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Beta Moment-Type Estimators

Proposition
Let Xn, n ∈ [N ], be a random sample from B(α, β), Yn := 1 −Xn, n ∈ [N ].
▶ The Moment Estimator can be found by solving the equation system

X = α̃

α̃+ β̃
, X2 −X

2 = α̃β̃

(α̃+ β̃)2(α̃+ β̃ + 1)
.

The solution of the system is

α̃ = X(X −X2)
X2 −X

2 , β̃ = Y (Y − Y 2)
Y 2 − Y

2 .

▶ The Maximum Likelihood Estimator is the unique solution of the system

lnX = ψ(α̂) − ψ(α̂+ β̂), lnY = ψ(β̂) − ψ(α̂+ β̂).

Tamae, H., Irie, K., & Kubokawa, T. (2020). A score-adjusted approach to closed-form estimators
for the gamma and beta distributions. Japanese Journal of Statistics and Data Science, 3, 543-561.

Ioannis Oikonomidis (NKUA) 11.11.2025 8 / 40



Score-Adjusted Moment Estimators Introduction and Study Domain

Beta Score-Adjusted Moment Estimator

Remark
Let Xn, n ∈ [N ], be a random sample from B(α, β) Yn := 1 −Xn, n ∈ [N ].
Then,

C(Xn, lnXn) + C(Yn, lnYn) = 1
α+ β

, n ∈ [N ],

which can be estimated by sxy := X lnX −X lnX + Y lnY − Y lnY .

Proposition
Let Xn, n ∈ [N ], be a random sample from B(α, β). The Score - Adjusted
Moment Estimator is the solution of the system

X = ᾰ

ᾰ+ β̆
, sxy = 1

ᾰ+ β̆
.

The solution of the system is ᾰ = X/sxy, β̆ = Y /sxy.
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The Dirichlet Distribution Family

Definition
A random vector X is said to follow the Dirichlet distribution with parameters
α ∈ (0,+∞)k, denoted by X ∼ D(α), if it has a probability density function
of the form

f(x; α) = Γ(α0)∏k
i=1 Γ(αi)

k∏
i=1

xαi−1
i IX (x),

where α0 =
∑k

i=1 αi and X = {x ∈ (0, 1)k :
∑k

i=1 xi = 1}.

Lemma
The D(α) distribution is a (k − 1)-variate k-dimensional exponential family
with

η(α) = α, T (X) = (lnX1, . . . , lnXk) , A(α) =
k∑

i=1
ln Γ(αi) − ln Γ(α0).
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Dirichlet Maximum Likelihood Estimator

Proposition
Let Xn = (X1n, . . . , Xkn), n ∈ [N ], be a random sample from Dk(α). The
MLE of α, derived as the unique solution of the equation system

ln(Xi) = ψ(α̂i) − ψ(α̂0), i ∈ [k],

is a moment-type estimator with asymptotic variance-covariance matrix Σ
such that

Σij = δij

ψ1(αi)
+ ψ1(α0)
ψ1(αi)ψ1(αj)

{
1 − ψ1(α0)

∑k
m=1 ψ

−1
1 (αm)

} , i, j ∈ [k],

where δij is Kronecker’s delta, i.e. δij = 1 if i = j and δij = 0 otherwise,
i, j ∈ [k].
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Dirichlet Maximum Likelihood Estimator

Proof.
The MLE is a moment-type estimator and its asymptotic variance-covariance
matrix takes the form Σ = [V(ln X)]−1. The elements of V(ln X) are:

C(lnXi, lnXj) = δijψ1(αi) − ψ1(α0).

The matrix can be broken down to A + uw⊤, where

A = diag {ψ1(α)} , u = −ψ1(α0)1k×1, w = 1k×1.

This form allows the application of the Sherman - Morrison formula:

Σ = [V(ln X)]−1 =
(
A + uw⊤)−1 = A−1 − A−1uw⊤A−1

1 + w⊤A−1u .

The individual parts can easily be calculated, and the result follows. □
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Dirichlet Moment Estimator - ME1

Proposition

Let Xn = (X1n, . . . , Xkn), n ∈ [N ], be a random sample from Dk(α). A
Moment Estimator (ME1) can be found by solving the system

Xi = α̃i

α̃0
, X2

i −Xi
2 = α̃i(α̃0 − α̃i)

α̃2
0(α̃0 + 1) , i ∈ [k].

The solution of the system is

α̃i =
Xi

(
Xi −X2

i

)
X2

i −Xi
2 , i ∈ [k].

The asymptotic variance-covariance matrix Σ is such that, for i, j ∈ [k]:

Σij = (αi + 1)(αj + 1)(δijα0 − αi)αjα0

(α0 − αi)(α0 − αj)(α0 + 2)(α0 + 3)

{
2(α0 + 1)2

αj + 1 δij − 2α2
0 + α0 + 1
α0 + 1

}
.
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Dirichlet Moment Estimator - ME2

Proposition

Let Xn = (X1n, . . . , Xkn), n ∈ [N ] be a random sample from Dk(α). A
Moment Estimator (ME2) can be found by solving the system

Xi =
≈
αi
≈
α0
, i ∈ [k − 1],

k∑
m=1

(
X2

m −Xm
2 )

=
≈
α2

0 −
∑k

m=1
≈
α2

m
≈
α2

0(≈
α0 + 1)

.

The solution of the system is:

≈
α0 =

1 −
∑k

m=1 X
2
m∑k

m=1

(
X2

m −Xm
2 ) , ≈

αi = ≈
α0 Xi i ∈ [k].
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Dirichlet Moment Estimator - ME2

Proposition
The asymptotic variance-covariance matrix Σ of ME2 is such that, for
i, j ∈ [k]:

Σij = α0αi

α0 + 1δij + 2α0αiαj(αi + αj)
b(α)(α0 + 2) + α0αiαjp(α)

b2(α)(α0 + 1)(α0 + 2)(α0 + 3) ,

where

b(α) = α2
0 −

k∑
m=1

α2
m,

c(α) = α3
0 −

k∑
m=1

α3
m,

p(α) = 4(α0 + 1)2(α0 − 1)c(α) + (2α2
0 + α0 + 1)b2(α) + (−6α4

0 − 4α3
0 + 4α2

0 + 4α0 + 2)b(α).

Ioannis Oikonomidis (NKUA) 11.11.2025 19 / 40



Score-Adjusted Moment Estimators Completed Work

Dirichlet Score - Adjusted Moment Estimator

Proposition
Let Xn = (X1n, . . . , Xkn), n ∈ [N ] be a random sample from Dk(α). The
Score-Adjusted Moment Estimator can be found by solving the system:

Xi =

(αi

(α0
, i ∈ [k − 1],

k∑
m=1

(
Xm lnXm −Xm lnXm

)
= k − 1

(α0
.

The solution of the system is:

(αi = (k − 1)Xi∑k
m=1

(
Xm lnXm −Xm lnXm

) , i ∈ [k].

The asymptotic variance-covariance matrix Σ is such that, for i, j ∈ [k]:

Σij = α0αi

α0 + 1δij + αiαj

k∑
m=1

αm(α0 − αm)ψ1(αm)
(α0 + 1)(k − 1)2 + αiαj(α0 + 2) − α0(αi + αj)

(α0 + 1)(k − 1) .
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Asymptotic Variance of all αi Estimators

MLE Avar (α̂i) = 1
ψ1(αi)

+ ψ1(α0)

ψ2
1(αi)

{
1 − ψ1(α0)

∑k

m=1 ψ
−1
1 (αm)

} ,

SAME Avar
(

(αi

)
= α2

i

k∑
m=1

αm(α0 − αm)ψ1(αm)
(α0 + 1)(k − 1)2 + α2

i (α0 + 2) − 2α0αi

(α0 + 1)(k − 1) + α0αi

α0 + 1 ,

ME1 Avar (α̃i) = α0αi(αi + 1)2

(α0 − αi)(α0 + 2)(α0 + 3)

{
2(α0 + 1)2

αi + 1 − 2α2
0 + α0 + 1
α0 + 1

}
,

ME2 Avar
(≈
αi

)
= α0αi

α0 + 1 + 4α0α
3
i

b(α)(α0 + 2) + α0α
2
i p(α)

b2(α)(α0 + 1)(α0 + 2)(α0 + 3) .
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Avarα (α̃) − Avarα (ᾰ)
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Large Dimension Comparison

Proposition

Let {αm}m∈N be a sequence of positive real numbers s.t.
∑k

m=1 α
−1
m = o

(
k2)

.
Then,

lim
k→+∞

Avar (α̃i) = 2αi(αi + 1) > αi = lim
k→+∞

Avar
( (αi

)
.
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Large Dimension Comparison

Proposition

Let {αm}m∈N be a sequence of positive real numbers s.t.
∑k

m=1 α
−1
m = o

(
k2)

.
Then,

lim
k→+∞

Avar (α̃i) = 2αi(αi + 1) > αi = lim
k→+∞

Avar
( (αi

)
.

Proof.
By the proposition assumption, it is immediate that

∑∞
m=1 αm = +∞.

Avar (α̃i) = α0αi(αi + 1)2

(α0 − αi)(α0 + 2)(α0 + 3)

{
2(α0 + 1)2

αi + 1 − 2α2
0 + α0 + 1
α0 + 1

}
,

Avar
( (αi

)
= α2

i

k∑
m=1

αm(α0 − αm)ψ1(αm)
(α0 + 1)(k − 1)2 + α2

i (α0 + 2) − 2α0αi

(α0 + 1)(k − 1) + α0αi

α0 + 1 .
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Large Dimension Comparison - Proof

Proof.
Therefore, it suffices to show that:

hk(α) := α2
i

(α0 + 1) (k − 1)2

k∑
m=1

αm(α0 − αm)ψ1(αm) k→+∞−−−−−→ 0.

Utilizing the trigamma function bound ψ1(x) ≤ (x+ 1)/x2, x > 0 yields

0 ≤ hk(α) ≤ α0α
2
i

(α0 + 1) (k − 1)2

{
k∑

m=1

1
αm

+ (k − 1) − k

α0

}
.

By the assumption
∑k

m=1 α
−1
m = o

(
k2)

, the right hand side converges to 0,
and the result follows by the squeeze theorem. □
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Dirichlet Moment Estimators

Proposition
The asymptotic variance of ME2 is uniformly smaller than the one of ME1, i.e.

Avar (α̃i) > Avar
(≈
αi

)
, ∀α ∈ Rk

+, k ≥ 3.

Proof.
We can rewrite Avar (α̃i) − Avar

(≈
αi

)
= π1(α)π2(α), where

π1(α) = α0αi

b(α)(α0 + 2)(α0 + 3)(α0 − αi)
> 0, ∀α ∈ Rk

+, k ≥ 2,

π2(α) = b2(α)
[
2(α0 + 3)αi + (1 − α0)2]

+ 4αi(α0 − αi)(1 − α0)(1 + α0)c(α)
− 2b(α)(α0 − αi)αi

[
2(α0 + 3)αi + (1 − α0)2 + 3α0(1 − α0)(1 + α0)

]
.

π2(α) can be expressed as a 4th degree polynomial of αi.
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Dirichlet Moment Estimators

Proof.

π2(α) = c4(α−i)α4
i + c3(α−i)α3

i + c2(α−i)α2
i + c1(α−i)αi + c0(α−i),

with positive coefficients:

c4(α) = 6α0b(α),

c3(α) = 2α0 [d(α) + 3(2α0 + 1)b(α)] ,

c2(α) = (6α3
0 + 8α2

0 + 2α0)b(α) + 3b2(α) + 4α2
0d(α),

c1(α) = 2
[
2(α0 + 1)b2(α) + α0b(α)(1 − α0)2 − α0(1 − α2

0)d(α)
]
,

c0(α) = (1 − α0)2b2(α),

where b(α) = α2
0 −

∑k

m=1 α
2
m, c(α) = α3

0 −
∑k

m=1 α
3
m, d(α) = 3α0b(α) − 2c(α).
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The joker R Package
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Comparison of stats and joker

Distribution Handling

Math

X ∼ B(a, b)

Density Function f(x)

Cum. Distr. Function F (x)

Gen. Inverse CDF F−1(x)

Simulation Function

stats

dbeta(x, a, b)

pbeta(x, a, b)

qbeta(x, a, b)

rbeta(n, a, b)

joker

D <- Beta(a, b)

d(D, x)

p(D, x)

qn(D, x)

r(D, n)
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Random Variable Calculations

This OOP approach allows calculations with random variables, as shown in
the following examples:

Location - Scale Transformation

If X ∼ N (2, 1), then Y := 3X + 1 ∼ N (7, 9).

x <- Norm(2, 1)
y <- 3 * x + 1

Sum of Normal Random Variables

If X1 ∼ N (1, 1), X2 ∼ N (2, 1), and X1 ⊥⊥ X2 then X1 +X2 ∼ N (3, 2).

x1 <- Norm(1, 1)
x2 <- Norm(2, 1)
x1 + x2
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New Functionalities

Parametric Functions

mean(D)
median(D)
mode(D)
var(D)
sd(D)
skew(D)
kurt(D)
entro(D)
finf(D)

Log-likelihood

llbeta(x, a, b)
ll(D, x)

Parameter Estimation

ebeta(x, a, b, type = "mle")
e(D, x, type = "mle")
mle(D, x)

Asymptotic Variance

vbeta(x, a, b, type = "mle")
v(D, x, type = "mle")
avar mle(D, x)
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Distribution Families Coverage

Overview of the distributions implemented in the joker package, along with
their respective class names.

Distribution Class Name Distribution Class Name
Bernoulli Bern Geometric Geom
Beta Beta Laplace Laplace
Binomial Binom Log-Normal Lnorm
Categorical Cat Multivariate Gamma Multigam
Cauchy Cauchy Multinomial Multinom
Chi-Square Chisq Negative Binomial Nbinom
Dirichlet Dir Normal Norm
Exponential Exp Poisson Pois
Fisher Fisher Student Stud
Gamma Gam Uniform Unif
Generalized Gamma Gengam Weibull Weib
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Package Reliability and Perspectives

▶ The package utilizes continuous
integration, ensuring consistent
performance and reducing the likelihood
of bugs in production.

▶ More than 1000 automated tests are
integrated in the package.

▶ Additional standards are incorporated in
the package to achieve the rOpenSci
golden badge.

▶ The early release version of the package
(0.8.5) had about 7000 CRAN downloads.

▶ The package will promptly be submitted
to the Journal of Statistical Software.
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Score-Adjusted Moment Estimators for the
Dirichlet Distribution Family

Thank you for your attention!
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