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Noisy observations:



Gaussian processes

Noisy observations: O(!")



Low rank approximations
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matrix

Feature map
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Gaussian kernel



Low-rank approximations

(1) : Random Fourier features

(2) : Mercer expansion



Random Fourier expansion

Bochner’s Theorem:  Any continuous shift-invariant covariance 
function k(xi,xj) = k(xi-xj) is positive definite iff can be written as 
the Fourier transform of a non-negative measure p(ω)

k(xi,xj) =

Z
p(!) exp(i(xi � xj)

T!)d!



Use only real part

Random Fourier expansion

Bochner’s Theorem:  Any continuous shift-invariant covariance 
function k(xi,xj) = k(xi-xj) is positive definite iff can be written as 
the Fourier transform of a non-negative measure p(ω)

k(xi,xj) =

Z
p(!) exp(i(xi � xj)
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2
from the spectral density p(⌘)

of the stationary kernel k✓(·, ·)

• Create the feature map �(z) : Rd ! Rr, defined by the vector
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Random Fourier expansion



Mercer expansion
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Guarantees 

We provide bounds for the Kullback–Leibler divergence  
between the idealized K(kθ,X) and low-rank approximations 
based on random Fourier features and Mercer expansions that 
can become smaller than a desired εΝ for moderate values of 
the rank of K(kθ,X). 
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DNN for feature extraction 

• gw : x 7! z embeds a feature vector x to a feature vector z 2 Rd

• y ⇠ N (0,K(k✓, Z) + �2IN ), Z = (gw(xi) ⌘ zi)Ni=1

• Identify a feature map �✓," : Rd ! Rr, providing a guarantee of the form

K(k✓, Z) ⇡" ⌃(�✓,", Z) = (�✓,"(zi)
>�✓,"(zj))ij
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DNN for feature extraction (end-to-end differentiable) 



• Deep Mercer GP with d=1, r=15
• Deep Fourier GP with d=4, r=40
• Stochastic variational inference GP with 

250 and 500 inducing points Hensman etal. 
(2013)

• Sparse GP regression with 250 and 500 
inducing points Titsias (2009)

• Deep kernel learning with 5000 and 
10000 inducing points Wilson etal. (2016)

• Deep GP with random Fourier features 
Cutajar etal. (2017)

! !∗ #
ELEVATORS 14,939 1,660 18

PROTEIN 41,157 4,573 9

SARCOS 44,039 4,894 21

3DROAD 391,386 43,488 3

SONG 463,810 51,535 90

BUZZ 524,925 58,325 77

ELECTRIC 1,844,352 204,928 19

Methods Data sets 











• Classification / multilabel / multiclass
• Point processes

• Reinforcement learning

Spotlight of future research


