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Score-Adjusted Moment Estimators Introduction and Study Domain

Beta Moment-Type Estimators

Proposition

Let X,,, n € [N], be a random sample from B(«, 8), Y, :=1— X,,, n € [N].
» The Moment Estimator can be found by solving the equation system

a % ap

X = =, = .
a+p (a+pB)*a+p+1)

The solution of the system is

X(X-X2) . Y -Y?
— — B = — —
X2-X Y2-Y

&:

» The Maximum Likelihood Estimator is the unique solution of the system

X =¢(@) —¢(@a+p5), WY =¢(B)—¢a+p).

v

Tamae, H., Irie, K., & Kubokawa, T. (2020). A score-adjusted approach to closed-form estimators

for the gamma and beta distributions. Japanese Journal of Statistics and Data Science, 3, 543-561.
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Beta Score-Adjusted Moment Estimator

Remark

Let X,,, n € [N], be a random sample from B(«, ) Y, :=1— X,,, n € [N].

Then,
1

a+p’
which can be estimated by s, ;== XInX — XInX +YInY —Y Y.

C(Xn,InX,)+C(Y,,InY,) = n € [N],

Proposition
Let X,,, n € [N], be a random sample from B(«, ). The Score - Adjusted
Moment Estimator is the solution of the system
1
a+48

Q¢

X =

=, Spy =

o

The solution of the system is & = X /sy, 5= Y /54y.
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The Dirichlet Distribution Family

Definition

A random vector X is said to follow the Dirichlet distribution with parameters
a € (0,4+00)*, denoted by X ~ D(av), if it has a probability density function
of the form

X; o) = 7“0[0)
Jose) 15, Tlew) i3

where o = Zle a; and X = {x € (0,1)% : Zle x; =1},

Lemma

The D(«) distribution is a (k — 1)-variate k-dimensional exponential family
with

k
na)=a, T(X)=(nXi,...,InXy), A(a):Zlnr(ai)an(ao).

v
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Dirichlet Maximum Likelihood Estimator

Proposition

Let X,, = (X1n, ..., Xkn), n € [N], be a random sample from Dy (c). The
MLE of «, derived as the unique solution of the equation system

In(X;) = (@) —¢(an),  ielk],

is a moment-type estimator with asymptotic variance-covariance matrix 3
such that

Sy = iy falo)
Ya(es) (e lag) {1 = 1 (00) Sy ¥ (am) }

) i7je [k]a

where d;; is Kronecker’s delta, i.e. §;; = 1 if ¢ = j and d;; = 0 otherwise,
i,7 € [k].
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Dirichlet Maximum Likelihood Estimator

Proof.

The MLE is a moment-type estimator and its asymptotic variance-covariance
matrix takes the form 3 = [V(In X)] ™. The elements of V(InX) are:

C(ln X;,In X;) = 6;;91 () — 1 (ap).
The matrix can be broken down to A + uw ', where
A =diag{¢1(a)}, u=—tvi(ag)lpx1, W= 1lpx1.
This form allows the application of the Sherman - Morrison formula:

A luwTA!

— -1 _

The individual parts can easily be calculated, and the result follows. O

onomidis (NKUA)
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Dirichlet Moment Estimator - ME;

Proposition

Let X,, = (X1n,---,Xkn), n € [N], be a random sample from Dy (). A
Moment Estimator (ME;) can be found by solving the system

=% poxpoG@od oy
0o ag(ap +1)

The solution of the system is
X (%-x7)

= ———"""—"5 > Ze[k]

The asymptotic variance-covariance matrix 3 is such that, for 4, j € [k]:

21‘]‘ =

(ai —+ 1)(aj =+ 1)(5”-010 — ai)ajao {2(0[0 + 1)2 o 204(2) =+ (67 + 1}
(040 — Oéi)(ao — Ozj)(Oéo + 2)(040 + 3) a; + 1 * ap+1 '

v
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Completed Work

Score-Adjusted Moment Estimators

Dirichlet Moment Estimator - ME,

Proposition
., Xgn), n € [N] be a random sample from Dy (ar). A

Let X,, = (X1n,- -
Moment Estimator (ME5) can be found by solving the system

- k ~o k ~9
S=Dick-u Y (XX = s tma e
Qo = ag(ap +1)

The solution of the system is:

—_
!
&
<
gw
=3
Il
=3
o
ke
m
=

11.11.2025 18 /40
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Dirichlet Moment Estimator - ME,

Proposition
The asymptotic variance-covariance matrix 3 of MEs is such that, for
i,j € [k]:

s Q00 o 200 (i + ) apaiap(a)
YT ag+1 Y b(a)(ap + 2) b2(a) (o + 1) (a0 + 2)(ap + 3)’

where

k
ba@)=af— > al,
m=1

k
cla) =af = Y ad,
m=1

p(a) = 4(ap 4 1)% (o — 1)e(e) 4 (203 + ao + 1)b% (@) + (=60 — 4ad + 402 + 4ap + 2)b(ar)

o
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Dirichlet Score - Adjusted Moment Estimator

Proposition

Let X,, = (X1n, ..., Xkn),n € [N] be a random sample from Dy (a). The
Score-Adjusted Moment Estimator can be found by solving the system:

o k
Q; E— k—1
X;=—", i€lk—1], XphnX,, — X, InX,,) = ——.
S iel-t X )=t
The solution of the system is:
- (k—1)X;

&= =k — , 1€ (k]
Zm:l (Xm InX,, — X, lnXm)

The asymptotic variance-covariance matrix 3 is such that, for ¢, j € [k]:

k
e o @m0 — am)Yi(am) | cuag(ao +2) — ao(es + o)
21] - (Szj +Ol1a] Z (Oéo i 1)(k — 1)2 + (Oéo T 1)(k — 1)

onomidis (NKUA)
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Asymptotic Variance of all ;; Estimators

R 1 wl (Ot())
MLE Avar (a;) = + 7
Ur(ai) 2 (a,) {1 — 1 (a0) Yon, w;l(am)}

K
9 am (o — am)P1(am) | o2 (ao +2) — 2000 Qo
SAME  Avar ( —aZE:l (o T 17 @D taotT
MEl Avar (&,) _ aoai(ai + 1)2 2(0[0 + 1)2 _ 20[3 =+ (671 + 1
‘ (a0 — i) (o + 2) (o + 3) a; +1 ao + 1 ’
oo dagod aoa?p(a)

ME: Avar (%) = S5 fa(o0 72) + P@)a0 + Diao + a0 13"

11.11.2025 21 /40
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Moment Estima Completed Work

Estimator Asymptotic Variance
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Avar, (@) — Avar, (@)

ME and SAME Asymptotic Variance Difference for a

o
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£
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Estimator Root Mean Square Error

15
Estimator
—— MLE
w
®n 1o ---- SAME
z
ME1
- — ME2
0.5
0 1 2 3 4 5

261

Root Mean Square Error of the a1 € [0.2, 5] parameter estimators in D(a1,0.2,1,2,5)
with n = 20 observations. Estimated with m = 10° Monte Carlo samples.
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Estimator Small Sample Metrics

Bias Variance RMSE
2.0
1.5 .
] Estimator
1.0 u
< —— MLE
0.5
$oo ---- SAME
3
=20
ME1
1.5
(=]
wn
1.0 u - = ME2
o
0.5
0.0

o 1 2 3 4 50 1 2 3 4 50 1 2 3 4 5
Parameter Value

Small sample metrics of the a1 € [0.2, 5] parameter estimators in D(aq,0.2,1,2,5)
with n = 20 observations. Estimated with m = 10° Monte Carlo samples.
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Metrics by Sample Size

Bias Variance RMSE
1.00
Estimator
0.75 —— MLE
g ---- SAME
<
< 0.50 \
ME1
0.25 - = ME2
N
0.00

25 50 75 100 25 50 75 100 25 50 75 100
Sample Size

Small sample metrics of the a; parameter estimators in D(0.2,0.2,1,2,5) as a
function of sample size. Estimated with m = 10° Monte Carlo samples.
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Large Dimension Comparison

Proposition

Let {aum },,en be a sequence of positive real numbers s.t. Zl:n=1 ot =o(k?).

Then,
lim Avar (o;) = 2a;(c; + 1) > a; = klim Avar (b?i) )

k—4o00 —+00

omidis (NKUA)
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Large Dimension Comparison

Proposition
Let {m},,cn be a sequence of positive real numbers s.t. ¢ _ a;l = o (k2).
Then,

lim Avar(@;) = 2a;(c; +1) > a; = lim Avar (al) .

k—4o00 k—+o00

Proof.

By the proposition assumption, it is immediate that Y °_ a,, = +oc.

Avar (a;) = aoai(a + 1) {2(040 +1)? _ 20 + ag + 1}
Ea (aofai)(oz0+2)(oz0+3) az+1 a0+1 ’

Avar (&) = o? Ek: am(ao — am)wl(am) Z(ag +2) — 2005
7, 2 — Ot()+1 1) (a0+1)(k‘—1) Ot(]—l-l.

»midis (NKUA)
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Large Dimension Comparison - Proof

Proof.

Therefore, it suffices to show that:

k
a2

i k—+o0
(@) = o mglam(ao — )1 () 250,

Utilizing the trigamma function bound 1 (z) < (z +1)/22, x > 0 yields

2 k

m=1

By the assumption 22121 al=o0 (k‘2), the right hand side converges to 0,
and the result follows by the squeeze theorem.

O

(NKUA) 11.11.2025

v

29 /40



Score-Adjusted Moment Estimators Work in Progress

Score-Adjusted Moment Estimators for the
Dirichlet Distribution Family

3. Work in Progress

(NKUA) 11.11.2025 30 /40



Score-Adjusted Moment Estimators

Work in Progress

Dirichlet Moment Estimators

Proposition

The asymptotic variance of MEs is uniformly smaller than the one of ME, i.e.

Avar (&;) > Avar (®;), Va € Rf“,_, k> 3.

Proof.
We can rewrite Avar (a;) — Avar (&;) = m1(a)m2(ax), where

Qo

™) = }a)(a0 + 2)(a0 + 30 —a)

>0, VaeRE k>2,

ma(a) = b*(a) [2(ap + 3)a; + (1 — ag)?] + dai(an — ;) (1 — ap) (1 + g )e()
— 2b(a) (o — a)ey; [2(ap + 3)a; + (1 — ag)? + 3an(1 — ) (1 + )] -

ma(a) can be expressed as a 4th degree polynomial of «;.

Ioannis Oikonomidis (NKUA)
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Dirichlet Moment Estimators

Proof.
7'('2((1) = 04(0_1')0[;1 + 03(04_2-)04? + cz(a_i)af +c1 (a_i)ai + Co(a_i),

with positive coefficients:
ca(ar) = bagb(ar),
cs(a) = 200 [d(ex) + 3(2ac0 + 1)b(a)],
ca(a) = (603 + 8al + 2a0)b(a) + 3% () + 4ald(a),
ci(e) = 2 [2(ag + 1)b* (@) + agb(@) (1 — ag)? — ag(1 — ag)d(a)] ,
co(a) = (1 — ag) (),

where b(a) = o — Zk o, cla) =af — Zk o, d(a) = 3apb(a) — 2c(a).

m=1 m=1

O

v
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The joker R Package

Work in Progress

[0 README @ Code of conduct 8 GPL-3.0 license

CRAN | 0.14.2 R-CMD-check.yam| | passing codecov | 90% pkgcheck | passing m

Introduction

The joker R package develops an S4 distribution system and performs parameter estimation in common distribution
families, making well-established and state-of-the-art methods more accessible.

Key Features

1. The common d, p, g, r function family for each distribution (e.g. dnerm, pnorm, gnorm, rnorm) is enriched with

» the Il counterpart (e.g. llnorm) that calculates the log-likelihood,

= the e counterpart (e.g. enorm) that performs parameter estimation,

11.11.2025 33 /40
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Comparison of stats and joker

Distribution Handling
Math

X ~ B(a,b)

Density Function f(x)
Cum. Distr. Function F(z)
Gen. Inverse CDF F~1(z)

Simulation Function
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Distribution Handling
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X ~ B(a,b)

Density Function f(x)
Cum. Distr. Function F(z)
Gen. Inverse CDF F~1(z)

Simulation Function
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stats

dbeta(x,
pbeta(x,
gbeta(x,

rbeta(n,

a,

a,

a,

Work in Progress

b)
b)
b)

b)

joker

D <- Beta(a, b)
d(, x)

p(D, x)

qn(D, x)

r(D, n)
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Random Variable Calculations

This OOP approach allows calculations with random variables, as shown in
the following examples:

Location - Scale Transformation
If X ~N(2,1), then Y :=3X +1 ~ N(7,9).

x <- Norm(2, 1)
y<-3*xx+1

Sum of Normal Random Variables

If X1 NN(].,].),XQ NN(271), and X1 A1 X2 then X1 +X2 NN(372)

x1 <- Norm(1, 1)
x2 <- Norm(2, 1)
x1 + x2
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New Functionalities

Parametric Functions

mean (D)
median (D)
mode (D)
var (D)

sd (D)
skew (D)
kurt (D)
entro(D)
finf (D)
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New Functionalities

Parametric Functions Log-likelihood

mean (D) llbeta(x, a, b)
median(D) 11(D, x)

mode (D)

var (D)

sd (D)

skew (D)
kurt (D)
entro(D)
finf (D)
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New Functionalities

Parametric Functions Log-likelihood

mean (D) llbeta(x, a, b)

median (D) 11(D, x)

mode (D)

var (D) . .

sd (D) Parameter Estimation

skew(D) ebeta(x, a, b, type = "mle")
kurt (D) e(D, x, type = "mle")

entro (D) mle(D, x)

finf (D)
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New Functionalities

Parametric Functions Log-likelihood

mean (D) llbeta(x, a, b)

median (D) 11(D, x)

mode (D)

var (D) . .

sd (D) Parameter Estimation

skew(D) ebeta(x, a, b, type = "mle")
kurt (D) e(D, x, type = "mle")

entro (D) mle(D, x)

finf (D)

Asymptotic Variance

vbeta(x, a, b, type = "mle")
v(D, x, type = "mle")
avar_mle(D, x)
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Work in Progress

Distribution Families Coverage

Overview of the distributions implemented in the joker package, along with

their respective class names.

Distribution Class Name Distribution Class Name
Bernoulli Bern Geometric Geom
Beta Beta Laplace Laplace
Binomial Binom Log-Normal Lnorm
Categorical Cat Multivariate Gamma Multigam
Cauchy Cauchy Multinomial Multinom
Chi-Square Chisq Negative Binomial Nbinom
Dirichlet Dir Normal Norm
Exponential Exp Poisson Pois
Fisher Fisher Student Stud
Gamma Gam Uniform Unif
Generalized Gamma  Gengam Weibull Weib

Ioannis Oikonomidis (NKUA)
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Package Reliability and Perspectives

» The package utilizes continuous
integration, ensuring consistent
performance and reducing the likelihood
of bugs in production.

» More than 1000 automated tests are
integrated in the package.

» Additional standards are incorporated in
the package to achieve the rOpenSci
golden badge.

» The early release version of the package
(0.8.5) had about 7000 CRAN downloads.

» The package will promptly be submitted
to the Journal of Statistical Software.
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Score-Adjusted Moment Estimators for the
Dirichlet Distribution Family

Thank you for your attention!
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