step 11 of the s > 1/2 case.

The proof is complete.

4.7.2 The s=1/2 case

For the s = 1/2 case we may follow a combination of the proofs of the s > 1/2 and s < 1/2 case.
We briefly check the main changes. Here again we may not use the Sobolev type inequality we
used in the s > 1/2 case, so we proceed as in steps 1, 2", 3" and 4" of the s < 1/2 case and

conclude (4.120). The main difference here is that (4.121)) is replaced by (see [38])
L(ay, d,) + b, > cola, | (In]a,| +1), s=1/2, ¢ > 0. (4.129)
The remainder of Step 5 proceed unchanged so that (4.125)) is replaced by

(W(o) = W(u))dx + 27/ q"(¢" — ¢")du.

ol 7 ;| +1) < [
Brn{g¥>¢h}
(4.130)

Brn{qu>qh=¢"}

Recall also that |a,| > |B,—7 N {q" > A}|.
Steps 6 and 7" proceed without any changes concerning the RHS of the estimates leading

to

[y

COla, |+ In fa,| < O (Infa,| +1) <Y (0= 5) " wj + wp (4.131)

=

<.
I
o

for a suitable constant C¥, which replaces ([4.127)).
We may now prove by induction that (4.131]) implies that w, 1 > c,p"™ ', p = 1,---, for
a suitable c,.. Note that the induction hypothesis and the fact that |a,| > |B,—r N {¢" > A}|

implies

so that
In|a,| > d Inp.
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. Combining the above we have that the LHS of (4.131)) satisfies

*

¢ " (Inp+1) < LHS = C%a, | (In |a, | + 1).

n —

Now for the RHS we have, using the trivial upper bound w; < 7,p"!, that

p—1 p—1
RHS =Y (p—j) 'wj+w, <D™ 'Y (p—j) " +w, <"p" ' Inp+w,
j=0 Jj=0

Comparing the LHS and RHS estimates we can see that for suitable constant ¢*, we obtain

from (4.131]) that
* n—1 *, n—1
wp > P lnp > Pt

for suitable ¢* and large enough p (p > 3). The induction hypothesis is complete and the lower

bound is established. Then the proof concludes as in Step 11 or Step 9'. n

Remark 4.7.1. For the cases 0 < a < 2, we will follow the same strategy as in the case a = 2.

The complete details will be presented in a future work.

4.8 Applications

4.8.1 Pointwise Estimates

In this subsection we show how the density estimate forces a quantitative pointwise control
of minimizers near a given well. Roughly speaking, if a minimizer u is close to a minimum
a € {W = 0} at one point and the ball around that point is sufficiently large, then u must
in fact stay uniformly close to a at the center. In the local theory this type of conclusion is
often obtained by combining Lipschitz bounds with the density estimate; in the present nonlocal
setting we cannot assume that u is Lipschitz, so we replace this ingredient by an interior Holder
regularity result for fractional systems (see, for instance, |40, Section 5]).

By coupling this regularity with the Density Theorem, we derive a quantitative radius r,

such that the smallness of |u — a| in a ball of radius r, forces |u(x¢) —a| < g at its center. The
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structure of the argument is closely inspired by the corresponding pointwise estimate for local
vector minimizers in [2], Section 3], and yields a nonlocal analogue of those results in the spirit

of the classical case.

Theorem 4.8.1. Assume that W satisfies the assumptions as in the Density Theorem and
u: O CR"— R™ is minimal in the De Giorgi sense. Let

Z, = {W = 0} \ {a} and suppose either Z, = @ or dy = inf,eodist(u(z), Z,) > 0. Then,
given q € (0, M) (with M = ||u||r ), there exists a radius r, > 0 depending only on n,s, W, M
(and on dy when Z, # &) such that

B, (x0) CO = |u(zy) —al <q.
Proof. We will prove this theorem by contradiction. Given ¢ € (0, M), assume
|u(zo) —al = ¢.

Interior Holder regularity gives |u(z) — u(xg)| < Colz — 20|* on B,,(zo) for some 0 < o < 2s.

Then the (Holder) continuity of u implies that the condition
[Byo(0) O {lu—al > A} = o,

in the Density Theorem, is satisfied for

A
To -— (—

20(])1/040’ Ho = £n(BT0 (‘TO))’ A= Q/Q-

Then
E"(Bro(xg) N {ju—a| > g}) > 1.

Indeed, for any = € B, (x¢) we have, by the Holder estimate |u(z) — u(xo)| < Colz — x0|*°,

lu(z) — u(zo)| < Corg® = C’o( 2 ) =2,

2CH

Hence

lu(z) —a| > |u(ze) —al — Ju(@) — ulze)] > A—2 =

>

Y

[\
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so the entire ball B, (z¢) is contained in the level set {|u — a| > A/2}. Therefore
LY(Bry(w0) N {|u — al > q/2}) = L"(Byy(20)) = pto-

The Density Theorem implies
| B (z0) N {|u — a| > q/2} > C1r", for r > ry.

Now, we define

min W(z), Z,=4,
|z—a|€lg/2,M] (), Za

min  W(z), Z,# 9.
lz—al€lq/2,M] =) 4
d(z7Za)2d0
Also, we recall the Upper Bound of the energy:

ot s e (1/2,1),
U(R) = Crlinr if  s=1/2,
O it s e (0,1/2).

Hence, from the above and for s € (1/2,1) we get
wCr"™ < Jyu(By,) < Cr™ 1

which can not be true for

For s = 1/2 in the same spirit:
wCyr" < Jou(B,,) < Cr" tlnr,

which can not be true for

r - C
Inr = wC;’

For s € (0,1/2) we argue as above, and we get:
wC1r"™ < Jy(By,) < Cr2,
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which can not be true for

C 1

r> (U_)CI)%.

Therefore if we set r, = g—gl (first case). then B, (zo) C O contradicts

|u(wo) —al = q.

The conclusion for the other two cases is the same. O

4.8.2 A Liouville type result

As a final application of the density and pointwise estimates, we establish a Liouville-type
rigidity result for entire minimizers. The idea is that if a global minimizer v : R® — R™ stays
trapped in a sufficiently small neighbourhood of a single well a at all large scales, then the
combination of minimality, the Density Theorem, and the pointwise estimate of Section 4.8.1
forces u to coincide identically with a in R™. This is the nonlocal vector-valued analogue of the
Liouville theorems for phase transition models proved in the local case by Alikakos and Fusco
[2, Theorem 3.2] (see also [3, Corollary 5.2 ]): under appropriate structural assumptions on W,

bounded entire minimizers with “no room to develop an interface at infinity” must be constant.

Theorem 4.8.2. Assume that W and u satisfy the hypotheses of Theorem 4.8.1 and take
O =R". Then u=a in R™.

Proof. Pick an arbitrary ¢ € (0, M). Because the entire space is the domain, B, (z) C R" for

every x € R", where r, is the radius given by the above theorem. Hence
lu(z) —al < g, Vo eR"

Since the choice of ¢ € (0, M) is arbitrary, we can let ¢ — 07 and obtain |u(z) — a|] = 0 for

every x € R"; that is, u(x) = a everywhere.
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4.9 Conclusion and outlook

This thesis develops a quantitative theory for vector-valued minimizers of fractional (nonlocal)
phase-transition energies. The main point is that, despite the lack of a scalar comparison prin-
ciple and the long-range nature of the interaction term, one can still extract robust geometric
information from variational arguments combined with tools adapted to the nonlocal setting. In
particular, the polar decomposition framework and the ensuing separation into radial and an-
gular contributions provide a systematic way to analyze minimizers near a well of the potential
and to convert energetic control into pointwise and measure-theoretic estimates.

The results yield structural energy bounds, a maximum-principle mechanism tailored to
vector systems, and density estimates describing how minimizers occupy phases at large scales.
These density bounds have qualitative consequences, including pointwise control near a well
and Liouville-type rigidity for entire minimizers: under suitable trapping near a single well, a
global minimizer must coincide identically with that well.

Several natural directions for further investigation emerge from this work. These include
sharpening decay and quantitative convergence rates near a well, developing a more system-
atic stability theory for admissible competitor classes under limiting procedures, and pursuing
a stratification theory for nonlocal vectorial energies aimed at describing the geometry and

possible singular structures of interfaces in genuinely vector-valued regimes.
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