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Introduction: Common practice

Separate analysis - Stroke data

⋄ 412 patients

⋄ Outcome:
Fugl–Meyer

van der Vliet, R., Selles, R. W., An-
drinopoulou, E. R., et al (2020). Pre-
dicting upper limb motor impairment re-
covery after stroke: a mixture model.
Annals of Neurology.
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Introduction: Common practice
Separate analysis - Head & neck cancer data

⋄ 293 patients
⋄ Outcome:

Quality of life



Introduction: Extensions
Combined analysis - Head & neck cancer data

⋄ 293 patients
⋄ Outcome:

Quality of life
Recurrence



Introduction: Extensions
Combined analysis - Cystic Fibrosis data

⋄ 17,100 patients

⋄ Outcomes:
FEV1
BMI
Exacerbation

Andrinopoulou, E. R., Clancy, J. P.,
& Szczesniak, R. D. (2020). Multi-
variate joint modeling to identify mark-
ers of growth and lung function decline
that predict cystic fibrosis pulmonary
exacerbation onset. BMC pulmonary
medicine, 20, 1-11.

https://pubmed.ncbi.nlm.nih.gov/32429862/
https://pubmed.ncbi.nlm.nih.gov/32429862/
https://pubmed.ncbi.nlm.nih.gov/32429862/
https://pubmed.ncbi.nlm.nih.gov/32429862/
https://pubmed.ncbi.nlm.nih.gov/32429862/
https://pubmed.ncbi.nlm.nih.gov/32429862/
https://pubmed.ncbi.nlm.nih.gov/32429862/


Introduction: Challenges and Opportunities



Statistical Models

Let’s assume that we have a longitudinal outcome



Statistical Models: Mixed Models

y1i(t) = m1i(t) + ϵ1i = x⊤
1i(t)β1 + z⊤

1i(t)b1i + ϵ1i(t)

where
⋄ b1i ∼ N(0, D)
⋄ ϵ1i(t) ∼ N(0, Σ1i)



Statistical Models
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where

⋄ α denotes the association
⋄ M2i(t) denotes the history of the true unobserved longitudinal process up to

time point t
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Statistical Models: Multivariate Mixed Models
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Statistical Models: Multivariate Mixed Models
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Statistical Models: Multivariate Mixed Models

y1i(t) = m1i(t) + ϵ1i = x⊤
1i(t)β1 + z1i(t)⊤b1i + α

∫ t

0
m2i(s)dt + ϵ1i(t),

y2i(t) = m2i(t) + ϵ2i = x⊤
2i(t)β1 + z2i(t)⊤b2i + ϵ2i(t),

where

⋄ α denotes the association

Challenge: How to quantify the association between y1i(t) and y2i(t)?



Statistical Models

Let’s assume that we have two longitudinal and a survival outcome



Statistical Models: Multivariate Joint Models

y1i(t) = m1i(t) + ϵ1i = x⊤
1i(t)β1 + z1i(t)⊤b1i + ϵ1i(t)

y2i(t) = m2i(t) + ϵ2i = x⊤
2i(t)β1 + z2i(t)⊤b2i + ϵ2i(t)

hi(t) = h0(t)[γ⊤wi + αS1f{M1i(t)} + αS2f{M2i(t)}],

where
⋄ αS1 and αS2 denote the associations



Statistical Models

What about the association between the longitudinal outcomes?



Statistical Models: Multivariate Joint Models

y1i(t) = m1i(t) + ϵ1i = x⊤
1i(t)β1 + z1i(t)⊤b1i + αLf{M2i(t)} + ϵ1i(t)

y2i(t) = m2i(t) + ϵ2i = x⊤
2i(t)β1 + z2i(t)⊤b2i + ϵ2i(t)

hi(t) = h0(t)[γ⊤wi + αSf{M1i(t)}]

where
⋄ αS denotes the survival association
⋄ αL denotes the longitudinal association

⋄ Multiple functional forms and outcomes: Shrinkage

Andrinopoulou, E. R.,& Rizopoulos, D. (2016). Bayesian shrinkage approach for a joint model of
longitudinal and survival outcomes assuming different association structures. Statistics in medicine,
35(26), 4813-4823.
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Statistical Models: Prognostic models

Personalized dynamic predictions

➔ We assume the following setting for a new patient l

⋄ all baseline information
⋄ available longitudinal outcomes (K) up to time t, Ỹlk(t) = Ylk(s), 0 ≤ s < t

➔ We are interested in future longitudinal outcomes / events in the medically
relevant interval (t, t + ∆t]

Based on the models we can get
⋄ Pr{T ∗

l ≥ t + ∆t | T ∗
l > t, Ỹlk(t), Dn}

⋄ E{ylk(t + ∆t) | T ∗
l > t, Ỹlk(t), Dn}



Statistical Models: Prognostic models

Measuring Predictive Performance

⋄ Longitudinal and survival outcomes: the distance between the predicted
outcome and the actual outcome

⋄ Survival outcomes: how well can the longitudinal biomarker(s) discriminate
between subject of low and high risk for the event

Andrinopoulou, E. R., Eilers, P. H., Takkenberg, J. J., & Rizopoulos, D. (2018). Improved dynamic predictions
from joint models of longitudinal and survival data with time-varying effects using P-splines. Biometrics, 74(2),
685-693.

Andrinopoulou, E. R., Harhay, M. O., Ratcliffe, S. J., & Rizopoulos, D. (2021). Reflection on modern methods:
Dynamic prediction using joint models of longitudinal and time-to-event data. International Journal of Epidemi-
ology, 50(5), 1731-1743.
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Simulations

Fitting Joint Models
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Simulations

Fitting Joint Models with all Functional Forms



Simulations: Results
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Simulations

Fitting Multivariate Joint Models



Simulations: Scenario
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Simulations: Results
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Simulations

Prediction in Joint Models



Simulations: Scenario

➔ Split simulated data in 5 subsets
➔ Use 4 subsets to fit the model
➔ Obtain predictions for the patients left out (1 subset)
➔ Calculate AUC and PE
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Simulations: Results
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Simulations: Results
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Simulations

Prediction in Multivariate Mixed Models



Simulations: Scenario
➔ Split simulated data in 5 subsets
➔ Use 4 subsets to fit the model
➔ Obtain predictions for the patients left out (1 subset)
➔ Calculate PE
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Simulations: Results

Measurements used

M
ea

n 
ab

so
lu

te
 e

rr
or

5

10

1 2 3 4

Simulate value; predict value

1 2 3 4

Simulate slope; predict value

Measurements used

M
ea

n 
ab

so
lu

te
 e

rr
or

5

10

1 2 3 4

Simulate value; predict value

1 2 3 4

Simulate slope; predict value

Outcome 2:

Outcome 1:



Simulations: Scenario

Simulate
➔ Longitudinal outcome 1

Linear time
Treatment
Value/Area of outcome 2

➔ Longitudinal outcome 2
Linear time

Predict
➔ Longitudinal outcome 1

Linear time
Treatment
Value of outcome 2

➔ Longitudinal outcome 2
Linear time



Simulations: Scenario

Simulate
➔ Longitudinal outcome 1

Linear time
Treatment
Value/Area of outcome 2

➔ Longitudinal outcome 2
Linear time

Predict
➔ Longitudinal outcome 1

Linear time
Treatment
Value of outcome 2

➔ Longitudinal outcome 2
Linear time



Simulations: Results
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Thank you for your attention!
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