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Multiscale features in images
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Wavelet expansions

{ψℓ}∞ℓ=1 orthonormal basis for L2

u(x) =
∞∑
ℓ=1

uℓψℓ(x), uℓ = ⟨u, ψℓ⟩.

e.g. {ψℓ} is the Fourier basis

For functions with multiscale features, better use wavelet bases {ψkl}

u(x) =
∞∑
k=1

2k∑
l=1

uklψkl(x), ukl = ⟨u, ψkl⟩.

e.g. 2D Haar
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Besov Spaces

Functions identified with expansion coefficients (uℓ) ∈ ℓ2 or (ukl) ∈ ℓ2

Besov space of smoothness s ∈ R, with integrability parameter q ≥ 1

B s
qq =

{
u ∈ R∞ :

∞∑
ℓ=1

ℓq(
s
d+

1
2)−1|uℓ|q <∞

}
, ∥u∥B s

qq
=

( ∞∑
ℓ=1

ℓq(
s
d+

1
2)−1|uℓ|q

)1
q

.

q = 2: B s
22 = H s, Sobolev Hilbert spaces

q = ∞, s /∈ N: B s
∞∞ = C s, Hölder spaces

Smaller q associated with sparsity and spatial inhomogeneity
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Besov Spaces - Intuition

q=∞

q=2

q=1

1/2

u’=1/bu’=1/a

ba

∥u′∥L1 = 2, ∥u′∥L2 =
√

1
a +

1
b, ∥u

′∥L∞ = 1
a
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Function-space priors via random series expansions

u(x) =
∞∑
ℓ=1

uℓψℓ(x)

Randomize coefficients: uℓ = γℓξℓ where ξℓ
iid∼ f , γℓ > 0 decaying scalings

Choice of wavelet basis, distribution f , decay scaling

eg if f has finite second moments, then u ∈ L2 almost surely iff (γℓ) ∈ ℓ2

B s
11-Besov priors: ξℓ

iid∼ Laplace(0, 1) and γℓ = ℓ
1
2−

s
d , s smoothness parameter

”π(u) ∝ exp(−∥u∥B s
11
)”
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Priors via random series expansions - Haar wavelets

Gaussian Laplace (B s
11)

Inverse Problems 28 (2012) 025005 V Kolehmainen et al

Relative noise amplitude 5 % Reconstruction α = 1.94
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Figure 5. Sparsity-based choice of the regularization parameter. (Left) Plots of numbers of nonzero
wavelet coefficients in MAP estimates computed with various values of parameter α. Results with
three different levels of noise ε are presented. (Right) Original function (thin line) and MAP
estimate (thick line) using parameter α determined by a priori knowledge of the numbers of
nonzero wavelet coefficients in the unknown.

probability of 10−6. By this criterion, we obtain t = 10−6 as tolerance for the numerical zero
in the scaled wavelet coefficients when measuring sparsity. The results are shown in table 2.

7. Discussion

We investigate computational Bayesian inversion and look for noise-robust estimates that are
edge preserving and behave consistently at different resolutions.

16

Kolehmainen et al. 2012
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White noise model - Minimax estimation rates

Observe solution to

dY n
t = u(t)dt +

1√
n
dWt, t ∈ [0, 1]

Y n
0 = 0, Wt is a sBM

u ∈ L2[0, 1] unknown, work in ℓ2

Pn
u distribution of Y n

Interested in small noise limit n → ∞
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White noise model - Minimax estimation rates

Minimax risk in ℓ2-loss over class F ⊂ ℓ2

Rn(û, u) = min
û

max
u∈F

EPn
u
∥û − u∥22

Minimax rate in ℓ2-risk over F : fastest rate of decay of minimax risk, as n → ∞

Linear minimax rate in ℓ2-risk over F : restrict to linear estimators
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WNM - Minimax estimation rates under Besov regularity

Theorem (Donoho + Johnstone ’98)

In the WNM for β > 1
q or β ≥ 1 for q = 1,

- Minimax rate in ℓ2-loss over B
β
qq

mn = n−
β

1+2β

- Linear minimax rate in ℓ2-loss over B
β
qq

ln = n−
β−γ/2
1+2β−γ ,

where γ = 2
q −

2
q ∨ 2 ≥ 0.

For q < 2 (spatially inhomogeneous unknowns) linear estimators sub-optimal

Same result holds in Gaussian regression setting
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NMR data denoising
Wavelets and function estimation 2487
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Figure 4. (a) Sample NMR spectrum provided by A. Maudsley and C. Raphael; n = 1024.
(b) Empirical wavelet coefficients wjk displayed by nominal location and scale j, computed
using a discrete orthogonal wavelet transform: Daubechies near-symmetric filter of order
N = 6 (Daubechies 1992, ch. 6). (c) Reconstruction using inverse discrete wavelet trans-
form of coefficients in (d). (d) Wavelet coefficients after hard thresholding at σ̂

√
2 log n.

σ̂ = med.abs.dev.(w9k)/0.6745, a resistant estimate of scale at level 9 (for details, see Donoho
et al . 1995). (e), (f) Adaptive (quasi-) linear shrinkage of wavelets coefficients in (b) using the
James–Stein estimator on the ensemble of coefficients at each level (cf. Donoho & Johnstone
1995), and reconstruction by the discrete wavelet transform.

Bases of smooth wavelets are the best bases for representing objects com-
posed of singularities, when there may be an arbitrary number of singu-
larities, which may be located in all possible spatial positions.

This captures the notion that a function with spatially varying smoothness (tran-
sients at some points, very smooth elsewhere) might be sparsely represented in a
smooth wavelet basis and hence well estimated.

Indeed, figure 4c illustrates the improvement yielded by wavelet thresholding on a
noisy NMR signal in comparison with figure 4e, which shows an arguably best near-
linear estimator in the spirit of Pinsker’s theorem (for further details, see Donoho &
Johnstone (1995) and Johnstone (1998)). Clearly, the Pinsker-type estimator fails to
adjust the (implied) window width in (4.2) to both capture the sharp peaks and to
average out noise elsewhere.

We turn now to describe some of the theory that underlies these reconstructions
and Mallat’s heuristic. More technically, wavelets form an unconditional basis simul-
taneously for a vast menagerie of function spaces, allowing more flexible measures of

Phil. Trans. R. Soc. Lond. A (1999)

Linear methods either oversmooth irregular part, or undersmooth regular part or both
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p-exponential product measure

ξℓ
iid∼ fp, fp(x) = cpe

− |x |p
p , p ∈ [1, 2]

(γℓ) decaying positive scalings

Define p-exponential measure

Π = L
(
(γℓξℓ)

)
Π log-concave (unimodal, exponential moments, ...)



Motivation WNM - Minimax rates under Besov regularity p-exponential measures WNM - ROC under Besov regularity Numerics Conclusion

Frequentist performance of posterior

Prior Π on u ∈ ℓ2

Posterior Π(·|Y n) on u

Frequentist assumption: observations Y n in WNM generated from fixed u0 ∈ ℓ2

ϵn is a posterior contraction rate at u0, if ∃M > 0 such that as n → ∞

Π(u : ∥u − u0∥2 ≥ Mϵn|Y n) → 0

in Pn
u0-probability

• Do Gaussian priors perform better for Sobolev truths?

• Do Laplace priors perform better for spatially inhomogeneous truths?
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Rates of contraction - General Theory

General contraction theory → rate ϵn depends on

Prior putting a certain minimum mass on small ℓ2-balls around u0

Existence of sieve sets such that:

- capture the bulk of prior’s mass

- their elements can be tested against u0 with good enough type I & type II errors
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Shift space

Proposition (A., Dashti, Helin ’21)

The space of admissible shifts of Π is the Hilbert space

Q = {h ∈ R∞ : ∥h∥Q <∞},
where

∥h∥Q =
( ∞∑

ℓ=1

h2ℓ
γ2ℓ

)1
2

.

For h ∈ Q

dΠ(· − h)

dΠ
(u) = lim

N→∞

N∏
ℓ=1

fp(uℓ − hℓ)

fp(uℓ)
= lim

N→∞
e

1
p

∑N
ℓ=1

(
|uℓγℓ |

p−|uℓ−hℓ
γℓ

|p
)
.
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Another important subspace

Let Z = {h ∈ R∞ : ∥h∥Z <∞}, where

∥h∥Z =
( ∞∑

ℓ=1

|hℓ
γℓ
|p
)1

p

Z Banach space

Z ⊂ Q, both null sets (e.g. ∥(γℓξℓ)∥2Q =
∑∞

ℓ=1 ξ
2
ℓ )

For Gaussian Π: Z = Q = H, H RKHS
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Lower bound on probability of non-centered balls

Theorem (A., Dashti, Helin ’21)

For any h ∈ Z
Π(ϵBℓ2 + h) ≥ e−

1
p∥h∥

p
ZΠ(ϵBℓ2).

−3 −2 −1 0 1 2 3

x

y

For proof:

Use expression for dΠ(·−h)
dΠ

Exploit symmetry and convexity (important that p ∈ [1, 2])
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Concentration function

Define the concentration function for Π a p-exponential measure at w ∈ ℓ2

ϕw(ϵ) = inf
h∈Z:∥h−w∥2≤ϵ

1

p
∥h∥pZ − log Π(ϵBℓ2)

ϕ0 measures probability of ϵ-balls around 0, Π(ϵBℓ2) = e−ϕ0(ϵ)

Last theorem + approximation:

ϕw controls probability of ϵ-balls around w ∈ ℓ2 from below

Note that ϕw(ϵ) → 0, as ϵ→ 0
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Talagrand’s two level concentration inequality

Lemma

There exists K > 0 depending only on p, s.t. for any ϵ > 0 and any M > 0

Π(ϵBℓ2 +M
p
2BQ +MBZ) ≥ 1− 1

Π(ϵBℓ2)
e−

Mp

K .
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For Gaussian Π, get Borell’s concentration inequality

Π(ϵBℓ2 +MBH) ≥ 1− 1

Π(ϵBℓ2)
e−

M2

K
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Rates of contraction

Recall Ghosal and van der Vaart’s ROC theory

- Lower bound on prior probability around truth

- Sieve set of bounded complexity, capturing most of prior mass

Control probability around truth using the concentration function

Use ϵBℓ2 +M
p
2BQ +MBZ as sieve set

- Captures most of prior mass (Talagrand)

- Concentration function turns out to control complexity as well
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α-regular τ -scaled p-exponential priors

Prior Π = L((γℓξℓ)), ξℓ
iid∼ fp, p ∈ [1, 2]

γℓ = τℓ−
1
2−α (γkl = τ2−(12+α)k)

τ > 0 scaling parameter

α > 0 regularity parameter

Lemma

For any q ≥ 1, it holds Π(B s
qq) = 1 for all s < α and Π(B s

qq) = 0 for all s ≥ α.
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α-regular τ -scaled p-exponential priors

Space of admissible shifts Q := Qα

∥h∥Qα
= τ−1

( ∞∑
ℓ=1

ℓ1+2αh2ℓ

)1
2

Space determining mass-loss for noncentered ball Z := Zα

∥h∥Zα
= τ−1

( ∞∑
ℓ=1

ℓ
p
2+pα|hℓ|p

)1
p

Identified with Besov spaces Qα = B
α+1

2
22 and Zα = B

α+1
p

pp

Concentration function

ϕw(ϵ) = inf
h∈B

α+1
p

pp :∥h−w∥ℓ2≤ϵ

τ−p

p
∥h∥p

B
α+1

p
pp

− log Π(ϵBℓ2)
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Estimating the concentration function

Centered small ball probabilities: for any τ > 0, α > 0 and p ∈ [1, 2]

− log Π(ϵBℓ2) ≍ (ϵ/τ )−
1
α
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Decentering:

inf
h∈B

α+1
p

pp :∥h−u0∥ℓ2≤ϵ

τ−p

p
∥h∥p

B
α+1

p
pp

- h1:L truncation of u0 up to L, u1:L ∈ B
α+1

p
pp

- Depending on regularity of u0, for large enough L, ∥h1:L − u0∥ℓ2 ≤ ϵ

- Depending on regularity of u0, get bound on ∥h1:L∥
B

α+1
p

pp

hence also on infimum
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Rates under Sobolev regularity

Theorem (A., Dashti, Helin ’21)

Assume u0 ∈ Bβ
22 and consider an α-regular τ -scaled p-exponential prior p ∈ [1, 2].

Then if either

- α = β with τ > 0 fixed, or

- α > β − 1
p and τ = τ (n;α, β, p) chosen optimally

the posterior contracts at the minimax rate mn = n−
β

1+2β .
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Rates under Sobolev regularity - adaptation

Same rates with data driven choice of α or τ (no a priori knowledge of β required)

Hierarchical Bayes on smoothness α, e.g. using exponential hyper-prior

Hierarchical Bayes on scaling τ , e.g. using inverse gamma hyper-priors

Empirical Bayes, estimate α or τ using the maximum marginal likelihood estimator

In preparation, with A. Savva
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Rates under spatially inhomogeneous truth

Theorem (A., Dashti, Helin ’21)

Assume u0 ∈ Bβ
qq, q < 2, β > 1

p ∨
1
q . Consider an α-regular τ -scaled p-exponential

prior p ∈ [1, 2], with τn = τn(α, β, p, q) chosen optimally. Then the posterior
contracts at rate ϵn s.t.:

- For p = q, α = β − 1
p

ϵn = mn.

- For p < q, α = β − 1
p

ϵn = mn log
q−p

pq(1+2β) n.

- In all other cases
ϵn ≫ mn.

- For p = 2 the best achievable rate is ϵn = ln ≫ mn (ln linear minimax).

Appropriately tuned Laplace priors achieve minimax rate for q < 2 (up to logs if q > 1)
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Suboptimality of Gaussian priors for spatial inhomogeneity

Theorem (A. and Wang ’21)

Assume β > 1/q, 1 ≤ q < 2 or β = q = 1, and let δn ↓ 0 as n → ∞.

Let (Πn : n ∈ N) be mean-zero Gaussian priors supported on L2, such that for all η > 0

sup
u0:∥u0∥

B
β
qq
≤1

Pn
u0

(
Πn

(
u : ∥u − u0∥2 ≥ δn

∣∣Yn

)
≥ η
) n→∞−−−→ 0.

Then there exists some constant c > 0 such that

δn ≥ cln, n ∈ N.

Uniform statement on contraction rate required to link to minimax

Tuned Laplace priors satisfy uniform contraction with δn = mn ≪ ln!
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Gaussian vs Laplace priors

For Sobolev truths Gaussian and Laplace priors have similar performance

For spatially inhomogeneous truths, tuned Laplace priors outperform Gaussians

Tuning, smoothness and scaling simultaneously, can be performed adaptively using
Hierarchical or Empirical Bayes approach (in preparation with A. Savva)
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NMR data

Nuclear Magnetic Resonance data, available in WaveLab 850

Signal expanded in Symlet 6 orthonormal wavelet basis {ψkl} truncated at k = 9
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Bayesian Denoising of NMR data

Model wavelet coefficients as

ykl = ukl +
1√
δ
zkl , zkl

iid∼ N(0, 1)

Rescaled α-regular p-exponential prior on unknown u = (ukl), with p = 1 or 2

ukl = τ2−(12+α)kξkl , ξkl
iid∼ fp, p = 1 or 2

Hyperprior on prior-rescaling τ : τ−2 ∼ Gamma(a1, b1)

Hyperprior on noise-precision δ: δ ∼ Gamma(a2, b2)

a1, a2, b1, b2 chosen so that hyperpriors non-informative for τ, δ
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Bayesian Denoising of NMR data - Gaussian prior

Conditional conjugacy

- ukl |ykl , τ, δ ∼ N
(
mkl , ckl)

- τ−2|u, y ∼ Gamma
(
a′1 , b

′
1(u)

)
- δ|u, y ∼ Gamma

(
a′2 , b

′
2(u, y)

)
Can use simple Gibbs Sampler to sample posterior

Normally in high-dim τ -chain mixes poorly (u and τ a-priori strongly dependent)

→ use non-centered parametrization u = τv , and work with v instead of u
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Bayesian Denoising of NMR data - Laplace prior

No conditional conjugacy (only for δ|u, y)

Need to use Metropolis within Gibbs

pCN dimension-robust for Gaussian priors

Again u, τ a-priori strongly dependent

Use non-centered pCN within Gibbs

- Write u = T (ζ, τ ) such that ζ, τ a-priori independent and ζ is Gaussian WN

- Sample iteratively ζ|y , τ (pCN) and τ |y , ζ (independence sampler)
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NMR data - Gauss vs Laplace priors
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NMR data - Gauss vs Laplace priors - τ -chains
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NMR data - Gauss vs Laplace priors - δ-chains
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Summary and open questions

Laplace priors outperform Gaussian priors over Besov regularity

Adaptation over Besov spaces (with A. Savva)

ROC for Bayesian inverse problems with Besov-priors (with S. Wang)

Sharpness of rates, do we really need scaling and regularity tuning?

Experimenting with heavier-tailed priors (with I. Castillo)

For benefit to be realized need better algorithms

THANK YOU!
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