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Summary

Nowadays, the evaluation of forensic evidence increasingly relies on statistical methodologies, which
provide a coherent framework for quantifying evidential strength and addressing uncertainty. In the
domains of handwriting and dynamic signature examination, the adoption of probabilistic models
is enabling more objective, transparent, and scientifically grounded evaluations. This dissertation
contributes to that ongoing development through two complementary studies.

The first study introduces a novel statistical approach that aims at the identification of valid
and useful patterns in handwriting examination via Bayesian modeling. Beginning with handwritten
manuscript images, loop-character contours are characterized through Fourier-based features, including
the first four pairs of coefficients and the surface size. Six Bayesian models are examined for such
handwritten features. These models arise from two likelihood structures: (a) a Bayesian Normal
model and (b) a Bayesian MANOVA model. For each likelihood, three different prior specifications are
considered: a conjugate approach, a hierarchical Normal-Inverse-Wishart, and a Normal-LogNormal-
LKJ prior. The Bayesian MANOVA model with hierarchical prior formulations is of primary interest
because it can incorporate the within- and between-writer variability, as well as the between-character
variability, which are particular distinguishing elements. Bayes factors are employed to assess the
support for the competing propositions of interest (the person of interest (Pol) is the writer of the
questioned document or not), aligning with the forensic international guidelines ENFSI. The study
explores model comparison, the discriminative power, and a sensitivity analysis with respect to prior
elicitation.

The second study addresses the evaluation of the dynamic signature. Dynamic signatures are a
behavioural biometric modality that captures the temporal characteristics of the signature. Hidden
Markov Models (HMMs), including both Bakis and Ergodic structures, are used to model the sequential
multivariate nature of signature data and to assess the likelihood ratios associated with the competing
propositions of interest (questioned signature is genuine and was made by Pol or simulated). The study
explores feature selection, automated determination of the hidden states, and the use of combined
discriminative dynamic features to reduce the misleading support between competing propositions.

Overall, these studies demonstrate how statistical methodologies can significantly advance forensic
handwriting and dynamic signature examination. The integration of rigorous Bayesian and HMM-
based techniques contributes to the development of more robust, interpretable, and scientifically

grounded tools for the evaluation of evidence in both traditional and digital forensic contexts.
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Résumé

De nos jours, I'évaluation des preuves judiciaires repose de plus en plus sur des méthodologies statis-
tiques, qui offrent un cadre cohérent pour quantifier la force probante et gérer I'incertitude. Dans les
domaines de 'analyse de ’écriture manuscrite et de la signature dynamique, I’adoption de modéles
probabilistes permet des évaluations plus objectives, transparentes et scientifiquement fondées. Cette
theése contribue a ce développement & travers deux études complémentaires.

La premiére étude présente une nouvelle approche statistique visant & identifier des motifs valides
et utiles dans ’examen de 1’écriture manuscrite via la modélisation bayésienne. A partir d’images de
manuscrits, les contours des caractéres en boucle sont décrits a ’aide de caractéristiques basées sur la
transformation de Fourier, incluant les quatre premiéres paires de coefficients et la taille de la surface.
Six modéles bayésiens sont examinés pour ces caractéristiques manuscrites. Ces modéles reposent sur
deux structures de vraisemblance : (a) un modeéle bayésien normal et (b) un modéle bayésien MA-
NOVA. Pour chaque vraisemblance, trois spécifications de priors différentes sont considérées : une ap-
proche conjointe, un prior hiérarchique Normal-Inverse-Wishart et un prior Normal-LogNormal-LKJ.
Le modéle bayésien MANOVA avec priors hiérarchiques est d’un intérét particulier, car il permet
d’incorporer la variabilité intra- et inter-auteurs ainsi que la variabilité inter-caractéres, qui constitue
un élément distinctif essentiel. Les facteurs de Bayes sont utilisés pour évaluer le soutien aux propo-
sitions concurrentes d’intérét (la personne d’intérét (Pol) est-elle Pauteur du document contesté ou
non), conformément aux recommandations internationales en matiére de criminalistique de PENFSI.
L’étude inclut la comparaison des modéles, I’évaluation du pouvoir discriminant et une analyse de
sensibilité vis-a-vis de la spécification des priors.

La deuxiéme étude concerne I’évaluation des signatures dynamiques. Les signatures dynamiques
constituent un type de biométrie comportementale qui capture les caractéristiques temporelles de la
signature. Des modéles de Markov cachés (Hidden Markov Models — HMM), comprenant & la fois
des structures Bakis et ergodiques, sont utilisés pour modéliser la nature séquentielle et multivariée
des données de signature et pour estimer les rapports de vraisemblance associés aux propositions
concurrentes (la signature contestée est-elle authentique et réalisée par la Pol ou simulée). L’étude
porte sur la sélection de caractéristiques, la détermination automatique du nombre d’états cachés
et l'utilisation de caractéristiques dynamiques discriminantes combinées afin de réduire les soutiens
erronés entre propositions concurrentes.

Dans ’ensemble, ces études démontrent comment les méthodologies statistiques peuvent améliorer
de maniére significative ’examen judiciaire de ’écriture manuscrite et de la signature dynamique.
L’intégration de techniques bayésiennes rigoureuses et de modéles HMM contribue au développement
d’outils plus robustes, interprétables et scientifiquement fondés pour I’évaluation des preuves, tant dans

les contextes judiciaires traditionnels que numériques.
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IMegiAndm

Sth s gqronh epoq , h axiol ghsh twn egklhmatologik ,n stoigei,n bas-zetai olotna kai periss tero
se statistikkc mej douc, oi opo-ec partgoun tna oloklhrwmtno pla-sio gia thn posotikopo-hsh thc
apodeiktik cisq oc kai th diage-rish thc abebai thtac. Stouc tome-c thc exttashc grafiko qarakt ra
kai thc dunamik c¢ yhfiak c upograf c, h uiojtthsh pijanojewrhtik ,n monttIwn epitripei pio antikeime-
nikkc, diafane kai episthmonik tekmhriwmtnec axiolog seic. H paro sa diatrib sumb llei se aut n
thn extlixh mksa ap d o sumplhrwmatikic melttec.

H pr,th meltth parousi zei mia nta statistik prostggish pou aposkope- ston entopism tgkurwn
kai qr simwn mot-bwn sthn exttash grafiko qgarakt ra mtsw Mpe zian c¢ montelopo-hshc. Xekin,ntac
ap eik nec geir grafwn keimtnwn, ta perigr mmata kukloeid,n garakt rwn perigr fontai me qarakth-
ristik (features) basismtna sto metasghmatism Fourier, sumperilambanomtnwn twn tess rwn pr,twn
zeug , n suntelest,n kai tou megt jouc tou garakt ra. Exet zontai txi Mpe zian monttla gia ta gara-
kthristik (features) aut , ta opo-a prok ptounap d o domtc pijanof neiac: (a) tna Bayesian Normal
monttlo Kkai (b) tna Bayesian monttlo MANOVA. Gia k je pijanof neia, exet zontai treic diaforetiktc
morftc ek-twn-prottrwn katanom,n: h suzug c prostggish, to ierarqik Normal-Inverse-Wishart kai
to Normal-LogNormal-LKJ. To Bayesian monttlo MANOVA me ierargik morf apotele- to basik
shme-o endiaftrontoc, kaj ,c lamb nei up yh th metablht thta ent c kai metax suggraftwn, kaj ,c kai
th metablht thta metax qarakt rwn, stoige-a kajoristik ¢ shmas-ac gia th diakritik ikan thta. Oi
par gontec Bayes (Bayes factors) grhsimopoio ntai gia thn axiol ghsh thc upost rixhc twn upojtsewn
endiafLrontoc (an to exetaz meno tggrafo gr fthke ap to tomo endiaftrontoc  qi), akolouj ,ntac
tic diejne egklhmatologiktc odhg-ec thc ENFSI. H meltth exet zei ep-shc th s gkrish monttlwn, th
diakritik isgq kai mia an lush euaisjhs-ac wc proc thn epilog ek-twn-prottrwn paramttrwn.

H de terh meltth afor thn axiol ghsh twn dunamik,n upogra¥,n. Oi dunamiktc upograftc apo-
telo n mia biometrik mtjodo pou katagr fei ta gronik qarakthristik thc upograf c. Ta Kruf
Markobian Monttla (Hidden Markov Models — HMMs), sumperilambanomtnwn t so twn dom,n Bakis

so kai twn Ergodik ,n, grhsimopoio ntai gia th montelopo-hsh thc diadogik ¢ polumetablht ¢ ¥ shc
twn dedomtnwn upograf c kai gia thn ekt-mhsh twn I gwn pijanof neiac pou antistoiqo n stic upo-
Jtseic endiaftrontoc (h exetaz menh upograf e-nai gn sia kai gr fthke ap to endiafer meno tomo,

enai apom-mhsh). H meltth diereun thn epilog garakthristik,n, ton automatopoihmtno kajori-
sm tou arijmo twn kruf,n katast sewn, kaj ,c kai th qr sh sunduastik,n diakritik ,n dunamik ,n
garakthristik ,n me st go th me-wsh thc esfalmktnhc upost rixhc metax upojtsewn endiaftrontoc.

Sunolik , oi melttec auttc katadeikn oun p,c oi statistiktc mejodolog-ec mporo n na enisq soun
ousiastik thn egklhmatologik exttash grafiko garakt ra kai yhfiak c¢ dunamik ¢ upograf c. H
enswm twsh austhr,n Bayesian tegnik , n kai montt lwn HMM sumb Ilei sthn an ptuxh pio axi pistwn,
katanoht, n kai episthmonik jemeliwmtnwn ergale-wn gia thn axiol ghsh egklhmatologik ,n stoigei,n
t so se paradosiak  so kai se yhfiak egklhmatologik perib Ilonta.
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Chapter 1

Introduction

This introductory chapter serves as an overview of the dissertation. Speci cally, it presents and
discusses the basic concepts that shape the study, providing the main background and context of the
work. Additionally, this chapter acts as motivation for the research, emphasizing the importance of
the chosen research paths and highlighting the value of the conducted analysis.

Initially, we de ne the research context by introducing the fundamental ideas that shape the dis-
cipline of forensic science (see Section 1.1). The chapter emphasizes how the evaluation of scienti c
objectives under propositions of interest forms the basis for a justi ed experts opinion approach. The
inherent uncertainty in the evaluation of evidence requires producing probabilistic results grounded
in scienti ¢ principles. Hence, the integration of statistical reasoning is both logical and essential
in forensic practice. Statistical frameworks have signi cantly enhanced rational inference in forensic
science by providing robust methods and minimizing subjective bias. A more detailed exploration of
these conceptual foundations is provided in Chapter 2.

Secondly, we determine the main objectives of our study, highlighting the research questions that
the study seeks to address (see Section 1.2). Specically, one key focus of the study is the e ec-
tive management of complex datasets, which involve large volumes of heterogeneous and interrelated
information. Additionally, the study explores methodologies for integrating di erent categories of in-
formation in order to enable a reliable joint assessment. Final attention is given to the interpretation
of the Bayes factor, aiming to enhance its use and understanding in forensic inference contexts.

Furthermore, special emphasis is placed on the originality and innovative aspects of the method-
ologies implemented in this research (see Section 1.3). The general contributions to existing research
in the eld are presented analytically. In particular, references are made to previous studies that
have highlighted and critically examined current research gaps, guiding the discipline toward crucial
directions.

Finally, Section 1.4 presents the overall structure of the thesis, o ering a detailed outline of the
subsequent chapters. This serves as a guide to the reader through the chapters' main summaries of
ideas and ndings.



2 CHAPTER 1. INTRODUCTION

1.1 Research Context

Forensic science is a body of scienti ¢ principles and technical methods applied within well-de ned
legal proceedings. Its main purpose is to demonstrate the existence or past occurrence of an event of
legal interest (e.g., a crime) and to assist actors of the justice system (e.g., an investigator or a public
prosecutor) in determining the role of target individuals (e.g., the perpetrator(s) of a given crime)
as well as the modus operandi. Forensic science is concerned with aspects such as the investigation
of crime scenes and the examination of victims and suspects, either directly or through accessory
objects (e.g., clothing, tools, electronic devices). This typically involves comparative analysis of so-
called “evidential material' (also called " ndings' or “outcomes'), followed by their evaluation within the
context of the criminal event under investigation. Forensic science evaluates those ndings through two
stages: (i) analysis, which focuses on obtaining information from relevant items, and (ii) assessment,
which draws logical deductions based on the information obtained from the analysis (Morrison, 2022).

Forensic inference and decision-making are core aspects of forensic science. They involve the sys-
tematic analysis of ndings to draw coherent conclusions that will support legal proceedings (Aitken
et al., 2021). Forensic inference involves reasoning about propositions of interest (e.g., the source
of a recovered trace or the involvement of an individual in a criminal activity) based on incomplete
information (mainly derived from scienti c materials and eyewitness testimonies). Forensic decision
making refers to the process of choosing among alternative courses of action (e.g., regarding test pro-
tocols) that depend on the inference process. Furthermore, forensic inference and decision-making
require logical assistance because unaided human reasoning can lead to bias and error. This poses
a serious risk for the justice system, as fallacious reasoning and erroneous conclusions can result in
miscarriages of justice, as highlighted by UK (Law Commission, 2011) and US Institutions (PCAST,
2016). Moreover, the history of forensic science shows that cases of miscarriage of justice are not rare
or isolated events, but rather a recurrent and signi cant problem, especially regarding the reliability
and validity of some forensic methods and evidence (Vuille et al., 2017).

One of the main challenges in forensic science is dealing with uncertainty, which a ects both
inference and decision-making. Uncertainty can be referred as the degree of doubt or variability that
exists in measurements. The available measurements are often incomplete, noisy, or subject to error.
Therefore, statistics and data analysis aim to quantify and communicate the uncertainty that a ects
the evidence and the results (Taroni et al., 2010). Statistics, through the application of probabilities,
addresses uncertainty by quantifying the likelihood of an event or outcome occurring. Consequently,
probability can be utilized to model the randomness and variability of measurements, given specic
assumptions or propositions of interest.

Propositions are statements or hypotheses that express a possible explanation or interpretation of a
forensic event or ndings®. In legal cases, propositions are usually formulated based on the prosecution
side (H,) and the defense side Ki4). These propositions must be evaluated by the judiciary using
scienti ¢ methods, taking into account the case data, background data, and any other background
information related to the scenario under investigation. Propositions can be de ned at di erent levels
of abstraction, such as the source level, the activity level, or the o ense level, depending on the parties'
guestions of interest and the available information (Cook et al., 1998).

In order to determine which proposition to support, the Bayes factor (BF for short) is assessed.

It is interpreted as a measure of the strength of the ndings (e.g., measurements) in favor of the
hypothesis H, against the hypothesisHy and mathematically is expressed based on the odds form of

1in this thesis the terms * ndings', outcomes', and “evidence' are used as interchangeably terms.
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Bayes' theorem:

P(Hpjel) _ P(ejHpil) P(Hpjl). (1.1)

Py} pleifal) PlHgity

Posterior Odds Bayes Factor Prior Odds

wheree is the realization of the ndings and | is the relevant background information common to both
propositions, for more details see Aitken et al. (2021, Section 2).

1.2 Objectives

In many elds of forensic science, data are obtained through forensic investigations and analysis and
expressed as quantitative measurements. In this study, we characterize these measurements within a
probabilistic modeling framework, due to inherent uncertainty in forensic ndings; for further details,
see Chapter 3. Letx represent continuous measurements based on the realization of ndingd, ()
denotes the probability distribution, and  the unknown parameter of f ().

In many forensic science applications, the Bayes factor is operationally regarded as a likelihood
ratio (LR) because the unknown parameters of the probabilistic model are treated as xed but un-
known constants estimated from the data. In contrast, within the Bayesian framework, parameters
are treated as random variables with speci ed prior distributions. Thus, although the Bayes factor
and the likelihood ratio share the same mathematical form, the key distinction lies in how the model
parameters are handled. As a result, LRs provide a purely data-driven support of competing propo-
sitions, while BFs provide a fully Bayesian interpretation of how the evidence updates prior beliefs
about the competing propositions. The assessment of these measurements whers treated as a xed
parameter is given by:

_ f(xHp ) _ fxiB,),
f(xjHa ) f(xjhy,)

where D represents the parameter estimates obtained under each proposition.

The assessment of these measurements using the Bayes factor (BF) and Bayesian framework is a
more challenging task, as presented in Eq. 1.3.

(1.2)

- f(xjHp;l) - Ef(xj p) (piHp)dyp,
f(xjHag;l) f(xj a) (ajHadd’
(') the prior distribution of parameters |, and 4 (Bozza et al., 2022).
The task becomes even more di cult for multivariate data, as the computations are very complex.
The Bayes factor needs to specify a likelihood function for the data and a prior distribution for the
parameters under each proposition. Then, one needs to integrate over the parameters to obtain the
marginal likelihood of the data under each proposition. The Bayes factor is the ratio of these marginal
likelihoods. However, the integration step is often intractable or computationally intensive, especially
for high-dimensional data. Therefore, one may need to use approximation methods, such as Monte
Carlo techniques, to assign the Bayes factor (Bozza et al., 2022). Moreover, the interpretation and
communication of the Bayes factor can be challenging, as di erent scales and conventions exist for
assessing the strength of the evidence. Therefore, one needs to be careful and transparent when
reporting and explaining the Bayes factor to the relevant stakeholders (Biedermann et al., 2017).

BF

(1.3)
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The primary focus of this research is on the statistical analysis of multivariate data with a complex
dependence structure. The purpose is to provide further theoretical grounds for operational methods, in
particular for the analysis of new, original, and relevant features. Afterwards, the research concentrates
on formulating a probabilistic approach to feature evaluation following forensic international guidelines
ENFSI (Willis et al., 2015). ENFSI is asking for the computation of a Bayes factor to assess the value
of any type of ndings. The probabilistic approach has the potential to become part of the resources
that forensic experts need to substantiate evaluations and conclusions.

This research will focus on addressing the challenges of assessing the Bayes factor (or LR) in forensic
disciplines of handwriting and dynamic digital signature examinations, to facilitate:

" the e ective management of complex datasets,

the integration of diverse categories of information for the assessment of a joint probative value,
" the determination of the most suitable methodological approach,

" the comprehensive interpretation of the Bayes factor.

The secondary aim is to make the evaluation of data more automated to assist forensic scientists in
their work. The project will use visuals to represent and operate the elements of probability modeling in
a non-technical manner. The objective of the project is to develop an integrated modeling environment
for the inference of handwriting and dynamic signature data, which will be used in practice. This is a
novel, original, and multidisciplinary (forensic science, statistics, and computer science) approach that
enables the discovery of valid and useful patterns in modeling and inference with impact on various
areas of expertise.

The selection of forensic handwriting identi cation and dynamic signature veri cation examina-
tions is driven by (a) their prevalent occurrence in everyday contexts, (b) the ongoing necessity for
comprehensive research on data generation and formal quantitative evidence evaluation procedures
(Gaborini et al., 2017; Linden et al., 2018), and (c) the data structure's resemblance to various
scienti c domains, such as data on toxic and doping substances, where complex dependence structures
involving intra- and inter-variability are frequently observed. These structures necessitate modeling
that accounts for non-constant variability and the elicitation of the chosen model's parameters.

The data from both disciplines will be utilized in a manner that facilitates their application in a
more generalized form. Speci cally, the processes of data preprocessing, feature extraction, statistical
modeling, and the assessment of the Bayes factor can be applied to a wide range of legal documents,
including legal declarations, contracts, acknowledgments of debt, wills, and testaments.

1.3 Oiriginality of the Research

Forensic examination of handwritten documents and signatures is a critical aspect of forensic science,
often used in legal investigations to veri cation of documents and identify potential forgeries. Con-
sequently, there is a substantial body of research in this eld. Someone can start by distinguishing
between the two main branches of literature. One focuses on legal issues, that is, whether handwriting
and signature examination can, as a forensic discipline, be su ciently trusted to be admissible at trial
(Galbraith et al., 1995; Faigman, 2007), which is out of the scope of this research. The second deals
with the scienti ¢ status of evidence examination in both theory and legal practice (Moenssens, 1999;
Risinger et al., 2002; Sita et al., 2002).
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Although there is a general consensus regarding the handwriting experts, some uncertainties and
criticism persist within the eld (PCAST, 2016; Martire et al., 2018). The National Research
Council (N.R.C., 2009) recommended that the scienti ¢ basis for handwriting comparisons needs to
be strengthened, and Jones (2014) highlighted that no robust methodology has been proposed to aid
examiners in addressing the signi cant subjectivity inherent in the eld. Furthermore, Gaborini et al.
(2017) contends that handwriting analysis o ers limited empirical support for experts' conclusions.
Thus, in 2020, the National Institute of Standards and Technology (N.I.S.T., 2020) emphasized, (a)
the future of the discipline will incorporate the use of more tools of quantitative analysis to handle
the examination process, (b) forensic document examiners should use appropriate models to explain
the signi cance of results, (c) researchers should publish more studies involving the use of quantitative
methods for examinations.

Izenman (2020) mentioned that there are still courts that limit a forensic expert at trial to only an
explanation of similarities and dissimilarities in samples. The comparative examination of handwriting
and signatures are illustrative examples of the need for the continuous evaluation of data for courts
across jurisdictions (Evett, 1998; Saks et al., 2003; N.R.C., 2009; PCAST, 2016), especially in cases
where a limited amount of items and samples are available.

Furthermore, the integration of technology has driven the discipline towards a greater emphasis
on digital applications. For instance, many legal and industry sectors utilize digitized signatures to
verify individual identities, which are extensively employed across various sectors, including nance,
legal, and healthcare (Linden et al., 2018). Digital (dynamic) signatures contain detailed data that
signi cantly enhances their security and makes them more challenging to forge. As will be discussed
in Section 5.1, the accuracy of discrimination and validation in these digital signatures is remarkably
high.

In the subsequent chapters, we review the literature on handwriting evidence (see Chapter 4) and
digitally captured signatures (see Chapter 5). The primary focus of this research is the statistical
analysis and probabilistic modeling of the data to assess the Bayes factor (or LR) for evaluating
purposes. Consequently, the literature review will concentrate on this aspect. We examine studies
that are pertinent to feature extraction and data modeling.

This research addresses the challenges of assessing the Bayes factor (or LR) in forensic disciplines.
By integrating forensic science, statistics, and computer science, the project aims to develop a multidis-
ciplinary framework that enhances the accuracy and reliability of forensic evaluations of handwriting
evidence and dynamic digital signatures. The proposed approach incorporates probabilistic modeling
and visual diagnostic tools, with the aim of supporting forensic scientists in the systematic assessment
of forensic evidence. The framework is designed to handle complex, high-dimensional datasets and to
integrate multiple feature types for a joint evaluation of probative value. The resulting methods are
intended to provide theoretically grounded and operationally applicable tools that are consistent with
established international guidelines for forensic evidence reporting.

Finally, the research gaps that this study aims to address inhandwriting evidence  are:

" Bayesian modeling of the variability of each character for the evaluation of loop characters.

Elicitation of prior parameterizations of handwriting variability, leading to robust and reliable
Bayes factors.

" Implementing of an end-to-end procedure suitable for practical forensic handwriting examina-
tions.
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Regarding Digitally Captured Signatures , the main contributions are as follows:
" Implementation of stochastic process approaches that leverage the dynamic nature of the data
to assess the likelihood ratio.
" Optimization of the modeling for enhanced performance.
~ Construction of a data-driven approach for forensic inference.
1.4 Thesis Outline
This section provides an outline of the dissertation chapters. The work analyzes handwriting data

and dynamic digitally captured signatures. The dissertation also includes introductory, fundamental
concepts, and concluding chapters. Furthermore, in the appendix it addresses the estimation of the
degrees of freedom of the Wishart distribution, which plays a key role in the assessed Bayes factor for
handwriting evaluation. The structure of the dissertation is as follows:

Chapter 1, Introduction, presents the research problem and questions, explains why this work mat-
ters, and gives an overview of how the dissertation is organized.

Chapter 2, Forensic Inference and Statistics, describes how statistics is used in forensic science
and introduces the main frameworks used to report and communicate forensic evidence.

Chapter 3, Probabilistic Data Modeling, covers the key statistical and probabilistic concepts that
form the basis of the methods used throughout the dissertation.

Chapter 4, Handwriting Examination, is the rst applied chapter. It describes the handwriting
data, extracts features using Fourier analysis, builds a Bayesian model, and evaluates the evidence using
Bayes factors, including a practical case study.

Chapter 5, Dynamic Digitally Captured Signatures, focuses on dynamic signature data. It ex-
tracts temporal features, applies stochastic process modeling, and assesses the evidence using a likelihood
ratio.

Chapter 7, Conclusion, sum up the dissertation by answering the research questions, summarizing
the main ndings, and pointing to directions for future work.

The Appendix is divided into three parts - rst two A: Handwriting Examination , B: Dynamic Sig-
nature Examination , containing additional results and technical details that support the main chapters.
And third one C: Wishart's Degrees of Freedom Estimation contains an experimental analysis of estima-
tion of the Wishart's degrees of freedom.



Chapter 2

Forensic Inference and Statistics

Forensic science is a multidisciplinary eld that focuses on the application of scienti ¢ principles and
methodologies to the examination and interpretation of evidence related to legal investigations. While
numerous de nitions exist, the following are widely accepted within the forensic community: (1)
Forensic science is the art of working with imperfect specimens (physical traces), marks, or materials
exchanged during the commission of an activity under investigation (Houck and Siegel, 2009). (2)
Forensic science is the application of a scienti ¢ process and technical methods in the study of traces
that are rooted in the criminal activity of litigious civil or administrative matters (Champod and
Evett, 2000). (3) Forensic science is the application of scienti ¢ methods to help authorities establish
disputed facts of activities (N.R.C., 2009).

The role of the forensic scientist within the justice system can be distinguished in two principal
levels. At the investigative level, forensic experts provide critical information that supports law en-
forcement agencies in guiding investigations. At the evaluative level, they assess and quantify the
uncertainty inherent in evidence examination, contributing to the interpretation of ndings relevant
to judicial decision-making (Aitken et al., 2021). Forensic practitioners can perform a variety of
functions, including case investigators, forensic examiners, reporting o cers, intelligence analysts, and
expert evaluators. In any of these roles, the forensic scientist must remain unbiased and impartial.
It is essential to employ accredited techniques and adhere to standard operating procedures. The
scientist must ensure that results are reproducible and accurately interpretable. By ful lling these
responsibilities, forensic scientists contribute e ectively to the justice system (Willis et al., 2015).

In summary, forensic science is the scienti ¢ discipline concerned with the collection, analysis, and
interpretation of physical evidence pertinent to criminal or civil matters (Saferstein, 2013). Notably,
the challenges of forensic science are closely related to those of statistics, as both elds emphasize the
objective analysis of uncertain measurements (Taroni et al., 2006). In recent years, the integration
of statistical methodologies has become increasingly important in forensic science, enhancing both the
objectivity and transparency of evidence assessment. Statistical principles o er a rigorous framework
for quantifying uncertainty, evaluating the strength of evidence, and informing decision-making within
the legal system (Banks et al., 2020).

Hence, in this chapter, we present the concept of forensic interpretation (see Section 2.1), evaluation
of evidence, and the application of Bayesian thinking in this context (see Section 2.2). Finally, we
discuss the recommended practices for reporting and communicating scienti ¢ ndings (see Section
2.3).
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2.1 Introduction to Forensic Interpretation

Uncertainty is an inherent issue in forensic science, as every piece of evidence, testimony, or information
carries some degree of uncertainty that must be addressed during forensic analysis. In forensic science,
uncertainty typically pertains to past events where direct observation is no longer possible and con-
clusions must be drawn from available traces. Importantly, uncertainty is subjective and varies from
individual to individual. Lindley (2013) stated that uncertainty describes the relationship between
our personal current knowledge of the past events and what actually occurred. Probability o ers a
systematic means of quantifying uncertainty, providing a measure of the strength of our beliefs or con-
dence. Therefore, forensic inference relies on probability theory to account for uncertainty, enabling
the evaluation and comparison of evidence to be more logical and robust. In this context, forensic
inference can be viewed as the process of assessing the evidence supporting given propositions in the
presence of uncertainty (Evett, 1998).

Building on this foundation, robustness and transparency are essential to ensure logical and unbi-
ased forensic interpretations. Evett (1998) emphasized three principles of forensic interpretation:

1. Scienti ¢ evidence must be interpreted within a framework of circumstances (what we know,
what we assume, etc.)

2. Scienti c evidence can only be interpreted by considering at least two propositions (prosecutor
and defence propositions)

3. The scientist assigns a probability to the evidence given propositions and relevant information.

These principles are commonly formalized through the use of the likelihood ratio, which compares
the probability of the evidence under the competing propositions:

P(eHp;1)

P(eiHa; 1)
where e is the observed evidenceH, and Hy denote the prosecution and defense propositions re-
spectively, and | represents the relevant background information common to both propositions. The
probabilities of propositions given the evidence and relevant background information are the responsi-
bility of the court. Adhering to these principles ensures that forensic evidence is interpreted accurately
and fairly. It helps avoid bias, increases transparency, provides a clear framework for analysis, and
ensures that the evidence is evaluated in a scienti cally rigorous manner.

A brief consideration of why Evett (1998) developed these principles shows their fundamental
importance to forensic science. Historically, forensic interpretation had previously been characterized
by subjective opinion and inconsistent inference, creating issues of fairness in the evaluation of evidence.
For example, by mandating explicit comparisons under at least two competing propositions, Evett
(1998) aimed to reduce bias and ensure that forensic scientists remained neutral evaluators.

Furthermore, it is important to recognize that propositions in forensic science can be structured
hierarchically, with each level requiring di erent forms and amounts of background information. Typ-
ically, this hierarchy can be categorized into (i) source level, (ii) activity level, and (iii) o ense level
propositions (Cook et al., 1998). As one moves up the hierarchy from source to o ense level, the
value of the forensic scientist's opinion increases, while the interpretation at the lower levels leaves
more space to the judgment of the court or juries. For a comprehensive discussion on the hierarchy of
propositions in forensic interpretation, see Aitken et al. (2021, Section 5). This thesis focuses specif-
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ically on source level propositions, which address questions related to the origin of handwriting data
or dynamic signatures origins.

In many source-level forensic cases, the judicial objective is to achieve identi cation, speci cally, to
determine that the suspect, or person of interest, is the only possible source of the questioned (recov-
ered) material. However, as discussed in Saks and Koehler (2008), absolute individualization is rarely
attainable in practice, and such certainty is not easy achievable in real-world forensic applications. In
general, identi cation is ultimately a decision and a matter of judicial opinion, not a scienti ¢ conclu-
sion. Hence, forensic scientists therefore cannot aim for identi cation as an end goal. What forensic
science can o er is a principled evaluation of the evidence. This is achieved by selecting features that
e ectively discriminate between sources, reducing the overlap between individuals within the relevant
population and thereby strengthening the evidential value of the comparison (Stoney, 1991). Building
on this principle, the primary objective of this thesis is to identify novel, informative features and
integrate them within a uni ed probabilistic framework.

In summary, this section has explored the essential of forensic interpretation, emphasizing its role
in providing context and meaning to scienti ¢ evidence. Robust forensic interpretation is essential for
coherent forensic reasoning and for the reliability within the justice system. In the following section,
we present the statistical foundations and the evaluation of evidence which enable practitioners to
assess how strongly the evidence supports competing propositions, thereby enhancing transparency
and objectivity.

2.2 Statistics and Evaluation of Evidence

Statistics shapes the foundations for the evaluation of forensic evidence. This section introduces the
key statistical concepts, frameworks, and practical considerations that enable an objective assessment
of evidential strength in forensic contexts.

Evaluation of evidence can be considered as the assessment of a comparison. Speci cally, it involves
assessing how closely the reference evidential materials correspond with materials recovered from a
suspect or person of interest. Essential to this process is the formulation of competing propositions:
one supporting the prosecution {Hy) and the other supporting the defense Hy). As described in
Section 2.1, at least two alternative propositions must always be articulated for a robust forensic
analysis.

Let e represent the observed ndings andl denote the relevant background information common
to both propositions. The relationship between evidence and propositions can be captured by the odds
form of Bayes' theorem as described in Eq. (1.1) and restated below:

P(Hpje;l): P(ejHp;1) P(Hpjl)
P(Hgje;l P(ejHg;l P j 1
(g ey Lediely POl
Posterior Odds Bayes Factor Prior Odds

In forensic practice, the scientist's responsibility is to evaluate and report the value of the evidence,
which is expressed by the Bayes factor (or likelihood ratio), namely the ratio of probabilities of observ-
ing the evidence under each competing proposition, given the relevant background information. The
assessment of the posterior odds (the probability of a proposition after considering the evidence) and
the assignment of prior odds (the degree of belief in a proposition before considering the evidence) both
fall outside the goals of the forensic scientist. These determinations are the responsibility of the court,
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which integrates the value of evidence with other case-specic information to reach a nal judgment
(Aitken et al., 2021, Section 2).

The Bayesian framework enables a systematic approach to updating our beliefs about the proposi-
tions as new evidence becomes available. By focusing on the BF, forensic scientists ensure that their
analysis is transparent and easily updated with new information. This methodological clarity enhances
both the objectivity and transparency of forensic reporting. Furthermore, the incorporation of prior
information makes the Bayesian framework particularly well-suited for scenarios involving small sample
sizes or complex data structures, which are common in forensic science.

In this thesis, we focus on evidence that can be represented through measurable quantities. Thus,
probabilistic modeling techniques are implemented to address the evaluation of evidence (see Chapter
3). Specically, probabilistic modeling enables the practical computation and interpretation of the
Bayes factor in Bayesian modeling (Section 3.2) or the likelihood ratio in the frequentist modeling
(Section 3.1). This probabilistic approach allows for the explicit quanti cation of uncertainty and
inherent variation, enabling the systematic identi cation of patterns within the measurements of the
evidence. This approach results in more e ective discrimination between questioned and control mate-
rials, as well as the estimation of relevant error rates, such as, false positiveand false negative rate$
(Bishop and Nasrabadi, 2006).

In general, all probabilistic models are based on assumptions and deal with certain limitations. As
famously stated by Box and Draper (1987), all models are wrong, but some are useful. Thus, it is
essential that probabilistic models implemented in forensic analysis align with the characteristics and
structure of the quanti cation measurements of the data under consideration. It should be awareness
of potential violations of the model assumptions, as these can signi cantly a ect the validity of the
ndings. Consequently, extensive validation and calibration studies must be conducted on the specic
methodologies, from quanti cation of the data to modeling assumptions, to ensure their reliability and
robustness in practical forensic applications. However, no model can achieve perfect accuracy, and
understanding the limits of the model's performance is crucial for forensic interpretation.

A common approach to assessing model performance involves the systematic calculation, reporting,
and interpretation of error rates, such as false positive and false negative rates. These metrics provide
an empirical basis for assessing model reliability and are fundamental for estimating the discriminative
power of forensic methods, namely the ability to distinguish between propositions that assume sources
of the materials. Performance metrics for discriminability should be provided to contextualize a model's
practical e ectiveness (Bozza et al., 2022).

In summary, statistical evaluation of evidence provides a rigorous framework for quantifying the
probative value of forensic ndings. This framework should be supported by validated measurements,
statistical models, and transparent reporting with the recognition of inherent limitations. In the
following section 2.3, we discuss that transparent communication of the evaluation of evidence is
critical, especially in a legal context. The reporting should include the assumptions, acknowledgment
of model limitations, discussion of potential sources of error, and a clear statement of the associated
uncertainties.

1The false positive rate is the proportion of negative cases incorrectly classi ed as positive.
2The false negative rate is the proportion of positive cases incorrectly classi ed as negative.
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2.3 Reporting and Communicating Scienti ¢ Findings

The forensic scientist must possess the necessary knowledge to report scientic ndings in court.
The reporting should be both constructive and rational, by o ering an expert opinion grounded in
established methodology as emphasized from ENFSI (Willis et al., 2015) and N.I.S.T. (2020). This
section describes the essential components involved in presenting the assessment of scienti ¢ ndings
by following the principles of interpretation described in Section 2.1, which provide normative guidance
for forensic practice.

Firstly, it is necessary to be clear about the framework of circumstances relevant to the interpreta-
tion. De ning clearly the contextual elements relevant to the case ensures that the assessment remains
meaningful and transparent. When circumstances or background information change, it may be nec-
essary to review, update, and revise the evaluation of the evidence. The role of the forensic scientist
is not to validate the circumstances of the case, but to condition the evaluation upon them, treating
them as accepted background knowledge rather than conclusions to be established. Moreover, only
relevant circumstances should be considered, as they directly in uence the propositions of interest and
the background information that is used to inform the assessments (Aitken et al., 2021, Section 2).

Secondly, it is important to clarify the purpose of the analysis. Speci cally, it must be explained (i)
why the examination was conducted, (ii) the technologies and analytical methods that were applied,
and (iii) the reason for selecting particular items or evidence. In our context of handwriting documents
and dynamic signatures, if the data are valid for evaluation, this means describing clearly how mea-
surements were extracted, how the measurements were modeled, and what assumptions and technical
considerations were involved, by referencing relevant literature. It is required that the methods should
be robust and yield consistent results under similar conditions and assumptions. Furthermore, expla-
nations should be understandable to general readers, avoiding unnecessary technical terms. Finally,
the analysis should explicitly acknowledge the limitations and ensure the conclusions are properly
contextualized (Hicks et al., 2022).

Thirdly, the interpretation involves selecting the relevant propositions of interest. Typically, the
propositions re ecting competing hypotheses are presented by the parties of the case. The ndings
should be communicated by reporting the Bayes factor (or LR) and an explanation of what these values
imply in plain language. Because the readers of the report most often will not have practice in dealing
with numbers, it is recommended that the Bayes factor be reported to a simple verbal convention.
That convention is based on the use of the word support. In the literature, various verbal scales
have been proposed to convey the value of forensic ndings (see Aitken and Taroni (1998), Evett et al.
(2000), Nordgaard et al. (2012)). Regardless of the specic scale adopted, it is essential that the
forensic scientist transparently reports the chosen scale in their analysis. In this work, we follow the
verbal convention reported by ENFSI (Willis et al., 2015); see Table 2.1.

By adhering to these practices, forensic scientists e ciently support the court's decision-making
process. They contribute with scienti cally sound and understandable expert opinions with the highest
standards of transparency and integrity in forensic reporting. Finally, the value of statistical analysis in
forensic science is fully understandable only when ndings are clearly communicated to non-technical
audiences, including legal professionals and juries. In Section 2.3.1, we discuss the common fallacies
that have arisen in the reporting of scienti ¢ ndings.
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Bayes Factor (BF) Loge BF Verbal Communication
l1to2 Oto 0.7 No support
21010 0.7 to 2.3 | Weak support for the rst proposition relative to the
alternative
10 to 100 2.3 to 4.61 | Moderate support for the rst proposition relative to
the alternative
100 to 1 000 4.61 to 6.91 | Moderately strong support for the rst proposition

relative to the alternative

1 000 to 10 000 6.91 to 9.2 | Strong support for the rst proposition relative to
the alternative

10 000 to 1 000 000 | 9.2 to 13.82| Very strong support for the rst proposition relative
to the alternative

1 000 000> 13.82 Extremely strong support for the rst proposition
relative to the alternative

Table 2.1: Qualitative scale for reporting the value of evidence in support oH, against Hy (ENFSI
Willis et al. (2015))

2.3.1 Pitfalls of Intuition

It is essential that uncertainty is represented accurately in forensic science in order to prevent both
jurors and experts from committing the pitfalls of intuitions. Numerous fallacies have been observed
in expert testimony and court statements. The most common fallacy is the fallacy of “transported
conditional’, also called the prosecutor's fallacy or the inverse fallacy (Leung, 2002). Crucially, Bayes
factors re ect the probability of the evidence given a proposition, not the probability of the proposition
given the evidence.

Another commonly observed fallacy involves the probability of another match. Suppose a forensic
scientist states, The probability that a random person would match this handwriting style is 1 in
a million. An incorrect interpretation would be So the chance that someone else matches is 1 in
a million . This fallacy assumes that because the match is rare, it would occur by chance only 1 in
a million among all other individuals. However, for a population of sizeN and the random match
probability is p, the probability that no one else matches is(1 p)N. As N becomes large ang small
(with N p constant), this converges toe N P. For instance, if N p = 1, the probability of no other
match ise 1  0:368 so the probability of at least one other match is about0:632 Thus, the match
probability and the probability of another match are fundamentally di erent (Koehler et al., 1994).
This distinction is critical in forensic inference.

The defender's fallacy is another frequent source of misinterpretation (Thompson and Schumann,
2017). It arises when the non-uniqueness of a characteristic is used to argue in favour of the defendant.
For example, because a characteristic is shared by other individuals in the relevant population, the
probability that the defendant is the source of the evidence must be low. This reasoning is awed
because it con ates the frequency of a characteristic in the population with the posterior probability of
guilt, which depends on all available evidence and prior information, not on the match probability alone.
The fallacy underestimates the value of evidence by focusing solely on population size and random
match frequency without incorporating the forensic context or using proper conditional probability.

For a discussion of additional interpretative fallacies and how statistical reasoning assists in reaching
correct conclusions, see Aitken et al. (2021, Section 2.5). In summary, as we see in this section, the
probability rules and the Bayesian framework guide us to detect fallacies and express our conclusions
coherently.



Chapter 3

Probabllistic Data Modeling

Probabilistic data modeling is a statistical approach that uses probability theory to model uncertainty
in data. In contrast with deterministic models, which result in exact outcomes, probabilistic models
describe a range of possible outcomes through probability distributions by capturing the inherent noise,
variability, and missing information.

The main objective of probabilistic models is to represent and characterize random variablés
Random variables can be discrete with countable outcomes (e.g., the result of rolling a die), or contin-
uous with values that lie within a given interval of real numbers (e.g., a physical measurement). They
are characterized by probability distributions that describe the likelihood of di erent outcomes in a
random phenomenon. A probability function mathematically represents this distribution by assigning
probabilities or probability densities to all possible outcomes (Ross, 2014).

Probabilistic models can characterize all random variables using joint distributions or focus on a
speci ¢ variable using marginal distributions. This exibility allows the incorporation of inherent noise
and natural uncertainty in speci c or all measurements within the model, which is crucial in forensic
statistics applications. Hence, the most considered assumption in probabilistic modeling is that the
assumed distributions su ciently approximate the true generating mechanism of a phenomenon under
study (Breiman, 2001). Such assumptions are usually based on probabilistic and logical arguments
concerning the nature and function of a given random phenomenon.

For the sake of illustration, let a random variable Y (often called response) describe measurements
of the random phenomenon under study. We assume thal follows a distribution with probability
function f (yj ), where is the parameter vector. Consider an independent, identically distributed

¥
flyi )= fii):

i=1
Viewed as a function of 2  with y held xed, this expression de nes the likelihood function of
the model, which contains all the information about provided by the observed sample (Casella and
Berger, 2024). The likelihood function encapsulates the information contained in the observed data
about the parameter vector . The speci cation of follows two main approaches: (a) the frequentist
and (b) the Bayesian. In the frequentist approach (Section 3.1), corresponds to a xed but unknown
parameter vector, whereas in the Bayesian approach (Section 3.2), is treated as a random variable.

1Quantities whose possible values arise from random phenomena

13
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3.1 Frequentist Data Modeling

Frequentist data modeling assumes that the parameters of the probability function describing the
data are xed but unknown. The probability function f (yj ) expresses the probability (or density)
of observing particular data values given speci c parameter values. When viewed as a function of
the data with parameters held xed, it represents the data-generating process. Conversely, when this
same mathematical expression is considered as a function of the parameters for xed observed data,
it becomes the likelihood function, which quanti es how plausible di erent parameter values are given
the data, and it is notated asL( jy). Thus, the likelihood function is equal to the probability function
but is viewed as a function of the parameter vector .

In this section, we present the frequentist methodological framework employed in our research. In
particular, we de ne the concept of Maximum Likelihood Estimation (MLE) and explain how it is used
to estimate model parameters by maximizing the likelihood of the observed data. To illustrate these
concepts, we provide examples of likelihood-based estimation methods using the Multivariate Normal
distribution in Section 3.1.1.

Furthermore, when likelihood functions are complex, numerical techniques can be used to approxi-
mate their maximization, such as the Newton-Raphson algorithm (Burden et al., 2015, Chapter 2.3),
as discussed in Section C.2 for the Wishart distribution. In cases where latent variables are present,
such as in Hidden Markov Models (HMM) used for dynamic signature analysis (see Section 5), itera-
tive numerical methods like the Expectation-Maximization (EM) algorithm (Dempster et al., 1977)
provide an e ective way to nd maximum likelihood estimates (see Section 3.1.2).

A general key assumption of data modeling is that the chosen model su ciently approximates the
true data-generating mechanism. This assumption enables estimation and inference within the data
modeling framework. However, it is critical to be evaluated through diagnostic tests, goodness-of- t
tests, and validation procedures. The latter evaluations ensure that the model represents the observed
measurements as well as possible, given the complexity of the data.

3.1.1 Maximum Likelihood Estimation

Maximum Likelihood Estimation (MLE) is a classical frequentist approach for estimating parameters of
probabilistic models. It estimates parameter values that maximize the likelihood of the observed data
under the assumed model. Moreover, MLE can be interpreted in terms of loss functions, since maxi-
mizing the likelihood is equivalent to minimizing a speci c loss function derived from the assumptions
of the underlying probabilistic model.

Assuming a model parameter vector and independence among an observed vectgr, the likelihood
can be factorized as the product of individual probability functions, L( jy) = f(yj )= ~ [, f(yij ).
The log-likelihood function is preferred in practice due to its computational convenience. Speci cally,
it is converting the product of likelihoods into a sum that facilitates both analytical manipulation and
numerical optimization. The log-likelihood function can be denoted as follows:

()=logf(yj)= logf (yij ); 2

i=1

This optimization is typically carried out by solving the system of equations formed by setting the
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partial derivatives of the log-likelihood with respect to each component of to zero:

@( )
Q@;

=0; forj=1;::15j s

where | j denotes the number of model parameters (i.e., the cardinality of the parameter vector ),
and 2 R/ ] is assumed to be continuous. A solution to this system yields the MLE:

Bue =argmax *( ):

This approach transforms the maximization problem into solving a set of nonlinear equations, which
may require analytical manipulation or numerical optimization methods, depending on the complexity
of the model and the form of the likelihood function (Wright et al., 1999).

Under regularity conditions such as the di erentiability of the likelihood function, the interchange-
ability of di erentiation, and the identi ability of the model, the maximum likelihood estimators pos-
sess important properties of consistency, asymptotic normality, and e ciency (Pfanzagl and Hamboker,
1994).

Example: Multivariate Normal Distribution

variate Normal distribution N,( ;W) with mean vector and covariance matrix W .
The likelihood function is

¥ 1
_, (2 )P2det(W )=

LCWiy) = F(yj W)= exp( i )W My )

The MLEs parameter estimators have closed-form solutions (Press, 2005, Section 4):

1 X 1 X
b="" yi and W =" (vi Py BT (3.1)
i=1 i=1
wherey = (y1;¥2;:::;Yn) IS, here, ap n matrix of the response values, with eacty; 2 RP denoting the

p-dimensional observation vector. In the context of handwriting examination, discussed in Chapter 4
which follows, we consider the case of multiple individuals (writers), each providing a varying number
of repetitions. Accordingly, the maximum likelihood estimators must account for the hierarchical data

structure. Under this model formulation, the aim is to estimate both the between-individual and

within-individual covariance components (Timm, 2002, Section 4.4), which capture distinct sources
of variability crucial for forensic analysis. Speci cally, we assume thatn = i”;l n; observations come
from m individuals with possibly di erent repetitions n; per individual. The repeated measurements

The maximum likelihood estimators under the assumption that the data follow a multivariate
Normal distribution are as follows. The individual sample mean vectors are

Xi
b1
nj

Yij - (3.2)
i=1

where b. 2 RP is the MLE of the true mean vector ; for the i-th individual. The overall sample mean

remains
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1 X" X

b=~ Vi - (33)
i=1 j=1

The between-individual covariance matrix estimates the variability of individual means around the

overall mean:

1 X
B = (B Bk BT (3.4)
i=1
The within-individual covariance matrix pools the variability within individual:
1 XX
W= i BPyy BT (3.5)

n . ’
i=1 j=1

The reader can refer to Timm (2002) and Press (2005) for further details.

3.1.2 Expectation-Maximization Algorithm

The Expectation-Maximization (EM) algorithm (Dempster et al., 1977) is an iterative method of two
steps (E-step, M-step) for computing MLEs in models where the likelihood function is analytically
intractable. Typical example is the case of the presence of latent (unobserved) variables. To formalize
this, suppose we wish to maximize the observed-data likelihood ( jy), wherey denotes the observed
data and 2 Rl 1 is the parameter vector. The key idea of the EM algorithm is data augmentation:
the observed datay are augmented with latent variableaz, forming the complete data (y;z). The
two are linked through the marginalisation f(y j )= f(y;z j )dz 2. While the observed-data
likelihood L( jy)= f(y | ) is intractable due to this marginalisation, the complete-data likelihood
L( jy;z)= f(y;z ] ) is typically much easier to work with. The log-likelihood “( | y;z) =
logf (y;z j ) is evaluated using both the observed datay and the latent variables z, as opposed to
the observed-data log-likelihood™( jy)=1log f(y j ), which involves z only implicitly through the
marginalisation above. Sincez is unobserved, the complete-data log-likelihood cannot be evaluated
directly. Instead, the EM algorithm works with its conditional expectation given the observed data
(Karlis, 2023). The algorithm alternates between the following two steps:

" E-step (Expectation): Compute the expected value of the complete-data log-likelihood with
respect to the conditional distribution of the latent variables, given the observed data and current
parameter estimates ():

E logL( jy;2)jy; @ : (3.6)

" M-step (Maximization): Maximize this expected complete-data log-likelihood with respect
to the model parameters to obtain updated estimates:

) = argmax E logL( jy;z)jy; @ : (3.7)

These two steps are repeated iteratively until convergence, which is typically de ned as changes in the
log-likelihood or parameter estimates falling below a speci ed threshold.

Hidden Markov Models (HMMs) are a classic example of the application of the EM algorithm.
HMMs are probabilistic models for dependent data, where each observation is conditionally dependent
on a hidden (unobserved) state. A more detailed explanation is presented in the example which follows.

2The integral is understood in the Riemann-Stielties sense, which generalises ordinary integration by allowing the
measuring of area by an arbitrary function g rather than uniform length (Rudin, 1976).
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Example: Gaussian Hidden Markov Model

A common application of the EM algorithm is in estimating the parameters of a Gaussian Hidden
Markov Models (HMMs) (Baum and Petrie, 1966). HMMs model time series of observable variables
fyigl.; as being generated by an underlying sequence of hidden (unobserved) stateg g/, . Each
hidden state corresponds to a Gaussian distribution controling the emissioris meaning that, given the
current state, the observation is assumed to follow Normal distribution. Formally:

The hidden state process z is a discrete-time Markov chain with initial probabilites ;| =
P(z1 = i) and transition probabilities a; = P(z+ = j j zz = i). General notation for the K
number of states is = ( 1;:::; k) and A = (& )IKJ 1

" The emission model speciesthaty;jz =k N( x; 2), where , and Z are the mean and
standard deviation for state k.

The challenge is that the sequence; is not observed, so we must estimate the parameters=
A f «; 20K., based on the hidden state sequence of the dathy;g{_, . This is where the EM
algorithm comes to provide an e ective solution.

E-step Compute the distributions over hidden states given the current parameter estimates and the
observations, typically using the forward-backward algorithm (Baum and Petrie, 1966).

M-step  Update the parameter estimates by maximizing the expected complete-data log-likelihood,
where the expected values are taken with respect to the conditional distribution of the latent variables
z given the observed data from the E-step.

In this context, the EM algorithm alternates between inferring the likely state sequence (E-step)
and re ning the model parameters to better t the data (M-step), iterating until convergence. For a
more detailed mathematical explanation, see Section 5.4.

3.2 Bayesian Data Modeling

In this section, we introduce the Bayesian modeling framework implemented in our research. A key
assumption of our approach, as in any parametric model, is that the selected model formulation
accurately approximates the data-generating mechanism. In other words, we assume that the model
e ectively captures the underlying factors, variability and patterns. This assumption allows us to
analyze and interpret the data in a meaningful way. We rigorously evaluate these assumptions through
statistical testing and model t evaluations to verify their validity; however, they remain assumptions.

We begin this chapter by presenting the fundamentals of Bayesian modeling as an introductory
section of our methodological framework (see Section 3.2.1). Speci cally, we de ne the Bayes' theorem
and extend the discussion to a model-based Bayesian inference, in order to establish the theoretical
context for subsequent analyses. Furthermore, di erent approaches of prior speci cation are presented
and discussed, with attention given to both conjugate priors and more complex hierarchical structures.
For illustrative purposes, we provide examples of conjugate and non-conjugate modeling using the
Normal-Inverse-Wishart distribution.

3An emission distribution is a probability distribution that describes how the observable yt is produced (emitted )
by the hidden state z.
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We further present how hierarchical Bayesian models can overcome challenges arising from the
absence of closed-form solutions for the posterior distributions of interest, with a focus on the ap-
plication of Markov chain Monte Carlo (MCMC) methods (see Section 3.2.2). We discuss the most
widely used MCMC methods and their corresponding software implementations, and illustrate their
implementation with an example involving the hierarchical form of the Normal-Inverse-Wishart model.

Finally, we present three widely used approaches for estimating the marginal likelihood (see Section
3.2.3), each generating samples from the posterior distribution via MCMC. The focus on marginal
likelihood Monte Carlo estimators arises from their critical role in Bayesian model comparison and
hypothesis evaluation.

3.2.1 Fundamentals of Bayesian Modeling

Bayesian statistics di er from the frequentist framework by treating model parameters as random
variables. They incorporate prior knowledge and updates it with observed data to obtain the posterior
distribution (Bernardo et al., 1994). For this reason, a prior distribution ( ) must be initially
de ned. This prior distribution expresses the information available to the analyst before any data
are involved in the statistical analysis. Hence, the aim is to calculate the posterior distribution ( jy)
of the parameters given the observed datay. According to Bayes' theorem, the posterior distribution
can be written as

fyi) (),

m(y)
where m(y) = R f(yj ) ()d isthe marginal likelihood, which is of prominent importance for our
analysis because it represents the overall likelihood of the data under the model and under the propo-
sition of interest (see Chapter 2), averaged over the parameter uncertainty (Gelman et al., 1995). Itis
also called the model evidence and it plays a central role in Bayesian model comparison (Ntzoufras,
2011, Chapter 11). Calculating marginal likelihoods can be challenging because the integral is often
high-dimensional and lacks a closed-form solution, requiring numerical methods such as Monte Carlo
integration or approximations that we are going to present in Section 3.2.3.

(y)=

A key strength of Bayesian modeling is the capability to incorporate prior information and to express
uncertainty in parameter estimates. This is especially important in complex or high-dimensional
problems (Press, 2005) where data may be limited and various relationships between variables may
be presented. Hence, the choice of the prior plays a vital role in Bayesian inference.

Conjugate priors are convenient priors that lead to analytically tractable posteriors. Formally, a
family of prior distributions is said to be conjugate with respect to a given likelihood function if, for
any prior chosen from that family, the resulting posterior distribution also belongs to the same family.

In other words, the prior and posterior distributions share the same parametric form and di er only

in their hyperparameter values, which are updated upon observing the data. However, in real-world
problems, the settings are more complex, so hierarchical or non-conjugate priors are often preferred as
they allow for greater exibility and adaptive regularization, although they typically do not produce
closed-form expressions for the posterior distribution.

Furthermore, in Bayesian hierarchical modeling (Ntzoufras, 2011, Chapter 9) where we considered
non-conjugate priors, the prior speci cation is critical, as it can have a substantial impact (in a positive
or negative way) on the resulting posterior distribution and also on the marginal likelihood. Two
commonly used approaches to specify non-informative priors are (a) Je reys (1998) priors and (b)
objective priors (Berger et al., 2024), for more details see Consonni et al. (2018). Alternatively,
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informative priors can be constructed, for example, subjective priors elicited from expert opinions
(Mikkola et al., 2024). Each of these approaches has distinct characteristics and implications for
modeling.

In this study, we implement a subjective prior methodology in which prior distributions are in-
formed by background data. This approach explicitly incorporates prior knowledge regarding the
characteristics of the measurements used in the study. Such a strategy is particularly advantageous
when available data are limited or, as in our case, when it is necessary to assess the degree of di erence
between two measurements in order to determine whether the data originate from the same individual
or from di erent individuals (Bozza et al., 2008).

In Section 3.2.1, we present an example of the multivariate Normal-Inverse-Wishart distribution
using typical Bayesian notation, and we explain and use two di erent prior approaches: the conju-
gate approach and the hierarchical approach, leading to two distinct models that capture di erent
characteristics of our problem.

Example: Normal-Inverse-Wishart

Let us consider the available multivariate measurements denoted ag. These data compose aa  p
matrix. Let us further denote by 2 RP the mean vector, and byW 2 RP P the variance-covariance
matrix with elements W | , for 1; 2, 2f1;2;:::;pg. Then, given and W , the distribution of y is
taken to be p-variate Normal N, with

y Np(:w) (3.8)

In this modeling approach, a Normal-Inverse-Wishart (NIW) prior distribution is chosen for the
parameters( ;W ). Under this general prior set-up, and considering the sampling model distribution
for y, the following Bayesian model is speci ed:

y Np( ;W)
Np( ;G) (3.9)
w IW (U; );

where IW denotes the Inverse-Wishart, is the prior mean vector of , W is the covariance matrix,
G is the prior covariance matrix of , while U and represent the scale matrix and the degrees of
freedom of the Inverse-Wishart distribution that a-priori models the variability. The parameters and
W are assumed to be independent a priori.

Depending on the speci cation of the prior variance-covariance matrixG, two distinct variants of
the Bayesian model can be obtained. First, by settingG = W k, 1 a conjugate prior is obtained, and
the prior mean vector is denoted as jW . Conversely, whenG is estimated from background data as
®, or assigned its own prior distribution, the model acquires a hierarchical structure, as uncertainty
about G is propagated through an additional level of the model.

Hence, the implied conjugate prior distribution for ( ;W) is the Normal-Inverse-Wishart (NIW)
distribution,

(W) NIW( jko;U; );

and the probability density function (PDF) is

(Wi jkoiU; )= N(j iggW) IWWjU; )
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where denotes the product of densities arising from the prior independence of and W , the prior
parameter ko is a parameter which controls the volume of the prior precision (and the variance) of .
The higher ko, the more informative is the prior distribution for . Moreover, U and represent the
scale matrix and the degrees of freedom of the Inverse-Wishart distribution, respectively; see Gelman
et al. (1995, Chap. 3.6) for more details. Since the NIW prior is conjugate, the posterior distribution
and the marginal likelihood of y are available in closed form (Murphy, 2007) and are given by:

Wi TIVERY _ 1 () UjT2 ke P
( W)y  NIW ( nikn;Un; n); and m(y) = — = (=2 iU ke (3.10)

where n is the sample sizep is the number of variables, , is the multivariate gamma function, and

Ko n kon
= + : =U+S+
ko+ n ko + ny’ Un v S ko+ n

kn =ko+n, n= +n; (y n\y )T
P

y denotes the average measurements an8 =  ,(y; y)(yi y)'. Notably, the parameter
is a weighted average of the prior mean and the sample mean. Although the conjugate prior is
computationally convenient, it has the disadvantage of not modeling the prior distribution of  fully
independent of W , since the two are linked through the scaling parameterk.

Bozza et al. (2008) for handwriting evaluation of evidence chose a independent prior setup for the
model parameters( ;W) of the following form

No( ;B)andW W (U; ): (3.11)

The proposed model is equal td = B = 1 P ™ ni(B b)(B  b)T the between writers variability
can be estimated from background data, and it can be xed and independent ofV . Empirical evidence
can show that models incorporating this variability can perform better than models that do not have
this exibility. Unfortunately, the posterior distribution and the marginal likelihood for this model
can not be obtained analytically.

For most practical models, particularly those involving continuous or multidimensional data, ana-
Iytic solutions for posterior distributions are typically unavailable. This necessitates the use of compu-
tational methods to approximate the posterior distribution (Robert et al., 1999), which in turn enables
the approximation of the marginal likelihood. Among these computational approaches, Markov chain

Monte Carlo (MCMC) methods are the most widely used, and they are presented in Section 3.2.2.

3.2.2 Markov Chain Monte Carlo

When closed-form solutions for the posterior distribution are not available, Markov chain Monte Carlo
(MCMC) methods o er a practical alternative by enabling approximate inference through stochastic
simulation. MCMC techniques allow us to use highly complicated models and estimate the correspond-
ing posterior distributions with su cient accuracy. MCMC algorithms can generate samples from the
posterior distribution based on the construction of a Markov chain that eventually converges to the
target distribution (called stationary or equilibrium), which, in our case, is the posterior distribution

( jy). In more detail, a Markov chain is a stochastic process such that

yu ey

( (t+1)j (). ... (l)): ( (t+1)j (t))’

the distribution of (**1) which denotes the parameter vector at time sequencet + 1 given all the



3.2. BAYESIAN DATA MODELING 21

corresponding values at time pointst;t 1;::::1 depends only on the value (), namely the param-
eter values of previous sequence Hence, the Markov chain under proper assumptions (irreducible,
aperiodic, positive-recurrent) and ast ! 1 the distribution of (! converges to its equilibrium distri-
bution, which is independent of the initial values of the chain ©; for details, see Gilks, Richardson
and Spiegelhalter (1995) and Ntzoufras (2011, Chapter 3). Hence, the sample obtain from the MCMC
output is dependent, as each value generated by the Markov chain depends on the preceding value.
Some techniques address the latter issue by thinning the MCMC sample to reduce autocorrelation
among retained values. Finally, we may improve the sample quality by discarding initial values that
are sampled before reaching convergence to the equilibrium distribution (burn-in period).

While MCMC methods are powerful and widely applicable, they require careful assessment of the
convergence to ensure that the generated samples accurately represent the target posterior. Diagnostics
can be obtained by trace plots, the scale reduction factor (Gelman and Rubin (1992) statistic), and
e ective sample size calculations which are essential to verifying the quality and reliability of the
MCMC output, see Gelman et al. (1995) for more details.

The most traditionally used MCMC techniques are the Metropolis-Hastings algorithm (Hastings,
1970) and the Gibbs sampling (Gelfand and Smith, 1990). Metropolis-Hastings algorithm proposes a
new generated value based on the current state of the parameter of interest and accepts or rejects it
using a criterion that guarantees convergence to the target posterior. The Gibbs Sampler is a special
case of the Metropolis-Hastings algorithm where generated values are drawn sequentially from each
full conditional distribution of the parameters, given the current values of the other parameters. Both
approaches enable us to obtain posterior samples and therefore estimate the posterior distributions.

Nowadays, several software packages implementing MCMC methods are widely available, including
OpenBUGS (Lunn et al., 2000) and JAGS (Plummer et al., 2003), which primarily use Gibbs sam-
pling and, in some cases, the Metropolis-Hastings algorithm. More advanced MCMC algorithms have
also been developed, such as the No-U-Turn Sampler (NUTS; Ho man et al., 2014), which features
automated tuning of Hamiltonian Monte Carlo (Duane et al., 1987) parameters and is implemented
in Stan (Carpenter et al.,, 2017).

Section 3.2.2 illustrates an example of the Gibbs sampling method applied to the posterior distribu-
tion of the hierarchical Normal-Inverse-Wishart model. For readers interested in MCMC methods, we
refer to Appendix C, where we present various comparisons among MCMC techniques (i.e., Metropolis-
within-Gibbs, Hamiltonian Monte Carlo, etc.) used to estimate the posterior distribution of the degrees
of freedom parameter of the Wishart distribution.

Gibbs Sampling Example: Normal-Inverse-Wishart

Following the hierarchical form of the Normal-Inverse-Wishart model presented in Section 3.2.1, where
® = B, the model can be expressed as follows:

y Np( ;W);
Np( ;B); (3.12)
W W (U; ):

As mentioned, the posterior distribution of this model is not available in closed form; therefore, it
is necessary to implement an MCMC method. The advantage is that the full conditional distributions
of the parameters can be derived in closed form (Bozza et al., 2008), allowing for the implementation
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of Gibbs sampling. These conditionals can be expressed as follows:

iy W No B +nw ' "B L +nw ly; B l+nw !?
!

X
Wiy; W U+ (i Xyi )i +n (3.14)
i=1

Y (3.13)

P
where n is the sample size andy = % ?:1 yi is the sample mean ofy. Hence, the Gibbs sampling
algorithm can be implemented as follows:

" Initialize the parameters © and W © (e.g., using prior means or random values).

For iteration t =1;2;:::;T (whereT is the total number of MCMC samples):

Calculate the posterior covariance matrix of : S= B 1+ nwW 1 !

Calculate the posterior mean vectorof : M =S B 1 +nw ly

Sample from N, (M;S) (i.e. conditional posterior Mjy; W (t D given in (3.13))
t P n t t\T

Sample fromW ® WU+ L (yi  O)yi )T +n)

~ End For

After excluding the burn-in period*, assessing convergence diagnostics, and applying thinning to
eliminate autocorrelation, a su ciently large and accurate sample from the posterior distribution is
obtained. With this posterior sample available, in Section 3.2.3 we proceed to discuss methods for
estimating the marginal likelihood.

3.2.3 Marginal Likelihood

The marginal likelihood (ML), or model evidence, is the likelihood of the observed data under a speci ¢
probabilistic model. The marginal likelihood can be de ned as the integral of the likelihood density
function over the prior density function:
Z
m(yjMi) = f(yj ;W My) (W iM)d( ;W); (3.15)

under model M|, the and W represent model parameters, speci cally, the multivariate mean and
covariance matrix (i.e., location and scale parameters) of the Bayesian model described in 3.2.2.

For illustration, consider two competing modelsM; and M,. The ratio of their marginal likelihoods
de nes the Bayes factor:

_ m(yjMi)

© m(yiMy)
The Bayes factor measures how much more the observed data support one model over the other. A
value greater than 1 favorsM 1, while a value less than 1 favoraM ;.

When models are based on conjugate priors, the marginal likelihood may be available in closed
form. However, when an analytical expression is not available, we resort to approximation methods.
In such cases, three popular estimators are employed to estimate the marginal likelihood: (a) the
Laplace-Metropolis estimator, (b) the Generalized Harmonic Mean, and (c) the Bridge Sampling.

4The burn-in period refers to the initial iterations of the MCMC sampler that are discarded before collecting posterior

samples. During this phase, the chain has not yet converged and the samples are therefore not representative of the
posterior.
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Laplace-Metropolis

Lewis and Raftery (1997) proposed an approach for marginal likelihood estimation based on Laplace's
approximation (Kass et al., 1991). The Laplace-Metropolis estimator is given by

im(y)=@2 )2 (yi W) (W); (3.16)

where and W is the average of the model parameters from the posterior sample is the number of
parameters.

The Laplace-Metropolis approximation is evaluated at a single high-posterior-density point, typi-
cally the posterior mode (MAP) or, in practice, a numerically stable estimate of the mode, together
with a covariance estimate (e.g., the inverse negative Hessian or the posterior covariance from the
MCMC output). Using posterior averages and W can work properly when the posterior is approxi-
mately unimodal and close to Gaussian so that the mean and the mode are nearly identical, and when
the chosen parameterization makes the mean well-de ned (e.qg., for covariance/precision matrices, av-
eraging should preserve positive de niteness). If the posterior is skewed, heavy-tailed, multimodal, or
constrained, the posterior mean may be far from the mode and the approximation can fail. In such
cases, centering the approximation at the MAP (or another mode- nding estimate) is preferred.

Generalized Harmonic Mean

The generalized harmonic mean is a Monte Carlo method, which uses samples from the posterior
distribution (Gelfand and Dey, 1994). By sampling from a proper importance density, high likelihood

values can be obtained more frequently, while low likelihood values are sampled less often. Thus, the
marginal likelihood can be expressed as an expected value with respect to the posterior distribution

( s Wiy):

1 g 9( ;W)
mly) Y Ry W) (w)
- 9( ;W) W :
S Ty Wy (wy (GWiv)d dw:

(3.17)

whereg( ;W) is the so-called importance density that must be close to the posterior density. Hence,
generalized harmonic mean estimator is given by

1 X (ORYYAQ)
DY) = £ o (tf’iN Y | (t))_Wm) : (3.18)
t=1 yl ! !

where (U and W () are sampled from ( ;W jy). Following Perrakis et al. (2014), the product of the
marginal distributions is used as importance densityg( ;W) g( jy)o(W jy).

The generalized harmonic mean estimator is popular because it can estimate the marginal likelihood
m(y) directly from posterior draws (e.g., from MCMC), hence it is easy to implement and can be more
stable than the standard harmonic-mean estimator (Newton and Raftery, 1994) when the tuning
density g() is chosen well. Its main drawback is fragility: the estimate can have extremely high
variance and be dominated by a few draws if the implied importance weight has heavy tails under the
posterior, so results can be highly sensitive to the choice af( ).
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Bridge Sampling

The most known and e ective Monte Carlo estimator of the marginal likelihood was introduced by
Meng and Wong (1996). This method is based on the following identity:

R
_hC;W)g( sWHE(yj ;W) (;W)d( ;W) |
my)= R Flyj W) (W)
m(y)

(3.19)

h( ;W)a( ;W) d( ;W)
where the functionsg( ;W) and h( ;W) are the so-called proposal distribution and bridge function,
respectively. The proposal distribution, which serves as an importance density in Section 3.2.3, should
approximate the posterior distribution and ensure adequate overlap with it. Furthermore, the function
h() acts as a bridge that connects the two distributions. Therefore, it must be compatible with both
distributions. Simple manipulation of (3.19) leads to the following identity:

Eg( sw) [h( sW)HF(y] W) (;W)]
E (.wiy [h( ;W)g( ;W))] '

m(y) (3.20)
Hence, the marginal likelihood can be estimated using a Monte Carlo estimator based on the
identity in (3.20). This Monte Carlo marginal likelihood estimator is given by

P :
LG 0w O)fyj Ww 0y ( Osw )

in(y) = 12 P : (3.21)
£ 2 h(&m; v )g(em ;W )

terior distribution  ( ;W jy) (taken from Gibbs sampling output) and from the proposal distribution
o( ; W), respectively. The proposal distribution g( ) must be close to the target posterior distribution.
Function h(') plays the role of the bridge that links the two distributions.

According to Meng and Wong (1996), the optimal function under the mean square error is given
by h( ;W) = 90 W )+TT21 W By replacing this optimal bridge function in (3.20), the bridge
sampling indicator, after some manipulations, simpli es to

1ty Osw ©) ( Ow 0)
Tjt:l T O;W )+ T, ( O;w Ojy)

1 X g(&W; W )

Ti o Tog(B0; W 0)+ T (80;W Ojy)

mo(y) = (3.22)

For more details and a thorough explanation of this method, see Gronau et al. (2017); Gronau,
Singmann and Wagenmakers (2020).

In this work, the proposal distribution is speci ed at the product of two independent distributions,
i.e. g( ;W)= g ( )aw (W), where the proposalg for is taken to be a Normal distribution, while
the proposal for W is specied as an Inverse-Wishart distribution. This choice is computationally
convenient because it yields a proper proposal with correct support foMV (positive de nite) and
it is straightforward. In practice, this bridge sampling can fail or become unreliable for skewed or
heavy-tailed posteriors that are not well captured by ag( ;W)= g ( )gw (W) approximation, or in
multimodal settings where a single unimodal proposal misses important regions of posterior distribu-
tion, leading to unstable estimates.
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Finally, the iterative expression of (3.22) is implemented to obtain the optimal bridge sampling
estimator, as described by Meng and Wong (1996, pag. 837), where an initial guess of the marginal
likelihood is updated until convergence is achieved based on a prede ned tolerance level. The Bayes
theorem is then applied to the joint posterior distribution, and by performing some algebraic manip-
ulations the following expression for the marginal likelihoodim,(y)(#* at iteration z+ 1 is obtained:

1 Xz S( M;w (W)
T Toio(y)@+ T S( ;W M)

R 1
T1 ) Tomo(y)® + Ty S(8O; W M)

io(y)**Y) = (3.23)

whereS( ;W) = % Furthermore, to obtain a reliable estimate of the marginal likelihood,
Overstall and Forster (2010) proposed dividing the posterior samples from the MCMC procedure (e.g.,
the Gibbs sampling as in the current section example) into two parts: (a) the rst part is used to specify
the parameters of the proposal distribution, and (b) the second part is used in (3.23) to compute the
numerator of the bridge sampling estimator.

This procedure was implemented via thebridgesampling package in R (Gronau, Singmann and
Wagenmakers, 2020), which provides an e cient framework for computing normalizing constants
for Bayesian modeling. Notably, the Warp-Ill (Gronau, Heathcote and Matzke, 2020) variant
is implemented within the bridgesamplingpackage and refers to a transformation-based strategy to
further enhance the e ciency and accuracy of marginal likelihood estimation. By applying a nonlinear
transformation to the posterior samples, Warp-Ill aims to better align the shapes of the posterior
and proposal distributions.

3.3 Conclusion

In summary, frequentist data modeling provides a framework based on likelihoods by emphasizing point
estimates, while Bayesian data modeling integrates prior knowledge with observed data to produce full
posterior distributions, o ering a exible approach for quantifying uncertainty. Both frameworks are
used in this thesis: the frequentist approach is applied to HMMs for modeling dynamic signature
features (Chapter 5), and the Bayesian approach is used for modeling handwriting features (Chapter
4).

HMMs are adopted because they naturally represent the sequential structure of dynamic signatures
by associating observations to hidden states (i.e, high-velocity pen movements, low-velocity pen move-
ments). Therefore, they can capture distinct phases of the signing process and modeling the temporal
variability.

The Bayesian approach is adopted because it can incorporate information about the writer popu-
lation through the prior distribution, allowing key sources of variation, such as, between writers and
within writers, to be modeled explicitly. Accounting for these variation is crucial when evaluating
whether a questioned document belongs to the person of interest, because it supports not only wether
the di erences exists, but also an assessment of how large those di erences are relative to typical pop-
ulation variations. This leads to clearer uncertainty quanti cation and more defensible interpretation,
particularly when limited samples are available for a given writer.
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Chapter 4

Handwriting Examination

Forensic document examiners frequently need to cope with situations involving handwritten documents
whose writership is questioned. Consider the following scenario involving a handwritten document
whose origin is contested. Written material originating from an individual who is suspected to be the
actual source of the disputed item is collected and examined for comparative purposes. The available
evidence should be evaluated under a set of hypotheses in a given framework of information put forward
by parties (i.e., the prosecutor and the defense attorneys, respectively) at trial. The propositions of
interest can therefore be speci ed as follows:

Hi: the person of interest (Pol) is the writer of the questioned document;

H,: the person of interest (Pol) is not the writer of the questioned document.

First of all, n; > 0 characters are selected from the anonymous manuscript document; these are
referred to as questioned material. The value ofn; is constrained by the document itself, as only
legible and complete instances of the target characters are retained. Them, > 0 characters are
selected from the handwritten material originating from the person of interest; these are referred to
as control or reference material. Similarly,n, depends on the amount of available reference material.
Measurements (e.g., Fourier coe cients, see Section 4.3) made on questioned and control material are

material and y, the control material, L the number of character andn,; repetitions per character.
Thus, it is crucial to provide information about the value of the evidence (y1;y2) in support of the
propositions of interest. This is given by the ratio of the marginal likelihoods under the competing
propositions:

_ m(y1;y¥2jH1) _ m(y1;y2jH1)

© m(y1;y2jH2)  m(ysjH2)m(y2jHz)”

The marginal likelihoods in (4.1) can be obtained using the same probabilistic model that will be

adopted to describe the handwriting data (and that will be illustrated in Section 4.5), but using di erent
sets of measurements for prior elicitation. Speci cally, the marginal likelihood in the numerator,
m(y1;Y2jH1), is calculated assuming that all observations of the combined datasety;;y.g have a
common parameter vector, since it is assumed thaH; holds, so that data originate from the same
source. On the other hand, ifH, holds and the competing materials originate from di erent sources,
the measurementsy; and y, can be considered independent. Consequently, the marginal likelihood
m(y1;y2jH2) can be obtained as the product of two independent marginal likelihoodsm(yijH?>)
and m(yqjH>), respectively. These latter are calculated by the same probabilistic model, but by

(4.1)
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tting this last one separately for each dataset y; and y, and by taking di erent parameter vectors.
This assumption implies that possible disguised behavior is not considered (see Appendix A.1 for the
considered BF assumptions). For more de nition in identi cation problems in forensic science, see
Ommen et al. (2017).

The data that we are going to use for this research refers to three main sources. First, a sample
of 13 writers and charactersa, d, o and q collected for a previous study (Marquis et al., 2006),
that were selected among a population of French native writers from the School of Criminal Justice
of the University of Lausanne (Switzerland) because of their habits to close loops (see Section 4.2).
Second, we have considered writers from the 1AM Handwriting Database, which comprises various
forms of handwritten English texts. This database was initially released by Marti and Bunke (1999)
at the International Conference on Document Analysis and Recognition (ICDAR) in 1999. Since the
proposed image analysis procedure can actually be implemented to describe the shape of closed loops
of characters, we have identi ed and selected 50 writers showing a substantial number of characters of
interest with closed loops (see Section 4.2). These writers are considered as background information
for the third available source, which is the case study of Section 4.9.

The contour shape of the characters of the above data sources was processed according to the image
analysis procedure proposed by Schmittbuhl et al. (1998) for the polymorphism analysis of the piriform
aperture of given skeleton bones of some primates (e.g., the mandibule) and adapted by Marquis et al.
(2005) for handwriting examination purposes; for more details see Section 4.4.

For such features, six Bayesian models with two di erent likelihood structures and three di erent
prior speci cations are analyzed and compared.

First, the multivariate Normal model is implemented. The distribution of available data is taken

to be a multivariate Normal, with (a) the Normal-Inverse-Wishart conjugate prior setup (Sec-
tion 4.5.1) and (b) a prior with a similar setup where the variance-covariance matrix is indepen-
dent of the mean parameter vector (Section 4.5.1), and (c) a prior with covariance decomposition
where the within-writer variability follows LogNormal-LKJ distribution (Section 4.5.1). Under

this model, the character-level variability is not modeled, since one common variance-covariance
matrix is considered for all observed characters. Therefore, all measurements are evaluated
jointly without distinction by character type. In order to take into consideration the impact of
this further layer of variability, the models have also been tted for each character separately.

Secondly, a Bayesian MANOVA model is proposed in Section 4.5.2. Under this second model, the
type of characters is taken as dummy indicator variables (with corner-point representation; see
Appendix A.2 for more details). Similarly to the rst modeling approach, a conjugate prior speci-
cation (Section 4.5.2), a hierarchical Normal-Inverse-Wishart prior speci cation (Section 4.5.2),
and a Normal-LogNormal-LKJ prior speci cation (Section 4.5.2) have been considered.

Since the marginal likelihoods that are needed to calculate the Bayes factor in (4.1) are not always
available in analytical form, three di erent methods for its estimation will be considered, see Section 4.6.

In this chapter, we present the methodological framework employed in the latter forensic examina-
tion of the handwriting data. The considered datasets include samples collected from both real and
simulated forensic scenarios, complemented by background material from publicly available sources
such as the IAM database; see Section 4.2. The analysis begins with data preprocessing, in which
scanned handwriting images are preprocessed to ensure their suitability for analysis; see Section 4.3.
We then perform feature engineering to derive informative variables that enhance the discriminative
power of the subsequent analysis; see Section 4.4. A primary exploratory analysis follows, providing
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an initial overview and summary of the measurements and establishing the context for more re ned
modeling; see Section 4.4.1. Building on this foundation, we employ a Bayesian modeling approach
that incorporates prior knowledge on the parameter of interest (e.g., the mean of measurements) and
provides a principled framework for quantifying uncertainty; see Section 4.5. This ultimately enables
the coherent evaluation of handwriting evidence through the Bayes factor, providing a principled basis
for rigorous forensic inference. The experiments used to assess the error rates of the methodology, as
well as the sensitivity analysis, are presented in Sections 4.7 and 4.8, respectively. Finally, a real case
study is provided in Section 4.9.

4.1 Literature Review

Handwriting examination is a domain of forensic science, where document examiners are often asked
to inform the actors of a legal process, who are confronted with handwritten documents whose origin is
contested or unknown. A number of recent studies have explored novel methods for inspecting hand-
written documents and assessing the evidence on writership problems. Johnson and Ommen (2022)
developed a method that quanti es the similarity between handwritten documents using machine learn-
ing and statistical techniques. They applied score-based likelihood ratios (SLR$)to assess the value
of the data in two scenarios: common source and speci ¢ sourée Wydra and Matuszewski (2022)
proposed a method that evaluates handwriting material using the likelihood ratio (LR) approach?.
They measured the similarity between handwriting samples by the Jaccard index, which is a statistic
that captures the overlap between two sets of features. Crawford et al. (2023) propose rotation-based
features to extract measurements from handwritten documents, and a Bayesian hierarchical modeto
estimate the posterior predictive probability of writership and test the posterior predictive performance
when the author of the questioned document is part of a closed set of writers.

This research is going to investigate and extend the Bayesian probabilistic approach proposed
by Bozza et al. (2008). In that work, speci ¢ handwritten features originating from an ad-hoc image
analysis procedure proposed by Marquis et al. (2005) have been used. This technique is based on Fourier
analysis and enables a precise reconstruction of the contour shape of characters' loops. Following this
methodology, each character loop can be described by means of a Fourier coe cient, which can be used
to characterize the shape complexity and other geometric attributes. Preliminary studies by Marquis
et al. (2006) have shown that these features characterization has a good discriminating power. The
value of the features is subsequently assessed by means of the Bayes factor. The use of the Bayes
factor as a metric to assess the probative value of forensic ndings is largely supported by operational
standards and recommendations in di erent forensic disciplines (see, for example, the guidelines of
the European Network of Forensic Science Institutes (Willis et al., 2015). A general review of Bayes
factors for forensic decision analysis from an operational perspective is given by Bozza et al. (2022),
and its logical foundations are described in Taroni et al. (2021).

In particular, Bozza et al. (2008) proposed a two-level random e ects model, which has the ad-

1The SLRs evaluate the strength of the observed data under each hypothesis by comparing the probability distribu-
tions of similarity scores (Bozza et al., 2022).

2The common source scenario involves determining whether two sets of evidence originate from the same, but un-
known, source. Conversely, the specic source scenario focuses on deciding whether a single set of evidence can be
attributed to a known, speci ed source (Ommen et al., 2017).

3The LR compares the probability of the data under two competing hypotheses, providing a direct measure of how
much more likely the data is under one hypothesis compared to the other. In contrast, the BF is used within a Bayesian
framework to update the probability of a hypothesis based on the evidence, incorporating prior probabilities.

4Bayesian hierarchical models are statistical models that incorporate multiple levels of random variables to account
for complex data structures like nested or hierarchical data.
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vantage of modeling both within- and between-writer variability. However, as the authors themselves
pointed out, the main limitation of this proposal is that it does not model the variability that charac-
terises each type of character. This means that the model can be either applied without distinguishing
between di erent character types (and thus losing an important source of information) or separately
for each character type. This can be problematic, especially when it comes to combining con icting
evidence (i.e., evidence supporting di erent hypotheses). Another open issue that was underlined by
the authors is the sensitivity of the Bayes factor to the degrees of freedom of the prior distribution
modeling the handwriting variability.

Finally, the latter modeling was used for investigation purposes by Taroni et al. (2012, 2014). The
approach Taroni et al. (2012) uses data from female and male writers to compare the likelihood ratio
based methods for inferring the gender of the writer of a questioned document. Furthermore, the work
of Taroni et al. (2014) computes the Bayes factor for di erent scenarios of inferring the gender and
handedness of the writer of a questioned document, based on the analysis of the handwriting characters
‘a'and “d'.

4.2 Data Acquisition, Sampling and Databases

The rst dataset used for this study refers to a sample of 13 writers collected for a previous study
(Marquis et al., 2006), who were selected among a population of French native writers from the
School of Criminal Justice of the University of Lausanne (Switzerland) because of their habit of closing
loops. Speci cally, one hundred individuals completed ve documents. Each of these documents was
completed on di erent days, and they contain ten times a series of letters of the alphabet written in
the usual manner. Among the samples collected, only thirteen writers had closed, d, o, and q loops.
The samples from the other individuals were not used for the rest of the study. Among the samples
from the thirteen writers selected, some loops had to be rejected due to their image noise. Among the
thirteen writers selected, all of whom are right-handed and four are men.

To increase the reliability of our methodology, a larger sample size is required. To this end,
we have selected 50 writers from the 1AM Handwriting Database for which a large amount of data
is available. This database was initially released by Marti and Bunke (1999) at the International
Conference on Document Analysis and Recognition (ICDAR) in 1999. The IAM Handwriting Database
comprises various forms of handwritten English texts, which have been utilized for tasks such as text
recognition, writer identi cation, and veri cation. It includes unconstrained handwritten samples,
scanned at a resolution of 300 dpi and stored as PNG images with 256 gray levels. The corpus of
texts within the IAM Database is derived from sentences provided by the Lancaster-Oslo/Bergen
(LOB) Corpus (Johansson et al. (1978)). Currently, the database encompasses contributions from 657
writers, amounting to 1539 pages of scanned texts. Since the proposed image analysis procedure can
actually be implemented to describe the shape of closed loops of characters, we have identi ed and
selected 50 writers showing a substantial number of characters of interest with closed loops.

4.3 Image Preprocessing

The preprocessing of handwriting data primarily involves an image analysis procedure, as illustrated
in Figure 4.1. This process can be summarized as follows:

1. A character is digitized to an image;
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2. The image is binarized;
3. The skeleton of the image is obtained to extract the contour;

4. The contours are expressed in polar coordinates.

Note that, to eliminate the in uence of the size on shape analysis, the contour was normalized.
All contour coordinates were adjusted so that the areas enclosed by them were equal tocm?. Con-
sequently, the surface measurement (S) was extracted as an additional general feature of interest,
measuring the approximated area of each loop character.

Figure 4.1: Image analysis procedure: from the original loop to polar coordinates. Adapted from
Marquis et al. (2005).

This approach is recommended by Marquis et al. (2005) to enhance automation in the preprocessing
pipeline. Rather than manually separating individual characters, in this study, we segment words
directly from the entire text, as illustrated in Figure 4.2. Since the analysis focuses on the loop
characters, letters whose written form contains a closed curved strokea( b, d, e, g, 0, and p), precise
segmentation is of secondary importance, provided that the resulting batches of words are reasonably
isolated for further analysis.

Once a word or a discrete cluster of words is obtained, a sequence of image transformations is applied
following the recommendations in Marquis et al. (2005). These transformations include binarization
and skeletonization, with the intermediate results shown in Figures 4.3 and 4.4. The nal stage of
image preprocessing involves identifying closed contours within the skeletonized image.

Subsequently, contours corresponding to character loops are manually labeled. For this purpose,
images such as the one in Figure 4.5 are generated, enabling users to associate each contour with its
respective letter. This manual intervention is essential for correcting any erroneous labels generated
in previous steps. Finally, each labeled contour is transformed into polar coordinates in preparation
for subsequent Fourier analysis, as depicted in Figure 4.6.
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Figure 4.3: Binarization

Figure 4.2: Word Separation

Figure 4.4: Skeletonization

Figure 4.5: Contour Labeling

Figure 4.6: Polar representation of the contour
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4.4 Fourier based Feature Engineering

From the polar coordinates, each loop character can be expressed as a Fourier series:

R()=a+ X [ancogh )+ bysin(h )I; 20,2 ): (4.2)
h=1

In this way, each character loop can be described by a discrete function R( representing the
length of a line joining a point of the contour to the centroid, where is the angle made by this line
with the horizontal axis. The contour shape can therefore be described by a series of harmonics, each
one characterizing a speci ¢ contribution to the shape. Each harmonic is constructed by a pair of
Fourier coe cients, i.e., a, and b, (2 R) as proposed in Thiéry (2014). Note that the original proposal
by Marquis et al. (2005) envisaged the amplitude-phase form of the Fourier series:

X
R( )= Ao+ [Ancogh n)l; 2[0;2) 4.3)
h=1

where the amplitude A, (2 R*) and the phase , (degrees or radians) are just the polar coordinates
of the coe cients a, and b,, and a, = Apcoq 1), b = Apsin( ), and Ag = ag. Fourier descriptors
(Ah and h)-

In this work, a multivariate Gaussian distribution is adopted as the probabilistic model, motivated
by the correlation among the extracted features and by the lack of evidence against univariate normality
according to the Lilliefors test per writer. Moreover, the Fourier coe cients ( a, and h,) exhibit
more favorable values of Mardia's multivariate skewness and kurtosis, computed per writer, than the
corresponding Fourier descriptors (Mardia, 1970). This remains true even after applying logarithmic
or square-root transformations to the Fourier descriptors. We therefore base our subsequent analysis
on the Fourier coe cients (a, and b,).

The harmonic contribution to the contour shape of characters is represented in Figure 4.7: the
rst harmonic ( h = 1) informs about the ovate contribution to the shape, the second b = 2) about
the ellipticity of the shape, the third ( h = 3) about the triangularity, the forth ( h = 4) about the
quadranqularity and the fth ( h = 5) about the pentagonality. A more detailed description of this
image analysis procedure can be found in Schmittbuhl et al. (1998) and Marquis et al. (2005).

Figure 4.7: Harmonics contribution obtained by the sum of the unit circle (h=0) and the specic
harmonics of interest, , =0:5and b, =0
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Figure 4.8 illustrates the reconstruction of a skeletonized contour of a given character by summing
progressively the Fourier harmonics describing its shape.

Figure 4.8: Progressive reconstruction (solid curves) of a contour (dashed curve) based on the rst
four Fourier harmonics.

The reconstruction of the original contours obtained by means of such a Fourier-based procedure
is represented in Figure 4.9, for each writer and each character. For each analyzed loop, the average
of the Fourier parameters is considered with a total number ofH = 4 and H = 10 harmonics. The
nal image represents the average contour of loop characters. As can be observed, while some writers
present loop structures characterized by marked peculiarities, others are more similar. The size is not
illustrated because the original image had been normalized. This illustration does not account for
within-writer variability, which will be addressed in the data modeling section (see Section 4.5).

In this project, only the rst four harmonics will be retained, as suggested by Marquis et al. (2005).
The global shape of each character contour can, in fact, be reconstructed without the contribution of
further harmonics, as it can be observed in Figure 4.9. Furthermore, it must be underlined that the



4.4. FOURIER BASED FEATURE ENGINEERING 35

Figure 4.9: Reconstructed loop characters shown for the average Fourier coe cients per writer and
character using the rst four pairs of Fourier coe cients (H = 4; red curve) and the rst ten pairs (H

= 10; black curve); the size is not illustrated since all characters were normalized to a surface size of
1cm?.

constant term ¢ (or A in the Amplitude-phase form) does not have an impact on the morphological
characteristics of the shape of the characters under study, as demonstrated by Marquis et al. (2006).
Therefore, this term is considered a nuisance parameter and is not further considered in the subsequent
analyses. Thus, each character loop can be described by meansmwf 9 variables representing the

surface (S) of the character, the  and the hy, of the rst four harmonics, h = 1;:::;H. Hence, the
available background data contain the measurements of characters collected in correspondence oh
writers, and can be denoted by a four-dimensional arrayD with elements Dy , wherei =1;:::;m
(writers), ~ =1;:::;L (characters),j = 1;:::;n; (repetition), and = 1;:::;p (Fourier coe cients

and the surface size). Note that coe cients will be standardized by dividing each value by the overall
standard deviation of each Fourier coe cient.

4.4.1 Descriptive Statistics and Visualizations

In this section, we present a basic descriptive analysis of the main characteristics of the sample used
for the implementation of the proposed methodology. The Fourier coe cients can be represented
in Cartesian coordinates, as shown in Figure 4.10, which displays, for each harmonic, each writer
and across all characters, the mean and the standard deviation of the pair of coe cients &,,h,).
This graphical representation can be informative of the discriminating power of each harmonic. In
particular, the second harmonic measuring ellipticity seems the most informative for discriminating
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purposes. For an analytical description of the available characters' features, the reader is referred to
graphical illustrations in Appendix A.3 Figure A.3.1.

Finally, the Mahalanobis distance has been quanti ed to measure the variability between pairs of
writers across all characters. The Mahalanobis distance between two writers is calculated by measuring
how far the feature vectors of one writer's samples are from the mean and covariance structure of
another writer's samples. From Figure 4.11, where the square roots of Mahalanobis distances are
represented, it can clearly be observed that while some pairs of writers present very small distances
(e.g., writers 6, 7 and 8), other pairs of writers are characterized by greater distances (e.g., writers 10
and 13), con rming more pronounced peculiarities that should make them easier to discriminate.

Figure 4.10: Mean and standard deviation of every pair of Fourier coe cients (an; ), for each har-
monic, each writer, and across all characters.
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Figure 4.11: Square root of the Mahalanobis distance between writers using the Fourier coe cients
and the surface size across all characters.

4.5 Modeling Fourier Coe cients and Surface size

Let us consider the available measurements on questioned and control material denoted gs and y»,
respectively, described in the beginning of Chapter 4fywg = (ywj ;w =1;2; ~ =1;::55L; j =
1;::ny ). Following the Fourier-based features described in Section 4.4, these data form a vector
of length p, corresponding to the surface size, along with four pairs of Fourier coe cients, and are
denoted asywj . By w 2 RP we denote the mean vector within materialw, and by W,, 2 RP P
the variance-covariance matrix within material w with elements W,, , , for ( 1; 2) 2f1;2;:::;pg?.
Then, given , and W, the distribution of y, is taken to be p-variate Normal N, with

Ywj Np( wiWy): (4.4)

Let us further assume that we have a dataset (or database) of manuscripts from di erent writers,
unrelated to the case, denoted byX . We refer to this as background data, which will later be used
to specify model parameters (i.e., to elicit the prior distributions) where required. We further assume
that the background data follow the same feature engineering process as and y,. Accordingly, our
modeling framework involves three distinct datasets: (i) the questioned datay1, (ii) the control data,
y2, and (iii) the background data, X . The questioned and control data,y; and y»,, are directly used
to evaluate hypothesesH; and H» via the Bayes factor (4.1), whereas the background datax are used
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indirectly (via the prior) to facilitate parameter estimation in each model.

45.1 Bayesian Normal Models

In this rst modeling approach, a Normal-Inverse-Wishart (NIW) prior distribution is chosen for the
parameters( ;W ). Under this general prior set-up, and considering the sampling model distribution
(4.4) for ywj , the following Bayesian model is speci ed:

yw‘j Np( W;WW)
wiX Np( ;G) (4.5)
Wy jX IW (U5 );

where s the prior mean vector of ,, W, is the within-writer covariance matrix, G is the covariance
matrix of ,, while U and represent the scale matrix and the degrees of freedom of the Inverse-
Wishart distribution that models the within-writer variability.

Depending on the speci cation of the prior variance-covariance matrix G, two distinct variants
of the Bayesian model in (4.5) are obtained. First, by settingG = WKk, 1 a conjugate prior is
obtained (Section 4.5.1), and the prior mean vector is denoted as,,jX ; W,,. Conversely, whenever the
parameter G is set as the between-writers covariance matrixB , a model with hierarchical prior setup is
obtained (Section 4.5.1). To upgrade the latter prior approach, we perform a covariance decomposition
of the within-writer covariance matrix W,,, employing the LogNormal-LKJ prior approach as speci ed
in Section 4.5.1.

Conjugate Prior: Normal-Inverse-Wishart

By assuming data follow a multivariate Normal distribution, Np( w;Wy), the implied conjugate prior
distribution for ( ;W) is the Normal-Inverse-Wishart (NIW) distribution with G = Wk, *,

( wi W)X NIW ( jko; U5 );

for a detailed description of the model parameters, see Section 3.2.1.

Since the NIW prior is conjugate, the marginal likelihood of the available measurementy is readily
available in closed form and is given by Eq. (3.10). In this work, the prior parameters and U are
elicited by using information from readily available background data X ; see Appendix A.4.1.

The degrees of freedom are set to be equal top + 2, which is the smallest value for which the
mean of the Inverse-Wishart distribution is available (Press, 2005). Finally, the prior parameterkg
is selected based on a grid search in the (0,1) interval for all writers available in the background data.
Speci cally, the choice falls on the value ofky that maximizes the marginal likelihood in the background
data.

Although the conjugate prior is the natural choice because it is computationally convenient, it has
the disadvantage of not modeling the variability within-writer and between-writers separately. This
can be a major limitation in this speci ¢ context, since the fundamental laws of handwriting state that
(1) no one writes the same word exactly the same way twice (i.e., variability within writers), and (2)
no two people write exactly the same way (i.e., variability between writers). For this reason, a second
model with an independent speci cation of the prior is considered.
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Hierarchical Extension: Normal-Inverse-Wishart

Bozza et al. (2008) chose an hierarchical prior set up for the model parameteré ;W )jX of the
following form
wiX  Np( ;B)and WyjX IW(U; ): (4.6)

The proposed model is then given by (4.5) withB = G to be xed and independent of W, .

In particular, the prior parameter B represents the variance-covariance matrix between writers.
The prior parameters , B, and U are estimated in a relatively straightforward manner from the
information of the background writers (see Appendix A.4.1). Empirical evidence has shown that
models incorporating the between-writers variability are performing better than models that do not
have this exibility (Bozza et al., 2008). It must be said that without the background information,
the ability to e ectively discriminate between writers is greatly reduced.

Unfortunately, the marginal likelihood for this model cannot be obtained analytically. Hence, bridge
sampling is applied for estimation based on the output of an MCMC algorithm as it is presented and
discussed in Section 4.6. In particular, MCMC algorithm No-U-Turn Sampler (NUTS) is implemented
in Stan (see Carpenter et al., 2017) version 2.26.1, via th&Stan interface and R version 4.2.1.

Covariance Decomposition: Normal-LogNormal-LKJ

A widely used and exible approach for modeling covariance matrices in Bayesian hierarchical models
is to decompose the covariance matrix into standard deviations and a correlation matrix. Speci cally,
the covariance matrix W,, can be expressed as:

Wy = DyRwDy and Dy, = Diag Wy13; Wyag; i W2 (4.7)
whereD ,, is a diagonal matrix containing the standard deviations of the covariates of materialw (for
w = f1;2g), while R, is the corresponding correlation matrix. The diagonal elements oW, specify
the corresponding elements ofD,, while R, is obtained by standardizing W, that is, by simply
setting Ry = D,,*W,,D .

In this decomposition, the standard deviationsD ,, are typically assigned independent priors, such
as LogNormal distribution, or Half-Cauchy distribution for less informative prior speci cations. There-
fore, this alternative parametrization allows for a more exible modeling of marginal variances. The
correlation matrix R, is modeled separately using the Lewandowski-Kurowicka-Joe (LKJ) distribution
(Lewandowski et al., 2009), which provides a non-conjugate prior speci cally designed for correlation
matrices. The LKJ distribution has a shape parameter > 0 controlling the strength of the prior
towards the identity matrix (independence) and probability function given by:

C jRj * with

X X 1 . .
(2 2+p )log2+ (p )logB( + B5—=; + B2,

=1 =1

f(R; )

log(Q)

where R is ap p positive-de nite matrix with unit diagonal, jRj denotes the determinant of the
matrix R, the normalizing constant C ensures that thef (R; ) integrates to one over the space gp p
correlation matrices, p is the dimension of the correlation matrix R, is an index running from 1 to
p (or p 1in the second sum) andB() is the Beta function.
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Hence, the Bayesian model is speci ed:

Ywi Np( w;Ww); Wy =DywRyDy
wiX Np( :B) (4.8)
Dw JX LogNormal(; ) for 2f1;,2:::;pg;
Ry LKJ ()

The LogNormal( ; ) distribution is parameterized by the location parameter and the scale param-
eter , which are estimated based on prior knowledge about standard deviations derived from the
background data enabling the prior elicitation (see Appendix A.4.1) and the LKJ parameter is set
equal to 1 for non-informative prior for the correlation matrix. The LogNormal prior was selected based
on prior knowledge derived from background data, enabling the elicitation of prior parameters and

. The same approach for prior speci cation is applied to the other model parameters, as described in
Section 4.5.1. The marginal likelihood for the Normal-LogNormal-LKJ prior setup is not analytically
available in closed form. Hence, bridge sampling is implemented for the estimation of the marginal
likelihood, as described in Section 4.6. For the extraction of posterior samples of the parameters, the
MCMC algorithm No-U-Turn Sampler (NUTS) is implemented in Stan (see Carpenter et al., 2017)
version 2.26.1, via theRStan interface and R version 4.2.1.

According to Huang and Wand (2013), the LKJ prior approach can o er better performance over
the classical Inverse-Wishart prior approach, particularly in scenarios where a more exible prior for
the correlation matrix is required or when limited prior information about the covariance structure is
available. Additionally, the LKJ prior is the most popular approach in the context of sparse covariance
matrix estimation.

All the modeling approaches considered in Section 4.5.1 do not account for character variability
since characters of di erent types must be either treated without any distinction, or analyzed sep-
arately. Both of the above approaches, analyzing all data but treating all characters without any
distinction or analyzing each character separately, has major disadvantages. Speci cally, in the rst
approach, treating all characters without distinction ignores not only the variability of the handwriting
of characters within each writer but also the di erences of characters across di erent writers. Alterna-
tively, analyzing each character separately raises the challenge of aggregating individual results into a
single measure of evidence fdf; or H,. Character-speci ¢c Bayes factors cannot be directly combined,
and the situation becomes more complicated when con icting evidence arises, that is, when di erent
character types support di erent hypotheses. Hence, in Section 4.5.2 we proceed in proposing models
that take into account the within characters' variability.

45.2 Bayesian MANOVA

In this section, a second modeling approach is provided in an attempt to overcome the critical issues
mentioned above. The Bayesian MANOVA model that will now be described has the great advantage
of allowing the character-level variability to be modeled as well. Speci cally, the indicators of the

characters are transformed into dummy variables by selecting the charactea as a reference group (see
Appendix A.2). Hence, a regression model is built with dummy variables of characters as predictors.
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This model, in its general form, can be written as

Ywij Np( &wCw ;W)
wiWy; X MN L;p (M ;Koliww) (4.9)
Wy jX W (U; );

where MN |, denotes the Matrix Normal with L=4 characters and p = 9, the 4 pairs of Fourier
coe cients, and the surface size,C is a three-dimensionalm L n_ array of the explanatory dummy
variables fory. The sub-vector Cy, ; has lengthL and contains the dummy variables for each writer
and for each repetition of the retainedL characters. Each elemenitC,; of C isdened asCy,; =1,

Cwj =1; if = “v’fj’s;

Cwj =0; otherwise
where ‘\‘,’V'J?S is the observed character for questioned or control materialw under repetition j (i.e.
(1,0,0,0) fora, (1,1,0,0) ford, (1,0,1,0) foro etc.); see at Appendix A.2 for a more detailed presentation.
Moreover, , isthelL p coe cient matrix and can be re-written as follows

0 1
#i1
#T
=B "E&; (4.10)
#oL
where each#,,, | = 1;:::;L, is a vector of length p. W,, is the within-writer covariance matrix,

denotes the degrees of freedoml) is the scale matrix of the Inverse-Wishart distribution, M is the
prior mean matrix (of dimension L  p prior mean matrix), and KgisalL L scale matrix tuning the
variance of ,. The matrix Normal distribution in (4.9) can be re-written as

vec( w)jiX  NL p(vecM );W, K,ybh

wherevec() vectorize of a matrix and  Kronecker product. Therefore, the overall variance ofvec( )
is simply given by W,, K , . However, since the focus here is pointed toward the distribution of each
di erent type of character (i.e., each row of ), W, will be taken as the main variance component,
while K L will act as a variance multiplicator which will be elicited using background data.

Conjugate Prior

As for the conjugate Normal-Inverse-Wishart prior setup in Section 4.5.1, a conjugate approach is ini-
tially considered for the MANOVA model in (4.9) for computational convenience. Under this approach,
the natural conjugate prior using the vectorized parameter , is of the form:

vec( w)jWw; X ;Ko NL p(vecM );Wy Koty
WwjX IW(U; ),

whereK g is considered here as a xed parameter elicited from the background data. Under the above
Bayesian formulation, the posterior distribution can be expressed as a result of the same family. Hence,
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the marginal likelihood can be expressed in closed form and is given by:

my) = L p(nT) U2 Ko T
2 W2 o(=2) jUn=g 2 Ko

(4.11)

where n is the sample sizep is the number of variables (i.e., Fourier coe cients and the surface size),

n = +n
Kn = CTC+Kg
Uy = U+yTy+M TKgM M [K,M ,; and

<
I

K,! CTy+ KoM ;

see Rowe (2002, Chapter 8.4) and Soch (2019, Chapter 2.4). A detailed illustration of prior parameter
elicitation can be found in Appendix A.4.2.

However, as pointed out previously, although the conjugate approach may be attractive for com-
putational convenience, it has the important limitation of not modeling heterogeneity between writers
(i.e, between-writers variability). Therefore, to overcome this problem, a non-conjugate version of the
MANOVA model is introduced in the following section.

Hierarchical Extension: MANOVA Normal-Inverse-Wishart

Let us consider a simpli ed version of Model (4.9), whereK ! is set equal to the identity matrix and
W, is replaced by the between-writers covariance matrixB in the sampling distribution of . This
allows us to write

wjWw; X MNpp (M 1 ;B);

which simpli es to

w X No( ~;B); for “2f1;:::;Lg
where - is the prior mean vector of . Furthermore, the common variance-covariance matrixB is

character levell, the between-writer variability di ers. Under these setups, the nal model is given by

Ywij Np( Lcwj;Ww)
w X Np( ;B+) for ~2f1;:::5Lg (4.12)
Wy jX W (U; ):

The elicitation procedure described in Section 4.5.1 has been slightly adapted to specify the prior
distribution parameters for the mean vector , and the covariance matrix W, based on the available
background data. In particular, the values of the hyperparameters characterizing the prior distribution
of - for * =2;:::;L were elicited by taking the di erences between the estimatedb, which is the

di erence of character | from a. This approach e ectively captures the mean di erences between each
character | and the reference charactera. Further details can be found in Appendix A.4.2. As far as
the scale matrix U characterizing the prior distribution of W,,, the average of the variance-covariance
matrix of every writer in the background data was considered. Hence, this is an initial a priori estimate
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of the within-writer variability which is a posteriori estimated via W,, using the handwriting data of
material w. In the same way, B is the variance-covariance matrix of character’, and B- is elicited
from the sample variance-covariance matrices of the measurements of charactefor all writers in the
background data. Similarly, as noted in Section 4.5.1 (Model independent prior setup of NIW), if the
background information is not incorporated in the prior, then the ability to e ectively discriminate
between writers is signi cantly reduced.

The marginal likelihood in this case is not analytically available in closed form expression as in
the conjugate approach of Section 4.5.2. Hence, MCMC samples are used for the bridge sampling
estimation of the marginal likelihood, as it will be described in Section 4.6. In particular, the No-
U-Turn Sampler (NUTS) is implemented in Stan (see Carpenter et al., 2017) version 2.26.1, via the
RStan interface and R version 4.2.1.

Covariance Decomposition: MANOVA Normal-LogNormal-LKJ

Similar to Section 4.5.1, we decompose the within-writer variability in model (4.12) by representing the
covariance structure as a function of standard deviations and the correlation matrix. Speci cally, we
assign an independent LogNormal prior to the standard deviations and employ the LKJ distribution
as a prior for the correlation matrix. The resulting model can be expressed as follows:

Ywi Np( wCuw jiWw); Wy = DyRyDuy
w X Np( -;B-) for ~2f1;:::5Lg (4.13)
Dw jX LogNormal(; ) for 2f1;2;:::;pg;
Ruw LKJ ()

For the Normal LogNormal LKJ prior setup, the marginal likelihood is not available in closed form,
similarly to Section 4.6. Therefore, we estimate it using bridge sampling, as described in Section 4.6.

4.6 Marginal Likelihoods Estimators

This section describes the marginal likelihoods and their estimation for the two main cases considered
in the data analysis.

Case 1: Model comparison . We use the full datasetD (Marquis et al., 2006), namely writer-

and summarised in Table 4.1.

Case 2: Evidence evaluation . We focus on the primary forensic comparison by evaluatingH ;
against H, via the Bayes factor in Eq. (4.1). This requires three datasetsy;, y,, and X , which
are subsets ofD de ned at the beginning of Section 4.5. How these subsets are constructed from
depends on the speci ¢ comparison scenario and is described in detail in Section 4.7.

In both cases, only subsets oD are used (never the full dataset) in accordance with the principle
that the same data should not be used twice: once to inform the prior and again in the likelihood, as
doing so would introduce bias into the results.
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Model Description (Model and Prior Speci cation) Prior Abbreviation Section
M1 Normal model with Conjugate Normal-Inverse-Wishart NIW Conjugate 451
M Normal model with Hierarchical Normal-Inverse-Wishart NIW Hierarchical 451
M3 Normal model with Normal-LogNormal-LKJ 4.5.1
Ma MANOVA model with Conjugate Normal-Inverse-Wishart NIW Conjugate 45.2
Ms MANOVA model with Hierarchical Normal-Inverse-Wishart NIW Hierarchical 4.5.2
Mg MANOVA model with Normal-LogNormal-LKJ 4.5.2

Table 4.1: Overview of the models and prior speci cations considered in the study.

4.6.1 Marginal Likelihoods for Model Comparison using the Full Dataset

In order to compare the proposed models, we calculate the Bayes factor for each writer as the ratio
of the marginal likelihood for any given pair of modelsM, and M , for I; 2 f1;:::;6g. The Bayes

Z
m(DijM)) = f(Dij ;W ;M) ( ;WjM)d( ;W); (4.14)

for any model M, (for | = 1;2;3;4;5;6) and model parameters and W . Models M; and M4
are based on a conjugate prior setups, which means that the marginal likelihoods are available in
an analytical form. Nevertheless, this is not the case for modelsM,,M3) and (Ms,Mg), where the
marginal likelihoods are not available in a closed-form expression. In such occasions, three popular
Monte Carlo estimators will be used to estimate the marginal likelihoods under modeling approaches
(M2,M3) and (M5,M¢): (a) the Generalized Harmonic Mean, (b) the Laplace-Metropolis estimator,
and (c) the Bridge Sampling, see Section 3.2.3. Based on the comparative analysis presented in Section
4.6.2, Bridge Sampling consistently yields smaller Monte Carlo Bias and smaller Monte Carlo standard
errors (MCSEs) than the other two estimators. Consequently, Bridge Sampling is adopted as the
primary estimator for the log-marginal likelihoods of models M,,M3) and (Ms5,Mg). For a thorough
description of the three Monte Carlo estimators used in this paper and a detailed comparative analysis
of their Monte Carlo standard errors, refer to Section 3.2.3.

4.6.2 Comparisons of Marginal Likelihood Estimators

This section compares the precision of the three marginal likelihood estimators for the two modeling
approaches. We present the marginal likelihood estimates for each considered model per writer of the
dataset (Marquis et al., 2006). Speci cally, we present the Monte Carlo bias analysis for the conjugate
modelsM 1, M4 and the Monte Carlo standard errors (MCSE) obtained with the di erent marginal
likelihood estimators implemented in the M,, M3, and Ms, Mg models is reported for each writer.

Speci cally, the estimate of the logarithmic marginal likelihood is obtained, for each writer, from
a total number of 30 MCMC runs with 2000 iterations after discarding an additional 1000 iterations
as burn-in. Notably, for the elicitation of prior parameters, the data from the remaining writers are
treated as background information; speci cally, when focusing on writeri, the data from the other
m i writers are utilized to inform the prior parameter estimation.
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Conjugate Normal-Inverse-Wishart prior

For the Conjugate Normal-Inverse-Wishart prior of modelsM 1, M 4 the marginal likelihood is available
is closed form Eqg. (3.10) and Eq. (4.11), respectively. However, in this section we present the Monte
Carlo bias analysis for the three marginal likelihood estimators. For each writer, the log-marginal
likelihood (log-ML) is estimated over MCMC replications, and the bias is computed as the deviation
of the estimator mean from the closed-form ground truth. For the Generalized Harmonic Mean and
Bridge Sampling estimators, we consider as proposal density (importance density) the Multivariate
Normal for the mean posterior parameters and Inverse-Wishart for the posterior covariance matrix
parameter, for more details see 3.2.3.

For model M (Table 4.2), the Laplace-Metropolis estimator exhibits a consistent negative bias
across all writers, with a mean absolute bias of 1.369 log units. Laplace-Metropolis systematic un-
derestimation is expected, as the Laplace approximation relies on a Gaussian approximation to the
posterior that becomes increasingly inaccurate when the posterior oV departs from symmetry. The
Generalized Harmonic Mean estimator performs substantially better, with a mean absolute bias of
0.010 log units, but systematic overestimation is observed. Bridge Sampling achieves the most sym-
metric bias overall with mean absolute bias of 0.012.

M1 Conjugate Normal-Inverse-Wishart
. Laplace Generah_zed Bridge
Writer Truth Metropolis Harmonic sampling
Mean
log-ML Bias log-ML Bias log-ML Bias
1 -1380.2 | -1381.5 | -1.275 || -1380.2 | 0.005 -1380.2 | -0.009
2 -1303.4 | -1304.9 | -1.539 || -1303.4 | 0.020 -1303.4 | -0.006
3 -1643.1 | -1644.6 | -1.515 || -1643.1 | 0.014 -1643.1 | 0.016
4 -1872.3 | -1873.8 | -1.494 || -1872.3 | 0.012 -1872.3 | 0.004
5 -1020.1 | -1021.3 | -1.179 || -1020.1 | 0.003 -1020.1 | 0.015
6 -1380.2 | -1381.5 | -1.337 || -1380.2 | 0.012 -1380.2 | 0.003
7 -1123.3 | -1124.6 | -1.305 || -1123.3 | 0.010 -1123.4 | -0.033
8 -1014.3 | -1015.7 | -1.335 || -1014.3 | 0.003 -1014.3 | 0.018
9 -969.6 -971.0 | -1.359 -969.6 0.013 -969.6 0.030
10 -1313.6 | -1315.0 | -1.401 || -1313.6 | 0.012 -1313.6 | -0.001
11 -1848.0 | -1849.5 | -1.447 || -1848.0 | 0.005 -1848.0 | -0.005
12 -1507.0 | -1508.3 | -1.296 || -1507.0 | 0.004 -1507.0 | 0.000
13 -1378.5 | -1379.8 | -1.319 || -1378.5 | 0.005 -1378.5 | 0.022
Mean |Bias j 1.369 0.010 0.012

Table 4.2: Log-marginal likelihood (log ML) estimates (mean) and Bias (deviation from the truth)
for the Normal model with conjugate prior Normal-Inverse-Wishart (M ).

For model M4 (Table 4.3), which extends M1 by incorporating letter-speci c e ects, all three
estimators exhibit larger absolute biases compared tdM 1, as expected given the higher-dimensional
parameter space. The Laplace-Metropolis absolute bias approximately doubles to a mean of 2.510
log units, re ecting the increased e ect of Gaussian approximation to the posterior W parameters.
The Generalized Harmonic Mean estimator performs a mean bias of 0.135 log units, with systematic
underestimation. Bridge Sampling remains robust, with a mean absolute bias of only 0.021 log units
across all writers, demonstrating that it retains its accuracy even in the more complex hierarchical
setting of M.

In summary, these results provide empirical justi cation for the usage of Bridge Sampling as the
primary Monte Carlo estimator for the log-marginal likelihood throughout this study.
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M4 MANOVA Conjugate Normal-Inverse-Wishart
. Laplace Generall_zed Bridge
Writer Truth Metropolis Harmonic Sampling
Mean
log-ML Bias log-ML Bias log-ML Bias
1 -1359.6 | -1362.0 | -2.393 || -1359.7 | -0.108 || -1359.6 | 0.004
2 -1128.7 | -1131.2 | -2.496 || -1128.8 | -0.185 || -1128.7 | -0.004
3 -1529.6 | -1532.2 | -2.634 || -1529.7 | -0.125 || -1529.7 | -0.064
4 -1779.5 | -1782.1 | -2.543 || -1779.7 | -0.173 || -1779.5 | 0.006
5 -814.1 -816.5 | -2.408 -814.2 | -0.092 -814.1 | -0.006
6 -1263.9 | -1266.4 | -2.508 || -1264.1 | -0.184 || -1264.0 | -0.035
7 -966.6 -969.0 | -2.415 -966.7 | -0.130 -966.6 | -0.065
8 -881.5 -884.0 | -2.478 -881.6 | -0.073 -881.5 | -0.008
9 -812.2 -814.9 | -2.645 -812.4 | -0.153 -812.2 0.000
10 -1260.0 | -1262.5 | -2.541 || -1260.1 | -0.128 || -1260.0 | -0.024
11 -1632.5 | -1634.9 | -2.466 || -1632.6 | -0.110 || -1632.4 | 0.040
12 -1310.3 | -1312.9 | -2.639 || -1310.4 | -0.126 || -1310.3 | -0.011
13 -1223.1 | -1225.5 | -2.456 || -1223.2 | -0.168 || -1223.1 | 0.002
Mean jBiasj 2.510 0.135 0.021

Table 4.3: Log-marginal likelihood (log ML) estimates (mean) and Bias (deviation from the truth)
for the MANOVA model with conjugate prior Normal-Inverse-Wishart ( M,).

Normal-Inverse-Wishart prior

For the Normal-Inverse-Wishart prior and for the Generalized Harmonic Mean and Bridge Sampling
estimators, we consider as proposal density (importance density) the Multivariate Normal for the mean
posterior parameters and Inverse-Wishart for the posterior covariance matrix parameter, for more
details see 3.2.3. The mean of the log-marginal likelihood estimates and the standard deviation of
them (MCSE) are reported in Tables 4.4 and 4.5, for the Bayesian Normal model with the hierarchical
extension of Normal-Inverse-Wishart (NIW) prior ( M) and MANOVA with hierarchical extension of
Normal-Inverse-Wishart prior (Ms), respectively.

M. Normal-Inverse-Wishart
Generalized .
Writer Mel_tigpl)%?ii Harmonic Ssgi)?iig
Mean

log-ML MCSE log-ML MCSE log-ML MCSE
1 -1380.8 0.092 -1380.3 0.015 -1380.3 0.014
2 -1298.8 0.096 -1298.4 0.017 -1298.4 0.014
3 -1639.9 0.099 -1639.4 0.018 -1639.4 0.013
4 -1870.3 0.103 -1869.8 0.017 -1869.8 0.011
5 -1022.4 0.101 -1021.9 0.015 -1021.9 0.014
6 -1378.7 0.087 -1378.2 0.014 -1378.2 0.017
7 -1121.3 0.107 -1120.8 0.039 -1120.8 0.012
8 -1011.1 0.103 -1010.6 0.014 -1010.6 0.013
9 -969.9 0.084 -969.5 0.015 -969.5 0.010
10 -1320.4 0.088 -1319.9 0.021 -1319.9 0.012
11 -1851.9 0.074 -1851.4 0.015 -1851.4 0.010
12 -1501.9 0.128 -1501.4 0.018 -1501.4 0.014
13 -1366.5 0.117 -1366.1 0.014 -1366.1 0.011

Table 4.4: Log-marginal likelihood (log ML) estimates (mean) and Monte Carlo standard errors
(standard deviation) for the Normal model with hierarchical prior Normal-Inverse-Wishart ( M ).
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Ms MANOVA Normal-Inverse-Wishart
. Laplace Generall_zed Bridge
Wiiter Metropolis Harmonic Sampling
Mean

log-ML MCSE log-ML MCSE log-ML MCSE
1 -1361.8 0.135 -1361.3 0.047 -1361.3 0.028
2 -1123.9 0.140 -1125.1 0.050 -1125.1 0.031
3 -1523.0 0.147 -1523.8 0.123 -1523.8 0.031
4 -1777.5 0.119 -1776.8 0.065 -1776.8 0.028
5 -818.3 0.118 -818.3 0.052 -818.3 0.028
6 -1266.6 0.145 -1266.4 0.070 -1266.4 0.028
7 -962.5 0.164 -963.3 0.059 -963.3 0.027
8 -878.0 0.171 -878.8 0.067 -878.8 0.033
9 -816.2 0.144 -817.0 0.073 -817.0 0.038
10 -1274.3 0.142 -1274.7 0.091 -1274.7 0.035
11 -1665.4 0.111 -1666.5 0.078 -1666.5 0.037
12 -1307.7 0.163 -1308.4 0.053 -1308.4 0.028
13 -1205.6 0.144 -1207.1 0.054 -1207.1 0.037

Table 4.5: Log-marginal likelihood (log ML) estimates and Monte Carlo standard errors for the
MANOVA model with independent prior Normal-Inverse-Wishart ( Ms).

Two main results can be observed from Tables 4.4 and 4.5. First, for all writers and both models,
the marginal likelihood estimates are rather close, particularly when the Generalized Harmonic Mean
and Bridge Sampling are used. Secondarily, the Bridge Sampling estimator systematically produces
smaller MCSEs as expected according to scienti c literature (Sinharay and Stern, 2005; Ardia et al.,
2012).

Speci cally, the mean di erence between the Generalized Harmonic Mean and the Bridge Sampling
estimates of log-ML for the NIW is small (0:006 and 0:00030n average across all writers 0.003). On
the other hand, the log-ML of each of these methods is found to be 0.5 units (on average 0.03) away
from the corresponding estimate of the Laplace-Metropolis method. When comparing MCSEs, the
Bridge Sampling estimator slightly outperforms the Generalized Harmonic Mean estimator, reducing
the variability by 25% (on average across writers 21%). Furthermore, the Bridge Sampling estimator
is clearly more accurate than the Laplace-Metropolis estimator, as its MCSEs is on average lower 87%
( 2.5%) than the latter.

For the MANOVA model, again di erences between the log-ML of the Generalized Harmonic Mean
and the Bridge Samplings are minimal (average di erence across writers equal to 0.0015 0.017),
while larger di erences were observed between these two methods and Laplace-Metropolis estimates
(average di erence across writers equal to 0.52 0.67). As far as MCSEs are concerned, the Bridge
Sampling estimator stands out, with 77.5% (on average across all writers 4.5%) less variability than
the Laplace-Metropolis approach and about 51% ( 11%) less than the Generalized Harmonic Mean
estimator.

Finally, based on the presented comparative analysis of di erent methods, in Section 4.7.1, we
employ Bridge Sampling as the primary estimator for the log-marginal likelihoods of modeldM, and
Ms.

Normal-LogNormal-LKJ prior

For the Normal-LogNormal-LKJ prior and for the Generalized Harmonic Mean and Bridge Sampling
estimators we consider as proposal density (importance density) the Multivariate Normal for all con-
sidered parameters, we didn't proceed with further investigation in this case to nd better proposal
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for posterior covariance matrix, for more details see 3.2.3. The mean of the log-marginal likelihood
estimates and the standard deviation of the MCSE are reported in Tables 4.6 and 4.7.

M3z Normal-LogNormal-LKJ
. Laplace Generall_zed Bridge
Writer Metropolis Harmonic Sampling
Mean

log-ML MCSE log-ML MCSE log-ML MCSE
1 -1362.4 0.345 -1363.6 0.530 -1362.8 0.098
2 -1270.1 0.232 -1271.4 0.466 -1270.3 0.098
3 -1604.6 0.285 -1605.9 0.374 -1604.5 0.112
4 -1821.2 0.279 -1822.3 0.536 -1821.1 0.118
5 -1026.0 0.255 -1027.5 0.442 -1027.4 0.072
6 -1359.2 0.251 -1360.2 0.471 -1359.6 0.078
7 -1115.5 0.314 -1116.9 0.499 -1116.6 0.109
8 -1006.8 0.239 -1008.0 0.534 -1007.8 0.106
9 -966.0 0.243 -967.4 0.392 -966.4 0.114
10 -1295.9 0.240 -1297.2 0.440 -1296.1 0.058
11 -1813.6 0.279 -1814.9 0.368 -1813.8 0.091
12 -1485.6 0.251 -1486.6 0.376 -1485.9 0.107
13 -1349.2 0.248 -1350.5 0.748 -1349.6 0.090

Table 4.6: Log-marginal likelihood (log ML) estimates (mean) and Monte Carlo standard errors
(standard deviation) for the hierarchical prior Normal-LogNormal-LKJ model ( M3).

Me MANOVA Normal-LogNormal-LKJ
. Laplace Generallged Bridge
Writer Metropolis Harmonic Sampling
Mean

log-ML MCSE log-ML MCSE log-ML MCSE
1 -1346.7 0.390 -1346.2 0.863 -1346.2 0.176
2 -1106.5 0.283 -1106.3 1.608 -1105.7 0.165
3 -1492.7 0.369 -1493.1 1.509 -1491.8 0.177
4 -1732.5 0.291 -1732.0 1.105 -1731.5 0.125
5 -823.8 0.240 -823.3 1.267 -824.0 0.113
6 -1247.2 0.352 -1246.6 1.183 -1246.4 0.201
7 -964.2 0.279 -963.6 0.868 -964.3 0.157
8 -879.2 0.344 -878.5 1.077 -879.2 0.160
9 -821.6 0.398 -821.5 1.159 -821.1 0.200
10 -1254.8 0.344 -1254.1 1.372 -1254.1 0.190
11 -1633.4 0.342 -1633.0 1.527 -1632.7 0.180
12 -1289.4 0.339 -1288.7 1.254 -1288.5 0.149
13 -1196.0 0.234 -1195.4 1.388 -1195.3 0.198

Table 4.7: Log-marginal likelihood (log ML) estimates and Monte Carlo standard errors for the
MANOVA model with independent prior Normal-LogNormal-LKJ ( Mg).

Three key observations can be made from Tables 4.6 and 4.7. First, the marginal likelihood
estimates are generally close across methods. However, under this prior setup, the Laplace-Metropolis
and Generalized Harmonic Mean estimators exhibit substantially higher Monte Carlo standard errors
(MCSESs). Finally, as expected from previous studies (Sinharay and Stern, 2005; Ardia et al., 2012),
the Bridge Sampling estimator consistently yields lower MCSEs, demonstrating its greater precision.

Speci cally, for the Normal-LogNormal-LKJ model ( M 3) the mean absolute di erence in log-ML
between the Generalized Harmonic Mean and Bridge Sampling estimates is approximately 0.81 with a
standard deviation of about 0.41 across writers. The Laplace-Metropolis estimates di er less substan-
tially from the Bridge Sampling estimates, averaging about 0.48 units di erence ( 0.42) in log-ML.
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Regarding Monte Carlo standard errors, the Bridge Sampling estimator reduces variability by about
79% on average compared to the Generalized Harmonic Mean estimator, and by roughly 64% compared
to the Laplace-Metropolis estimator.

For the MANOVA model ( M) the di erences in log-ML between the Generalized Harmonic Mean
and Bridge Sampling estimates are averaging around 0.43 ( 0.37). Both these methods di er more
noticeably from the Laplace-Metropolis estimates, with average di erences around 0.60 ( 0.32) log-
ML units. However, the Bridge Sampling estimator achieves substantial reduction in MCSE compared
to others: about 86% less variability than the Generalized Harmonic Mean method and approximately
47% less than the Laplace-Metropolis estimator, averaged across writers.

Finally, based on the presented comparative analysis of di erent methods, in Section 4.7.1, we
employ Bridge Sampling as the primary estimator for the log-marginal likelihoods of modeldvi; and
Msg.

4.6.3 Marginal Likelihoods for Handwriting Evidence Evaluation

The marginal likelihoods (ML) needed to assess the Bayes factor in Eq. (4.1) represent the probability

propositions H, and H, for a speci ¢ probabilistic model M . Here, by M there are considered any of
the six Bayesian modeld M 1;M,; M3; M4; Ms; Mgg introduced in Section 4.5; see Table 4.1 for details.
For the numerator of Eqg. (4.1) the marginal likelihood under the hypothesisH; is expressed:
VA
m(ysy2iHu M) = f(ysye) sWiHGM) (W jHGM)d( W): (4.15)

For the denominator of Eq. (4.1) under a hypothesisH, :

z
m(ywjH2;M) = f(ywj ‘Wi H2; M) ( ;W jH2;M)d( ;W); for w2 f 1;2g; (4.16)

and any model M, (for | = 1;2;3;4;5;6) and model parameters and W . If hypothesis H; holds
(i.e., the Pol is the writer of the questioned manuscript), model parameters are assumed equal, that
is 1= 2= andWj; = W, = W. On the other hand, if hypothesis H, holds (i.e., the person of
interest is not the writer of the questioned document), then the model parameters (1; 2 and W ;W)
are assumed to be di erent across the two di erent sourcesy; and y».

In our model formulations, presented in Sections 4.5.1 and 4.5.2, the parameter vector, under
H,, is denoted as = ( 1; ») for modelsMq, My, M3, and by = ( 1; ) for models M4, M5,
Me, where , is specied as in (4.10),w = 1;2. Furthermore, M1 and M, yield analytical marginal
likelihoods under conjugate priors, those forM,, M3, M5, and Mg were approximated using bridge
sampling (Warp-1ll) via the bridgesampling Rpackage (Gronau, Singmann and Wagenmakers, 2020).

4.7 Experimental Results

Following the handwriting examination problem presented in the beginning of Chapter 4, a case sce-
nario involving a document whose origin is contested is analyzed in this section. These models arise
from two likelihood structures and three di erent prior speci cations (hence six models in total; see
Table 4.1) described in Section 4.5 were compared using the dataset described in Section 4.4. The
considered model approaches are the conjugate and non-conjugate versions of the Bayesian Normal
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with Normal-Inverse-Wishart or Normal-LogNormal-LKJ prior setup ( M1, M2, and M 3, respectively),
and of the Bayesian MANOVA with Normal-Inverse-Wishart or Normal-LogNormal-LKJ prior setup
models M4, M5, Mg, respectively).

the models. Furthermore, when eliciting the prior parameters for the considered models, the data from
all other writers (i.e., excluding the writer under evaluation) are used. Speci cally, when comparing
models for writer i, the data from the remaining m 1 writers are utilized for prior elicitation.

Subsequently, in Section 4.7.2, the performance of the considered models is evaluated within the
Bayes factor framework, as outlined in the beginning of Chapter 4. Speci cally, we conduct a series
of experiments designed to simulate a real-world case study. For the same-writer experiments, each
writer i from the full dataset D is selected, and their data are randomly divided into questioned and
control sets. The Bayes factor in Eq. 4.1 is then assessed. The data from all other writefgn 1)
are used as background dataX to elicit the prior parameters of the models under consideration. For
the di erent-writer experiments, data are randomly selected from two di erent writers from the full
dataset D, and the same procedure as described in the same-writer experiments is followed.

4.7.1 Model Comparisons per Writer

In this section, a model comparison is performed between the six models under consideration in Table
4.1 described in Section 4.5. For each writer, the model M, is tted to the data D; characterizing
this writer, and the prior parameters are tted using data from the remaining writers (excluding the

i writer from the elicitation of the prior parameters). The marginal likelihoods of all models under
consideration for each writeri are then estimated. The Bayes factor for comparing two model#, and

M for writer i is given by

m(D; j M)
BF|. (Di)= —————=forl; 2f1;23;4,5;6g; |
l; ( |) m(D|JM ) or 1 i 131 151691 6
Bayesian MANOVA vs. Normal Model. First, the Bayesian MANOVA model is compared

with the Bayesian Normal model, both in the conjugate (M4 vs. M;) and in the non-conjugate
approaches Ms vs. M3), (Mg vs. M3) versions. Hence, for each writer, the Bayes factor8F 4.1, BFs.2
and BFg.3 are calculated, respectively. Note that while the marginal likelihoods that are needed to
calculate BF4.; can be obtained analytically, bridge sampling described in Section 4.6 is implemented
for the estimation of BFs., and BFg4.5. Table 4.8 presents the results (in log scale) foBF 4., (second
column), BFs:.» (third column) and BFsg.3 (forth column).

From these results, it can be observed thatog BF4.1, log BFs.2 and log BFg.3 are markedly higher
than the value of ve. These high BF values suggest very strong evidence see Table 2.1 in favor of
the MANOVA formulation. Thus, with reference to the available dataset, it can be claimed that the
Bayesian MANOVA with characters as predictors ts the data per writer better for any of the prior
setups. Same results from the IAM dataset with 50 writers, with 44 out of 50 supporting the Bayesian
MANOVA formulation.

Conjugate vs. non-Conjugate. Next, attention is given to the comparison between the con-
jugate and non-conjugate versions of each model, speci cally considering Normal-Inverse-Wishart hi-
erarchical priors and the Normal-LogNormal-LKJ prior vs. conjugate versions. Bayes factorsBF;.»,
BFi.3, BF2.3, BF45, BF4s and BFs.s are then calculated to compare the two-level random e ects
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Normal-Inverse-Wishart Normal-LogNormal-LKJ
Writer Conjugate Approach Hierarchical Approach Covariance Decomposition
logBF 4.1 log BF 5., log BF 6.3
1 20.6 19.1 16.6
2 174.7 173.4 164.5
3 113.5 115.7 89.7
4 92.8 93.1 78.8
5 205.9 203.8 202.9
6 116.3 111.7 114.2
7 156.8 157.3 152.1
8 132.8 131.8 128.8
9 157.4 152.6 144.9
10 53.6 45.3 42.3
11 215.6 184.9 181.6
12 196.7 193.0 198.3
13 155.4 159.0 154.6

Closed form expression;  Bridge Sampling estimate

Table 4.8: Logarithmic Bayes factors of MANOVA models (M3 or M4 or Mg) vs. the Normal models
(M1 or M, or M5).

model and the MANOVA model with di erent prior setups (conjugate, Normal-Inverse-Wishart hi-
erarchical prior, Normal-LogNormal-LKJ prior). As already pointed out in Section 4.5, handwriting
literature emphasises the importance of modeling both within and between writers' variability. The
available dataset will therefore be used to assess whether the results are consistent with this theory.
This is achieved by considering the comparison between the conjugate and non-conjugate versions
of the Normal and MANOVA models with a Normal-Inverse-Wishart prior. Table 4.9 presents the
assessed Bayes factors per writer. According to these results, for the Normal model, the Bayes fac-
tors provide evidence supporting the non-conjugate prior (and thus, the need to also account for the
between-writers variability) for 9 out of 13 writers. On the other hand, for the MANOVA model with
Normal-Inverse-Wishart of conjugate and non-conjugate prior setup, the Bayes factors do not show a
clear preference for the non-conjugate prior, which is only supported for about half of the writers (seven
out of 13). However, similar results were observed with the IAM dataset of 50 writers: 44 out of 50
supported the non-conjugate Normal-Inverse-Wishart prior, while for the MANOVA model, the results
were more balanced, with 29 out of 50 supporting the conjugate MANOVA formulation. Hence, for the
MANOVA model, following the principle of parsimony, we can proceed with the conjugate MANOVA
model considering the Inverse Wishart prior.

Inverse-Wishart vs. LogNormal-LKJ. Finally, we compare modelsM 1, M,, M4, M5 (based on
the Normal-Inverse-Wishart prior) with models M3 and Mg (their corresponding Normal-LogNormal-
LKJ prior counterparts). Table 4.10 presents the assessed Bayes factoBF;,.3 and BFs.¢ for each
writer. Based on the results of this table, the Bayes factors support the Normal-LogNormal-LKJ
prior over the corresponding Normal-Inverse-Wishart prior for 9 out of 13 writers under the Bayesian
MANOVA. The evidence is even more systematic for the Bayesian Normal hierarchical models, where
the Normal-LogNormal-LKJ prior is favored for almost all writers (12 out of 13). Similar results are
presented for conjugate Normal-Inverse-Wishart and Normal-LogNormal-LKJ prior in Table 4.11 for
the estimated Bayes factorsBF 1.3 and BF4.¢ per writer. Finally, the same results were extracted from
the IAM dataset, with 42 out of 50 supporting the Normal-LogNormal-LKJ prior.
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Normal-Inverse-Wishart
Normal MANOVA
Writer log BF ;.2 logBF 45

Value Sign | Interpretation Value Sign | Interpretation
1 0.14 + Bare Mention 1.60 + Substantial
2 -4.92 - Strong -3.58 - Strong
3 -3.77 - Strong -6.02 - Extreme
4 -2.44 - Substantial -2.72 - Substantial
5 1.85 + Substantial 3.99 + Strong
6 -2.13 - Substantial 2.44 + Substantial
7 -2.52 - Substantial -3.05 - Strong
8 -3.68 - Strong -2.66 - Substantial
9 -0.17 - Bare Mention 4.69 + Strong
10 6.30 + Extreme 14.62 + Extreme
11 3.33 + Strong 34.05 + Extreme
12 -5.45 - Extreme -1.72 - Substantial
13 -12.54 - Extreme -16.09 - Extreme

Bridge Sampling estimate

Table 4.9: Logarithmic Bayes factors (per writer) comparing the conjugate and non-conjugate ap-
proaches of the Normal-Inverse-Wishart prior for the Bayesian Normal and MANOVA models.

Normal MANOVA
Inverse-Wishart vs LogNormal-LKJ Inverse-Wishart vs LogNormal-LKJ
Writer logBF ;.3 log BF 5.6

Value | Sign Interpretation Value | Sign Interpretation
1 -17.65 - Extreme -15.10 - Extreme
2 -28.13 - Extreme -19.47 - Extreme
3 -34.46 - Extreme -31.75 - Extreme
4 -48.50 - Extreme -45.21 - Extreme
5 5.39 + Extreme 6.34 + Extreme
6 -17.67 - Extreme -20.14 - Extreme
7 -3.80 - Strong 1.47 + Substantial
8 -2.00 - Substantial 1.00 + Bare mention
9 -2.94 - Substantial 4.69 + Strong
10 -23.91 - Extreme -20.98 - Extreme
11 -37.50 - Extreme -34.19 - Extreme
12 -13.76 - Extreme -19.12 - Extreme
13 -15.49 - Extreme -11.08 - Extreme

Bridge Sampling estimate

Table 4.10: Logarithmic Bayes factors (per writer) comparing the within-writer covariance prior setups
(a) Inverse-Wishart or (b) LogNormal-LKJ prior of Bayesian Normal and MANOVA models.

4.7.2 Accuracy of Models

In this section, the performance of the models under consideration is measured by means of simulation
studies where the propositions of interest are whether a given individual is the writer of a questioned
manuscript versus the alternative proposition that the writer is an unknown individual (see beginning
of Chapter 4). To this end, the models will be compared to study their ability to deliver Bayes factor
values that support the correct proposition.

To assess the performance of the proposed models whenever propositibih (same writer case)
holds, a variety of simulated case studies were generated considering character measures from the
same writer as questionedy; and control y, data, respectively. Therefore, the data of each writer
from the available database was divided into two parts, one used as the questioned data and the other
as control data. The proportion gy of data used as questioned material was randomly taken between
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Normal MANOVA
Inverse-Wishart vs LogNormal-LKJ Inverse-Wishart vs LogNormal-LKJ
Writer logBF .3 log BF 4.6

Value Sign Interpretation Value Sign Interpretation
1 -17.51 - Extreme -13.51 - Extreme
2 -33.05 - Extreme -23.05 - Extreme
3 -38.23 - Extreme -37.76 - Extreme
4 -50.95 - Extreme -47.93 - Extreme
5 7.24 + Extreme 10.33 + Extreme
6 -19.80 - Extreme -17.71 - Extreme
7 -6.31 - Extreme -1.58 - Substantial
8 -5.68 - Extreme -1.66 - Substantial
9 -3.11 - Strong 9.39 + Extreme
10 -17.61 - Extreme -6.36 - Extreme
11 -34.16 - Extreme -0.15 - Bare Mention
12 -19.21 - Strong -20.85 - Extreme
13 -28.03 - Extreme -27.17 - Extreme

Bridge Sampling estimate

Table 4.11: Logarithmic Bayes factors (per writer) comparing the conjugate Normal-Inverse-Wishart
and Normal-LogNormal-LKJ prior setups for the Bayesian Normal and MANOVA models.

0.35and 0.65, spir 2 (0:35;0:65), while the remaining data was taken as control material. This process
was repeated 100 times (using di erent random splits) for each of the 13 available writers, resulting

in a total number of 1300 same-writer comparisons. The remaining writers serve as background data
X to elicit the prior parameters for the models, namely, we use data from all writers except the one
being analyzed. This made it possible to assess the false negative rate, that is, the percentage of cases
giving rise to a Bayes factor less than 1 when it should be greater than 1.

A similar procedure is followed when comparing material from di erent writers, i.e., H, is true.
For each pair of writers, case studies were generated by treating the measurements of the rst writer
as questioned datay; and those of the second writer as control datay,. To account for the e ect
of sample size, the same approach as in the simulated procedure fer; was followed. Hence, only a
random subset of the data from each writer, in each pair, was considered. Speci cally, a proportion

spit 2 (0:35;0:65) of the measurements was randomly selected from the rst individual of each pair
(i.e., the writer of the questioned document), while the proportion of (1 i ) of the measurements
of the second individual of the pair was considered as the control data. This process was repeated 100
times for each of the 78 pairs of writers, resulting in a total number of 7800 di erent comparisons. The
remaining writers serve as background dataX to elicit the prior parameters for the models, namely, we
use data from all writers except the two that are being analyzed. In these comparisons, the objective
was to assess the false positive rate, de ned as the percentage of cases in which the Bayes factor was
greater than 1 when it should have been less than 1.

The logarithm of the Bayes factors (4.1), over all simulated case-scenarios, obtained for testing
competing hypothesesH; and H, (see Section 4.6.3) is provided in Figures 4.12a and 4.12b for same-
writer and di erent-writers comparisons, respectively. In these gures, the rst ve panels (from the
left) provide the Bayes factors for the Bayesian Normal models M1, M,, M3) for characters a, d,

o, and g and for all characters together. The last panel provides the Bayes factor for the MANOVA
models M4, M5, Mg) using all characters together. In each panel, the BFs obtained analytically using
the conjugate prior are depicted in the rst boxplot (from left), while Boxplots 2 and 3 represent the
BFs obtained using the hierarchical Normal-Inverse-Wishart and Normal-LogNormal-LKJ prior, where
the marginal likelihoods are estimated by the bridge sampling described in Section 4.6.
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Looking at these box-plots, it is evident that almost all Bayes factors, regardless of the statistical
modeling approach, support the correct hypothesis. Speci cally, (almost) all the Bayes factors (in
logarithmic scale) are well placed above zero for the rst case-scenario (same writer) and below zero
in most comparisons for the second case-scenario (di erent writers). However, for di erent-writer
comparisons, the boxplots in Figure 4.12b exhibit greater width, as there are cases in which the
handwriting styles of two writers are markedly di erent from one another. Furthermore, in the case of
the same writers (i.e., underHi), we observe only one false negative case for charactgrunder NIW
conjugate and the NIW hierarchical approaches, and for characted under the Normal-LogNormal-LKJ
prior, while no false negatives occurred for the remaining characters and approaches.

As far as the assessment of the performance of the di erent methods under hypothesld,, the
number of false positives over the total number of 7800 di erent writers comparisons is presented in
Table 4.12, for both modeling approaches and di erent prior setups. Speci cally, the total number of
false positives ranges from a minimum of 47 to a maximum of 589 over a total number of 7800 di erent
writer comparisons (i.e., 0.6% 7.6%).

For individual characters, the highest false positive rates (up to 7.6% for NIW Conjugate approach)
were observed for charactem, while character g consistently produces the lowest rates. When consid-
ering all characters, the false positive rate drops further from2:2%, which is the lowest false positive
rate for the character g (the best performing character), to 0:9% under the Normal-LogNormal-LKJ
prior setup.

Concerning the prior setups, the NIW Conjugate and NIW Hierarchical models produced similar
false positive rates for most characters, although the Hierarchical version generally performs slightly
better. The Normal-LogNormal-LKJ setup resulted in lower false positive rates for charactersa and
0, but higher rates for charactersd and g compared to the NIW approaches.

The MANOVA model exhibits the smallest proportion of false positives among all methods, with
rates consistently below 0.7%. This indicates superior performance for MANOVA in cross-writer
discrimination when all characters are considered together. Furthermore, only minor di erences were
observed among the di erent prior setups within the MANOVA formulation.

Normal-Inverse-Wishart Normal-LogNormal-LKJ
Model Characters Conjugate Hierarchical
a 589 (7.6%) 560 (7.2%) 545 (7.0%)
d 491 (6.3%) 308 (3.9%) 589 (7.6%)
Normal o 410 (5.3%) 363 (4.7%) 301 (3.9%)
q 213 (2.7%) 168 (2.2%) 265 (3.4%)
all 113 (1.4%) 86 (1.1%) 68 (0.9%)
MANOVA all 53 (0.7%) 51 (0.7%) 47 (0.6%)

Table 4.12: Number of false positives over 7800 di erent writer comparisons (percentages in brackets).
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(a) Same Writer Comparisons

(b) Di erent Writers Comparisons

Figure 4.12: Logarithmic Bayes factors for handwriting evaluation (log BF) for same writer (a) and
di erent writers comparisons (b), using the data modeling approaches described in Sections 4.5.1
and 4.5.2.

4.8 Sensitivity Analysis of Prior Elicitation

In Bayesian hierarchical modeling, prior elicitation is critical, as it can have a substantial impact
on the resulting Bayes factor values. In this study, we implement a subjective prior methodology
in which prior distributions are informed by empirical data derived from handwriting samples of a
group of writers, di erent from the ones being compared. This approach explicitly incorporates prior
knowledge regarding the characteristics of the handwriting features based on Fourier analysis used
in the study. Such a strategy is particularly advantageous in our case, where we wish to determine
whether the available handwriting evidence originates from the same writer or from a di erent writer.
To address the inuence of this subjective prior framework, in Section 4.8.1, we implement a
sensitivity analysis of the prior elicitation framework. Following the evaluation procedure described
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in Section 4.7.2, namely the data of a writer or pair of writers from the full dataset D are randomly

selected and serve as the questioned datg; and control data y,, while the remaining writers are

considered as the background datX . The sensitivity analysis is conducted by constructing the prior

distributions from a random subsample of each background writer's data rather than from the entire
background datasetX . Speci cally, for each background writer, a random subsample with replacement
comprising 50% of their data is considered.

Furthermore, for the degrees of freedom of the Wishart prior inM; , and M4 5, we set = p+2
as the default low-information value, while for the LKJ prior in M3 and Mg, we use = 1. Hence, in
the second part of the sensitivity analysis in Sections 4.8.2 and 4.8.3, we examine how di erent prior
values for these variance covariance parameters a ect the posterior Bayesian evidence, as measured
by the Bayes factor.

4.8.1 Subsampling of Background Data

In this section, we investigate the e ect of the prior specication by applying subsampling to the
background data used for prior elicitation. The procedure of the randomly selected cases that are used
for the evaluation of the two hypotheses {1 vs. H») is the same as the one described in Section 4.7.2.
Speci cally, to isolate the e ect of prior elicitation, we utilize a single random data split for both the
same-writer and di erent-writer experiments, thereby minimizing potential confounding e ects arising
from data partitioning. This analysis focuses on the Bayesian MANOVA model, which has been
identi ed as the most e ective and recommended approach in Section 4.7.2. To assess the robustness
and stability of the Bayes factor and the resulting decision, we performed 30 iterations of random
subsampling with replacement, using 50% of the background data for each writer in each evaluation
case. To clarify further, three distinct datasets are considered in our analysis: (i) the questioned data
y1, (ii) the control data y», and (iii) the background data X , our objective in this section is to evaluate
the e ect of varying the third dataset.

Figures 4.13 and 4.14 present the logarithmic Bayes factors (LogBF) values for handwriting eval-
uation across 30 di erent elicited priors, comparing the performance of Bayesian MANOVA models
under three prior setups (conjugate, hierarchical Normal-Inverse-Wishart, Normal-LogNormal-LKJ).
Figure 4.13 presents the results for same-writer comparisons, while Figure 4.14 shows comparisons
between di erent writers. The asterisks in Figure 4.14 indicate the LogBF values computed using a
prior obtained from the complete background data, serving as a reference point for the subsampled
distributions. These reference points are generally located near the boxplots, indicating that our pro-
posed approach is relatively robust (both in terms of the Bayes factor values and the resulting decision)
to variations in the background data used for prior elicitation, and remain close to the Bayes factor
obtained from the full dataset.

Overall, the results indicate that the LogBF values is not a ected by the constructed prior elicitation
and correctly support the true hypothesis in nearly all cases. Nevertheless, a certain degree of variability
is observed, which is expected. For example, comparisons involving di erent writers (e.g., W8 W13,
W7 W8) display notable variability in LogBF values of the conjugate approach, although these do not
alter the overall support in favor of H,. This pattern indicates a certain variability of the Bayes factor
to the choice of background data, whereas same-writer comparisons (e.g., for W3, W4) demonstrate
substantially greater stability. Further examples can be found in Appendix A.5.1.

To assess the impact of this variability, we examine four writer pairs (W5 W6, W6 W7, W6 W8,
and W7 W8) that exhibit the highest similarity and were selected based on having cases with logBF j <
10. For the remaining writer pairs, the observed variability does not appear to a ect the overall level of
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support. To elaborate further, we performed 30 random data selections from each pair of writers, fol-
lowing the procedure described in Section 4.7.2, namely changing the questioned and control datasets.
Then, for each pair of writers, subsamples with replacement were drawn, comprising 50% of the data
from the remaining writers, which served as the background dataset. In total, this procedure resulted
in 3600 comparisons (case studies) for analysis.

Table 4.13 summarizes the sensitivity of support for competing hypotheses under each MANOVA
prior speci cation. The NIW conjugate prior approach presents the highest number of cases with
inconsistent support (i.e., support shifts across background data subsamples) among the 30 priors
elicited from di erent background data subsets (9 cases, or 7.5% of 120 cases). For these nine cases,
the average LogBF range is found to be 8.51 units, while the widest LogBF subsampling interval (worst
case scenario) takes values in the interva] 6:24; 4:79). Conversely, the Normal-LogNormal-LKJ prior
setup exhibits fewer cases (2 cases, 1.67%) and smaller average dierences, indicating a relatively
more stable inference under prior variation. The NIW hierarchical prior shows intermediate behavior
between these two setups.

indicates the log BF using the complete background dataset for each case.

Figure 4.13: Boxplots of Logarithmic Bayes factors {og BF) for handwriting evaluation for the same
writer scenarios over di erent subsamples of background data for the Bayesian MANOVA approach.
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indicates the log BF using the complete background dataset for each case.

Figure 4.14: Boxplots of Logarithmic Bayes factors {(og BF) for handwriting evaluation for the di erent
writers scenarios over di erent subsamples of background data for the Bayesian MANOVA approach.

Inconsistent Cases

LogBF Summaries

Prior setup Support shifts (%) Avg.range Y Worst case interval *
NIW Conjugate 9 (7.50) 8.51 ( 6:24; 4:79)
NIW Hierarchical 5 (4.17) 3.83 ( 2:69; 1:48)
Normal LogNormal LKJ 2 (1.67) 3.42 ( 149 3.05)

Results are based on 30 random subsets of four compared writer pairs and 30 random 50% subsamples of
background writers' data ( 4 30 30 = 3600).

Number of inconsistent-support cases across 30 random subsets of compared writers ( 4 30=120).
Y Average logBF range across inconsistent cases; range is computed over 30 background-data subsamples.
2 LogBF interval (min;max) of the case with highest range of logBFs.

Table 4.13: Sensitivity analysis for the most similar writer pairs (wsws, we w7, we ws, and W7 W8)
under di erent prior setups.

4.8.2 Specication of the Inverse-Wishart's Degrees of Freedom

In Bayesian hierarchical modeling, the choice of priors for covariance matrices is critical, since it has
a direct impact on the resulting Bayes factor values, as observed in Section 4.7.

The Inverse-Wishart prior is a traditional choice for modeling covariance matrices. It is a conjugate
prior for the multivariate Normal distribution, which simpli es the computational aspects of Bayesian
inference. The Inverse-Wishart prior is parameterized by a scale matrix and by the degrees of freedom,
which control the prior's concentration around the scale matrix.

In this section, we present a sensitivity analysis for di erent values of the degrees of freedom in
the approach using the Inverse-Wishart prior. In the experiments using the Inverse-Wishart prior,



4.8. SENSITIVITY ANALYSIS OF PRIOR ELICITATION 59

the degrees of freedom vary from the minimum admissible value of 1% and from 20 to 50, with
increasing in steps of 10, thatis, 2 f 11;20; 30; 40;50g. The Bayes factor has therefore been calculated
for each value of , for all comparisons between characters from di erent writers, considering the
Bayesian Normal and MANOVA models with Normal-Inverse-Wishart prior setups (conjugate and
non-conjugate).

The results show that the Bayes factor is quite sensitive to the choice of degrees of freedom, which
has an incremental e ect on its value; see Appendix A.5.2. This occurs because higher degrees of
freedom make the prior of W more concentrated within a smaller region ofRP (Gaborini, 2021).
Therefore, for larger values of , the variability of the variance-covariance matrix decreases. Conse-
quently, we expect that as becomes large, the resulting log-Bayes factors will approach an upper
bound which will always support the hypothesis that measurements originate from the same writer
(even if the measurements originate from di erent writers); see Appendix A.5.2 for more details. This
behaviour brings similar ideas with the Je reys Lindley paradox (Lindley, 1957), wherein the Bayes
factor becomes dominated by the prior rather than the data. This behaviour is related to the Je reys-
Lindley paradox (Lindley, 1957), in both cases, the Bayes factor is driven more by the prior than by
the data. The di erence is that here it is a prior that is too narrow, rather than too broad, that causes
the problem.

4.8.3 Speci cation of the Parameter of the LKJ Distribution

In this section, we present a sensitivity analysis for di erent values of in the LKJ prior approach.
The covariance decomposition with the LKJ approach provides a more exible alternative for modeling
correlation matrices of variance-covariance matrices. The LKJ prior is parameterized by a shape
parameter, , which controls the concentration of the prior around the identity matrix. When =1,
the LKJ prior is uniform over the space of correlation matrices, making it a non-informative prior.
Higher values of result in stronger concentration around the identity matrix, re ecting a prior belief

in weaker correlations.

Let us now consider the experiments using the LKJ prior approach; the parameter was set to
values ranging from the non-informative value of one (1) to increasingly informative values of 2, 5, 10,
and 20. Higher values of result in a greater concentration of the prior around the identity matrix,
re ecting the assumption that Fourier coe cients are uncorrelated (an assumption motivated by the
Fourier analysis). For each value of , the Bayes factor was computed for all pairwise comparisons
between di erent writers, employing the two considered models: the Bayesian Normal and MANOVA
models with Normal-LogNormal-LKJ prior setup. Results show that the Bayes factor is quite sensitive
to the choice of , particularly for values above ve (5), where its e ect becomes increasingly more
marked; see Appendix A.5.3 for a related discussion. This sensitivity arises because higher values of

imply stronger prior beliefs in the absence of correlation among variables. Further details can be
found in Appendix A.5.3

The empirical comparison of the two approaches for modeling the variance-covariance matrix (the
Inverse-Wishart prior and the LKJ prior) suggests that the LogNormal-LKJ model generally provides
more robust results, especially for the Bayesian MANOVA model. This re ects the model's exibility
arising from the use of the covariance decomposition. The LogNormal prior provides the appropriate
information for the standard deviations that lie on the diagonal of the covariance matrices, while the
LKJ prior controls the information about the correlation structure. Based on our analysis, we recom-
mend using the LogNormal-LKJ prior with the use of an informative LogNormal prior derived from

1Thatis, p+2=11 for p=9.
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background data measurements. This approach provides a solid foundation for the implementation of
the proposed models using the LogNormal-LKJ prior setup.

4.9 Case study

In this section, a case study has been prepared to represent common casework of forensic handwriting
examiners, based on a questioned acknowledgment of debt. The writer of this document, who volun-
tarily participated in the study, has also been requested to supply control materials for comparison
purposes. This writer will be designated as a person of interest (Pol), and we will suppose that it is
disputed whether that person, or another one, wrote the questioned document. Lastly, we consider
the 1AM database presented in Section 4.2 from various writers, which is essential for the modeling
process.

Questioned and control data

The questioned handwriting materials pertain to an acknowledgment of debt, which reads as follows:

Acknowledgment of debt

I, the undersigned, Giuditta Gonzales (born on 3 June 1962), hereby declare that | owe Mr.
Edoardo Vincente (born on 31 December 1964), the sum of 3,000 (three thousand) Swiss francs,
this corresponds to half of the share no. 00074 in the amount of 6,000 (six thousand) Swiss
francs paid on 28 November 2001 to the Fonalba cooperative housing company for the granting
of apartment no. 121 at 1, rue Oscar Wilde, 3456 Lyon, France. In the event that this share
(n°00074) is released (termination, move, etc.) | undertake to contact Mr. Eduardo Vincente
as soon as possible and to pay the said sum. This remains an obligation. Refunds will be made
by mutual agreement as soon as possible. For any dispute arising from this contract, the parties
agree that French law shall apply and that the courts of Lyon shall have jurisdiction, subject to
any appeal to the French Federal Court. Done at Lyon, in two copies, on November 10, 2016.
Giuditta Gonzales Edoardo Vincente

The Pol was asked to write the questioned document under standard conditions (i.e., sitting at
a table) and using their usual handwriting, i.e., without disguising their own handwriting style or
imitating that of another person. The content of the questioned document has been chosen to display
a su cient amount of the characters of interest for this study, which are a, b, d, e, g, o, and p.

Control handwriting samples were requested from the Pol by following procedures used in forensic
casework. Each collected page re ects the natural writing style of the subject, as no speci ¢ instructions
were given that could in uence the writing characteristics. Variations between pages were limited to
the content of the text and the writing instrument used, alternating between blue and black ballpoint
pens. All documents were generated in a single session, as in casework where the Pol can be met only
once. The requested control samples include a free text, followed by numerals and alphabets (repeated
twice), and then dictated words, as well as the questioned text itself was dictated to the Pol. To ensure
consistency, the initial free text was dictated once more at the end of the session, allowing for the
detection of any alterations in the handwriting that might occur during the process. Table 4.14 gives
an overview of the available data points categorized by source and letter.
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Source Character Total
a b d e g 0 p
Questioned Data 56 4 19 59 6 44 4 192
Control Data 311 | 21 | 100 | 299 | 55 | 157 | 36 980
IAM Background Data 2984 | 412 | 1264 | 3482 | 582 | 3124 | 702 | 12550

Table 4.14: Data points by source and letter.

4.9.1 Preliminary Analysis

In cases where control material of a given person is made available to the handwriting examiner, it
is common practice to conduct a preliminary analysis of all pages of the control material to check for
homogeneity and detect any possible contamination with handwriting samples coming from another
writer. Therefore, a comprehensive evaluation of the evidence across all pages of control data is
performed. This evaluation is based on slightly modi ed propositions, which can be formulated as

follows:
H3s: the compared pages originate from same source;
H4: the compared pages originate from di erent sources.

Speci cally, we calculate the Bayes factor (BF) as outlined in Eq. (4.1), using data yp, ;yp, , where
(pi;py) represent pages(i;j ) respectively. This calculation incorporates the modelMg Eq. (4.13)
described in Section 4.5, see Table 4.1. The results are presented in Table 4.15. Pages 2 and 6 were
excluded due to the limited amount of data and the content, which consists of alphabet writing. Data
did not provide support for one proposition over the other, all BF results indicate very to extremely

strong support for proposition Hz over Hy.

Page | 1 3 4 5 7 8 9 10 11 12 13
1 - 742 599 927 818 757 819 873 827 829 653
3 | - 1126 1059 1185 941 101.0 993 942 58.7 788
4 | - 90.6 1189 103.2 981 93.v 1134 753 875
5 e 1155 951 1079 1096 976 87.0 76

7

8

9

1
I 1211 1219 1121 1225 80.0 804

b

)

L [ - 1093 1114 1221 89.7 79

> [ - 1273 1142 1048 87¢

| 10 [ - 1209 1120 7738
11 - 983 879
12 - 866
13 :

Table 4.15: Evaluation of evidence of control data across all pages considering all characters of all
letters per page and assessing the Bayes factor in Eq. (4.1) (in log scale) implementing modéls in
Eq. (4.13).

4.9.2 Results

Firstly, consider the scenario where loops of characters of the questioned acknowledgements of debt
are compared with loops of characters of the control material from the Pol to discriminate between
propositionsH; and H,, as described at the beginning of Chapter 4. Table 4.16 presents the logarithmic
Bayes factors for the model Normal-LogNormal-LKJ M 3, see Table 4.1 for each letter separately and
all letters jointly, and for MANOVA model with Normal-LogNormal-LKJ Mg, which incorporates
the between-letters variability. Note that under the Normal-LogNormal-LKJ prior, the resulting BF is
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obtained using numerical approximation methods, see Section 3.2.3. Referring to the verbal equivalence
of the conclusion scale reported in the ENFSI Guideline (Willis et al., 2015) or in Marquis et al. (2016),
the evidence provides extremely strong support (except for lettep where strong support is obtained)
to the proposition H; that the questioned and control data originate from the same writer, over the
alternative proposition H,.

Normal-LogNormal-LKJ MANOVA
Character a b d e g o] p ALL ALL
LogBF 85.3 | 26.9 | 49.0 | 929 | 341 | 515 | 143 | 933 150.8

Table 4.16: Bayes factor (in log scale) for the case where questioned data is compared with data from
Pol. All letters have been used separately or jointly.

Secondly, consider the scenario where loops of characters of the questioned acknowledgement of
debts are compared with loops of characters of the writer 36 of the IAM background database (Sec-
tion 4.2). The choice fell on the writer showing the greatest similarity to the questioned material,
based on a Mahalanobis distance of 3.8. Table 4.17 displays the logarithmic Bayes factors for the
model M3 Normal-LogNormal-LKJ, see Table 4.1 for each letter separately and all letters jointly,
and for MANOVA model with Normal-LogNormal-LKJ M. Substantial variability is observed across
letters. The evidence varies notably by letter, but all of them support the correct hypothesisH,.
When all letters are combined, the Normal LogNormal LKJ model yields a negative log Bayes factor
(-179.4), whereas the MANOVA model provides even stronger evidence against, (-322.7).

The evidence provides extremely strong support, with the sole exception of letterp and b, where
strong support and moderate support have been obtained, respectively, to propositiond, over the
alternative proposition Hj.

Figure 4.15 (top) shows the posterior distributions of the parameters associated with thdy, Fourier
coe cient from the MANOVA Normal LogNormal LKJ model, presented separately for questioned
and control data across letters and sources. As it can be observed, most of the posterior distributions
of Fourier coe cient b, obtained for di erent letters overlap when the compared material originates
from the same source. Marked discrepancies can be observed when control material from the Pol is
replaced by material originating from writer 36 (IAM database), that is, when comparing material
originating from di erent sources (see Figure 4.15, bottom).

Normal-LogNormal-LKJ MANOVA
Character a b d e g o] p ALL ALL
LogBF -776 | -76 | -35.6 | -38.1 | -5.1 | -100.5 | -189 | -179.4 -322.7

Table 4.17: Bayes factor (in log scale) for the case where questioned data is compared with data from
writer 36. All letters have been used separately or jointly.
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Figure 4.15: Posterior distributions of b, Fourier coe cient obtained under model Mg, per letter, for
same source scenario (questioned data versus control data from the Pol, top), and di erent sources
scenario (questioned data versus control data from writer 36, bottom).

4.10 Discussion and Conclusion

This study deals with the challenge of managing the uncertainty in forensic handwriting examination,
which a ects both inferential and decision-making processes in legal contexts. An experimental study
has been conducted to facilitate (a) the management of complex multivariate data, (b) the combina-
tion of multiple sources of information (in this speci c context, characters of di erent types) for the
assessment of a joint probabilistic value, and (c) the identi cation of optimal modeling approaches.
The proposed Bayesian statistical framework provides a comprehensive quantitative tool for uncov-
ering valid and informative patterns in handwriting data, with the potential to substantially impact
several areas of handwritten document analysis.

The proposed Bayesian probabilistic framework has been applied to a series of forensic case studies
generated from real handwriting data. In particular, the performance of a two-level random e ects
model proposed for handwriting examination by Bozza et al. (2008) was compared with that of a
Bayesian hierarchical MANOVA model, whose implementation is novel in this context. The study
addressed the following ve research questions:

(i) Which model ts the data better?

(i) Which model has better discrimination performance (lower false positive and false negative
rates)?

(i) Does modeling the variability between writers have an impact on the nal results?

(iv) Which character is most informative with respect to the ultimate goal of identifying the writer
of a questioned handwritten manuscript?

(v) Do the results of the implemented models remain robust across di erent background data and
prior speci cations?
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To address the rst research question, six alternative Bayesian models have been considered and
compared. These models arise from two likelihood structures: (a) a multivariate Normal model (See
Section 4.5.1), and (b) a MANOVA model that accounts for character-level variability (See Section
4.5.2). For each likelihood, three dierent prior formulations are examined, resulting in distinct
Bayesian models: (i) a conjugate Normal-Inverse-Wishart prior, (ii) a hierarchical Normal-Inverse-
Wishart prior, and (iii) a Normal-LogNormal-LKJ prior speci cation. The results, presented in Table
4.8, showed strong support in favor of the Bayesian MANOVA model. The incorporation of the
between-writers variability into the Normal-Inverse-Wishart (NIW) prior formulation appears to have
a positive e ect, with Bayes factors supporting this prior setup (and thus against the conjugate model)
for 9 out of 13 writers, as shown in Table 4.9. For the MANOVA model with Normal-Inverse-Wishart
prior, no clear advantage emerges between the conjugate and the hierarchical prior setups, as the
results support both approaches (see Table 4.9). Finally, we compared the two prior setups Normal-
LogNormal-LKJ prior and the Normal-Inverse-Wishart. The Bayes factors, presented in Table 4.10,
support the Normal-LogNormal-LKJ prior over the Normal-Inverse-Wishart prior for most writers in
both statistical models.

In order to address the research questions (ii) (iv), a series of forensic case scenarios has been sim-
ulated by randomly selecting measurements from the available data to act as questioned and control
material, respectively. Regarding the second research question, the Bayesian MANOVA model per-
formed better than the Bayesian Normal model, with a false positive rate of aroundd:6% compared to
the 0:9% for the Normal model when all characters are analyzed jointly. This corresponds to a reduc-
tion in the false positive rate of approximately 33:3% compared to the Bayesian Normal model. This
is not surprising, as the latter model does not take character-level variability into account. Further-
more, it was observed that employing the Normal-LogNormal-LKJ prior in the Bayesian MANOVA
framework resulted in a 0.1% reduction in false positives compared to the Normal-Inverse-Wishart
prior. This nding aligns with the results obtained from model tting. However, when each character
was analyzed separately using the Bayesian Normal model, the Normal-Inverse-Wishart prior demon-
strated superior performance for two of the four characters considered. With respect to supporting
the correct hypothesis when the handwritten material originated from the same writer (i.e., under
H1), both models consistently classi ed all relevant cases correctly, with the sole exception of the NIW
model for character g, which exhibited an exceedingly small proportion of misclassi cations € 0:1%;
one over 1200 generated scenarios).

Concerning research question (iii), the results presented in Section 4.7.2 show that the hierarchical
prior setup, which accounts for between-writer variability, achieves better overall performance with
either Normal-LogNormal-LKJ or Normal-Inverse-Wishart prior compared to the conjugate approach
(see Table 4.12). In contrast, the MANOVA model shows better results for the Normal-LogNormal-
LKJ prior setup. This nding, along with the other experiments discussed in Section 4.7.2, where
the accuracy of proposed models for handwriting discrimination has been tested, is in agreement with
the results of the model comparison for the rst research question (see Section 4.7.1). Similarly, a
consistent reduction is observed between the conjugate and the non-conjugate version of the Bayesian
Normal model with Normal-Inverse-Wishart prior. However, these results require further investigation
and validation by ideally implementing the proposed methodology in a variety of di erent handwriting
datasets by also involving a larger number of writers.

The analyses conducted to address research question (iv) reveal which character, among the four
analyzed, is the most informative in terms of discrimination between the two hypotheses under inves-
tigation. Character g has consistently been found to produce fewer instances of misleading evidence,



4.10. DISCUSSION AND CONCLUSION 65

with a false positive rate of 2.2%. On the other hand, the character is the least informative in terms
of discriminatory power, with a false positive rate reaching 7.2% with the hierarchical NIW prior.
Finally, a false positive rate of 3:9 and 4:7, respectively, is observed for the charactersl and o.

A sensitivity analysis was performed to evaluate the robustness of the results to prior elicitation
and speci cation, addressing research question (v). By conducting subsampling on 50% of background
writers' data of each evaluation case, we observed that the Bayes factor did not change to a degree
that would alter the model support decisively. In particular, under the MANOVA model with the
Normal-LogNormal-LKJ prior, the support for the tested hypotheses was reversed in only two of
the 120 comparisons. These two cases involved the writers with the most similar handwriting text.
This nding highlights the model's robustness in providing consistent support for or against a given
hypothesis (see Section 4.8). Furthermore, the degrees of freedom parameter of the Inverse-Wishart
distribution and the  parameter of the LKJ distribution play a crucial role in the behavior of the
resulting Bayes factors. The Bayes factors are notably sensitive to the speci cation of these prior
parameters. Speci cally, higher values of the degrees of freedom andlead to increasingly informative
priors, which produce larger Bayes factors and thus stronger support for (the false) hypothesisi;.
Given this sensitivity, careful consideration is required when specifying the prior degrees of freedom (in
the Inverse-Wishart distribution) and the prior parameter  (in the LKJ distribution). A recommended
approach is to adopt weakly informative priors. This can be achieved by setting the degrees of freedom
of the Inverse-Wishart distribution to its minimum value p+ 2, and by specifying =1 for the LKJ
distribution.

Finally, there is the open issue concerning the scale of the resulting Bayes factors. Their magnitude
in this study is in accordance with the ones from previous related work (Bozza et al., 2008), but are
open to critical remarks on robustness that cannot be demonstrated empirically. Similar situations
have been discussed in the eld of genetic (DNA) evidence (see e.g. Hopwood et al. (2012)). However,
values of this magnitude can be di cult to justify, especially with such a limited database.

For future work, we suggest including neighbouring characters of loop characters in the analysis,
which may provide more information and improve the accuracy of results. Such data can be modeled
by a two-way MANOVA model with neighbouring characters and loop characters as dummy variables.
Another possible direction for future work involves forensic casework with multiple persons of interest,
where the objective is to evaluate the strength of evidence for each candidate as a potential source
of the questioned material. In such scenarios, where evidential measures are assessed for multiple
comparisons simultaneously, controlling the False Discovery Rate would allow practitioners to manage
the expected proportion of incorrect supports among all candidates.
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Chapter 5

Dynamic Signhatures Examination

In dynamic signature forensic casework, legal authorities seek to determine whether a signature whose
origin is questioned was made by a specic individual (the presumed source) or by someone else.
Thus, the competing propositions are whether the questioned and reference materials collected from
the presumed source for comparative purposes originate from the same sourdé ) or di erent sources
(H2). The evaluative process begins with de ning these propositions, as recommended by the ENFSI
guidelines (Willis et al., 2015).

For simplicity, we assume that the Person of Interest (Pol), namely the signer, has no reason
to disguise his signature, and that a random match of personal information and signature is highly
improbable, and are therefore excluded. However, before applying such simpli cations to casework,
assumptions and allegations need to be checked for compatibility. Therefore, although the simpli ca-
tion adopted in this study is not always justi ed, in most cases signature forgery remains the most
plausible and relevant alternative to consider (Linden, 2022).

Thus, forensic handwriting document examiners are most often confronted with the following propo-
sitions: the signature may be genuine, or it may be a forged (simulated) signature. The rst proposition
suggests that the questioned signature was written by the Pol. The second proposition posits that the
guestioned signature was not produced by the Pol, but it is a forged (simulated) signature and produced
by someone else. The propositions for signature examination can be formulated as follows:

H1i: The person of interest (Pol) produced the questioned signature;

H>: An unknown person produced the questioned signature, trying to forge (simulate) the Pol's
signature.

In the majority of dynamic signature examinations, only one dynamic signature is available; this
is referred to as questioned material. Thenn > 0 signatures are collected from the person of interest;
these are referred to as control material. Measurements of dynamic features (see Section 5.3) are
extracted from questioned and control material. These features are denoted by 1.t and f X 1.7 gj”:l
for the questioned signature and the control signatures, respectively. The inded : T denotes the
sequence of time pointsl; 2;:::; T at which the dynamic features are recorded during the execution of
a signature, whereT is the total time points of feature values captured for that signature, andj the
repetition of the signature (for questioned signaturej = 1).

Following the ENFSI recommendations (Willis et al., 2015) for evaluative forensic science, the
strength of evidence is quanti ed by a likelihood ratio (LR). The LR provides a principled probabilis-
tic measure of how much more probable the observed signature features are under one proposition

67
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compared to an alternative. Given the observed questioned sighature feature¥ ;.1 and a set ofn
control signaturesf X j. 1.7 gj”=1 , the value of the evidence is expressed as

_ f(Yor jfXjurglsy sH)
f(Yor i fXjurg's i H2)

LR (5.1)

Under standard conditions in handwriting examination, the questioned and control materials are
independent under the alternative hypothesisH,. That is, if the control material originates from a
di erent source, the probability distribution of the questioned material does not depend on the control
sample. In such cases, the denominator reduces to(Y 1.1 j H2). However, in the context of alleged
signature forgery, this assumption of independence cannot be maintained. A forger explicitly attempts
to imitate the characteristics of a target signature, creating dependence between the questioned and
control materials under H,. Consequently, the computation of probability density under H, requires
adequate databases containing forged signatures from which model parameters can be inferred (see
Linden et al. (2021)). In particular, Linden et al. (2021) stresses the importance of using a repre-
sentative general population of forged (simulated) signatures for evaluating the denominator of the
LR.

In this work, fBj; 1.7 gJ-N:E‘1 denotes the dynamic features extracted from a dataset of sizMg consist-
ing of forged (simulated) signatures produced by individuals unrelated to the case. This background
set re ects the characteristics of a general forged population, which under propositiorH, represents
the competing scenario in which someone other than the person of interest produced the questioned
signature. Hence, the LR can be expressed as:

_ (YT X T gls sH)
f(Yorif By o1 g]N:B]_ v H?2)

LR (5.2)

In summary, the numerator represents the probability density of the observed featuresr 1.+ under
the proposition H; that the questioned signature is genuine and originates from the person of interest
(Pol), while the denominator re ects the probability density of observing the same features underH,,
given a representative background of forged signatures.

In the following sections, the methodology used to address the evaluation of dynamic signatures is
elucidated. First, a comprehensive literature review of data modeling techniques for dynamic signatures
is presented in Section 5.1. The collection of dynamic signature datasets is discussed in Section 5.2.
The extraction of both static and dynamic features is explained in Section 5.3. The adapted modeling
which can be utilized to describe both genuine and forged signature populations within the thesis is
describing in Section 5.4. The research will be focused more on stochastic process methodologies applied
to the evaluation of dynamic signatures, where time is including as additional variable of interest and
taking into account the multifaceted nature of dynamic signature data. To address this complexity, we
adapt the stochastic process model,introducing distinct states that re ect temporal variations in the
signature process. This is achieved through the use of Hidden Markov Models (HMM), which allow us
to capture the evolving distribution of measurements over time inherent to dynamic signatures. We
advance multi-feature stochastic modeling to the context of dynamic signatures by considering a batch
of the more discriminating features in Section 5.7.2. Finally, the automated selection of the number of
states in HMM using information criteria is examined in Section 5.7.3, and the impact of the number
of control signatures is analyzed in Section 5.7.4.
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5.1 Literature Review

Dynamic digitally captured signatures are an advanced form of electronic signature that not only cap-
ture the static image of a signature but also record various biometric parameters during the signing
process. Unlike traditional static signatures, dynamic signatures are captured using specialized de-
vices or tablets that record temporal and spatial data as the signature is produced. This data includes
the speed, acceleration, pressure, and angle of the pen, providing a rich dataset that can be used
for authentication and veri cation purposes (Linden et al., 2018). Contemporary research within
this discipline has increasingly concentrated on the re nement and enhancement of Al data modeling.
This focus aims to enhance predictive accuracy, computational e ciency, and generalizability across
dynamic signature datasets. This review synthesizes key contributions from recent literature, focus-
ing on methodologies such as machine/deep learning techniques, dynamic time warping (DTW), and
Hidden Markov Models (HMM).

The multidimensional perspective of the dynamic signatures facilitates the distinction between
genuine and forged signatures with high accuracy. This capability has been demonstrated in studies
such as Chandra (2020) and Vorugunti et al. (2022), which utilize machine learning and deep learning
methodologies for signature veri cation. Furthermore, the article of Vorugunti et al. (2023) investigates
a hybrid approach that combines Convolutional Neural Networks (CNNs) and Transformer models.
This approach aligns with recent trends in deep learning, where Transformers have shown signi cant
promise in handling sequential data due to their ability to capture long-range dependencies.

Utilizing time series distance metrics on dynamic features, we can proceed to compute the Dy-
namic Time Warping (DTW) approach (Sakoe and Chiba, 1978). Al-Hmouz et al. (2019) proposes a
probabilistic model to quantify the DTW distance for dynamic signature veri cation. Their approach
enhances the robustness of DTW by incorporating probabilistic measures, which improves the accu-
racy of signature veri cation in the presence of variations in signing behavior. Parziale et al. (2019)
introduces stability modulated DTW (SM-DTW) for signature veri cation. SM-DTW enhances tradi-
tional DTW by incorporating stability measures, which improve the system's resilience to intra-class
variations and increase veri cation accuracy.

By considering stochastic process methods a pioneering work by Yang et al. (1995) introduced
Hidden Markov Models (HMM) in dynamic signature veri cation. Jahan and Farimani (2018) presents
an HMM-based approach for online signature veri cation, focusing on velocity and hand movement
directions. Their model e ectively captures the dynamic aspects of signatures, providing a robust
framework for distinguishing genuine signatures from forgeries. Tolosana et al. (2015) focuses on
maintaining system performance over time by updating the HMM parameters based on new signature
data, ensuring the system adapts to changes in signing behavior.

In a logical progression, hybrid methods have been extended to enhance the performance of the
models. Miguel-Hurtado et al. (2007) combines DTW with Gaussian mixture models (GMM) for online
signature veri cation. This hybrid approach leverages the strengths of both techniques, resulting in
improved veri cation performance and reduced veri cation error rates. Fierrez and Ortega-Garcia
(2008) provide a comprehensive overview of online signature veri cation techniques. Their work covers
various methodologies, including DTW, HMM, and neural networks, highlighting the strengths and
limitations of each approach in di erent application contexts. Tahmasebi and Pourghassem (2013)
propose a signature identi cation system using dynamic features and HMM, combined with a K-

1stochastic process is a collection of random variables indexed by time or space, representing a system that evolves
over time in a probabilistic manner.
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Nearest Neighbor (KNN) classi er. This approach e ectively balances the complexity and identi cation
accuracy rate of the veri cation process. Diaz et al. (2016) introduces a dynamic signature veri cation
system that relies on a single real signature for training. This method addresses the challenge of
limited training data by leveraging advanced feature extraction and classi cation techniques. The
comprehensive survey by Kaur and Kumar (2023) presents an extensive overview of both online and
o0 ine signature veri cation methods, highlighting the evolution of feature extraction and classi cation
techniques used in the signature veri cation process.

In the eld of forensic science, dynamic digitally captured signatures are particularly valuable
because they provide a level of detail that is not available in static signatures. The ability to analyze
and to acquire data on the sequence of movements, pressure patterns, and speed o ers forensic experts
a method, making it more di cult to replicate or forge signatures. This makes dynamic signatures a
robust solution for security-sensitive applications, where the authenticity of a signature is of utmost
importance (Linden et al., 2021). Mazzolini et al. (2021) present a semi-automatic approach to
signature veri cation in forensic settings. The proposed framework aims to provide forensic document
examiners with an intuitive tool that applies Dynamic Time Warping to dynamic signatures. Okado
et al. (2024) uses mathematical tools such as principal component analysis (PCA), DTW, and the
Kolmogorov Smirnov test to analyze global and local features from dynamic signatures. It aims to
reduce subjectivity and increase the reproducibility of handwriting examination. Linden et al. (2022)
proposed and described a Bayesian probabilistic model in an explanatory way. The paper underscores
the importance of adopting a multivariate approach and highlights the role of probabilistic models in
enhancing the reliability and transparency of forensic dynamic signature examination.

The objective of this research is to employ Hidden Markov Models (HMM), a stochastic probabilistic
model, in the context of forensic evaluation. We focus on jointly evaluating multiple features, even
under practical constraints such as the limited number of samples typically available in the routine
work of questioned document experts.

5.2 Data Acquisition, Sampling and Databases

In this work we re-analyze the data collected by Linden (2022). Based on these data, four forensic
publications were produced (Linden et al., 2017, 2021, 2022; Linden and Marquis, 2023). The
data were gathered under natural conditions, including a desk, o ce chair, and horizontal surface, to
reproduce a realistic scenario. The device used was a Wacom DTU-1141, with a surface area of 283
X 210 mm, a spatial resolution of 2540 Ipi, a temporal resolution of 200 Hz, and pressure measured
axially using 1024 discrete levels. The software was compatible with Wacom decrypted software and
Windows 7 SP1. Data were recorded approximately every 5 milliseconds.

The sample data consist of two main case-related types, each originating from di erent populations.
These types are: (1) genuine signatures (presumed source data), and (2) forged (simulated) signatures
(forgery population data).

The data of the case-related genuine signatures , denoted by G, were produced by three in-
dividuals, who were selected after the screening of volunteer signatures to ensure a range of styles
and levels of complexity were covered, from low to high; see Linden (2022) for detailed explanation of
the screening process. Participants were asked to provide signatures at irregular time intervals, with
decreasing frequency, to study the variation within and between sessions over di erent time periods,
such as days, weeks, and months. Over approximately 18 months, each participant completed at least
44 distinct acquisition sessions. Initially, participants provided 10 samples per session, but due to high
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variability observed during the process, the number of samples per session was increased to 20. Each
participant produced at least 750 signatures during the acquisition period. A detailed description of
the number of acquired signatures per participant is provided in Table 5.1. These data mainly are
used as the control group K ). Nevertheless, in some experiments in Section 5.7, data for a specic
signature coming fromG are also used as the questioned material) in scenarios where both materials
under investigation (X and Y') originate from the same signer.

Signature 1 Signature 2 Signature 3
Total Signatures 770 750 800
Sessions with 15 13 12
10 signatures
Sessions with 31 32 34
20 signatures
Total sessions 46 45 46

Table 5.1: Case-related genuine dynamic signatures datase@.

The data of case-related forged (simulated) signatures , denoted by F, were generated by 57
additional participants acting as forgers who attempted to replicate the three original signatures of
the genuine signature datasetG. Data collection took place through a prize-based contest designed to
encourage participation and competition; see Linden (2022), for a detailed description of the forgery
procedure. Each forger selected which signatures to replicate and produced 10 simulated copies of each
chosen signature. The number of forged (simulated) signatures per genuine signature is reported in
Table 5.2. This dataset was primarily used as background data for estimating the model parameters
associated with the forged population. Moreover, in the experiments reported in Section 5.7, data
for a specic signature from F were also used as the questioned materialY() in scenarios where
the materials under investigation (X and Y) come from di erent signers. More speci cally, if the
questioned material (Y) corresponds to signature 1, then data from signatures 2 and 3 are used as
background data for estimating the model parameters associated with the forged population.

Signature 1 Signature 2 Signature 3
Forgers 26 41 16
Signatures 10 10 10
Sessions 1 1 1
Total Forgeries 260 410 160

Table 5.2: Case-related forged (simulated) dynamic signatures dataset~).

Additionally, a case-unrelated genuine signature dataset, denoted byD, was collected from 23
di erent participants (20 genuine signatures each; a total of 460 observations) as background informa-
tion. This dataset was used to assess the variability of signatures within a session and to normalize
the case-related dataG and F . Participant summaries of D are provided in Table 5.3.

Signers | Signatures Sessions | Total
23 20 1 460
Table 5.3: Case-unrelated genuine dynamic signatures).

5.3 Dynamic Signature Features

Dynamic signatures represent an advanced form of biometric authentication, capturing the character-
istics of an individual's signing process in real-time. These signatures encompass several features, such
as the speed, pressure, and rhythm of the signing motion. This additional information enhances the
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security of dynamic signatures, making them signi cantly more challenging to forge. The real-time
nature of dynamic signatures enables immediate evaluation, providing an extra layer of security and
convenience in various applications. This process is particularly e cient due to its simplicity. It only
requires a small tablet and a pen, which together provide highly detailed temporal information. More
recent applications require only a touch screen device, not necessarily a pen.

The digitizer of signatures captures pen data at regular or event-based intervals, recording each
sampled point in a chronological sequence. These pen data are preprocessed by the driver before
being transmitted to the computer. Preprocessing may involve interpolation to smooth the data and
normalization of signals, such as amplifying or reducing pen pressure. The signature data consists of
various input-related columns, including an index of data points, button-related columns, pen state
(whether in air or on the surface), and the measured data. The measured data must include the spatial
coordinates (X¢; Y;) of each time pointt, the pressureP;, and the time stamps ¢,

T
(Xt; Ye; Pes 1) t=1

Additional data and measurements, depending on the hardware, may include tilt and inclination.
Signatures are encapsulated in signature container formats that include pen data, metadata, and a
timestamp, all of which are encrypted. Once decrypted and extracted, the pen data is available as a
simple table. An example of the signature data is available in Table 5.4 with timestamp di erenced
of 5 milliseconds [ms] for most time points.

Input Data Signature Data
Index | Button | Pen State X Y P [Level] d [ms]
1 1 1 15005 | 7600 300 0
2 1 1 15015 | 7605 334 5
3 1 1 15035 | 7615 370 5
4 1 1 15040 | 7613 400 5
5 1 1 15045 | 7612 476 5
6 0 2 (UP) 15063 | 7625 511 5
7 0 2 (UP) 15078 | 7627 480 5
8 0 2 (UP) 15120 | 7633 430 5
9 1 3 15150 | 7638 400 5
10 1 3 15167 | 7639 412 5

Feature names: Button: button pressed; Pen State: Stroke number; X,Y:
Spatial coordinates; P: pen pressure; d : time stamp.

Table 5.4: Example of the raw data structure of a dynamic signature.

Based on raw data, numerous features can be derived, encompassing both static and dynamic
characteristics. Features can be classi ed into several types, according to their level of detail (Richiardi
et al., 2005). Each type of feature o ers distinct advantages and challenges. Global features (such
as total time, length, mean pressure, etc.) provide general information about the signatures. They
can be associated with temporal, spatial, and aggregated information derived from dynamic features.
Conversely, Local features (such as pressure, velocity, acceleration, etc.) o er more comprehensive and
detailed insights into variations. Global features are simpler to use and can be aggregated based on
the boolean attribute of pen state; in the literature, they are called Segment features For a detailed
representation of the feature that was analyzed in this thesis, refer to Table 5.5 presents the feature
categories, and Table 5.6 provides the notation and mathematical formulas.

Dynamic features or Local features (Richiardi et al., 2005) are generally represented as a contin-
uous (pseudo-) timeseries. These features include temporal aspects such as the velocity, acceleration,
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Feature Category Unit Examples
Time millisecond [ms] total time, time pen is up/down, ...
Spatial millimetre [mm] total/up/down length, height, width ...
Pressure levels [Ivl] time-series, average, ...

Di erential of pressure

levels per millisecond [Ivl/ms]

time-series, average, ...

Velocity

millimetre per millisecond [mm/ms]

time-series, average, ...

Acceleration

millimetre per millisecond 2 [mm/ms 2]

time-series, average, ...

Jerk

millimetre per millisecond 3 [mm/ms 3]

time-series, average, ...

Angles

degrees P]

trajectory vector angle to horizontal line,
acceleration direction to horizontal line

(time-series, average, ...)

Table 5.5: Feature categories of dynamic signature data.

Feature notation Feature description Formula
P Pen pressure R
dt Di erential of timestamps (time increment) t to1
dX¢ Di erential of horizontal axis Xt Xt 1
dY: Di erential of vertical axis Yi Yi o1
dpt Di erential of pressure o Pt Pt 1
Totaltime Duration (cumulative time) " Lg di= 71 1
Uptime Cumulative duration of pen lifts " thz dt
D pen up
Downtime Cumulative duration of inking strokes nT t=2  dt
pen down
UpTot Ratio of pen lifts Uptime/Totaltime
DownTot Ratio of inking strokes Downtime/Totaltime
DownUp Ratio of inking strokes to pen lifts o Dovy\ntime/Uptime
TotLength Cumulative length - T, @X)Z+d Yo)?
DownLength Cumulative length of inking strokes r¢T=2 Vﬁm when pen is down
UpLength Cumulative length of pen lifts strokes " N Y [dX1)2 + (d Y1)2 when pen is up
Width Horizontal distance maxt(Xt) ming(X¢t)
Height Vertical distance maxt(Yy) ming(Yt)
WHRatio Width to Height ratio Width/Height
XY Distance to centroid ; Xt X)2+(Yr VY)2
dpl First di erential of pressure dP¢=d
dp2 Second di erential of pressure d(dpl)=d ¢
dp3 Third di erential of pressure d(dp2)=d
dx1 Horizontal velocity dX¢=d ¢
dx2 Horizontal acceleration d(dx1)=d ¢
dx3 Horizontal jerk d(dx2)=d ¢
dyl Vertical velocity dYi=d ¢
dy2 Vertical acceleration d(dyl)=d
dy3 Vertical jerk o d(dy2)=d
dt1 Tangential velocity Y AX)2 +(d Yr)2=d
dt2 Tangential acceleration d(dt1)=d ¢
dt3 Tangential jerk d(dt2)=d
TVD Trajectory vector angle to horizontal line arctan (d Yi;dXy)
TAD Acceleration direction to horizontal line arctan( dy2; dx2)

By _bar, _var, or _mayx, it indicates the mean, variance, or maximum of the feature values respectively.
Table 5.6: Feature notation, description and mathematical formulas of dynamic signature data.
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and jerk, as well as pressure variations and angle-oriented information. By analyzing these dynamic
elements, it is possible to gain insights into the unique behavioral patterns of the signer, which are
di cult to replicate accurately.

Global featuresand Segment featureqRichiardi et al., 2005), on the other hand, focus on the overall
shape and structure of the signature, capturing general information that complements the dynamic
features. While these features may not capture the full depth of the signing process, they o er a robust
foundation for signature analysis and can be e ectively combined with dynamic features for a more
robust evaluation.

5.3.1 Explanatory Analysis

In this section, we present a primary analysis of the dynamic signature features. Our focus is to
elucidate the principal di erences among signers, considering both static and dynamic features in the
analysis. In analyzing the di erences between signers, we begin with comparisons of static features, as
detailed in Table 5.6. The included features are time related, spatial related, and aggregated dynamic
information. The dataset D comprises 23 signers, each providing 20 genuine signatures, as shown
in Table 5.3. We conducted pairwise Bayesian t-test (see Morey et al. (2011)) for each Global and
Segment feature, utilizing the 20 signatures per signer. Namely, for each pair of signeW; and W;,

we compare their static feature values. A pairwise Bayesian t-test is used to compare the means of two
groups (signers) by calculating the Bayes factor of the two hypothesesHp: no signi cant di erence
between the two signers for the given featureH;: signi cant di erence between the two signers for
the given feature). By conducting these pairwise comparisons using the Bayesian t-test, we can assess
whether the static features of signatures are signi cantly di erent between the signers. The results of
these tests are summarized in Table 5.7. The table presents the results of pairwise Bayesian t-tests
conducted between background signers for various static features. The ve more discriminate features
are Downtime, Totaltime, dtl_bar, dt1_var , and DownLength . The proportions of the Bayes factors
greater than 3 (indicating substantial evidence) are notably high, ranging from 0.913 to 0.968. This
suggests that the majority of the writers comparisons for these features provide substantial evidence
against the null hypothesis (no signi cant di erence between the two writers for the given feature),
highlighting signi cant di erences for these features between the genuine signers. This is also illustrated

in the Boxplots of Downtime feature and mean velocity feature per writer in Figures 5.1,5.2.

Feature Proportions of BF

notation greater than 3

Downtime 0.968

Totaltime 0.953

dtl bar 0.945

dtl var 0.933
DownLength 0.913

Table 5.7: Pairwise Bayesian t-test between background signers. The ve more discriminate static
features from the dynamic signatures are presented.

Considering the dynamic features (pseudo-timeseries), we conducted naive approach by just consid-
ering a time averaging over 20 points due to the varying available of the time points. More sophisticated
approach for time series preprocessing is presented in Section 5.5. Additionally, within a single writer,
there is inherent variation and time warping, as illustrated in Figure 5.3, which depicts the time series
plot of velocity feature for two di erent signatures from Writer 1.

To naive compare signatories, including their dynamic characteristics, we calculate the Dynamic
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Figure 5.1: Boxplot of down time of signatures per signer of dataseD.

Figure 5.2: Boxplot of the average velocity of signatures per signer of datasdb.

Time Warping (DTW) distance (Mdller, 2007) within the signatures of a single signer and across
di erent signers. The DTW distance measures the similarity between two temporal sequences that
may vary in their progression over time, making it particularly useful for comparing sequences that
are not perfectly aligned.

DTW was employed to compare the signatures of the same signer and di erent signers. For within-
signer comparisons, the DTW distance was calculated between multiple pairs of di erent signatures
from the same signer. A lower DTW distance indicates higher consistency, meaning the signatures
are more similar to each other. For between-signer comparisons, the DTW distance was calculated
between multiple pairs of signatures of di erent writers. A higher DTW distance suggests that the
signatures are more dissimilar, indicating di erent signing styles.

Due to the signi cant variability observed in certain features from the same signer (within-signer
variability), an alternative method was needed to distinguish the important di erence between features
of di erent signers. Thus, a preliminary approach involves calculating the di erences between the DTW
measures of features within a signer and across di erent signers. Speci cally, for a given feature, the
following di erence is calculated:
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Difference of DTW = abgDTW same _ signer DTW gitterent _ signers )

where DTW game _signer IS the mean DTW computed between pairs of signatures from the same
signer, and DTW gitterent _signers 1S the mean DTW computed between pairs of signatures from dif-
ferent signers. By subtracting these two sets of DTW distances, we can naively identify which fea-
tures distinguish the di erence between signatures from di erent signers without being a ected by the
within-signer di erences. However, this approach does not account for the variability of the DTW
measurements.

The ve features with the greatest dierences in DTW distances between signatures from the
same signer and di erent signers, are summarized in Table 5.8. These results indicating that the
DTW measure is e ective in distinguishing di erences of signers based on dynamic features. The ve
features with the highest di erences are the velocity and angle-oriented features, emphasizing their
importance in the analysis.

It is important to note that the primary analysis does not account for the variance in the DTW
distances of the features. Therefore, a probabilistic analysis that incorporates the variability of the
DTW distances for each feature would be particularly bene cial, especially in cases where there is
signi cant within-signer variability.

Figure 5.3: Time series of velocity dynamic feature of two signatures of writer 1

Feature Same signer Di erent signers Di erence of

notation DTW DTW DTWs
dx1 7.7 17.8 10.1
dtl 6.4 16.2 9.8
TVD 10.3 19.6 9.3
dy1l 8.2 17.4 9.2
TAD 11.2 20.1 8.9

The ve features with the largest di erences of bTws are presented.
Table 5.8: Mean of dynamic time warping (DTW) of dynamic features within and between signers.

Considering distinguishing between genuine and forged signatures by examining both static and
dynamic features in our analysis presents signi cant challenges, primarily due to the limited availability
of reference signatures, often only one or two. To initiate our analysis, we illustrate the distribution
of temporal, spatial, and aggregated dynamic features for the entire dataset of genuine and forged
signatures, in Figures 5.4 and 5.5. This gure reveals notable di erences in several features, such as
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time, pressure, velocity, and angle orientation However, as previously mentioned, the scarcity of data
in most cases limits our analysis.

Accordingly, we proceed with the comparison of dynamic features using DTW distance for each
case-related signatures. Speci cally, the DTW distance was calculated for each case-related signatures
between multiple pairs of di erent genuine signatures, as well as between multiple pairs of genuine and
forged signatures. However, as observed, due to the signi cant variability observed in certain features,
either within genuine or within forged signatures, an alternative method was required. Therefore, we
calculate the di erence between the mean of DTW measures within genuine signatures and the mean
DTW measures between genuine and forged signatures for each feature. Therefore, by considering
the average DTW distance within genuine case-related signatures, we can observe some discrepancies
between genuine and forged signatures.

The results for each case signature are represented separately in Tables 5.9, 5.10, and 5.11. The
DTW distances for dynamic features are presented, comparing genuine signatures against genuine
signatures from the same signer or genuine signatures with forged signatures. These results highlight
signi cant feature di erences between genuine and forged signatures, based on DTW measures. The
ve features with the greatest di erences demonstrate that the velocity feature consistently appeared
in every case-related signature, along with thedistance from the centroid (XY) and angle-oriented
features. Finally, as observed by Linden et al. (2021), every signature exhibits di erent distinguishing
features.

It is crucial to reiterate that the initial analysis does not consider the variance in DTW distances
of the features. Consequently, incorporating a probabilistic analysis that accounts for the variability
of DTW distances for each feature would be especially advantageous.

Figure 5.4: Boxplot of time and spatial category features of genuine and forged datasets.
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Figure 5.5: Boxplot of aggregated dynamic features of genuine and forged datasets.

Signature 1
Feature Genuine vs Genuine Genuine vs Forged Di erence of
notation DTW DTW DTWs
XY 6.0 13.5 7.5
TVD 11.2 16.9 5.7
dy2 11.3 17.0 5.7
TAD 13.2 18.8 5.6
dyl 12.6 18.1 55

The ve features with the largest di erences of bTws are presented.
Table 5.9: Mean dynamic time warping (DTW) values for Signature 1, comparing genuine-genuine
and genuine-forged signatures.

Signature 2
Feature Genuine vs Genuine Genuine vs Forged Di erence of
notation DTW DTW DTWs
dyl 10.9 19.8 6.9
dy2 13.9 20.7 6.8
XY 8.6 15.3 6.7
dtl 8.4 14.1 5.7
TAD 12.8 18.0 5.2

The ve features with the largest di erences of bTws are presented.
Table 5.10: Mean dynamic time warping (DTW) values for Signature 2, comparing genuine-genuine
and genuine-forged signatures.

However, a primary di culty arises from the limited availability of questioned signatures. Con-
sequently, it is essential to extract a detailed representation of the dynamic signature features. To
illustrate a real-case scenario, we consider features from one questioned signature and two control
signatures taken for comparative purposes. Figure 5.6 presents time-series plots of the features pres-
sure, velocity, and distance from the trajectory center when the questioned signature is genuine and
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