ATHENS UNIVERSITY
OF ECONOMICS AND BUSINESS

DEPARTMENT OF STATISTICS

Collective Risk Theory and Approximations

By

Georgios D. Zaphiropoulos

A THESIS
Submitted to the Department of Statistics
of the Athens University of Economics and Business
in partial fulfillment of the requirements for
the degree of PhD in Statistics

Athens, Greece
2002



OIKONOMIKO ITANEHNIXTHMIO
AOHNOQN

TMHMA XTATIETIKHX

ABporotikn Oswpia Kivovvov kar Ipooeyyicels

['ewpyroc A. ZapelpOmovAiog

AIATPIBH
[Tov vroPAnOnke oto T XTaTICTIKNAG
tov Owovopkov [avemotuion AGnvov
MG LEPOG TV OTOLTICE®V Y10, TNV ATOKTNGON

ABoKTop1KoH ATTADNOTOS GTN XTOTIGTIKY

ABnva,
YentéuPprog 2002



This Thesis has been approved by the seven-member Examining Committee.

The Members of the Committee

Michael Zazanis

Assistant Professor, Department of
Statistics, Athens University of
Economics and Business, Greece
(Thesis Supervisor)

Nikos Frangos

Assistant Professor, Department of
Statistics, Athens University of
Economics and Business, Greece
(Member of the Advisory Commitee)

Petros Dellaportas

Assistant Professor, Department of
Statistics, Athens University of
Economics and Business, Greece
(Member of the Advisory Commitee)

Director of the Graduate Programme



To my family



"One thing I know, that I know nothing"
Sokratis



Acknowledgements

| am indebted to my supervisor Professor Michael Zazanis for his valuable help,
guidelines, and continuous encouragement.

Thanks are also extended to Professors Petros Dellaportas and Nikos Frangos for their
helpful comments and support. | would also like to thank Professor George Roussa for

sending me valuable material.
Many thanks to Professor Evdokia Xekalaki who welcomed and encouraged me in the

department in my first postgraduate steps.



Abstract

Collective risk theory is the area of applied probability concerned with the
random fluctuations of the total assets of an insurance company. Ruin probability is
one of the most important aspects since it represents the basic measure of risk and can
be applied to adjust fundamental characteristics of the insurance company like the
premium or the initial capital. Major part of risk theory has been devoted to the
computation of the ruin probability either analytically or approximately. Analytic
solutions are available only for insurance models with quite strict constraints.
Approximations are often the alternative tools.

In this thesis, approximations based on functional central limit theorems
applied in order to approximate the surplus process and the ruin probability of an
insurance company, which deviates from the usual assumptions.

A time varying claim epoch model is examined. We prove that under specific
conditions the surplus process and ruin probabilities can approximated in terms of a
Brownian motion with drift. The approximations are tested experimentally. The
accuracy is improved applying corrected diffusion approximation. In the case of
infinite second moment of the surplus process the diffusion approximation fails.
Under specific conditions stable Levy motion can be the alternative approximation.

The time dependence is extended to the distribution of the claims. A new
model is introduced and approximated under conditions in both cases of finite and
infinite second moments. In the case of finite second moment the tightness issue is
solved. These approximations are tested experimentally.

A new model with associated strictly stationary claims follows. The same
features are assumed for the claim epochs. It is proved that the surplus process and the
ruin probabilities can approximated in terms of stable Levy motion.

Next a new model with claim epochs with infinite second moment is
introduced. Approximations are presented based on either a single or two independent
stable Levy motions. The ruin probabilities are approximated too.

Some aspects of reinsurance are also examined. A reinsurance model in
proportional and excess of loss case is considered. The retention level that minimizes
the insurer's ruin probability is obtained in both cases of finite and infinite second

moment. Experimental results are presented. The same problem is solved under



varying reinsurer's loading with respect to the retention level. The method can be
applied in models that deviate from the usual Poisson assumptions, since it is based
on Diffusion and stable Levy motion approximations.

Furthermore a new premium calculation method is proposed. As a result both
insurer's and reinsurer's premiums are obtained. The idea is based on the
approximations of their ruin probabilities. These probabilities are first assumed fixed
and next are solved either analytically or arithmetically with respect to the premium.

The obtained formulas are applied to address important issues of reinsurance.
First conditions are introduced in order reinsurance premiums to be lower than the
single insurance premiums. Both cases of claims with finite and infinite second
moment are examined in both proportional and excess of loss reinsurance. Second the
retention level that minimizes the premium is obtained. Experimental results are also
presented. This case is the most interesting from the insured point of view. Third
proportional and excess of loss reinsurance are compared. The idea is to obtain the
interval [x,y]. If the retention level of proportional reinsurance belongs in this interval
then the proportional reinsurance is cheaper than the excess of loss. Both cases of
claims with finite and infinite second moment are examined. Experimental results are
presented.

Finally the retention level that minimizes the premiums is re-obtained with
respect to the Lunberg's exponent. This new approach is quite different than that of
the approximations. Assuming that the claim epochs are Poisson distributed the
premiums are computed with respect to the Lunberg's exponent. The method is more
general than the simple reinsurance case since more than two companies can be
considered. At the same time both proportional and excess of loss case are treated
simultaneously. In particular the premium that corresponds to each of these
companies is computed from the its Lunberg's equation. The Lunberg's exponent, the
loading factor, and the initial capital of each company are assumed as fixed. The sum

of these premiums is minimized under constraints.



Iepiinyn

H aBpototikn Bewpio kivdbvov givor o Topéag TV EQOPUOCUEVOV TIBOVOTATOV TOL
HEAETA TIC TUYAIES DIOKVUAVOELS TOV GUVOAK®OV TOP®V LG OCPOAGTIKNG ETALPELNG.
‘Eva and 1o omovdardtepa peyédn tov topéa eivar 1 mhavotnTo KOTAGTPOPNS TNG
etapeiag, oa@ov omotedel Pacwkd pétpo  kwdvvov. Emumdéov, umopsi va
ypnowomombel mote Al Ogpeldon peyEdn, TG ACPOUAMOTIKNG eTOIpEing, Vo
KaBop1oTOVV OIS TO ACPAAGTPO Kot TO apy kO KepdAoto. Avtdg ivar kot o Adyog
Y ToV 0moio &val peydAo Koppdtt g afpototikig Bewpiag Kivdbvov €xel aplepmBel
GTOV OVOALTIKO 1] KO TPOGEYYIGTIKO VTOAOYIGHO TG ThavatnTog Kotaotpopns. Ot
TPOGEYYIOTIKOL AVCES 6T0 TPOPANUE VTOAOYIGHOD TG THAVOTNTAG KOTACTPOPTS
elval 1dwitepa ¥PNOIUES, APOV 01 AVOALTIKEG AVCELS elval duVOTEG HOVO GE HOVTELQ
OV KAVOTO10VV TOAD GLYKEKPIUEVEG CUVONKEG.

Ym JwrpPn avtn, mpooeyyicelg mov Pacilovior ce KEVIPKE 0plokd
Beopnuota epappolovior ®oTe vo. TPooeyylotel 1 ddkacior amofépatog Kol 1
TOOVOTNTO KOTOGTPOPNG UG OCPUAICTIKNG ETOIPEING 1 omoio, omoKAivel amd Tig
ovvnBeic vrobéoels.

‘Eva povtého pe ypovikd petaforiiopeveg aeielg amoutnoewv eEetaleTat.
Amodeikviovpe 0Tl KAT® omd GUYKEKPIUEVES GLVOTKEC N dladkacior amoBENaTOG Kot
01 TOAVOTNTEC KATAGTPOPHG LITOPOVY VO TPOGEYYIGTOVV 0o o Brownian kivnon ue
tdon. O mpooeyyicelg eAéyyovtor mepopotikd. H  axpifeia  Peitidveran
epapuolovtag 1t oopblwuévy TPOCEYYIoN OYLONG. XTN TEPIMTMOON TNG OMEPNG
deVTEPNG POTNG TNG O1dIKACTNG amoOEpaTog 1 TPocEyyon pe ddkacio Odyvong
amotuyydvel. Kdto oamd ovykekpiuéveg ovvOnkec m Levy «ivnon pmopel va
OTOTEAECEL TNV EVOAAUKTIKY TPOGEYYION.

H ypovikn| e€dptnon peTapépeTarl Kol 6T KOTAVOUN TV orotoewy. 'Eva
véo Hovtélo mapovstaletal kot mpoceyyileTat VIO GLVONKES Kot GTIG OVO TEPITTAGELS
TEMEPOCUEVNG Kol GmEPNG OeVTEPNG POMNG. XTN TEPIMTMOOTN NG MEMEPACUEVNS
devtepng pomng o Bépa tightness Advetar. Ot Tpooeyyicelg EAEYXOVTOL TEPOUATIKA.

‘Eva véo povtého pe associated ioyvpéc otdoiuec omoitnoelg Kot api&elg
amotnoewv  akoAovBel. Amodewkvieton 0Tt M dwdkacio oamoBépatog Kot ot

mOAVOTNTES KATAGTPOPTG LTOPOVV VO TPOGEYYIGTOVV PEGH o Levy kivnong.



2t ovvéyewr éva vEo HOVTEAO Tapovctlaletol pe aeigels amoutnoemy pe
amepn devtepn pomn. [Ipoceyyiceg mapovsidloviat pe Baon pia 1 dvo aveapTnTeg
kwnoelg Levy. Ilpoceyyilovtar emiong ot mBavoOTNTEG KATAGTPOPT|S.

Télog pepikd Bépoto ovTac@AAIong ovTILETOTILOVTaL. ZVYKEKPIUEVE Eval
pHovtédo avtac@aiong Oeswpeitor. To emimedo ocvvoyng mov eloylotomolel v
mOAvOTNTO KATOGTPOPNC TOV OCQPUAGTH TOPOLCIALETOL KOl OTIS OVO TEPITTACELG
MEMEPACUEVG Ko Gmepng  devtepng  pomng.  llepopotikd  amoteAéopata
napovoidlovtol. To 1010 mpdPAnua Avvetor o1 mEPITTOON TOL UETARAALOUEVOL
TOPAYOVTO AGPAAELNG TOV AVTOGPAAOTH O€ GYEon Le To eminedo cuvoyns. H uébodog
umopel va €poppootel o povtédo mov amokAivouv amd T cvvhbelg Poisson
vroBéoelg apov PacileTor o€ TPooEYYIoELS LECH SLOOKOGIDY dtdyvong kat Levy.

Emmiéov o véa pébodog vmoroyiopod Tov ac@oMoTtpov Tpoteivetol pe
OTOTELEC O TOV VTOAOYIGHO TOV OGPOMOTPOV acOAAMOTY| Kot avtac@aAilot]. H 10éa
BacileTon ot TPOoGEyyIon TV TOAVOTHTOV KATOGTPOPNS TOVG. Ot ThavotnTeg avTég
apykd BempovVTaL 0EGOUEVES KOl GTI) GUVEXELD ETAVOVTOL OVOALTIKA 1) aplOunTiKd
o€ o0 E TO AGPAMOTPO.

Ot oot mov moapdyovtor epapuolovtol ®oTe va omavinfodv onuavTikd
EPOTAUOTA NG  OovVTOCQAAIoNG. ApyiKa Tapovclalovior ocvvOnkeg wote Ta
ACQAAICTPO TNG OVTACPAALONG VO, EIval YOUNAOTEPO OO OLTA TNG ATANG ACPAAOT|G.
Kot ot dvo mepimtooelg memepacpuévng kot amelpng oevtepng pomng eEetalovian
KaB®G KAl 01 SLO TOMTIKEG OVTAGPAMONG, 1| AVOAOYIKT KOl 1| VAEPPOCTC OTMAELNS.
2 GVVEYELD TO EMMEOO GLVOYNG OV EANYICTOMOEL TOL ACPAAGTPO VITOAOYileTaL.
Eniong mapovcidlovtar mepapatikd arnoteléopota. H mepintwon ovt) eivon kot n
Mo eVOPEPOLGA amd Tn TAELPE Tov aceoailopevov. Téhog ovykpivovtor 1
avaAoYIKn Kot 1 vépPacn andiewng avtacediion. H wwéa eivar va vmoloyiotel to
ddomua [X,y]. Av 10 eninedo GuUVOYNG TNG AVAAOYIKAG OVTOGPAAGNG OVIKEL GTO
dllonUe. avTd TOTE N AVOAOYIKO OVTOCOAOAGN €ivolr Mo @INVR amd avThy NG
vrépPaong anmdAielog. Kot o1 dvo mepimtdoelg menepacuévng Ko anepng oevtepng
pomng e€etalovtar. Emiong mapovoidlovrot meipapotikd amroteAéouata.

To eninedo cvvoyNg mov elayloTOTOEL T AGPAMSTPO EMAVATPOGOIopileTon
o oyxéon pe tov ekbétm tov Lunberg. Ot agifec tov amutioemv Bempovvtot
Poisson. H pébodog eivar mo yeviki omd TV oA avTacs@AAIon agol TEPIGGOTEPES
amd dvo etapeieg Eyovv ypnowomombel. Emiong m avaioywn kot 1 vaépPaon

OTTOAELNG  OVIOGQPAAIOT] £XOVV  OVTIUETOMIOTEL TOVTOXPOVA. ZVYKEKPUEVO TO



ac@dAotpo Kabe etalpeiog vroroyileton amd v e&icwon tov Lunberg. O exbétng
tov Lunberg, o mapdyoviog ooQAOAENG KOl TO OpYIKA KePOAaio kdaOe etopeiog
Bempovvtat dedopéva. X1 cvvéyel VToAoYileTon To AOPOICLA TOV AGPAAMCTPOV Kot

EAAYIOTOTIOEITOL GE OYEON LLE TO EMIMEDO GLVOYNG VTG TEPLOPIGUOVC.



